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Abstract. The paper investigates the issue of existence of solutions to
the stationary Navier-Stokes equations in a two dimensional bounded do-
main. The system is studied with nonhomogeneous slip boundary conditions
admitting flow across the boundary. The main result proves the existence
of weak solutions for arbitrary data. An advantage of our approach is that
the proof is constructive. Properties of the obtained result allow to study
turbulent flows in description of such phenomena as polymers and blood
motion.
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1 Introduction

Nonhomogeneous boundary conditions appear in numerous models in hy-
drodynamics. Thanks to them we are able to study phenomena with large
velocity of fluids in bounded domains. Such systems are in particular in-
terest of applied sciences [5],[6], because they can describe turbulent flows.
Basic models in this area are based on the classical Navier-Stokes equations
[7],[12],[18]. Sometimes there are coupled with extra equations analyzing
additional information about the system, however mathematical and com-
putational difficulties are connected with the description of motion of the

fAuid.
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Mathematical aspects of these models deliver still a lot of interesting
questions. The simplest approach is to reduce the nonhomogeneous system
to a model with homogeneous boundary data. Then the tools of functional
analysis can be applied effectively in the reasonable class of models. However
the technique works if we are able to find a suitable extension of boundary
data to have a possibility to obtain a good a priori bound. Such a construc-
tion is not elementary, since the behavior of nonlinear terms in the modified
equation as well as the boundary terms must be controlled [7].

In this note we investigate the steady Navier-Stokes equations in a two
dimensional bounded domain with nonhomogeneous slip boundary conditions

v-Vu—divT(v,p)=F in €,

dive =0 in €, (1.1)
n-T(v,p) -7+ fv-7=>on 09, '
n-v=d on 0f),

where v = (v!, v?) is the velocity function, p - the pressure, T is the stress ten-

sor of Newtonian fluids: T(v,p) = vD(v) — pId, where v - positive constant
is the viscosity coefficient, Id - the identity matrix and D(v) = Vo+(Vv)T =
{vfj + vz}mzm is the deformation tensor; F' is the external force, n and 7
are the normal and tangent vectors to boundary 0€2; f is the friction coeffi-
cient which should be nonnegative, but in general not constant, b and d are
boundary data: d describes the flow across 92 and b can represent some ex-
tra friction forces at the boundary. Additionally we assume that €2 is simply
connected, then (1.1), implies the following compatibility condition

/ ddo =0, (1.2)
o0

which must be satisfied by datum d from (1.1),.

Slip boundary conditions [4],[9],[14],[16] have slightly different properties
than the most popular Dirichlet data. Relation (1.1) is just Newton’s second
law which governs the motion of particles at the boundary and d describes the
flows across the boundary. If friction f — oo and b,d = 0 then we get at the
limit the no-slip Dirichlet relation u[sq = 0 and if f = 0 the fluid reacts with
surface 0 as the perfect gas [3],[13], [L1]. These types of boundary relations
appear in model of motion of blood, polymers or liquid metals [6],[9]. The
above phenomena are related with flows with large velocity vectors what re-
quires to examine the mathematical problem with inhomogeneous boundary
data.



The aim of the present paper is to prove existence of solutions to system
(1.1) for arbitrary data. Since our proof is based on explicite constructions a
direct way to obtain to the numerical scheme for system (1.1) is given. A sim-
ilar problem for the Dirichlet boundary conditions, where the velocity vector
at the boundary is given, in simply connected domains has been solved years
ago [1],[8],[10] by the standard energy method applied straightforwardly to
equations (1.1); 2. Using the Hopf construction one can extend the boundary
data by introducing a vector field a : Q — R2, then the sought function is
modified as follows

v=u+a. (1.3)

As a result a new system for the unknown function u is obtained, but with
homogeneous boundary data. This construction guarantees that for any e > 0
one is able to find a vector field a such that

/ u - Vaudz
Q

provided that v € H}(2). Homogeneity of boundary conditions simplifies
the considerations, since all boundary terms vanish.

In the present case of slip boundary conditions the situation is more
complex. A direct application of the Hopf method to equations (1.1) does
not work, because homogeneity of slip boundary conditions do not imply
u|aq = 0; the tangent part is not controlled, so we are not able to estimate
boundary terms coming from the nonlinear term. That is the main reason
why we should look for a new approach. We restrict our attention only
to the two dimensional case, since the full three dimensional system requires
probably a different more advanced and complex methods. Basic calculations
show that we meet similar difficulties as in the problem for the Dirichlet
conditions for non simply connected domains - the famous flux problem [2].

