Chapter 2

Linear Time Series Models

2.1 Linear Time Series Models

Prediction can be improved with better understanding of the stationary process. Very often, the
stationary component is not W N (0,02); there are correlations. The next task is to build a suitable
family of models for the stationary process. The classical models for the stationary process are linear

processes.

Definition 2.1 (Linear process, Strictly Linear Process). A process {X;, t € Z} is said to be a linear

process if it has representation

Xe=p+ > Ve, {ea}~ WN0,0%), (2.1)

j=—o0

where Y772 |1h;] < oo. A stationary time series { X} is strictly linear if it has the representation

oo
Xe=p+ Y Vi, {a} ~1ID0,0%).

j=—o0
where ) [1h;| < +oo.
This representation is taken to mean the following: let

Xim=p+ > e {a} ~IID(0,06%) or {e} ~WN(0,0%).

j=—m

Then for each ¢,
lim  sup E[[Xim, — Xem,|*] =0.

mi1—-+00 mQZml
The following lemma gives conditions under which an infinite sum may be approximated by a finite

suim.

Lemma 2.2. Let {X;} be sequence of random variables (possibly complex valued) that satisfies

sup E[| X;[?] < oo.
t

27



If

D Juyl < oo,

j=—00
then the sequence
n
Yin = Y ;X1
j=—n

is Cauchy in L?, in the sense that

lim sup E[(Yinim — Yin)?] = 0.

Proof Suppose that sup, E[|X¢|?] < co. Then

n+m 2
EYintm —Yinl] = E Z Vi Xij
|7]l=n+1
n+m n+m o n+m 2
= Z Z VioRE [Xe—;j Xi—p] < supE [|X)] Z |95
ljl=n-+1 [kl =n+1 ! ljl=n+1
from which the result follows, since
n+m [oe]
. NPT G
Rl sup > Il < Jm D gyl =o0.
l7|=n+1 ljl=n+1

2.1.1 AR, MA and ARMA models

A process {X;, t € Z} is said to be an ARMA(p, q) process if it is stationary and

Xe =01 Xp1— oo — Xy p=er+ 01601+ ... +0pc—g, L&} ~ WN(0,0?)
A process {X;} is an ARMA(p, q) process with mean p if {X; — p} is an ARMA(p, q) process. The
autoregressive (AR) model is simply:
Xi— 1 Xe1— =X p=€  {et} ~WN(0,0)

while the moving average (MA) model is:

Xi=¢+bie_1+...+ qut—qa {et} ~ WN(07 02).

With suitable assumptions on ¢1, ..., ¢, (which we deal with later), these are examples of linear time

series models.

Example 2.1 (AR(1) process).
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Consider the process defined by
X;— X 1=  {e&} ~WN(0,0%)

with |¢| < 1. Then, recursively, we see that

Xi=Y ey {a} ~WN(0,0%)

Jj=20

2.1.2 The Spectral Density

The spectral density of a stationary process is defined as follows:

Definition 2.3 (Spectral Density). Let v be the ACVF for a stationary time series. The function f
defined by

1 .
= — e" My (h), —-m<A<m, (2.2)
2

h=—o0

f)

is the spectral density of . It is well defined if >~;2 _ |y(h)| < co.

The ACVF may be recovered from the spectral density:
o0

T T 1 & ) 1 T
ihA _ i(h—k)A _ i(h—k)A 7y _
/ﬂe F(A)dA /7r o E e ~v(k) dA o ~(k) /We d\ = ~y(h).

k=—o00 k=—o00

The spectral density satisfies (among other things):
F0) =5 3 )
S on W T

Properties of Autocovariance and Spectral Density The following result gives the autocovari-

ance and spectral density in terms of 1 and 2.

