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Bn
p = {(x1, . . . , xn) ∈ Rn : |x1|p + . . .+ |xn|p ≤ 1}

Problem

Let a ̸= 0 be a vector in Rn.

Find the maximal and minimal value of |Bn
p ∩ a⊥|

Find the maximal and minimal value of |Proja⊥(Bn
p )|

H1 = (1, 0, . . . , 0)⊥, H2 = (1, 1, 0 . . . , 0)⊥, Hn = (1, 1, . . . , 1)⊥
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Projections of Bn
1 : if |a| = 1 then the contribution from the face

with normal vector ε ∈ {−1, 1}n is proportional to | ⟨ε, a⟩ |.

ε a

|Proja⊥(Bn
1 )| = Cn

∑
ε∈{−1,1}n

| ⟨ε, a⟩ | = C ′
n E

∣∣∣∣∣
n∑

i=1

aiεi

∣∣∣∣∣
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In general the following formula due to Barthe and Naor is true

|Proja⊥(Bn
p )| = Cp,n E

∣∣∣∣∣
n∑

i=1

aiXi

∣∣∣∣∣ , Xi ∼ cp|t|
2−p
p−1 e−|t|

p
p−1

under |a| = 1.

Therefore we want to find best constants in the following L1 − L2
Khinchine type inequality:

An,p

E

∣∣∣∣∣
n∑

i=1

aiXi

∣∣∣∣∣
2
1/2

≤ E

∣∣∣∣∣
n∑

i=1

aiXi

∣∣∣∣∣ ≤ Bn,p

E

∣∣∣∣∣
n∑

i=1

aiXi

∣∣∣∣∣
2
1/2

We clearly have Bn,1 = 1 and thus maximal projections of Bn
1 are

given by H1.
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History of the problem for projections:

1930: Littlewood asks about the case p = 1

1976: Szarek proves that H2 gives the minimizer for p = 1

2002: Barthe and Naor show that

H1 is the maximizer for p ∈ (1, 2)

H1 is the minimizer for p > 2

Hn is the maximizer for p > 2

|ProjH2
(Bn

p )| > |ProjHn
(Bn

p )| for n large and p ∈ ( 43 , 2)

2022: Eskenazis, N., Tkocz show that H2 gives the minimizer
for p ∈ (1, 1 + 10−12)
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History of the problem for sections:

1972/1979: Hadwiger and Hensley show that H1 gives
minimizer for p = ∞

1986: Ball proves that H2 gives the maximizer for p = ∞

1988: Meyer and Pajor show that

H1 is the maximizer for p ∈ (1, 2)

H1 is the minimizer for p > 2

1998: Koldobsky shows that Hn is the minimizer for p ∈ (1, 2)

2003: Oleszkiewicz shows that for large n and p ∈ (2, 26) one
has |Bn

p ∩ H⊥
n | > |Bn

p ∩ H⊥
2 |

2022: Eskenazis, N., Tkocz show that H2 gives the maximizer
for p > 1015
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Idea of Kalton and Koldobsky

Dirac delta approximation: if V ∼ f then

f (0) = lim
q→1−

1− q

2

∫
|s|−qf (s)ds = lim

q→1−

1− q

2
E|V |−q.

If |K | = 1 and X ∼ Unif (K ) then

⟨X , a⟩ ∼ fa(s) = |K ∩ (a⊥ + sa)|.