Here we reformulate the original problem (1.1). Taking the vorticity of
equation (1.1); we get

< dlulfyey = [ V0l da (1.4

v-Va—vAa =rot F in Q, (1.5)

where

a=rotv =v% — v, (1.6)

is the vorticity of the velocity and it is a scalar function and the comma
denotes the differentiation. Next, as in [13],[14] from the boundary relations
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(1.1)34 we obtain the Dirichlet data on the vorticity:
a=2x—f/v)jv-T1+b—2d; on 01, (1.7)

where x is the curvature of the boundary.
To close the reformulation a way to recover the velocity should be de-
scribed. This information can be obtained from the following problem

rotv =« in §Q,
dive =0 in Q, (1.8)
n-v=d on Jf.

The coupled system (1.5)-(1.7) and (1.8) is an alternative version of the
original problem (1.1) and from now we will investigate it instead of system
(1.1). It is elementary to see that each of solutions to the coupled system
defines a solution to the original problem because the kernel of operator in
(1.8) is trivial. The last fact follows from the simply connectedness of domain
Q.

Let us recall the standard notation we use: H'(f2) is the Sobolev space
of functions f € L*(Q) for which V f exists in a weak sense and Vf € L*(Q)
equipped with the norm ||f[[:q) = [o [f1* + [V f[?* dv; (H'(2))" states for
the Banach space of all bounded linear functionals defined on H'() for
which the following norm is finite:

| E ey = sup |F(x)].
w€H(Q):||z]|<1
The L. (092) is the Banach space of all essentially bounded functions on
0 H'Y2(09) is the space of all functions g on 992, for which there exists
G € H'(Q) such that g = Gy in the trace sense; we also define
H9||§{1/2(asz) = GeHl(}ngszg ||GH§{1(Q)'

For another (equivalent) definition of the space H'/2(Q) see Appendix. Fi-
nally H=/2(9)) is the Banach space of all bounded linear functionals on
H'Y2(0Q) (with a norm similar to (H'(£2))* norm).

The main result of our note is the following.

Theorem 1. Let 90 € C?, F € (H(Q))*, f € Loo(09), d € HY2(0Q)
and b € H=Y2(0Q); then there exists at least one weak solution to problem
(1.1) such that v € H*(QY) and for this solution the following estimate is valid

o]l @) < elld]] 200y 10l m-1200), 11| (m1@))-
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Our proof of the above result is based on analysis of the coupled system
(1.5)-(1.8). A key element is an extension related with boundary datum
(1.1)4. Having a suitable extention of d we are able to find the a priori
bound. The same as in the case of the Dirichlet boundary conditions the
main difficulty is to prove an inequality being a modification of (1.4). Then
we apply the Hopf approach to the vorticity problem (1.5)-(1.7) and here the
kernel of our note is hidden.

A similar result even for non-simply connected domains has been proved
in [15], however for a restricted class of domains, only.

As an elementary corollary of Theorem 1 we obtain the following regu-
larity result.

Corollary. Let 92 € C*, F € C*(Q); [,b,d € C>*(0Q), then the

weak solution given by Theorem 1 is in the C*°(Q2)-class and represents the
classical solution to system (1.1).

The paper is organized as follows. First we construct an extension of
boundary data which satisfies an inequality of type (1.4). Next, we show the
a priori bound. In section 4 we present a sketch of the proof of existence of
weak solutions and finally in Appendix we prove an auxiliary results about
the regularity of the extension.

Throughout the paper we try to use standard notations [12],[18].

2 The extension

In this section we construct an extension of boundary data to get homogeneity
property at the boundary. The properties are described by the below lemma.

Lemma 2.1 Let Q be bounded domain with 0 € C?. Given d € H'/?(09)
satisfying compatibility condition (1.2).
Then for any € > 0 there exists vector field vy such that vo € HY(Q) and

divvg =0 in €,

v 1 =d on Of) (2.1)

and for every o € H2(Q) = H%*(Q) N {¢|laq = 0} the following inequality
holds:

2
<e¢ HASOHH(Q)- (2.2)

/Q(vo -V)? dx



Moreover, the following estimate is valid
||U0||H1(Q) <C ||d||H1/2(aQ) : (2.3)

Proof. Let s: [0,L] — R? be a normal parameterization of boundary
09, i.e.

s([0,L]) =09, s(0)=s(L) =2 €9, and §(t)=1 (2.4)

for a fixed point xg and L — the length of 0€2. Next we introduce the following
map p : [0, L] x [0,¢] — R? such that

p(t1,t2) = s(t1) — tari(s(t1)), (2.5)

where 7 is the outer normal vector to boundary 0f). If ¢ is small enough
(comparing to curvature x of boundary 0f2), then the map is one-to-one and
p € C'. Moreover

dist(p(tq,t2),00) = ts. (2.6)

Using the definition we compute the gradient of map p as follows
Py = (1 - t2X)7_:(5(t1))7 P, = ﬁ(s(t1>> (27>

Then we see that

1
p1Lpo and (Vp)™'=( 7 i)t (2.8)

We proceed the construction of the extension. Introduce a function
D : [0, L] — R such that D € H3?((0, L)) and

D(t) = %/0 d(p(s,0)) ds.

