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GaincasFrequality

XuN(0,1), fiIR- IR

f"nice", then

Van f(X)-> EC'(X). (2)

Many profsof11.
let to be nth order Hate

polynomial, then (Hulu, o's
CONS for L2(e*You).



Hence
f(x) =Eant(X)

*f(X) =

20, so

Vanf(N)=Ea
f(x) =I antih(X)

n
=1

But A =V Hat, so

EDIX)=I ain
n =1

2

Clearly anIran.
n
=1



(and cases of equality).
Aproof:Take

N itest Hemflol:Iame,
k=1

(2) is equivalentto

anare*)s_etatetakettel
b=1l =1

70

,i-e; He matrix

(I-ekte_teteekte),e"
p.s. d V



I learned both methods from
A. Kagan (* 92). He

first method is ina paper of

Charoff (AOP = 1981)

Bothhadto 2-sided
bounds
- For any ny,

1

,t*(XII Vanf(X)
Goingthe



je.g,

*DXY-ID"CNR

<Vanf(x) ID'(X)?

Extensions toWiener Space (Mallia-
rin derivative, Poisson space
Stiffence operate), Infinitely
Divisible Laws, XvID(b,0,0)

itb+feit, _itnAudu
i.e,2xH=e



where 3 EIR and (404) =0, ST1Antan)
Then,

Vanf(x) <f*8(x-n)-f(x)Puld)
=Duf(x)Prd

(Chen). Extension to two

- sided with iterations of the

difference operator.



I
~convenience,

LHS of (1) is
not necessarily, 0, e.9;
/X-E8"(X))" could be 0.

To bypass thisproblem, another

lower band:

VanfIXk,E,*x



EfeniArqualtj_
S: IR -IB, Xu, X2, -, Xm

lid

5 symetric initsarguments. Then,

VanS(X, -,X)_> IJ1,

where
5 =E,(ALX-Xer,Ye,Xants,

(3)
Ya is an independentcopy of Xen

-E,(Ser),when SenchangeHe both wordi
nate.



"Statistical Gradient"

YS:(S-S,S-Sr, -, S-S1)

E5, =EIVSI, so

VonS 1 1EJs.

Similarity
withGaussian
Poincare.

atJr -re2n- 1

-> Itm
k
=1k!

CH. (=1997)



8. Banquet +CH (HDP (II)
(020)

No symetry assumption and just1.

S: IR--> RR,
EIS =E(S(X2, ..,Xi-,Xit, --,Xn)
10)=S

I "Ells=FYR"'s
=E(S/Xa.-,Xies,Xit,-,X;-,Xjt

-,Xu)

quils:EY"'s



Va"S=E"CS-E"s
2

=Els2-(Es)

Va"S=I"Val's
- Van!" El"s

=Valg 7,0

Then, iterate,

Jr = E, Va"S

Ja =I Vorl",,in) S
1 2 i, FizF:Fien

↳i,, in)
Van S

=1in.ie_



Fap=1,., []

5VaS*5
e =1 te!

k =1k!
(4

VanS=E*Te
Again, LHS of (4) is not necessarily

nor, negative, i.e

↓eJ-J-VanSIE
How to geta non-negative tome
bound on EJz-VaS?



Let

ka=k! Valin-in) rials

der (inasiteofte
indices (in,,ial

Fact(Jensen's + Convexity)

Eker1 EJer.

EkeS E5, -VanSIETa

Mar generally:
For

any p=1,2,--, [Y]



*Jm+is!att
VanS*He-1Ekp

x=1k! (p1!

Any:XNN10,1)

8"(X))< EAD(N)2-Vanf(x)
IE18"(X2.



Why do I wantvariance bounds
-ianto concentrationconsideration

Ex:LongestCommon subsequence
inRandom Words

↳t (Xalax,and (Yales, be
two 1 sequences of iid n.vs
with values ina finte
alphabettm=hd2, 42, -y<my
Lethim be the length of the

longestcommon subsequences



of X.-- Xn
and

Y..-.fu

i.e, LG =maxqke4, -, ny sit 5
2 in(--Line E

1j,-inE

St Xis:Yis, Fs ].

Binarycas:m=2, 4, =0 ad 22 =1

X-ward 00110011 1100
III Willia

Y-wad 01000100111 1

Super additity
EIC ->W*

In unknown, in the binary case, uniform



22 =0.8

So ELC = my

Whatabout
VaICm ?

↳(r =S(Xe, -,Xn;Y., --,Yu)

Efan. Stein:

VanLG E,(LC-L
But inSes ms fast changed onen.V.

by anA copy,
i.e,mechanged the

bth letter.

(a-2C)* = 1.
VanLG_n.



What aboutlower bound?Is itthe

thatVanham, Cn?

A:Yes known in many
"biased cass"

but unknown even in the binarymiferm
case p

=4(X, =1)
case. Known inthe binaryminuscule

Can the previous lower
bounds be useful?

Amother related representation of Van S

(Boderave,Lugosi, Shinotovsbiy)
(Chatterjee)



Xa, Xu, -, An H niv.

S:IR"->IR

and gt_SIX, -, Xe -,Yen,Xais, -iX)
You onA copy of Xen

More generally, for d C41, -,n}
g(d =S(X., -, Xr)

expectHal Xu is
M

replaced by Yes for all be 2.



Bu =Etis?(s"-ingirie)
Feb

=

1

SinceS.
S.:symetric group.

Bu =E1[S/singer
b =in! itrk=1

telusopic-ES2-LESI
=VanS

Another representation of the's-
E(S-sin)(gi,in_gin, --in)



=2Es(si,in-ginning
Because ESSP =ES SP.

Using thisfactand atoducing
th

notaton

Ans: S-S and far bef

An,eS =De(DeS)

Be =at! EsDieS((DinS)"-is

70 (fan properties
of conditional
expectation)



↳withthe Jee and kee

Let DB =Bi-Bet, fuke)), -,n- 17

and letDe, l,1, be itsitmates.

Then, fu all ka -> G1, ..,n}

E:()DGBs

Es ()D* Br-ent

Using these representations
we can invent



Be =7(2) Est
-i) (i+!

Bu =E



It is known (Bedenave
Ingosi, Shiratorskiy) Hat

(Bu)mn is non-increasing.
More can be said:

Theau Fake(1, -, n-2)

let DBes= Be-Bat, and let

De, l, a bette lith iteration
ofD. Then,

DBu7, 0



Consequence;

VarLCr, zuBan

Thearm For Xa,-iXn,Ys-Y
iid Bu (Po),PoFY:The

for some pt (po,Y) i

hisVan



Moral:
-

Far ufe bounds use

I's, for lower bounds
use K's and B's and

hope.



Thank You.