Theorem 2.4. A linear process { Xy, t € Z} with representation given by (2.1) is stationary with mean

1, autocovariance function

(o)
yx(h) =0 > b, (2.3)
j=—00
and spectral density
Fx() = S P (2.4
= — e .
X oy )

where () = Y352 iz
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Proof Taking expectations,

EX]=E |n+ Y djeaj| =n+ > ¢Ele,]l=p

j:—oo j:—OO

and

vx(h) = E[(Xipn —p) (X —p)] =E < i ¢j€t+hj> ( i ¢k6tk>

jzfoo k=—o00

= > ) biElen-jei]

jzfoo k=—o00

= Z Z YL Elentr—je0] = Z Z Yn+0kE[ex—jé€o]

j=—00 k=—00 j=—00 k=—00
00
= > Yurj¥iEleoco),
j=—o00

and (2.3) follows since E[epeg] = 0.

Equation (2.2) now gives:

—1 O' —1
fx(A) = o Z ™"y Z ™t Z ViVjth
h=-—o00 h*—oo j=—o00
_ RS —ih\ _U ijX, ) —i(+h)A
= o= D D e M=o Z Z e bje Vjith
h=—00 j=—00 h=—00 j=—00

) o9 N ‘ ) | | |
= Gr 2 2 e = e ule™) = v

2.2 Prediction of random variables

Here we consider the problem of predicting a random variable Y from arbitrary random variables
Wi, ..., W,. The application will be to time series where we aim to predict X, 1 from X,,..., X;.
Since we expect the most recent observations to be more important for prediction, it is useful to
consider a reverse order of the indices.

Consider any random variables Wi, Wy, ..., W,, and Y with finite means and variances. Set u; =
E[W;] and p = E[Y] and set I'y.;j = Cov(Wy—it1, Wp—j41). Let '), denote the matrix with entries
Dpiij. Let v = (71,...,7)", where vj = Cov(Wy—jt1,Y).
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The aim is to establish a linear predictor P]__(W) (Y) of Y in terms of Wy, Wa, ..., Wy; that is, a random
1:n

variable me/) (Y) of the form

P]__(W (Y) =ag+a Wp+...+a,Wi. (25)

1:n
Let Y = P]__(W) (Y') denote the predictor of Y. For convenience, and without loss of generality (since
1:n

the means are assumed to be known), this may be centred:

?—uz&o—i—al(Wn—un)—i—...—i—an(Wl—,ul).

Here ag = ag + 1 — Z;‘L:1 ajfin—j; the problems are equivalent.
Set S(ap,ai,...,an) = E [(Y — }7)2} and choose ag,ai,...,a, that minimise S(ag,a,...,a,). It

follows from the definition that

S(ag,a1,...,a,) = E [((Y —p)—ao—a1(Wy — pin) — ... — an (W7 — ,ul))ﬂ
= G@HE (V=) = a(Wo = pin) = .. = an(Wr = ))*]
From this, it follows directly that ap = 0 (and hence, in the problem with arbitrary means, ag =

ft = > % 1 ajpin—j). For the others,

08

5a, = 2B [(Wh—it1 — pn—i+1) (Y — p) —a1r(Wn — pn) — ... — an (W1 — 1))
n
= -2 %—Zajl“n;iyj s izl,...,n.
j=1
Since S is quadratic in (ag, . .., a,) and goes to infinity as each |a;| — +o0, it follows that the minimum

is attained when all the partial derivatives are equal to zero;

08 "
Ba; 0 < %= ;ajfn;i,j, i=1,...,n. (2.6)
Set
a1
a, =
an

Equation (2.6) may then be rewritten as:

(2.7)

Y, = I'na, or, if I'y is non-singular, a, = F;lln.

It remains to show the predictor Y is uniquely determined also when I, is singular. Assume that I',, is

singular and that Y, = anﬁf) for i =1,2. Let YO for i = 1,2 be the corresponding predictors. Then
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Var(?(l) . }?(2)> _ (Q(l) B Q(z))tfn(g(l) _ Q(2)) — (g(l) _ Q(Z))t(V —7 ) =0,

n

from which it follows that Y1) = Y (2),

Note that if I';, is singular, then aV and o may be different; all solutions a give the same predictor.