Next, we define a function D : S — R (where S! is the unit circle) such
that

D(r(x)) = D(x) forw € [0,L] and ||D| 51y < C NPl oraory

where 7 : [0,L] — [0,27] is a simple parameterization: r(s) = 2Zs. Let

E: §'xR* — R be an extension of function D such that £ € Hj,,(S'xR")
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(see Lemma 5.1 with ug = D in Appendix). Now we take £ : [0, L] x[0,¢] — R
defined as follows:

§(t1,t2) = E(r(ty), t2)ne(t2), (2.9)
where a smooth function 7.(t) is defined as follows:
1 for t < ~%(e),
ne(t) = eln@ for v%(e) <t < v(e), (2.10)
0 for t > v*(e),

where y(€) = exp (—1). Then & € H*([0, :
For € < ¢ we use the mapping p : [0, L] x [0, (] — R? to define £ on §:
E(x) =&(pH(x)) for o € p([0, L] x[0,¢]) and &(x) =0 otherwise. (2.11)

To avoid misunderstandings we will denote V; as a gradient in (¢, o)
coordinates, and V, as a gradient in (z1, z5) coordinates. Then we have:

V.- T=d on 012, (2.12)

since V& 7=V, & (Vp) L - 7=V [1,0] = &4, = D'(t)r'(t) = d(p(t,0)).
Our sought field will be given as follows

vo=ViE  inQ (2.13)

By the construction conditions (2.1) are satisfied.
Let us show inequality (2.2). Taking ¢ € HZ(2) we have

L r¢
/ (v - Vo)? dir = / / (06V )| Jp| dtrdts
Q 0 0

L ¢
< C/ / (vo - paVe ~p71)2 + (vo - p2Vep -p,2)2dt1dt2
0o Jo
=1 + I,.

Recalling (2.8) and (2.13) we calculate the first integral

L ¢
I = C/ / [(V2& - (1 = t2x)p2) (Ve - p1)|Pdtydts.
0 0
Introducing the following notation:
filtiste) = (1= tx)’Vil - pa, giltite) = Ve 7, (2.14)
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we calculate
filty, ta) = (1= t2x)*Vi€ - (Vp) ™' - po = (1 = tax)* Vi - [0, 1]
(1t = (1~ 1)? (g—iw " E(tl,tm;(m)

and since (1 — tox)? is bounded we rewrite integral I; as follows

L ¢
= C// | fig1]? dtidt,

< C |91| dtldtg +C// |E tl,tg)ne(t2)| |91| dtldtg

ne t2

8t2
=1In + -712-

To estimate integral I;; we recall that supp 7. C [0, L] x [0, €] and the fact
HY((0,L) x (0,¢)) C Lso(0, C'L4(O L)), then we get

[11 < C 775 t2 ‘gl|2dt1dt2

8t2
< eCHEHHm) / Apf? da.

To consider ;5 we apply the Hopf estimate (see [7],[11]): for each u €
H{ () the following bound is valid

< Cllull gaey - (2.15)

5

where §(z) = dist(x,09) and constant C' does not depend on u. By (2.10)
we see that

L2(Q)

n(ty) = ti for to € [v*(€),v(e)] and n.(t2) = 0 otherwise.
2

Moreover from the definition g; € Hj(f2), hence with the help of (2.15),
recalling (2.14) we conclude

Iy < C B / Agf? da,

since ||g1[g1) < Cl|Ad|[r,@)- The integral I is estimated similarly to the
integral I11, choosing support of 7, small enough. Lemma 2.1 is proved. [



3 A priori estimate

To construct the a priori bound there is a need of the Korn inequality to
control the H'(2)-norm of the solutions (for the proof see [17])

Lemma 3.1 Let 9Q € C?, f > 0, and Q is not a disk (see Note below).
Then there exists K > 0 such that for

u € H(Q) such that divu=0 and n-u=0

the following estimate is valid
1// D?(u)dx > K||u||%{1(g).
Q

Note: If Q is a disk we additionally assume f £0. Then for u as above
the following estimate holds:

1// D?(u)dx + flu-7)do > K||u||fql(m,
Q o9

for proper constant K > 0.
Reasoning in this section may be easily modified to include this case.
Next, we prove the a priori bound.

