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1 Fitting Linear Models

The general setting is that we hawebservationsy, z1, . .., z,) of a scaladependent vari-
able or responsey andp carriers or regressorsr;, and we seek a linear relationship of the
form

y =bix; + -+ byx, + residual errors (1)

Note that this does not include a constant term; this can be included by definiag 1.
Care is then needed over the meaning,oivhich in packages usually excludes the constant
regressor. We assumg < n.

Define a column vecto¥” = (yi,...y,)", a column vectob = (by,...,b,)" and an x p
matrix X with ith row the vectofx, ..., x,) for observation. Other vectors will be defined
in an analogous manner (without mention). Then we have

Y =Xb+e ()

for the residual vector. The predictol” of Y is given byY = Xb.

Least squares and normal equations

Theresidual sum of squareRS'S = 3" e? = ||e||* (using the Euclidean norm on vectors). We
choose to minimize this sum of squares. We will justify this (partially) later, but it has been
assumed to be reasonable for a couple of centuries, and it leads to simple computations.

The traditional approach is to write
lel? =Y — Xb))> = (Y — Xb)T (Y — Xb) =YY — 2V Xb + b X1 X0

which is a quadratic form in the vectbwith stationary point (by partially differentiating with
respect to eachy) which solves
XTXb=XTy (3)

the so-callechormal equations

1This is not necessary, but avoids having constantly to make exceptions.
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If X has rankp, then so doex(” X (exercise or se@, p. 531) and s’ X is invertible and

b= (XTX)'XTy (4)

Let Y denote the fitted value’b = X(X7X)'XTY = HY for the hat matrix H =
X(XTX)"'XT. Theresiduals = (I — H)Y.

Approach via QR decompositions

This is the modern computational approach.

Theorem: There is an orthogonal matrix Q such that thex p matrix R = QX is upper-
triangular (r;; = 0 for ¢ > 7).

Proof: ?, §5.2
Note: A matrix A is orthogonalif A7A = 1.

The name comes frolY = QT R, and@? is also an orthogonal matrix. (In the notation of
some reference@ andQ” are swapped.) Note that the ldst— p) rows’ of R are completely
zero.

By orthogonality, the residual sum of squatkes? is unchanged if we repladg’, X, e¢) by
(QY, R = QX, Qe):

|QY — Rb|*> = (QY — Rb)(QY — Rb)
= YTQTQY + XTQTQX —2YTQTQXb
YIY + XTX —2YTXb = ||V — Xb|?

Thus according to the least squares principle we should chicos@inimize
lell* = |Qel* = |QY — Rbl|*

Now patrtition R into the firstp rowsU andn — p zero rows, and partitioY” into V" andW/
in the same way:

= (o) o= )= [1)+ o). =[] woor =[]
e 1QY — Rb||* = |V — Ub|]* + [W|]* (5)

and sinceank(U) = rank(R) = rank(.X) = p (exercise)[J is invertible and we can choose
so thatUb = V. From (5),]|QY — Rb||? > ||W||?, and equality is attained (uniquely) for our
choice ofb.

2we have assumed that— p > 0.



SinceU is also upper triangular, solvirigh = V' is easy:

by = vp/up
bp-1 = (Vp—1 — Up-1bp) [Up—1p1
b1 = (Ul — U172b2 — s — uljpbp)/un (6)

and at each stage the right-hand side is completely known.

2 A true linear model

Thus far, we have not assumed anything about the distribution of the observations, for example
independence or a normal distribution. We have just been calculating properties of fitting by
least-squares.

Now suppose that the's are fixed, but th¢y;) are random and generated by the model
y=05x+ -+ By + € (7)

where thee ~ N(0,0%) and they are independent for different observations. Many of the
results below are true either exactly or approximately for non-normal errors (use the Central
Limit Theorem). In matrix term§” = X + .

We need the concebof the (co)variance matri¥ar(Z) of a random vector. This is defined
by

Var(Z) = E |(Z — EZ)(Z — EZ)"]
where EZ is the vector of means of the components. Then(Z;) = (Var(Z2));; and
cov(Z;, Z;) = (Var(Z)),;. For a constant matri¥, Var(AZ) = AVar(Z)A”.

