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Abstract. This paper gives bounds for the uncoupling measures of a
stochastic matrix P in terms of its eigenvalues. The proofs are combi-
natorial. We use the Matrix—Tree Theorem which represents principal
minors of I — P as sums of weights of directed forests.

1. Introduction and main results

Let S:={1,2,... ,n} and P = (pij)ijl be an n x n stochastic matrix.
Define the uncoupling measures of P (see [4]) as

k
o = min Z Z P k=2 n
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where A C B means that A C B and A # B. We will also investigate the
following new measures of uncoupling:

E = min max maxp;i, k=2,...,n.
M psorOncs 1212k i€ T
C;NC;=0 J¢C
ij=1,....k

The first proposition is a direct consequence of the above definitions.

Proposition 1. Fork=2,... , n—1

(i) ok < opy1;
(i) g < pgs1;
(ili) e < o

It is easy to check by induction on k that also the following complemen-
tary inequality holds.

Proposition 2. Fork=2,... , n—1

k-1
n2,uk.

o <

Let I be an n x n identity matrix and Ay, Ao, ..., A, be eigenvalues of
I — P indexed in such a way that

)\1=0§M2’§§’)\n‘

Obviously A is an eigenvalue of I — P if and only if 1 — X is an eigenvalue
of P. Our main results are bounds between uncoupling measures o and
eigenvalues of I — P and, what is the same, eigenvalues of P .

Theorem 1. Fork=2,...,n

n—1\""!
>
oF > [(k—l) Aol -+ | Akl

In particular we have
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Upper bounds for o are given below.

v

02



Uncoupling measures and eigenvalues of stochastic matrices 261

Theorem 2. Fork=2,...,n

k—1
Ok = L n Z m—1 Z | l1| ‘ zm|

m=1 2<i1<...<tm <k

1/(n—k+1)

In particular we have

2
oy < %Q(n—2)/(n—1)|)\2|1/(n—1) = n2|g/2V/ (1),

2 n—
o3 < 2 [277 (Dl + o) + (n = 3)2" Aol g[] .

The results have both theoretical and applicational motivations. From
theoretical point of view it is interesting to find a quantitative analogon of
the Perron—Frobenius theorem, which can link eigenvalues of nonnegative
matrices with uncoupling measures. One of the first result in this domain
was the work by Fiedler [3], who bounded a subdominant eigenvalue of a
doubly stochastic matrix in term of an irreducibility measure p. In our work
we generalize the Fiedler bounds for all stochastic matrices (o2 = 2u). As
a byproduct we solve (Theorem 1) an open problem of Hartfiel and Meyer
[4].

Recently Hartfiel proved an inequality (see Theorem 3 in [5]) which is
equivalent to the following one

v < 4nn4n’)\k|1/n2"7 (1)

where

vy 1= min max max g Dij-
@#Cl,...,CkCS 1<I<k i€ C
J€C

C;NC;=0
bj=1,... .k
It is easy to check that Theorem 2 is better then (1).

For numerical application it is interesting to bind an analysis of two
different classes of algorithms for solving systems of linear equations related
to Markov chains: iterative and aggregational one. Efficiency of the former
class is characterised by eigenvalues of P while efficiency of the latter —
in terms of uncoupling measures or in equivalent forms. The numerical
experience points out that having subdominant eigenvalues of P near A =1
poses problems for numerical computation of characteristics of the Markov
chain induced by an irreducible matrix P. In particular the conditioning
problem is large and iterative methods converge slowly (see [7] for more
details). Most often in such cases the Markov chain is nearly completely
decomposable and the aggregational algorithms produce small error. On
the other hand if subdominant eigenvalues of P are separable from A =1
then iterative methods often converge rapidly but aggregational ones give
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large error. This paper is intended as a step towards theoretical explanation
for this numerical experience.

It is worth to note that we prove the main results using the Matrix—Tree
Theorem which represents principal minors of I — P as sums of weights of
directed forests (Lemma 1). This interesting method is probably unknown
in the literature on numerical solutions of Markov chains. In the paper [8]
we present other applications of the Matrix—Tree Theorem to computational
problems related to Markov chains.