Lemma 3.2 Sufficiently smooth solution to problem (1.1) satisfies the fol-
lowing estimate
HvHHl(Q) < DATA, (3.1)

where DATA depends on || F|| g1 e » & 1, 110l gr-12(00 » 141l gr1/2 (00 -

Proof. The first step is to modify the sought function v by the vector field
vo from Lemma 2.1 with ¢ < K/2. Then the solution to (1.8) is in the form:

v =u+ . (3.2)
The above identity implies that function u satisfies the following problem
rotu =a —rotyy in €,

divu =0 in (3.3)
n-u=>0 on 0.



Since domain € is simply connected we apply the Poincare lemma and con-
clude existence of a scalar function ¢ (so called stream function, defined
uniquely up to a constant) such that

w=Vro = (=040, 0). (3.4)

Moreover the boundary conditions imply the following relation
O=n-u=n V%zs—igb (3.5)
N B ds ' '

so ¢ is constant on 0f) and we choose zero at the boundary. Taking into
account (3.4) and (3.5) system (3.3) reads

A¢p =a —rotvyg in €,
=0 on 0S.

Next, we analyze the vorticity equation (1.5). Multiplying (1.5) by ¢,
integrating by parts we get

y/aAqbda:—u/ a%da:
Q o0 On
:/u-v¢adx+/vo-v¢adx+/F-vl¢dx. (3.6)
Q Q Q
Since % =wu-7, by (1.7) and (3.4) we get
1//(042 — arot vg)dr — 1// alv—1) - Tdo =
Q o0

_ / v - Voadz + / F-Vidr. (3.7)
Q Q

Using the following identity:

/Qa2 dx — /aQa(v-T)dJ — /QDQ(U)2 der/aQ((v-T)Zf—b(v-T))da
(3.8)
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one gets that the Lh.s. of (3.7) equals:

(Lhs. of (3.7)) — V/QD%) do — V/Qozrot vo dr + V/BQ oo - 7) do
v [ [(oem2f bw )] do
—V/D2 /arotvo dx +
» /m[(zx S v)o T4 b—2d.)(v-7) do
+y/m (0 7)2f — b(v - 7)] do
_ V/Q(Dz(u) +9D(u) : D(vy) + D2(vy)) dar — V/Qarot vo dr +
+y/m[(2x )t o) T4 b —2d)(vg - 7) do
v /m[(u +v9) - T2f — b((u + vo) - Tldo
By the Korn inequality - Lemma, 3.1 - we get

(Lh.s.) > KHUHHl +u/[—C(\Vu||VUO\ + |Vvo|?] dz — u/ arot vy dx +
Q Q

v /m[@X_ £/t o) 7+ b—2d (0o - 7) do (3.9)
v /%[(u +v0) - 7)°f = b((u + vo) - T]do

Since o = rot (vp + u) and f > 0 we see that there is no term of second
order (with respect to [lul[;1)) With negative coefficient, so to close the
estimate we should only look at the r.h.s. of (3.7). Since u- V¢ = 0 we are
only interested in the term fQ v - Voo dz. Using Schwarz inequality we get

/vo - Voo dx
Q

< lvo - VOl 2q) Il 12y

< lvo - Vol 20y CIVUll 20y + Vol p20))-
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Imposing no restriction on the viscosity coefficient we require Lemma 2.1
with € < K/2 to get the following inequality:

/ v - Voa dx
Q
From (3.9) and (3.10) we can derive the following inequality:

K
_HUHfm(Q) <
2

K
< FIVullia) + ClIVull o) Vool 2oy - (3:10)

v [ arotunds + €[Vl 90l + [Tl
—1// [(2x — f/v)(u+vo) - T+ b—2d (v - T)do (3.11)
B)

+1//8Qb((u+vo)-T)da+/QF-Vlgbdx

We cannot apply directly any inequality on terms consisting u because we
know only that % = 0 on the boundary. However if we recall that u = V+¢
we see that [, |[Vul> = [, |V?¢|*. Moreover ¢ = 0 on the boundary, so the

norm [, |V2¢|? is equivalent to norm ||¢||§{2(Q), hence all terms from (3.11)
1/2

consisting of u and derivatives of u are estimated by ([, |V?¢[* dx)
(fo, |Vul? dzx)'/2.
The above considerations together with (3.11) justify the following in-
equality:
[l 10y < Cllvoll gy 10 2d sl 2 oy » T N car ) -

