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203547698:6<;>=@?BADCFEHGJIK356<A98KLFCM=ON�;B=7G�IP=@3M=@GQARC53SET?B;BU<6<VW4XNYAZ8:4Q=@[P=7?\;B6<E]8K=7[^E:UM_
1− 2

N�EHGQ;B=73S4XN�E:UM_a`
bc356<EHIW47GQ;\[d=@G)GQ;B=73SEe3S4f6<356<g:C5gh473M=@6i4fG]=ON�;B=7G�GQ;>=@35Ee69=@?BA<jk[K4fl5UR;m;mGQ;>=@35EeVP?\;>Lonf4fl5UR;mGT;Bpk8K6<E
6<GQ;BA<[K[HEHGQ;cqrU<AkUM_P=7GT;tsu`
vxwzy N�[P={3 y jk[K;>U<=K|
• GQ;B=73SE}69=@?BA<jk[K4fl5UR;~|�GQ;B[i8:?B=T6kGT;BA<[P[^E:UM_�[K;BA<69=@?BA<j<[HE:UM_a�HG]=X��8K?B=T;>8:A<[^CFE:UR6k[^E:UM_
• GQ;B=73SE}VP?\;>Lonf4fl5UR;�qz4:8:?BA<� w 4^lSU<;��H6k3 y j<[K;>UR4XN�=@[K;>=fsR|
GQ;B[�8K?B=Q6kGT;BA<[P[^E:UM_�;B8KA<[^CFE:UR6<[HE:UM_
2�E^�f4:8:[K;BAm�FA9LFCxIW4:8:6<;BA<?B;>��6kGQ;\Ak[K[KA][P=�;B?\4^lSU<;\4XN�A�qr?\;>UR6kVd4XN�A9sR�aIW47356k�78Kn74XN�A{;��o=@nf4fl5UR;B4XNYA�qz[K4fGQ;��
[P=7?\[KAOsu`��i;>=@35E�N�IK3S4XN�=78K6<47[PA�8:?>=�8P=@[HE:UM_{?B;BU<6<VW4XN�EHUM_
�@N�EHn747356<E:LoCSgX�o�fURAcN�=@3SCS4^lSU<;H?\;>UR6kVd4XN�AYG]=@�o�
6k=fLFC54fLS4XN�=7[K;BA]CFEH?\nf4�8:4�[K;>UM_a`���;B=73SE�8:?>=�6<GQ;\Ak[K[HE:UM_�IW47356k�78Kn74XN�E:UM_�[P=78P=X�o��LS;BA�3 y N�[K;BA<j�8:?B=
6<GQ;BA<[K[HE:UM_i?B;BU<6<VW4XN�EHUM_
�dVW4�47CS356<EHG{g@�FA<G{E��FA{IP3S6kA<6{69=@GQ;>=@[KpxN�=@3SCS4^lSU<;�U<AkUM_HE�[d=}n74f?\Ao�F[KAx?B;BU<6<VHE
[P=@CSgK3M=@?B[KA

1, 2, ..., n
?\gPV�g w =@GQnH;��FA98:[K4^LFCM=X�F[K;BA�35476 w 4fj<47[PAi[P=

[0, 1]
�mUR6<EH?B;

i/n − 1/2n
�D�f8K6<;BA

i = 1, 2, ..., n
`��i;>=@35E�8:A<�P[K;B4XN�=7[KA�8:?>=i6kGT;BA<[P[^E:UM_��o=7n74fl5UR;B4XN�E:UM_�L5�i4fIP=@3SCSA}[d=i�7p9LFC54fl5UR;>=7UM_�;