2. Proofs

Let E C S x S. The (directed) graph with the states set S and the edges
set E is, by definition, the pair g := (S, E).

A pair g1 := (S, E1) is called a subgraph of the graph g if ) # 51 C S
and E1 - EN (Sl X Sl)

A path from a state i to a state j in g; is, by definition, any finite sequence
i9 =1, 11,... ,ix = j such that i,, € S1 and (i, im+1) € Eform =1,... k.
By a cycle in g1 we mean a path from ¢ to i.

A subgraph f = (S, Ef) without cycles, in which from every state of Sy
there is at most one outgoing edge is called the forest. The set of states
R C Sy from which there is no outgoing edge of the forest f is called the
root of f.

It is easily seen that the root of f is nonempty and for every state i € Sy\R
there is only one path from 7 to R. We will denote by F' (R‘A) the set of all
forests with the root R and states set A. Set F(R) := F(R‘S).

Let A = (aij)ijes be a square n X n matrix on C.

The weighted graph induced by A is, by definition, a matrix A with the
graph g(A) := (S, E), where E = {(i,j) € S x S : a;; # 0}.

The (multiplicative) weight of a forest f = (S¢, Ey¢) in g(A) is defined to
be

wif)= J] (~ai)
(i.4)eEy

(set w((S,0)) :=1).
The weight of a set of forests F' in g(A) is defined to be

w(F) =Y w(f)  (w®):=0).
fer

If F = F(R) for some R C S, we write w(R) instead of w(F(R)), because
the set R determines the set of all forests with R as the root.
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The main tool we use is the following variant of the well-known Ma-
trix Tree Theorem proved by Fiedler and Sedlacek [2] (see also [1] and the
references given there).

Lemma 1 (Fiedler and Sedlacek 1958). Let L:=1—P and R C S. Then
det L(R) = w(R).

Let ¢p(x) := det(zI — L) = ap2™ + an_12" ' + ... + a1z + ag be the
characteristic polynomial of a matrix L := I — P. It is clear that ag = 0

and a, = 1.
Define
FF .= UF(R) for k=0,...,n.
RCS
|R|=k

Lemma 2. Fork=0,... ,n—1

w(F*) = > Niy - Ny

1<i1 <...<ip_p<n

Proof. By Lemma 1, formula 1.2.11 [6] and Viete’s formulas, we obtain

w(F¥) =" w(R) = detL(R) = (-1)""a; = > Niy - iy

RCS RCS 1<i1 <. <l <1
|R|=k |R|=k
O
Lemma 3. Fork=2,...,n

w(F*)oy, > w(FF 1.

Proof. Let Ay,... , Aj; be nonempty proper subsets of S such that A;NA; =
() for i # j, 4,7 € S and

k
szzzpzj- (2)

=1 i€A;

JEA
We define a function ¢ : F*¥~1 — F* erasing the edge of f; € FF~! starting
in one of the sets A; (I = 1,...,k) which has the least starting point.

Formally: for f; € FF~! set

k
E; = Ern| (4 x Ay,
=1
i(f1) :=min{i € S: (4,7) € Ey, }.
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By the definition of F¥~levery forest f € F*~1 has at least one edge starting
from one of the sets A;. Hence Ef, # (). By the definition of a forest we
know, that there are only one state j € S such that (i(f1),7) € Ey,. Let us
denote it by j(f1). The function ¢ is defined by formula

w(f1) = (S, B \ {(i(f1),5(f1))})-
Let us note that for f; € FF-1
w(f1) = wle(fL))Pir).i(h)- (3)

Since w(Fk1) = > feFk w(e~(f)) and w(F*) = > serk w(f), to prove
the lemma we need to show that for all f € F*
w(f)ok > w(e™'(f))-

Let f S F* and fl, f2 S (pfl(f). ObViOUSly if f1 7& f2 then (Z(fl),j(fl)) 75

(i(f2),3(f2))-
Finally from (2) and (3) we have

k
wifor=w(f) [ YN pu | 2w | X v
I=1 i€A, free=1(f)
JEA
= > w(f) =wle ()
fiee=1(f)

O]

Let us divide the set E into two parts: E, “red edges” and E; “black
edges”.

