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I 1 ≤ p, q ≤ ∞,
I a deterministic real m × n matrix A = (aij)i≤m,j≤n,
I a random Gaussian m × n matrix G = (gij)i≤m,j≤n.

Structured Gaussian matrix: GA := A ◦ G = (aijgij)i≤m,j≤n.

Question: E‖GA : `np → `mq ‖ �p,q ??

Trivial lower bound:
E‖GA : `np → `mq ‖ ≥ E

maxj

‖GAej‖q = E

maxj

‖(aijgij)i‖q

E‖GA : `np → `mq ‖ ≥ Emaxi ‖(aijgij)j‖p∗ (duality, ‖GA : `np → `mq ‖
= ‖(GA)T : `mq∗ → `np∗‖ )

=⇒ E‖GA : `np → `mq ‖ & Emax
j
‖(aijgij)i‖q + Emax

i
‖(aijgij)j‖p∗
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Theorem (Latała–van Handel–Youssef, 2018)

E‖GA : `n2 → `m2 ‖ � Emax
j
‖(aijgij)i‖2 + Emax

i
‖(aijgij)j‖2.

� max
j
‖(aij)i‖2 + max

i
‖(aij)j‖2 + max

i ,j
|a∗ij |

√
log(i + 1)

� max
j
‖(aij)i‖2 + max

i
‖(aij)j‖2 + Emax

i ,j
|aijgij |,

where (a∗ij) is obtained by permuting the rows of A so that
maxj |a∗1j | ≥ . . . ≥ maxj |a∗nj |.

Theorem (Guédon–Hinrichs–Litvak–Prochno, 2017)
For 1 ≤ p ≤ 2 ≤ q ≤ ∞,

E‖GA : `np → `mq ‖ .p,q +
(
logm

)1/q

+
(
logm

)1/qEmax
i ,j
|aijgij |.
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E‖GA : `np → `mq ‖ �p,q maxj ‖(aij)i‖q + maxi ‖(aij)j‖p∗ + . . .

q = p =∞ p = 2 p = 1

q = 2

q = 1
1p +

1
q =

1

(p, q)

(q∗, p∗)

Emax
i ,j
|aijgij |

GHLP

‖GA : `np → `mq ‖ = ‖(GA)T : `mq∗ → `np∗‖ = ‖(GT )AT : `mq∗ → `np∗‖
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Trivial lower bound:
E‖GA : `np → `mq ‖ & Emaxj ‖(aijgij)i‖q + Emaxi ‖(aijgij)j‖p∗

Another bound: E‖GA : `np → `mq ‖ & ‖A ◦ A : `np/2 → `mq/2‖
1/2

+‖(A◦A)T : `mq∗/2 → `np∗/2‖
1/2

Proof. gij ∼ εij |gij | + the contraction principle:
E‖GA : `np → `mq ‖ & E‖(aijεij) : `np → `mq ‖

= E sup
x∈Bn

p

∥∥∥(

∣∣

n∑
j=1

aijεijxj

∣∣

)m
i=1

∥∥∥
q

Jensen
≥ sup

x∈Bn
p

∥∥∥(E∣∣ n∑
j=1

aijεijxj
∣∣)m

i=1

∥∥∥
q

Khintchine
& sup

x∈Bn
p

∥∥∥(( n∑
j=1

a2
ijx2

j
)1/2)m

i=1

∥∥∥
q

= sup
z∈Bn

p/2

∥∥∥( n∑
j=1

a2
ijzj
)m

i=1

∥∥∥1/2

q/2
= ‖A ◦ A : `np/2 → `mq/2‖

1/2.
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Lower bounds:

Emax
j
‖(aijgij)i‖q

+ Emax
i
‖(aijgij)j‖p∗

vs.
‖A ◦ A : `np/2 → `mq/2‖

1/2

+ ‖(A ◦ A)T : `mq∗/2 → `np∗/2‖
1/2

Case q < p

m = n, A = Id. Then

Emax
j
‖(aijgij)i‖q + Emax

i
‖(aijgij)j‖p∗ = 2Emax

j
|gjj | ≈

√
ln n.