G]=X�o�T6k=fLFC54fLS4XN�=7[K;BA�8:4]NDLS6<E:LFC5nH;BUM_�6<GQ;\Ak[K[HE:UM_a`
bc356<E:8K=@�FADLo;BpD3 y N�[K;\Akj�Id4:8:6k;B= w GQ;>=@3c[P={LoEHGQARC53SE:UR6k[KAD;d[K;\A9LoEHGQARC53SE:U<6<[KAxqr6k=@?Bp<jk[K4fl5��UR6kE�V w �f8Q[K;\A
G{gdLo69��VHE:��3SAk?B=fU �o=7GT;¡LSEHGTA<CS35E:UR6<[HEHGQ;>sR`�2¢LSnH3 y UR;BA7|

£WGQ;\Ak[K[KAZ;\?B4fl5UR;B4XN�A £WGQ;BA<[K[KAZIW47356k�f8:n74XN�A £WGQ;\Ak[K[KA��o=@nf4fl5UR;B4XNYA
�i;>=@35E]6k=7?\Akj<[K4^lSU<; ¤m4735A<?>=7UF�o= ¤m4735A<?>=7UF�o=x3M=@[K�d� 2�LSI y ?B[P=
LSEHGTA<CS35E:UR6<[PA 2�LoI yHw UR6kEH[K[K;Bn�¤ZA<[P8P=@?B?B= ;\[:¥z4f3SG]=fU �o=

�i;>=@35E]6k=7?\Akj<[K4^lSU<; 2�LSI y:w U<6<EH[K[K;Bn
[K;\A9LoEHGQARC53SE:U<6<[KA v 4H4:8:G]=@[d=X� ¤Z3SgPLSnX=@?>=
�i;>=@35E]4:8:?BA<� w 4fl5UR; ¦ w �78
LSEHGTA<CS35E:UR6<[PA lo35Ak8K[K;\4fnHN�=f8:35=@CS4XN�E

�i;>=@35E]4:8:?BA<� w 4fl5UR; E(X−Y )2

EY 2 χ2(p, q),[K;\A9LoEHGQARC53SE:U<6<[KA
H(p||q)
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�{��� �c6<GQ;\Ak[K[KA�?B4fLS4XNYAm4]N�=73oC54fl5UR;>=7UM_}356<A9UR6kE^N�;>LoCFEHUM_
`
���! �"$#�%'&("*)*+-,/.10�2�"3%42�5�,6087�GQ;\p98:6<E�� ;1��|

E(X − Y )2.

9�,/%'&6:-2�;=<�2�GQ;Bpk8:6kE�� ;>��|
cor(X, Y ) =

cov(X, Y )

σ(X)σ(Y )
,

�f8K6<;BA
cov(X, Y ) = E(X − EX)(Y − EY ), σ(X) =

√
cov(X, X)

`

?A@-?A@-?�B 5C0D+-&(%'"3EF&6)3+G& @�HJI
KMLON(PRQTS�UCVXW'Y>Z[W]\M^�_�`]abW'Y>IMQcV dfe
E(X) = E(Y ) = 0, σ(X) = σ(Y ) = 1

Q
VX`

E(X − Y )2 = 2 − 2cor(X, Y )
e

gihkj�l6m1n
o LpW8UMVXW'YAZFW'\M^�_q`'abW]Yk^[rCst_
uvN-IfYkYk^[rCstuDW'uv^

cor(X, Y ) = E(XY ), EX2 = EY 2 = 1
e

w W]VxIfu
E(X − Y )2 = EX2 − 2EXY + EY 2 = 2 − 2cor(X, Y ).

y�2J%'z*)�.A,60�2{0�2J%45q,/#q|t,c;[EF&F.c+-0�2�)*2¡|
Ŷ := E(Y |X)

?A@-?A@~}�B 5C0D+-&(%'"*E[&6)3+G& @8��N-I=rCs
f(X) �=� Zq_
N-I��C�JY6�Fr�df��_fu�N-IfYkY>I�dtLp`'U
`]abI�d�P�e w Wf�����fu�^4QR��I EY 2`'\=W�_