We have (by definitionVar(e) = oI for then x n identity matrix7, and hencé&/ar(Y) =
o?I. ThenVar(h) = (XTX) !XT [[(XTX)1XT]T = o2(XTX) ' XTX(XTX)! =
o?(XTX)L

Estimating o

Theresiduale =Y — Xb=Y —-HY =(I-H)Y =(I—-H)(XG+¢) = (I — H)e. SO
Fe=(I-H)Ee=0andE RSS = E |le||?* = E trace(ee’) = trace(I—H)E ee' (I—H) =
o?trace(l — H)? = o?trace(l — H) = o*(n — p).

Further,RSS/o* ~ x;_, andb andRS'S are independent.

3If these results are unfamiliar to you, write them out as sums over observations to see that they do encapsulate
the basic formulae.



t tests and confidence intervals

We can now consider tests and confidence intervals for coeffigient$he statistic

,__bi—B -

sy (XTX);!

has at,,_, distribution. (The numerator is normally distributed with mean zero and variance
o?(XTX);', and(n — p)s?/o? = RSS/c?.)

We can use (8) directly to test wheth&ras any specified value. It can also be used as a pivot
to give a(1 — 2«) confidence interval

(5 = tpas(XTXOZL, b+ b (XTXO) (©)

wheret,,_, , is thel — « point of at,,_, distribution.

F tests

The sums of squares in the lines of the basic analysis of variance table are independent, since
the regression SS depends onlyip@nd this is independent ¢tSS. Supposes = 0. Then

S Sregressiof 02 ~ X;Q;- Thus

. SSregressiov{p
~ RSS/(n—p)
provides a test fog = 0, that is for the efficacy of the whole set of regressors. Note that the
divisors are the degrees of freedom, so thas a ratio of mean squares with denominattr

F ~ Fpﬂ'[,—p (10)

We can also test whether a subset of regressors suffices. Suppese - -- = 5, = 0. Then
RSS, — RSS, ~ o°x;_,
independently of?5S, =, and

(RSS(I - RSSP)/(p —q)

F = TTRSS, /- )

~ Fpgnp (11)

This is again a ratio of mean squares.

Note that this applies to selecting anpyregressors, not just the firgt(as we can re-order
them), and also to testing any paisastednodels, that is one model whose predictions from
a¢-dimensional subspace of tipedimensional prediction space of the larger model.

F vs t tests

We could test3, = 0 either via ai-test or via anF’-test. Are they equivalent? YeB, = ¢

This is true of testing any one coefficient to be zero, as we can always reorder the regressors
so the coefficient of interest is the last one.



Predictions
The predictiort” = Xb has mearX Eb = X 3 and variance matri¥ar(Y) = X Var(b) X7 =
o?X(XTX)'XT = o%H, say

We can also consider predicting a new observation,, . .., z,) = (y, ) for arow vector
x. The prediction will bej = xb with meanx3 and variancevar(y) = xVar(b)z”. Since
y =z + €9, andeq is independent oY, the variance of the prediction errgr— 7, is

var(y — ) = var(y) + var(j) = xVar(b)z” + o* = o* (1 + x(XTX)_le> (12)

Note that there are three variances we might want here:
(@) That of the prediction erros;? (1 + xi(XTX)‘lxiT) :
(b) The variance of the prediction itselfir () = o?z(XTX)ta?, or

(c) The variance of a residual, which will be lower than the prediction errgy jparticipated
in the fit, and in fact israr(e;) = o2 (1 — 2;(XTX) 12T ) (see (17)).

Take care not to confuse them.

Likelihoods

We started by assuming fitting by least-squares as a principle. If we assume the true linear
model with normal errors, we can show that the least-squares estimators coincide with the
maximum-likelihood estimators.