On the other hand,

‖ Id : Bn
p/2 → `mq/2‖

1/2 = sup
x∈Bn

p/2

(∑
j≤n
|xj |q/2

)1/q

=
(

sup
y∈Bn

p/q

∑
j≤n
|yj |
)1/q

=
(
n1/(p/q)∗)1/q �

√
ln n.

6 / 13
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Theorem (Latała–van Handel–Youssef, 2018)

E‖GA : `n2 → `m2 ‖ � max
j
‖(aij)i‖2 + max

i
‖(aij)j‖2 + Emax

i ,j
|aijgij |.

Theorem (Guédon–Hinrichs–Litvak–Prochno, 2017)
For 1 ≤ p ≤ 2 ≤ q ≤ ∞,
E‖GA : `np → `mq ‖ .p,q max

j
‖(aij)i‖q

+
(
logm

)1/q max
i
‖(aij)j‖p∗

+
(
logm

)1/q Emax
i ,j
|aijgij |.

Conjecture (APSS, 2023)
For all 1 ≤ p, q ≤ ∞,

E‖GA : `np → `mq ‖
?�p,q ‖A ◦ A : `np/2 → `mq/2‖

1/2

+ ‖(A ◦ A)T : `mq∗/2 → `np∗/2‖
1/2 + [see fig.]
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)1/q‖(A ◦ A)T : `mq∗/2 → `np∗/2‖
1/2

+
(
logm

)1/q Emax
i ,j
|aijgij |.

Conjecture (APSS, 2023)
For all 1 ≤ p, q ≤ ∞,

E‖GA : `np → `mq ‖
?�p,q ‖A ◦ A : `np/2 → `mq/2‖

1/2

+ ‖(A ◦ A)T : `mq∗/2 → `np∗/2‖
1/2 + [see fig.]
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E‖GA : `np → `mq ‖ �p,q D1 + D2 + . . .
D1=‖A◦A : `n

p/2→`m
q/2‖

1/2

D2=‖(A◦A)T : `m
q∗/2→`n

p∗/2‖
1/2

q = p =∞ p = 2 p = 1

q = 2

q = 1

Emax
i ,j
|aijgij |

GHLP

LvHY

bj := ‖(aij)i≤m‖2q/(2−q), di := ‖(aij)j≤n‖2p/(p−2), (b↓j )j , (d↓i )i ↓
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Conjecture (APSS, 2023)

E‖GA : `np → `mq ‖

�p,q D1 + D2 +



E max
i≤m,j≤n

|aijgij | if p ≤ 2 ≤ q ,

max
j≤n

√
ln(j + 1)b↓j if p ≤ q ≤ 2 ,

max
i≤m

√
ln(i + 1)d↓i if 2 ≤ p ≤ q ,

0 if q < p .

Theorem (APSS, 2023)

E‖GA : `np → `mq ‖ . (ln n)1/p∗(lnm)1/q
[√

ln(mn)D1 +
√

ln nD2
]
.

D1 = ‖A ◦ A : `np/2 → `mq/2‖
1/2 bj = ‖(aij)i≤m‖2q/(2−q)

D2 = ‖(A ◦ A)T : `mq∗/2 → `np∗/2‖
1/2 di = ‖(aij)j≤n‖2p/(p−2)
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Lower bounds: ‖A ◦ A : `np/2 → `mq/2‖
1/2 + . . .

vs. Emax
j
‖(aijgij)i‖q + Emax

i
‖(aijgij)j‖p∗

�p,q max
j
‖(aij)i‖q + max

i
‖(aij)j‖p∗

+ max
i

√
ln id↓i

Case 2 < p ≤ q

A matrix of 1’s, m, n→∞ satisfy m1/q � n1/p∗ . Then

D1 = ‖(1)ij : `np/2 → `mq/2‖
1/2 = sup

x∈Bn
p/2

(∑
i≤m

∣∣∑
j≤n

xj
∣∣q/2)1/q

= m1/q sup
x∈Bn

p/2

√∣∣∣∑
j≤n

xj
∣∣∣ = m1/q

√
n1/(p/2)∗ = m1/qn

1
2(p/2)∗ .

On the other hand,
max
j≤n
‖(aij)i‖q + max

i≤m
‖(aij)j‖p∗ = m1/q + n1/p∗ ∼ m1/q � D1,

max
i

√
ln id↓i =

√
lnm n

p−2
2p =

√
lnm n

1
2(p/2)∗ � D1.
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Theorem (APSS, 2023)

Assume that 1 ≤ p, q ≤ ∞. Then,

E‖GA : `np → `mq ‖ . (ln n)1/p∗(lnm)1/q
[√

ln(mn)D1 +
√

ln nD2
]
.

D1 = ‖A ◦ A : `np/2 → `mq/2‖
1/2,

D2 = ‖(A ◦ A)T : `mq∗/2 → `np∗/2‖
1/2.
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ln(mn)D1 +
√

ln nD2
]
.

Corollary
Assume that K , L > 0, r ∈ (0, 2], 1 ≤ p, q ≤ ∞, and
X = (Xij)i≤m,j≤n has independent mean-zero entries satisfying

P(|Xij | ≥ t) ≤ Ke−tr /L for all t ≥ 0, i ≤ m, j ≤ n.

Then

E‖XA : `np → `mq ‖ .r ,K ,L (ln n)1/p∗(lnm)1/q ln(mn)
1
r −

1
2[√

ln(mn)D1 +
√

ln nD2
]
.
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Lemma

Assume that 1 ≤ p ≤ ∞, n ∈ N, and define the convex set

L := conv
{ 1
|J |1/p

(
εj1{j∈J}

)n
j=1 : J ⊂ {1, . . . , n}, J 6= ∅,

(εj)n
j=1 ∈ {−1, 1}n

}
.

Then Bn
p ⊂ ln(en)1/p∗L.

Rough sketch of the proof of the Theorem.

E

‖GA : `np → `mq ‖ =

E

sup
x∈Bn

p

sup
y∈Bm

q∗

m∑
i=1

n∑
j=1

yiaijgijxj

Lemma
≤

E

ln(en)1/p∗ ln(em)1/q sup
x∈Ext L

sup
y∈Ext K

m∑
i=1

n∑
j=1

yiaijgijxj

=logs

E

max
k≤m
l≤n

1
k1/q∗ l1/p max

I⊂[m]
|I|=k

max
J⊂[n]
|J|=l

sup
x∈Bn

∞

sup
y∈Bm

∞

∑
i∈I

∑
j∈J

yiaijgijxj
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Using symmetrization and the contraction principle one proves:

E sup
I,J

sup
x∈Bn

∞

sup
y∈Bm

∞

∑
i∈I,j∈J

yiaijgijxj

≤

√
2
π

sup
I,J

∑
i∈I

√∑
j∈J

a2
ij + 2E sup

I,J
sup

x∈Bn
∞

∑
j∈J

∑
i∈I

aijgijxj .

Similarly,
E sup

I,J
sup

x∈Bn
∞

∑
j∈J

∑
i∈I

aijgijxj ≤ . . .+ .

Use Slepian’s lemma and compare E supI,J XI,J ≤ E supI,J YI,J ,
where YI,J =

∑
i∈I gi

√∑
j∈J a2

ij +
∑

j∈J g̃j
√∑

i∈I a2
ij .

=⇒ Emax
k≤m
l≤n

1
k1/q∗ l1/p max

I⊂[m]
|I|=k

max
J⊂[n]
|J|=l

sup
x∈Bn

∞

sup
y∈Bm

∞

∑
i∈I

∑
j∈J

yiaijgijxj ≤ . . .
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