Ef(X)2
Uf�8U��F`'�>r=_q`'Y>I�e��
VxICZ]^

E(Y − f(X))2
`'UMN-�f�(W�uvN�YkN�uv�Ju�ZJLpW

f(X) = Ŷ (X)
e

gihkj�l6m1n
w W]�JabW��fu�^4Q*�qI

E(Y − Ŷ )(Ŷ − f) = E[(Ŷ − f)E(Y − Ŷ |X)] = 0.
w W]VxIfu
E(Y − f)2 = E(Y − Ŷ + Ŷ − f)2

= E(Y − Ŷ )2 + E(Ŷ − f)2 + 2E(Y − Ŷ )(Ŷ − f)

= E(Y − Ŷ )2 + E(Ŷ − f)2

≥ E(Y − Ŷ )2.

2 Lo69UR6<Ak� y ?\[K4^lSU<;W8K?B=
f(Y ) = EY

4@C53S6kEHG{gX�FAkG{E]6�IW4XN�E^j9Lo6kA<�f4�8:4XN�4:8:g
q § ` § ` �^s

varY = varŶ + E(Y − Ŷ )2.

y�2J%'+G2�)3;=<q2�0�2J%'z3)3./,60�2a|
var(Y |X) := E[(Y − E(Y |X))2|X ]�mA<n74fGQId4f6<E:U �o=�N�=73S;>=@[dU �F;

Y
8K=@[d=�IP3S6kA<6 § ` § ` �D�FA9LFCD3 y N�[K4XN�=@jk[P=

q § ` § ` �Hs
varY = Evar(Y |X) + varE(Y |X).

�



�fAkLS6kUR6kAmN ;B[K[HE^G�6k=@IP;BLS;\AZG]=@G�E

1 =
varŶ

varY
+

E(Y − Ŷ )2

varY
,

�f8K6<;BA varŶ
varY

�cNDLSI yHw UR6<EH[K[P;\n�8K47IP=fLo4XN�=@[K;>=
X
8:4

Y
qzGQ;>=@3M=T8K47n w =f8:[K4^lSU<;WIP3SA98:EHnfU �F;tsu�

E(Y −Ŷ )2

varY

�cN�6<�f?\p98:[HE}V w �78�lo35Ak8:[P;\4fn^N�=78K35=@CS4XN�ETIK3SA98:EHnfUF�F;�`
?A@-?A@�� B 5C08+G&(%4"*E[&6)*+-& @v��N-ICr=s

f �C� Z�_fN-IR�C�JYJ�[r-df��u�N-If\�_qW'LOY>�iP�e8�
VxICZ]^ ρ2(Y, f) := cor2(Y, f)`4UMN-���FW�u8Wq�4UMN�uv�Ju�ZJLpW
f = Ŷ

e
gihkj�l6m1n
cov(Y, f) = E(Y − EY )(f − Ef) = EY (f − Ef)

= E[(f − Ef)E(Y |X)] = E(f − Ef)Ŷ

= E(f − Ef)(Ŷ − EŶ ) = cov(Ŷ , f)

e
� U�_qrC_�Ix�(�'LOY>`4KfrfNTZ6LpW

f = Ŷ
uDW'uv^

cov(Y, Ŷ ) = varŶ = σ2
Ŷ

e
w W]VxIfu
ρ(Y, f) = cov(Y,f)

σY σf

=
σ2

Ŷ

σY σ
Ŷ

· cov(Ŷ ,f)
σ

Ŷ
σf

= cov(Y,Ŷ )
σY σ

Ŷ
· cov(Ŷ ,f)