The likelihood ofY” is given by
( Yi — %5)2

27r0 202

5,0 Y) H

wherez; refers to theth row of X, as a row vector. Thus the log-likelihood is
L(B,0%Y) = const— ||Y — X3||*/20* — 7 log o’ (13)
and this clearly maximized by = b, the least-squares estimator. Then
L(B,0%Y) = const— RSS/20% — " log o (14)
which is maximized by? = RSS/n, not bys?. Thus
L(B,6%Y) = const— 2log(RSS/n) (15)
or, equivalently ¢(8,0%Y) o RSS2 (16)

From (16) itis clear that a likelihood ratio test of two nested hypotheses is equivalent to the ra-
tio RSS2 /RSS,™/? or to the ratioRS S,/ RSS, of the residual sum of squares, and hence

to the F-test (11). (The critical region of the LR test is ‘ratio of optimised likelihood under
larger model to that under smaller model is greater thianThis is RSS];"/?/RSSq‘"/2 >
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k. Equivalently, RSS,/RSS, > ki, or RSS,/RSS, — 1 > k; — 1, that is, (RSS, —
RSS,)/RSS, > k,. Butif we divide numerator and denominator by their degrees of freedom,
this only changes the constant again,and now we know the distributfor) is

Thet test is (by definition) a Wald test for dropping a single regressor from the model (and it
uses the estimates from the full model only).

3 Residuals and Outliers

Types of residuals

Having fitted our model, we want to check whether the fit is reasonable. We do this by looking
at various types of residuals. The (ordinary) residual vecterY — Y =Y — Xb. This fails
to be a fair measure of the errors for two reasons:

1.) The variance ot; varies over the space of regressors, being greatési at ., z,). We
saw
e=(I—H)e

We have

Var(e) = Var(/ — H)e= (I — H)Var(e)(I — H)
= (I-H)o*I(I —H)=0*(I—-H)

(sinceH H = H) and finally
Var(ei) = 0'2(1 — h”) (17)

(For an explanation of why — h;; is greatest at the mean of this, see?, §8.2.1 or?, p. 308.)

Thestandardized residualis formed by normalizing to unit variance then replacirtgy s2,
o]

/ €;

= 18

Another way of looking at the reduced variance of residuals whgns large is to say
that data point has highleverageand is able to pull the fitted surface toward the point.
To say what we mean by ‘large’, note thay, h; = trace H = trace X (X7 X) 1 X7T =
trace XT X (XTX)™! = trace I, = p, SO the average leverageyign. We will generally
take note of points with leverages more than two or three times this average.

2.) If one error is very large, the variance estimatewill be too large, and this deflates the
standardized residuals. Let us consider fitting the model (1) without observatie get a
predictiony;) of y;. Thestudentized (or deletion or jackknife) residualis

~

o — Yi — Y@)
var(y; — Yg))

)

whereo (used in the variance estimate) is replaced by its estimate in this mgglel,



Fortunately, itis not necessary to re-fit the model each time deleting an observatiep, ket
vi — Yu)- For the algebra we need the following result (the Sherman—Morrison—-Woodbury
formula)

(A-UvhH Tt =ATt AT U - viATIU) VAT (19)

for ap x p matrix A andp x m matricesU andV with m < p. (Just check that this has the
properties required of the inverse.)

Let X, denote theth row of X, and X ;) denoteX with theith row deleted. Then
XX = (XTX - X[ X))

and
X;(XTX)' X = hy

and so from (19) wittd = XTX U = XTI V = X, andm = 1, we have

—VIAT WU =T - XXX X =1 hy

and
(X X)) ™ = (X"X)7 + (XTX) XX (XTX) ™ /(1 = hy)
Now
by = (X X)) ™ X Yo
and

XoYe = XTY = X[y,

Substituting for these two gives

by = (XTX)7"+ (X"X)' X! Xo(XTX)™H /(1= ha))(XTY — X[ yy)
= (XTX)'XTY — (X"X)"' Xy,
+(XTX) XX (XTX) I XTY /(1 — hy)
—(XTX)~ 1XTX (XTX) ' XTY /(1 — hy)
= b— (XTX) "Xy + (XTX)TXTXib/ (1 — ha)