Since v = u + vy and [[vo[| g1 (q) < C ||d|| g1/2(q) We obtain (3.1). Lemma 3.2
is proved. []

4 Existence

In this section we give a sketch of a proof of existence. First, let us recall the
system of equations (equivalent to the original system (1.1)):

v-Va—vAa =rot F in §2,
a=2x— f/v)v-7+b—2d, on 09,
rotv = «a in Q, (4.1)
dive =0 in €,
n-v=d on 0.
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For system (4.1) we introduce the following definition of weak solutions:

Definition 4.1 We say that v € H'(Q) is a weak solution to problem (1.1)
(or (4.1)) iff v =V*o+uvy, where ¢ € HZ(QY), vector vy is defined by Lemma
2.1 with € < K/2 and the following identity holds

/(VJ‘QO +vg) - V(Ap + a)dx + v / (Ap + a)Ay dx+
0 0

—v — /) (V* Ta—d) o= vt 8@/}
/m@X FIT ) 70 /QF v wder/m(b 2, )an(4 |
2

for any ¢ € H2(Q).

To show existence we apply the standard technique - the Galerkin method.
Since HZ(2) is Hilbertian and separable we take a base {w;}2,

HZ(Q) = span{w, wy, ..., Wy, .. .}'l'”HQ(Q).
Next, we introduce a finite dimensional subspace of HZ():

VN = span{w, ..., wy}.

We assume, without loss of generality, that (w;, w;)y~ ) = i, where (-, )y~ (q)
is the inner product in V¥ (Q). An approximation of the sought function ¢
will be searched in the form:

N

_ N, N

—E cijEV .
j=1

To find coefficients cj»v we solve the following system

- /(VlapN +vg) - V(A" + @)dr — V/(AgoN + a)Awy, dr+
0 0

+y/ (2x—f /) (Vo™ +up)- Tafdg_ /F.viwk d:zc—/ (b—2d. )8“%
0N on o0 on ( )
4.3

fork=1,...,N.
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Standard methods show existence to (4.3) - see [7], [11] or [18]. Repeating
the calculations from section 3 we obtain a uniform in N bound

V26" || o0y < C.
The weak compactness delivers a Cauchy subsequence such that
V3 — V2*  weakly in L*(Q0), V¢' — Ve* strongly in L*(12),(4.4)

where ¢* € H2(Q) defines the sought solution fulfilling Definition 4.1 . Con-
vergences stated by (4.4) are sufficient to pass to the limit in nonlinear terms
in the system. Theorem 1 is proved.

5 Appendix

In Appendix we construct the extension which was necessary in section 2
(function F).

Lemma 5.1 Given the following problem:

* PN el o
(@‘F@)U—OZ”S XR,
du

i 0 on S* x {0}, (5.1)
u(z,0) = ug(x) for x € S*,

u— 0 ast — oo,

where ug € H??(SY). There exists a solution v € H? (S' x R) to this

loc
problem, satisfying the following estimate
[ullrz2s1x01)) < C Nwollgrarzst) - (5.2)
Proof. We define F : Z x [0,27] — R as follows:

{sinkz for k >0

E(k,z) = cos kz for k < 0.

(5.3)

We have 0,E(k,z2) = kE(—k,2) and span{{E(k,z)}kez}“'”msl) = Ly(SY).
We require u : St x R — R to be in the following form:

u(a,t) = er(t)E(k,x), (5.4)

kEZ
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where ¢ (t) are sought functions with initial data given by

uo(x) = cr(0)E(k, ). (5.5)

kEZ

Since ug(z) € H*?*(S') and {E(k, )}, is an orthogonal basis of Ly(S') we
have:

S E0)(L+ K < C fluolbare (5.6)
k

From (5.1); and (5.4) we get ordinary differential equations for coefficients
cx(t):

0” ?
(_ _ kz) c(t) =0 for every k € Z. (5.7)

Taking into account the initial condition (5.5) and (5.14) we find a solution
to (5.7)
en(t) = (1+ [KlE)e(0)e . (5.5)

Let us show that v € H*(S* x (0,1)). First
) 1 2 L
HuHLQ(Slx(O,l)) = / / Z(l + |k]t)20z(0)E2(k,x)e*2‘ " dx dt
0 J0  kez
< CY (14 [KP*)ei(0) < C lluollForsqst -
k
Next, we prove uy € L*(S' x (0,1)):
1
Jualls < € [ 30O+ ke
0k
< CY (14 k) (0) = C lluollForsst -
k
Other derivatives can be estimated similarly. [
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