σ
Ŷ

σf

= ρ(Y, Ŷ )ρ(Ŷ , f)

e

� `���`qZ'Y/N-IMUMN-IfYkN��iUMV!\�`'Y>W'uvNbZ[`8�'abWFZ'\�W]VG� ZF`4UMVxW dfI
uv^��
ρ2(Y, f) = ρ2(Y, Ŷ )ρ2(Ŷ , f)

e
� W��'UMN�u��Ju VxIx�(`Da ^'\�Wq�qI
Y/N-W�dfI
UMV `'UCN-���FW]YAI �(Z'^

ρ2(Ŷ , f) = 1
QTWDa N � r8Z6LpW f = Ŷ

e
£�=7g^N�=@jkG{Ef�cj<A�G]=@n:LS;\G�gKG N�Id4XN�EHjkLS6<EHG LoCFN�;\Ak358K6<A<[P;\g��FAkLoC}3 y N�[PA�NDLSI y:w U<6<EH[K[K;Bn74XN�;�8:4fIP=X�
LS4XN�=7[K;B=

ρ2(Y, Ŷ ) =
cov2(Y, Ŷ )

varY varŶ
=

varŶ

varY
.
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�D;BAkUM_
x1, x2, ..., xn

VWpk8:6k;\AYUR;>�f�f;\AkG 8K=7[HEHUM_�?B;BU<6<VW4XN�EHUM_
�k6kN�=7[^E:UM_mIK3 y VP��qz[P;\Akn747[P;\A9UR6<[P;\A�?B4fLS4XN��^su`
�D;BAkUM_

x1:n ≤ x2:n ≤ ... ≤ xn:n
VWpk8:6k;\A�gPId4f3S69�78:nf4XN�=7[P��IK3 y VP=�?B4fLS4XN��P`

bc356<E9�FGQ; �FG�E
x0 := −∞; xn+1 := +∞ `�2�C5Ak8:E

∀xi ∃!
IP=@3M={;B[P8:Akn:L y N

(k. ≤ k.) xk.−1:n < xk.:n = xi = xk.:n < xk.+1:n.

b�4XN�EHjkLS6k=m47VPLSA<35N�=fU �o=�gK6k=fLS=f8:[K;>=m[d=7LoCSp<IPgX�o�7Uk��8KAR�P[K;>U �Fpf`���2�)��/ T4fVPLoAk3SN�=7UF�F;
xi

NeIK3 y VK;BA�[P=@6kEf�
N�=@G{E�|

Ri ≡ R(xi) =
k. + k.

2

�DI
`
� � � � � ` � � `�� § `�� � �
� � � � �P` � �K`�� § � �

�



9�,/%'&6:-2�;=<�2�%'2�)���� B�� &62J%�� 2�)*2��	�

ρ(X, Y ) = cor(R(X), R(Y ))�f8K6<;BA
R(X) = (R(x1), R(x2), ..., R(xn)), R(Y ) = (R(y1), R(y2), ..., R(yn))

`

?A@~}c@-? B 5C0D+-&(%'"3EF&6)3+G& @ w Wf�����fuv^4Q �qI�IfLpIfu8IfYkV!^ �A\�� � ^8Uf����W]\�W'uvN \��q�
Y>I�e��
VxICZ]^
���

R̂ := 1

n

∑n

i=1 R(xi) = n+1
2

Q

���


var(R(x)) := 1
n−1

∑n

i=1(R(xi) − R̂)2 = n(n+1)
12

Q

���


ρ(X, Y ) = 12
n(n2−1)

∑n
i=1 R(xi)R(yi) − 3(n+1)

n−1

y�� ��� �!;[E[7c)3)*+�. 9i&6)3"*2�:-2�6k=7?\Akj<[K4^lSU<;�GT;Bpk8K6<E���=��T|
£�= wty j<G{Ef�Hj<A

X1, X2
[K;BA<69=@?BA<jk[KAZ4T35476kn w =f8:6<;BA ���

Y1, Y2
[K;BA<69=@?BA<j<[PA�4]35476kn w =f8:6<;BA��T`

X12 =





1 X1 > X2

0 X1 = X2

−1 X1 < X2

Y12 =





1 Y1 > Y2

0 Y1 = Y2

−1 Y1 < Y2

τk = cor(X12, Y12) =
P((X1 − X2)(Y1 − Y2) > 0) − P((X1 − X2)(Y1 − Y2) < 0)√

P(X1 6= X2)P(Y1 6= Y2)

