
❚✉t♦r✐❛❧ ✺ ✭❲r✐tt❡♥ ❊①❡r❝✐s❡s✮

✶✳ ❋♦r ❛ ❧✐♥❡❛r st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s✱ ❞❡✜♥❡ γ̂ ✭t❤❡ ❡st✐♠❛t❡❞ ❛✉t♦❝♦✈❛r✐❛♥❝❡✮ ❜②

γ̂(h) =
1

n

n−h∑

j=1

(Xj −X)(Xj+h −X).

❙❤♦✇ t❤❛t
∑

h γ̂(h) = 0 ✭s✉♠♠✐♥❣ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ❧❛❣s h✮✳

✷✳ ❈♦♥str✉❝t ❛ st❛t✐♦♥❛r② ♣r♦❝❡ss {Xt} s✉❝❤ t❤❛t Γn✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ (X1, . . . , Xn) ✐s

♥♦♥✲s✐♥❣✉❧❛r ❢♦r ❡❛❝❤ n ≥ 1 ❛♥❞ s✉❝❤ t❤❛t γ(h) = ❈♦✈(Xt, Xt+h) 6→ 0 ❛s h → +∞✳

✸✳ ▲❡t {Xt} ❜❡ ❛ ❝❛✉s❛❧ ❆❘✭✶✮ ♣r♦❝❡ss✿

Xt − φXt−1 = ǫt {ǫt} ∼ WN(0, σ2)

❛♥❞ ❧❡t X̂n+1 ❜❡ t❤❡ ❜❡st ❧✐♥❡❛r ♣r❡❞✐❝t♦r ♦❢ Xn+1 ✭✐♥ t❤❡ s❡♥s❡ ♦❢ ♠✐♥✐♠✐s✐♥❣ t❤❡ ♠❡❛♥ sq✉❛r❡❞

❡rr♦r✮ ❜❛s❡❞ ♦♥ X1, . . . , Xn✳ ❉❡✜♥❡✿ θn0 = 1 ❛♥❞ X̂1 := 0✳ ❋✐♥❞ θn1, . . . , θnn s✉❝❤ t❤❛t

Xn+1 =

n∑

j=0

θnj ǫ̂n+1−j

✇❤❡r❡ ǫ̂n+1−j = (Xn+1−j − X̂n+1−j)✳

✹✳ ▲❡t {Xt} ❜❡ ❛ ❝❛✉s❛❧ ✐♥✈❡rt✐❜❧❡ ❆❘▼❆✭♣✱q✮ ♣r♦❝❡ss

φ(B)Xt = θ(B)ǫt {ǫt} ∼ WN(0, σ2)

●✐✈❡♥ t❤❡ s❛♠♣❧❡ {X1, . . . , Xn}✱ ❞❡✜♥❡✿

ǫ∗t =

{
0 t ≤ 0 ♦r t ≥ n+ 1

φ(B)Xt − θ1ǫ
∗
t−1 − . . .− θqǫ

∗
t−q t = 1, . . . , n

✇❤❡r❡ Xt := 0 ❢♦r t ≤ 0✳ ❍❡r❡✱ ✇❡ ❛r❡ ✉s✐♥❣ ǫ∗t t♦ ❡st✐♠❛t❡ ǫt✳ ❚❤✐s ✐s ❝❧❡❛r❧② ♦❢ ✐♠♣♦rt❛♥❝❡ ❢♦r

❡st✐♠❛t✐♥❣ σ2✳

✭❛✮ ❙❤♦✇ t❤❛t φ(B)Xt = θ(B)ǫ∗t ❢♦r ❛❧❧ t ≤ n ❛♥❞ ❤❡♥❝❡ t❤❛t ǫ∗t = π(B)Xt ✇❤❡r❡ π(z) = φ(z)
θ(z) ✳

✭❜✮ ❲r✐t✐♥❣ π(z) = 1 +
∑∞

j=1 πjz
j ✱ s❡t

X̃T
n+1 = −

n∑

j=1

πjXn+1−j .

❙❤♦✇ t❤❛t

X̃T
n+1 = φ1Xn + . . .+ φpXn+1−p + θ1ǫ

∗
n + . . .+ θqǫ

∗
n+1−q.

✽✼



✺✳ ▲❡t (X1, . . . , