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Expectations

random geometric graph:
G(ηt , δt) = (F0,F1) =

(
ηt , {(x , y) ∈ (η ∩W )2t, ̸= : ∥x − y∥ ≤ δt}

)
number of vertices:

E

f0 = ∞

EE

number of edges:

E

f1 = ∞

E

. . . Slivnyak-Mecke formula
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(
ηt∩W , {(x , y) ∈ (η∩W )2t,̸= : ∥x−y∥ ≤ δt}

)
number of vertices:
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Topology of components in Rd :

The lonely

complex . . .

S . . . a realizable finite subgraph (isomorphic version):
|S ∩ G| > 0?

Theorem
With probability one, |S ∩ G| = ∞.

. . . Grygierek, Juhnke-K., R., Römer, Röndigs
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Percolation

p∞(t) = P(|

component of ηt ∪ {0} containing 0

| = ∞),

vc = inf{κdtδ
d
t > 0, p∞(t) > 0}
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Percolation
p∞(t) = P(|component of ηt ∪ {0} containing 0| = ∞),

vc = inf{κdtδ
d
t > 0, p∞(t) > 0}

Theorem (Meester and Roy)

Suppose κdtδ
d
t > vc . Then with probability one there is precisely one

unbounded connected component.
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Topology of components in Rd : The lonely
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. . . and the giant beast

S . . . a realizable finite complex (isomorphic version):

Theorem
If percolation occurs then with probability one there are infinitely
many components of S linked to the unbounded component via a
single edge.

. . . Grygierek, Juhnke-K., R., Römer, Röndigs
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Random geometric graph

G(ηt , δt) = (F0,F1) =
(
ηt , {(x , y) ∈ η2t, ̸= : ∥x − y∥ ≤ δt}

)
length power functional:

L(τ) =
1

2

∑
(x1,x2)∈(ηt∩W )2̸=

∥x1 − x2∥τ1(∥x1 − x2∥ ≤ δt)

(τ = 0 number of edges)

Definition:

Poisson

U-statistic
:

F (η) =
∑
ηk̸=

f (x1, . . . , xk)
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∑
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∥x1 − x2∥τ1(∥x1 − x2∥ ≤ δt)

(τ = 0 number of edges)

Definition: Poisson U-statistic
η Poisson point process, f ∈ L1(Ω):

F (η) =
∑
ηk̸=

f (x1, . . . , xk)
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Poisson U-statistic
Malliavin calculus for functions F (η) of Poisson point processes:

Wiener-Itô chaos expansion

F ∈ L2(P)

F (η) =
∞∑
i=0

Ii(fi)

finite Wiener-Itô chaos expansion

F ∈ L2(P)

F (η) =
k∑

i=0

Ii(fi)

with kernels fi ∈ L1 ∩ L2(Ω), iff F is a sum of U-statistics.

R., Schulte
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Poisson U-statistic
Malliavin calculus for functions F (η) of Poisson point processes:

Wiener-Itô chaos expansion

F ∈ L2(P)

F (η) =
∞∑
i=0

Ii(fi)

VF =
∞∑
1

i !∥fi∥2

t

∫ (
EDxF (η)

)2
dx ≤ VF

DxF (η) = F (η ∪ {x})− F (η)
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Poisson U-statistic
Malliavin calculus for functions F (η) of Poisson point processes:

Wiener-Itô chaos expansion

F ∈ L2(P)

F (η) =
∞∑
i=0

Ii(fi)

Exchange inequality / Poincaré inquality

t

∫ (
EDxF (η)

)2
dx ≤ Vf (X ) ≤ t

∫
E
(
Dx f (η)

)2
dx

14. Juni 2023 9 / 27



Poisson U-statistic

Central limit theorem
F an absolutely convergent U-statistic of order k . Then

dW

(
F − EF√
VF

,N

)
≤ 2k4M4(f )

VF

with N ∼ N (0, 1).

R., Schulte; Peccati, Sole, Taqqu, Utzet

M4(f ) =
∑∫

Ω

· · ·
∫
Ω

|f (. . .)f (. . .)f (. . .)f (. . .)| dµm(x1, . . . , xm)
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4th moment theorem

Central limit theorem
F ∈ L4(P) a U-statistic of order k with f ≥ 0. Then

dW

(
F − EF√
VF

,N

)
≤ C

√
E

(
F − EF√
VF

)4

− 3

with N ∼ N (0, 1).

Lachieze-Rey, Peccati
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Poisson U-statistic

. . . and much more: Bourguin, Lachieze-Rey, Last, Peccati, Penrose,
Schulte, Thäle, Trauthwein, Yukich, . . .

Central limit theorem
F ∈ L4(P) a Poisson functional (U-statistic):

dW ,K

(
F − EF√
VF

,N

)
≤

localizing / stabilizing / geometric

E
∫
· · ·

∫
4th mixed moments of DxF ,Dx ,yF ,Dy ,zF . . . dxdy . . .