�fAklS?\;1��� ��G]=X�o�QU<;B�^� w A�8:E:LFC53SEHVKgd=@[^CFE7�^CS4
τk(X, Y ) = P((X2 − X1)(Y2 − Y1) = 1) − P((X2 − X1)(Y2 − Y1) = −1)

(x1, y1), (x2, y2), ..., (xn, yn)
�cIK3 y Vd={6}q-�{� �Zs

τ
IK3 y VKn74XN�E�|

τk =
2

n(n − 1)

∑

1≤i≤j≤n

sgn((xi − xj)(yi − yj))

� abW��FWFe 2������! #"%$'&�(*)�(,+.-#/102 1354 ” 6 -57#"98: !; ”
”
8 6 -#":+97!; ”

” < -!;23=75>5> ”
?

�m47G{E:lS?\[P;\AZgPLoC5=ON�;B47[HEZ�FAkLoCA@ 6 -57#"98: !;B@X`

���'C �����
	��
��	ED�F �����3�T�f����	

2 CSAo��UR6kpkl5UR;
4fIK;>LogX�Fp�GQ;B=73SE�3S4f6<356<g:C5gi;�VP?\;>Lonf4fl5UR;a4fIP=@3SCSA{[P=]�7p9LFC54fl5UR;>=7UM_�IK3M=OND8:47IW4:8:47VP;\AHGPLFCFN�=
N�EHn74f3S6kEHLoCFEHN�=7[KADIK356<A98:AZNDLo6kE:LFC5n^;BG�8:4]=7[P=@?B;\6kE�URA9UM_{�o=7n74^lSU<;\4XN�E:UM_a`

�
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�(+*
, )>5f%', � +-2�35476kn w =78Kg

p
4Q[K4flS[K;Bn^g

Ω

H(p) = −
∫

Ω

[log p(v)]p(v)dv

�fAklS?\;1� �c6kGT;BA<[P[P=T?\4^Lo4XN�={4Q�fpkLoCS4fl5UR;
pX

�:C54
H(x) := H(pX).

� abW��FWFe�- y j<[P;BU<A�;¡IW4:8:47VP;\AHGPLFCFN�=TGQ;\p98:6<E/. ;�0 W'\ |q § s�£�= wzy jkG{E7�HjkA
0 ≤ X ≤ 1

`�2�C5Ak8:E
varX = EX2 − (EX)2 ≤ EX − (EX)2 ≤ 1

4

`
£�=@CSA<G10 W]\ �FAkLoC�[P=X�FN�;Bp<n:LS6k=Z8:?>=�35476<n w =78:gQ8:N�gKIPgK[Kn^CS4XN�A<�f4P|

p0 = 1
2 = p1

`
2c[^CS3547IK;>=Z[P=XC547GQ;>=7LoC
�FAkLoCD[P=@�FN�;\pknHLS6k=T8:?>=T3S4f6<n w =f8:gx�FA98:[K4^LFCM=X�F[KAk�74P`
q � s�£�= wzy jkG{EQCSAk35=767�:jkA

X ∼ N(µ, σ)
`c��=7G{E

lnfX(x) = ln 1√
2πσ

− (x−µ)2

2σ2

var(X) =
∫

(x − m)2fX(x)dx = σ2

H(x) = −ln( 1√
2πσ

) + 1
2 = 1

2 + ln
√

2π + lnσ

y�� ��� �!;[E[7c)3)*+�.43
+-)*+-& �A,
�
V (p)

8:?>=T�7pkLoCS4^lSU<;
p

V (p) =

∫
[1 − p(v)]p(v)dv = 1 −

∫
p2(v)dv`

�fAklS?\;1� �c6kGT;BA<[P[P=T?\4^Lo4XN�={4Q�fpkLoCS4fl5UR;
pX

�:C54
V (X) := V (pX).