Thus we get

|K ∩ a⊥| = fa(0) = lim
q→1−

1− q

2
E| ⟨X , a⟩ |−q.

Goal: get rid of the limit!
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Schechtman & Zinn, Rachev & Rüchendorf: if Y1, . . . ,Yn are
i.i.d. with densities cpe

−|t|p and S = (
∑n

i=1 |Yi |p)1/p then

Y

S
and S are independent Y = (Y1, . . . ,Yn)

Moreover, if U ∼ Unif ([0, 1]), then

Y

S
U1/n ∼ Unif (Bn

p ) = X

Therefore

E| ⟨X , a⟩ |−q = EU− q
nE| ⟨Y /S , a⟩ |−q = EU− q

n · ES
−q

ES−q
E| ⟨Y /S , a⟩ |−q

=
EU− q

n

ES−q
E| ⟨Y , a⟩ |−q = cp,q,nE| ⟨Y , a⟩ |−q
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We have

|Bn
p ∩ a⊥| = lim

q→1−
cp,q,n(1− q)E| ⟨Y , a⟩ |−q

If p ∈ (1, 2) then Yi are Gaussian mixtures, Yi ∼ RiGi . Thus

n∑
i=1

aiYi ∼

(
n∑

i=1

a2i R
2
i

)1/2

G1.

We get

|Bn
p ∩ a⊥| = lim

q→1−
cp,q,n(1− q)E|G1|−qE

∣∣∣∣∣
n∑

i=1

a2i R
2
i

∣∣∣∣∣
− q

2

= 2cp,1,nϕ(0) E

∣∣∣∣∣
n∑

i=1

a2i R
2
i

∣∣∣∣∣
− 1

2

=⇒ H1 −maximum
Hn −minimum

Piotr Nayar Sections and projections of ℓnp balls



We have

|Bn
p ∩ a⊥| = lim

q→1−
cp,q,n(1− q)E| ⟨Y , a⟩ |−q

If p ∈ (1, 2) then Yi are Gaussian mixtures, Yi ∼ RiGi . Thus

n∑
i=1

aiYi ∼

(
n∑

i=1

a2i R
2
i

)1/2

G1.

We get

|Bn
p ∩ a⊥| = lim

q→1−
cp,q,n(1− q)E|G1|−qE

∣∣∣∣∣
n∑

i=1

a2i R
2
i

∣∣∣∣∣
− q

2

= 2cp,1,nϕ(0) E

∣∣∣∣∣
n∑

i=1

a2i R
2
i

∣∣∣∣∣
− 1

2

=⇒ H1 −maximum
Hn −minimum

Piotr Nayar Sections and projections of ℓnp balls



We have

|Bn
p ∩ a⊥| = lim

q→1−
cp,q,n(1− q)E| ⟨Y , a⟩ |−q

If p ∈ (1, 2) then Yi are Gaussian mixtures, Yi ∼ RiGi . Thus

n∑
i=1

aiYi ∼

(
n∑

i=1

a2i R
2
i

)1/2

G1.

We get

|Bn
p ∩ a⊥| = lim

q→1−
cp,q,n(1− q)E|G1|−qE

∣∣∣∣∣
n∑

i=1

a2i R
2
i

∣∣∣∣∣
− q

2

= 2cp,1,nϕ(0) E

∣∣∣∣∣
n∑

i=1

a2i R
2
i

∣∣∣∣∣
− 1

2

=⇒ H1 −maximum
Hn −minimum

Piotr Nayar Sections and projections of ℓnp balls



What about p > 2? We can always write Yi ∼ RiUi , where
Ui ∼ Unif ([−1, 1]) and Ri ∼ cpx

pe−xp . Thus

|Bn
p ∩ a⊥| = lim

q→1−
cp,q,n(1− q)E

∣∣∣∣∣
n∑

i=1

aiRiUi

∣∣∣∣∣
−q

Archimedes-König-Kwapień formula

(1− q)E
∣∣∣ n∑
i=1

xiUi

∣∣∣−q
= E

∣∣∣ n∑
i=1

xiξi

∣∣∣−q
, ξi ∼ Unif (S2)