E
∫
· · ·

∫
(2+ϵ)-mixed moments of DxF ,Dx ,yF . . . dxdy . . .
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Random geometric graph

geometric graph (F0,F1) =
(
ηt , {(x , y) ∈ η2t, ̸= : ∥x − y∥ ≤ δt}

)
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Random geometric graph

geometric graph (F0,F1) =
(
ηt , {(x , y) ∈ η2t, ̸= : ∥x − y∥ ≤ δt}

)
L(τ) =

1

2

∑
(x1,x2)∈(ηt∩W )2̸=

∥x1 − x2∥τ1(∥x1 − x2∥ ≤ δt)

EL(τ) =

c

t2
1

2

∫
W 2

∥x1 − x2∥τ1(∥x1 − x2∥ ≤ δt)dx1dx2

VL(τ) = (c1t
2δ2τ+d

t + c2t
3δ2τ+2d

t )V (W ) + . . . ⇒ τ > −d

2
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Random geometric graph

geometric graph (F0,F1) =
(
ηt , {(x , y) ∈ η2t, ̸= : ∥x − y∥ ≤ δt}

)
L(τ) =

1

2

∑
(x1,x2)∈(ηt∩W )2̸=

∥x1 − x2∥τ1(∥x1 − x2∥ ≤ δt)

CLT

dK ,W

(
L(τ) − EL(τ)√

VL(τ)
,N

)
≤ C t−

1
2 max{1, (tδdt )−

1
2}

for τ < −d
4

Penrose; R., Schulte, Thäle;
Decreusefond, Lachieze-Rey, Peccati, Trauthwein . . .
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Random geometric graph

geometric graph (F0,F1) =
(
ηt , {(x , y) ∈ η2t, ̸= : ∥x − y∥ ≤ δt}

)
multivariate CLT

d⋆
((

L(τ1)−E
σ

, L
(τ2)−E
σ

, . . .
)
,N

)
≤ C t−

1
2 max{1, (tδdt )−

k
2 }

tδdt → ∞ : L
(τ)
t =

d

τ + d
δτt L

(0)
t + . . .

tδdt ≤ C : L
(τ)
t =

d

τ + d
δτt L

(0)
t + c Z δτtVL

(0)
t + . . .

Akinwande, R., Römer, Thäle, Schulte, v. Westenholz
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Vietoris-Rips complex

C = CVR(G) . . . Vietoris-Rips complex:
F = {x1, . . . , xk+1} ∈ Fk(CVR) iff ∥xi , xj∥ ≤ δt∀i , j
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The Cech complex

C = CC (G) . . . Cech complex:
F = {x1, . . . , xk+1} ∈ Fk(CVR) iff

⋂k
1 B(xi ,

1
2
δt) ̸= ∅
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Volume-power of k-dimensional simplices

V
(τ)
k (C) =

∑
S∈Fk (C) Vk(S)

τ :

EV
(τ)
k ,VV

(τ)
k . . . Slivnyak-Mecke, Poisson U-statistic

dK ,W

V
(τ)
k − EV (τ)

k√
VV

(τ)
k

,N

 ≤ C t−
1
2 max{1, (tδdt )−

k
2 }

Penrose, R., Schulte, Akinwande
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Subcomplex counts

S: set of subcomplexes, n(C) = |S ∩ C(W )|:

En,Vn . . . Slivnyak-Mecke, local Poisson U-statistic

dW

(
n − En√
Vn

,N

)
≤ C t−

1
2

Penrose, Lachieze-Rey, Peccati, . . .

14. Juni 2023 20 / 27



Subcomplex counts

S: set of subcomplexes, n(C) = |S ∩ C(W )|:

En,Vn . . . Slivnyak-Mecke, local Poisson U-statistic
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Betti numbers

βk(C): non-local

Eβk ,Vβk . . . Slivnyak-Mecke, but . . .

dW

(
βk − Eβk√

Vβk

,N

)
→ 0

Penrose, Kahle, Meckes, Bobrowski, Skraba, Adler, Yogeshwaran,
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Concentration

. . . for first order U-statistics with f ≥ 0 . . .

P(F − EF ≥ u) ≤ e−
EF

∥f ∥∞
g
(

u
EF

)
with g(u) = (1 + u) ln(1 + u)− u, u ≥ 0.

Houdre and Privault, Ane and Ledoux
Reynaud-Bouret, Breton, et al.

. . . for higher order U-statistics with f ≥ 0?
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Concentration

Isop. inequ. for Talagrand’s convex distance on PPP

F a nice local U-statistic with f ≥ 0. Then for all r ≥ 0,

P(F >MF + r) ≤ 2e
− r2

4k2cd (r+MF )2−1/k

P(F <MF − r) ≤ 2e
− r2

4k2cd (MF )2−1/k

. . . Lachieze-Rey, R.
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Concentration

Log-Sobolev inequality, Herbst argument, . . .

F a nice local U-statistic with f ≥ 0. Then for all r ≥ 0

P(F ≥ EF + r) ≤ e
− ((EF+r)1/(2k)−(EF )1/(2k))2

2k2cd

P(F ≤ EF − r) ≤ e−
r2

2kVF

. . . Bachmann, Peccati
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Concentration inequalities

in particular for fk : for all r ≥ 0,

P(fk ≥ Efk + r) ≤ e
− ((Efk+r)1/(2k)−(Efk )

1/(2k))2

2k2cd

P(fk ≤ Efk − r) ≤ e
− r2

2kVfk

P(fk >Mfk + r) ≤ 2e
− r2

4k2cd (r+Mfk )
2−1/k

P(fk <Mfk − r) ≤ 2e
− r2

4k2cd (Mfk )
2−1/k

. . . Bachmann, Peccati, R.

. . . Betti numbers?
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The high-dimensional Gilbert graph

CLT
W = Bd , δd = 1

d
,Ef1 → ∞:

dW

(
f1 − Ef1√
Vf1

,N

)
→ 0 as d → ∞

Grygierek, Thäle

CLT for ∥ · ∥∞
W = [0, 1]d , δd ≪ 1

d
,Efk → ∞:

dW

(
fk − Efk√
Vfk

,N

)
→ 0 as d → ∞

Grygierek
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Thank you!
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