Furthermore, it follows from the above that the following result (known as the projection theorem)
holds:

Theorem 2.5 (Projection Theorem). Let Y be the linear predictor of Y based on Wy,...,W,, then
% satisfies:

Coo(Y =Y, W;) =0, for i=1,...,n. (2.8)

Proof Without loss of generality, let p = u3 = ... = p, = 0. From above, the linear predictor
Y = 22:1 a;jWy_ ;41 satisfies g—g’; = 0, which is equivalent to

0=E [Wn_iH(Y—?)} i=1,....n

so that
OzE[Wi (Y—?)] = Cov(W;,Y —Y)  Vi=1,...,n.

Since the problem with arbitrary known means is equivalent, from now on, only = p1 = ... = p, =0

will be considered. Consider the mean-square prediction error

vp = E [(f/ - Y)2] = Var(V - Y).

If T';, is non-singular, then it follows from equation ((2.8)) that
Var(Y) = Var(Y =Y +Y) = Var(Y — Y) + Var(Y).
It follows that

vy, = Var(Y —Y) = Var(Y) — Var(Y) = Var(Y) — a',T'a, = Var(Y) — lil“;lln. (2.9)

Now consider all random variables mean zero, predicting Y from Wi, ..., W,,. The linear predictors

are of the form

Y =a1Wn + ...+ a, W, (2.10)

Let
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M={aW,+...+a, W1, a=(a1,...,a,) € R?}

and

H={Y +aW,+...+a, W1, beR, a=(ai,...,an)t € R}

where the notation A is used to denote the closure of the space A. The predictor Y may be considered
as the point in M closest to Y, where distances in H are measured in terms of variances. A Hilbert

space structure may be introduced to H by taking the inner product to be the covariance;

(X,Y) = Cov(X,Y).

It follows that for X and Z two random variables in H,

X 1Z&Cov(X,Y)=0; X 1 Z & Var(X + Z) = Var(X) + Var(Z).

In this framework, Equation (2.8) states that Y is determined by Y — Y L M, hence Theorem 2.5 is

referred to as the projection theorem.

It is clear that (X,Y) := Cov(X,Y) satisfies the hypotheses for an inner product and that the spaces
‘H and M are Hilbert spaces. The following notation will be used throughout: for a collection of
random variables C, M(C), or more simply M when the collection C is understood from the context,

will denote the Hilbert space spanned by the variables C. If the collection of variables is F X) then

ab

the Hilbert space will be denoted by /\/l((l):i). The notation Pyc)(Y) or PrY when C is understood
from the context will be used interchangeably to denote exactly the same thing; the projection of the
random variable Y onto the Hilbert space M(C). This is also equal to P(Y') defined earlier. Note
that:

V= PynY = P anY.
The norm for the Hilbert space || - || is defined by: || X|| = 1/ Var(X). In particular,
|Y = Y| = Var(Y —Y).

The Hilbert space Mgvz) is called the Hilbert space spanned by W1, ..., W,.

2.3 Partial correlation

Let Y7 and Ys be two random variables. The strength of the linear relationship between them may be

measured by the correlation coefficient

COV(Y&, Yg)
/Var(Y1)Var(Ya)
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In many situations, a large correlation between Y; and Y5 can be explained through other variables,

Wi, ..., W

Suppose that Y] and Y, are random variables (for example, two time points in a time series) and

Wi, ..., Wy are other random variables (indicating, for example, other time points in the series). Let

V1= Fspapw,,..wy(Y1)  and Yo = Pspapwy,w,y (Y2)

where spa denotes ‘span’ and the overline denotes closure. Therefore 3?1 is simply the projection of Y]
onto (1,Wy,..., W), and similiarly for Ya.

Definition 2.6 (Multiple Correlation Coefficient, Partial Correlation Coefficient). Let Y7 and

Wi, ..., Wi be random variables. The multiple correlation coefficient between Y1 and Wi, ..., Wy is
defined by p(Yr, 371) Let Y1, Yo and Wo, ..., W} be random variables. The partial correlation coefficient
of Y1 and Yo with respect to W1, ..., Wy, is defined by

a(Y1,Y2) i= p(Y1 — V1, Yz — Ya). (2.11)
Example 2.2 (Partial correlation with respect to a single variable).