—(XTX)~ 1XThuY/(1— hi;)

= b— (XTX)'X yl(l—l—hm/( — h; ))+(XTX)*1XTXb/( — hy)

= b= (XTX)' X[ yi/(1 = hai)) + (XTX) T XTXb/ (1 = hyg)

= b— (XTX)"'X ( Xib)/(1 = hy)

= b—(XTX)" 1XTe/( — hy;) (20)

Also
(n—p)s* =Y — Xb||? =YTY =" XY

and after deletion
(n—p—1)sty = Y'Y —y? = b, (XY = X['y3)
= YTV =y = (0" — (XTX)'X[e)T /(1= hio) )(XTY — X[)
= YIY — 2 0" XY + 0P Xy 4+ e X0 (XTX) T XTY /(1 — hy)
—e; X(XTX) T Xy /(1 = hyg)
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p)s® —yl + 0" Xy + e, Xib/(1 — hyy) — eihiyi/ (1 — hy)

)s® =y + Giyi + €0/ (1 — hig) — eshiy; /(1 — hig)

—p)s” — (yzz - hiiyzg — Y + hiliyi — i + eihiiyi) /(1 — hy)
)

— (Y7 — hiy? — Giyi + ha@iyi — (i — )T + (yi — G haiys) /(1 — hii)
n— p)52 - (3/22 — 20y; + @2)/(1 — hy)

n— p)s2 — e?/(l — hi;)

= s |[(n—p) -}

Now since observationplays no part iry,, it is independent ofj;, ande(;) = y; — ;) has
variance from (12) of

PN

VA

var ey = o’ (1 + Xi(X(I;)X(i))_lXiT)
= o (14X (XTX) 7+ (XTX) X XG(XTX) /(1= hi)) XT)
= o (14 hig + b3 /(1 = hay))
= 0% (1= hig + his — b3 + %) /(1 = hyy)
= /(1 h)
Also,
and from this

€i) = Yi — g(i) = (?Jz - ??z) + hiiei/(l - hn’) = €i/(1 - hu‘)

Finally, / ,
ef = 0 - G S R (22)
so/ (= hi)  s@y/(1—hi) 50 ”7:’7]:12

This shows explicitly that where the standardized residje larger than one (in modulus),
the studentized residuaj is larger. (The denominator of (22) is less than 1.) In fact, from
(22) we can deduce that the maximum value of the standardized residgaHsp.

Cook’s statistic

The studentized residuals tell us whether a point has been explained well by the model, but if
it has not, they do not tell us what the size of the effect on the fitted coefficients of omitting
the point might be. A badly-fitted point in the middle of the design space will have much less
effect on the predictions than one at the edge of the design space.

? proposed a measure that combines both the effect of leverage and that of being badly fitted.
His statistic is
(b = D)X "X (b =) _ [V = YI* _ (e)ha

7

D; =
ps® ps® p(1 = hy)




We can derive the last expression using (20):

biy —b = —(XTX)7'Xei/(1— hii)
Y-V = Xbuy—Xb=—-XX"X)"'XTe;/(1 — hy)
Hf/(Z) - ?HQ el Tyv\—1vT Ty\—1vT
— = — ' X/( X' X)X XX X)X,
- BT XX (),

s2(1—hy)? (1= hy) s2(1—hy) (1= hy)

using (18). Large values ab; indicate ‘influential’ observations, that is those which if
dropped would have a large effect on the predictions (measuréid’py— Y'||?) or on the
simultaneoud — « confidence region fof

(B - b)TXTX(ﬁ —b) < pSQFp,n—p,a

Several small modifications have been proposed. Onp.(25) is to use the signed square
root, taking the same sign as that of the residuals, and to drgp tha this we replaces by
Sy we get

DFFITS; =

As ?, p. 161 point out

‘Actually, the number of measures available in the literature for identifying outliers and
influential points verges on being mind-boggling.’

So use what tools your computer package makes available, and remember that deleting one
or more points and re-fitting is much less onerous than when most of these measures were
designed (in the days of punch cards and batch computing).