Lemma 4. Let R, A C S be nonempty sets such that R C A. We assume
that for every nonempty B C A\ R there is a black edge (i,7) € Bx (A\ B).
Then there exists a forest [ € F(R‘A) which has only black edges.

Proof. Let us define by induction:

Ro = R,

Ry :={i€A: 3j€ Ry_1 (i,j) € Ep} for k> 1.
By assumption there is k € N such that A = Ry 0.0 Ry and Ry, # () for
k=0,...,K. It follows that if we choose for every i € R (k=1,... ,K)

one edge going from i to Ry_, we obtain a directed forest with the root R
and the domain A. O
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Lemma 5. Fork=2,...,n

<[]

Proof. Let R := {i1,... ,ix—1} be a given subset of S,
0= w(Fk_l) and B, :={(i,j): pij < 51/("—k+1)}'

Since for every f € F(R) we have w(f) < d and |Ef| =n —k+ 1, it follows
that f has a red edge. By Lemma 4 there is a nonempty set A; C S\ R
satisfying the following condition:

if (i,5) € (A1 x (S\ A1))NE, then (i,5) € Ej. (4)

We may assume that A; is a minimal set with property (4) in the order
induced by inclusion. Therefore for every nonempty set B C A;p there is
a black edge outgoing from B to A; \ B. Choose j; € A;. By Lemma 4
it follows that there is a forest f € F (jl‘Al) which has only black edges.

Thus we can find a forest f € F(ji,i2,... ,ik—1) such that Ef = Ep, U Ey,,
where f; € F(jl‘Al), fi has only black edges and fo € F(A7), A} =
Ay U {ia,... ,ix—1}. Hence every forest f € F(A}) has a red edge. By
Lemma 4 it follows that there exists nonempty set Ay C S\ A7 satisfying
(4).

Again we may assume that As is a minimal set with property (4) in the
order induced by inclusion. Therefore for every nonempty set B C As there
is a black edge outgoing from B to Ay \ B. Choose j, € Ay. By Lemma
4 it follows that there is a forest f € F( j2|A2) which has only black edges.
We continue in this fashion obtaining nonempty and mutually disjoint sets
A1, ..., Ap_1 satisfying (4) which are minimal sets in the order induced by
inclusion.

Now let R := {]1, 2j.]f_l} Where J1 € Al,‘.. JJk—1 € Ap_q. By con-
struction Ef = Ep, U...UEy,_, UEy,, where f,, € F(jm|Am), fm has only
black edges (m =1,... ,k—1) and f; € F(A; U...U Ag_1). Then every
forest f € F(A1U...U Ai_1) has a red edge. Hence, by Lemma 4 there is
nonempty set Ay C S\ (A1 U...U Ap_1) satisfying (4).

Consequently, by definition of g, we obtain

pr < max max pi; < g/ (k1)

= 1<I<k i€A,
JEA
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Proof of Theorem 1. By Lemma 2 we have

1y o\
w(F) 2<i1<...<ip_1<n Aiy iy

1
S Tl

2<i1<...<ip_1<n i1

<n—1> 1
< _—
k—1) X[ Agl

Applying Lemma 3 and Proposition 1 (i) we obtain

n—1\" w(FY)
(h27) Pelbul <

Proof of Theorem 2. By Lemma 2 we have that for k=1,... ,n—1
w(Fk_l) < Z [ Aiy |- ‘)\infkﬂ»l"
2§i1<...<in_k+1§n

Since |Ag41ls- -, [An| < 2, it follows that

k—1

k— n—=k —kt+1—

T D D (A Eia s D DI IS
m=1 2<i1 <. <im <k

From Proposition 2 and Lemma 5 we obtain

1/(n—k+1
o < A 1n2 [w(Fk_l)} : : for k=2,... ,n. (6)

Combining (5) with (6) we get the assertion. O
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