When k£ = 1 (the partial correlation with respect to one variable W), then }/}1 = a1 + bW and
Yy = ag + byW. Furthermore, from the projection theorem, Cov(Y1, W) = Cov(Y;, W) = by Var(W)
and Cov(Ya, W) = baVar(W), so p(Y1,W) = by Variw) g p(Yo, W) = by VAW - ponla (2.11)

v/ Var(vy) v/ Var(vs)
reduces to:
a(V1,Ys) = Cov(Y1, 3:2) + Cov(¥1, ?23 — Cov(Y1,Ys) — C(iV(YQ, Yi) _
\/ Var(¥1) + Var(¥1) — 2Cov(¥3, Y1)/ Var(Ya) + Var(Ya) — 2Cov(Ya, ¥2)
N COV(Yl, YQ) — bleVar(W)
v/ Var(Y7) — b3Var(W)y/Var(Yz) — b2Var(W)
p(Y1,Y2) — p(Y1, W)p(Ya, W)

V1= p(Y1, W)2)(1 — p(Y2, W)?)

provided |p(Y1, W)| < 1 and |p(Ya, W)| < 1. O

Example 2.3. Let
Yi=W+W, and Yo=W + Wy,

where W, Wl, Wg are independent random variables, each with mean 0. Then

Y = Pspagwy (V) = Pspagny (W + W) = Pspagny (W) + Pspagey(We) =W +0 =W,

from which

a(Y1,Ya) = p(Wy, Wa) = 0.
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Example 2.4. This example shows that uncorrelated variables may, in fact, be completely partially
correlated. Let Y7 and Y be independent, each with mean 0 and the same variance 2. Let W = Y;+Y5.
Then

from which

It follows that (Y7, Ys) = —1.

2.4 Prediction for Stationary Time Series

Let {X;} be a stationary time series with mean 0 and autocovariance functiony(.) and consider the
problem of predicting Y = X,,+1 based on Xj,...,X,. Then, denoting the predictor by Xn+1, define
¢n,; such that

n
Xny1 = g On i Xnt1—j-
j=1

In the notation of before,

Lniij = Cov(Xng1—i, Xnp1-5) = v(|i — j1)

and

;= Cov(Xpi1, Xns1-5) = 7(j)-
For v(0) > 0 and limp_, 4~ y(h) = 0, I';, is non-singular (exercise).
Using notation from before, it is clear that:
h—1
Pspagxa,..xn} (Xnt1) = Z Oh—1,iXnt1—i-

=1

Notation The following notation will be used: Pp(X;yp) will be used to denote P]__(X)(Xt+h), the
1:t

notation Xy will be used for the one step predictor Py(X;41) = P (Xi41).
1:t
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2.5 Partial autocorrelation

Definition 2.7. Let {Xy, t € Z} be a zero-mean stationary time series. The partial autocorrelation
function (PACF) of {X;} is defined by

(=)
~
—

(
a(l) = P(l)
a(h) = p(Xn+1 — Pspagxs,....x, 3 (Xn+1): X1 — Pepagx,,.. x,(X1))  h=>2.

Example 2.5 (AR(p) Process).

An AR(p) process is defined by:

P
Xi =Y ¢Xij+ea  {a} ~WN(0,0%).
j=1
In the next section, we discuss conditions under which this process is well defined. If this equation
defines a stationary process with E[X;] = 0 and Var(X;) < 400 such that Corr(Xg,e) = 0 for ¢t > s+1,
then it follows almost directly from the definition that the partial autocorrelation function a(h) for

this AR(p) process is equal to 0 for |h| > p. This is because
Px, 1. Xe o (Xt) Z@Xt -
so that