V
�FAkLoCD?\;B[K;B4XN�EHG qz35476kN�;\[K;BpkU<;\A65 =OEH?\4f35=�8:?B=

log
sYIK356<EHVK?B;\jkA<[K;BA<G

H
`

��������7 �	��

����8:9���$<;��='<(��
�m?B=iIP3S4^LFC54@CFE�4f�73M=@[K;>UR6kEHG{E�LS;\p�N�8P=@?>Lo6kAF�xUR6kpkl5UR;c3547698:6<;>= w g�8:4�35476<n w =78 y N.8:E:LonH35ARC5[^E:UM_

p, q
4

NDLSI y ?\[HEHG*[K4^lo[K;BnHg
Ω

> "*:-& ���!,A#�|�9iz3:G:@? 2�;q.�2)ACBT&6+@? :-&(%'2�qrN�6<�f?\p98:[P=TA<[^CS3547IP;B=^su|

H(p||q) =
∑

i∈χ

(log
pi

qi

)pi

?A@ED�@-? B 5C0D+-&(%'"3EF&6)3+G& @GFIH<J
H(p||q) ≥ 0F�KLJ

H(p||q) = 0 ⇔ p = qgihkj�l6m1n
H(p||q) =

∑
i(log

pi

qi
)pi = −∑

i(log
qi

pi
)pi ≥

∑
i(1 − qi

pi
)pi = 0. M VXW[ZDa ^'Y/Np�[W 
���
 e

�



� �]a YA`'K�� a `4UMVxW]VGY/N-I�d YkN-If\��'a Y>`4KfrfN[dfI
UCV \=�'a YA`]abW��fYAW�abW]\M�JY6�F`'a N qi

pi
= 1

Z6L W�a U�_f^4UMV��]N-rCs
i
e M VX�[Z`'V!\�_f^'u��MdfIfuv^ 
 � 
 e

> "*:-& ���!,A#�|
χ2 GQ;Bpk8:6kE�35476<n w =78K=7GQ;dIK3M=OND8:4fId4:8:4fVK;\AHGPLoCFN�=P|

χ2(p, q) =
∑

i∈Ω

(
pi − qi

pi

)2pi

� 8:?BA<� w 4^lS�
χ2 �FAkLoCDnHN�=f8:3M=XCS4XN�EHG qz35476kN�;\[P;\p9UR;BA 5 =OEH?\4f35=�8:?>=

log
sYIK356<EHVK?B;Bj<A<[P;\AkG

H(p||q) `

��������� �	��

������
�9������ ��')(��
�D;BAkUM_�q���� ��s�VWpk8K�Q6kGT;BA<[P[^EHGQ;¡4Q3S4f6<n w =78:6k;\AZ8:E:LonH35ARC5[^EHG�`�b�47[P=f8HCS4
pij := P(X = i, Y = j),
pj|i := P(Y = j|X = i),
pi. := P(X = i),
p.j := P(Y = j),
V (Y |X = i) := 1 − ∑

j p2
j|i,

E(V (Y |X)) :=
∑

i V (Y |X = i)pi. = 1 −
∑

i pi.

∑
j p2

j|i.

y�� ��� �!;[E[7c)3)*+�.43
,c,c" � 2�)*2)A=9t%'z �f.�2k:-2 �

τ(Y |X) =
V (Y ) − E(V (Y |X))

V (Y )£�=7n w =78P=@G{Ef�fjkA�3S4f6<n w =78D��[P;\A��FAkLoCD6k8KA<�7Ak[KA<354XN�=@[HE7�HUR6kE^?B;~�:j<A
V (Y ) > 0

`
?A@ED�@~}�B 5C0D+-&(%'"3EF&6)3+G& @GFIH<J
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