Since ⟨ξi , θ⟩ ∼ Ui and Eθ| ⟨v , θ⟩ |−q = 1
1−q |v |

−q for v ∈ R3, we
get

1

1− q
E
∣∣∣ n∑
i=1

xiξi

∣∣∣−q
= Eξ,θE

∣∣∣〈 n∑
i=1

xiξi , θ
〉∣∣∣−q

= E
∣∣∣ n∑
i=1

xiUi

∣∣∣−q
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1−q |v |

−q for v ∈ R3, we
get

1

1− q
E
∣∣∣ n∑
i=1

xiξi

∣∣∣−q
= Eξ,θE

∣∣∣〈 n∑
i=1

xiξi , θ
〉∣∣∣−q

= E
∣∣∣ n∑
i=1

xiUi

∣∣∣−q
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We can now evaluate the limit and get the formula

An,p(a) :=
|Bn

p ∩ a⊥|
|Bn−1

p |
= Γ

(
1 +

1

p

)
E

∣∣∣∣∣
n∑

i=1

aiRiξi

∣∣∣∣∣
−1

where
ξi ∼ Unif (S2) and Ri ∼ cpx

pe−xp .

Case p = ∞ is due to König and Koldobsky.

Proof of Hadwiger-Hensley:

|Bn
∞ ∩ a⊥|
|Bn−1

∞ |
= E

∣∣∣∣∣
n∑

i=1

aiξi

∣∣∣∣∣
−1

= E

 n∑
i ,j=1

aiaj ⟨ξi , ξj⟩

− 1
2

≥

 n∑
i ,j=1

aiajE ⟨ξi , ξj⟩

− 1
2

=

(
n∑

i=1

a2i

)− 1
2

= 1.
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Maximizers for p > 1015

Theorem (Chasapis, N., Tkocz, 2022)

For a unit vector a one has

E

∣∣∣∣∣
n∑

i=1

aiξi

∣∣∣∣∣
−1

≤
√
2− κ

∣∣∣∣a− e1 + e2√
2

∣∣∣∣ κ = 6 · 10−5

Goal: An,p :=
|Bn

p∩a⊥|
|Bn−1

p | ≤ 2
1
2
− 1

p . Know: An,∞ ≤
√
2− κ

∣∣∣a− e1+e2√
2

∣∣∣.
Busemann theorem:

N(a) := A−1
n,∞ =

E

∣∣∣∣∣
n∑

i=1

aiξi

∣∣∣∣∣
−1
−1

=
|a|∣∣[−1

2 ,
1
2 ]

n ∩ a⊥
∣∣ is a norm

|N(a)−1 − N(b)−1| =
∣∣∣∣N(a)− N(b)

N(a)N(b)

∣∣∣∣ ≤ N(a− b)

N(a)N(b)
≤ 2

|a− b|
|a| · |b|
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Case 1:
∣∣∣a− e1+e2√

2

∣∣∣ ≥ 105

p .

Lemma: For p > 5 we have |An,p − An,∞| < 5
p .

Proof: We have An,∞ = N(a)−1 and An,p = Γ(1 + 1
p )EN(aR)−1

∣∣∣∣∣ An,p

Γ(1 + 1
p )

− An,∞

∣∣∣∣∣ ≤ E|N(aR)−1 − N(a)−1| ≤ 2E
|aR − a|
|aR| · |a|

≤ c

p

Proof:

An,p ≤ An,∞ +
5

p
≤

√
2− 105κ

p
+

5

p
≤

√
2

(
1− log 2

p

)
≤ 2

1
2
− 1

p ,

where in the last line we use 1− x ≤ e−x .
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Case 2:
∣∣∣a− e1+e2√

2

∣∣∣ ≤ 105

p .

We will use induction based on the

formula

E|X + Y |−1 = Emin(|X |−1, |Y |−1) X ,Y rotation inv. in R3

X = a1R1ξ1 + a2R2ξ2, Y =
n∑

i=3

aiRiξi

E

∣∣∣∣∣
n∑

i=1

aiRiξi

∣∣∣∣∣
−1

= E|X + Y |−1 = Emin(|X |−1, |Y |−1)

≤ Emin(|X |−1,E|Y |−1) ≤ Emin

|X |−1,
Cp√

1− a21 − a22

 ≤ Cp,

where the last line is a delicate 3 page argument.
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Thank you!