Xi—Px, y..x_,(Xi) =€

while, for h > p + 1 there are §’s (by definition of projection) such that

p
Px, 1, Xomy (Xion) Zﬁth—j

so that

p
Xin—Px,_y,xi,(Xeon) = Xoon — Z BiXi—j

j=1
and all the terms are uncorrelated with ;.
2.6 The Wold decomposition
Let {X; :t € Z} be a zero-mean stationary time series. Let
o0
M, = @{Xta t< n}a M o = m My, o’ = |Xn+1 PMn(Xn+1)|2

n=—oo
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Definition 2.8. The process {X;} is called deterministic if 0% = 0, or equivalently if X; € M_q
Vt € Z. The process { X} is called purely non-deterministic if

M_ = {0}

Theorem 2.9 (The Wold decomposition). Let {X; : t € Z} be a zero-mean stationary time series,
with My, M_s and o2 defined above. Suppose o® > 0. Then X; can be expressed as

[ee]
Xo=> e+ Vi, (2.12)
7=0

where
1. Y9g=1 and Z?';wa < 005
2. {e} ~ WN(0,0?%);
3. ¢ € My foreacht € Z;
4. EleVs] =0 forall s,t € Z;
5 Vie M_o foreacht e Z;

6. {Vi} is deterministic, where the definition of ‘deterministic’ is given in Definition 2.8.

The sequences {1;}, {e&} and {V;} are uniquely determined by {X;} and the conditions.
Note The final two statements are not the same, since M_q is defined in terms of {X;}, not {V;}.

Proof of Theorem 2.9 Firstly, it is shown that the sequences defined by:

€ = Xt — PMt_l(Xt>
V; = 5 (X¢, ;) (2.13)
Vi=Xi = Y0

satisfy Equation (2.12) along with the six conditions of the theorem. The proof is then completed by
establishing the uniqueness of the thre sequences.

Firstly, € defined in Equation (2.13) is an element of My and is orthogonal to M;_1, by definition.
It follows that

EtEM#_chiQC...

so that, for all s < t, E[ese/] = 0. The second and third conditions of the theorem are therefore
established. Next,

Pspage; i<ty (Xt) = vje—; (2.14)
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where 1); is defined by Equation (2.13) and Z;’;l w]? < 400. The coefficients 1; are independent of ¢
by stationarity and

1
<Xt7Xt - PMz—1(Xt)> - 3 ||Xt - PMtfl(Xt)HQ =1L

g

o =

S
2
The third equation of (2.13)

together with Equation (2.14) give:
(Viyes) =0 Vs < t.

For s > t, e5 € ./\/ISL_1 C ./\/lltl Since V; € M., it follows that
(Viyes) =0 Vs > t.

To establish the last two conditions, it is sufficient to show that

spa{Vj:j<t}=M_  VteZ (2.15)

Since V; € My = M;_1 & spa{e;} and since (Vi ) = 0, it follows that V; € M;_;. Using inductively
M, = M1 @ spafes}, it follows that V; € M;_; for all j > 0 and hence V; € M_. It follows that

spa{V; :j <t} C M_« vt € Z.

It follows from the third equation of (2.13) that:

M; =spafe; 1 j <t} dspa{V; :j <t}
IfY € M_, then Y € My_ for each s € Z and therefore (Y, e,) = 0 for each s € Z. It follows that
Y espa{Vj:j <t}. This implies that
M_o Cspaf{V;:j <t} vt € Z.

This establishes Equation (2.15) and hence the existence part of the result.

To establish uniqueness: let {e;} and {V;} be any two sequences with the desired properties. Then

M1 Cspalej:j<t—1}@spa{V;:j<t—1}

from which it follows that ¢, 1 M;_; (using the second and fourth property). From projecting each
side of Equation (2.12) onto M;_; and subtracting the resulting equation from (2.12), it follows that
{€} satisfies the first equation of (2.13). By taking inner products of each side of equation (2.12) with
€1—j, it follows that v; must satisfy the second of (2.13). Finally, for (2.12) to hold, it is clear that V'
satisfies the third of (2.13), hence uniqueness has been established. Ol
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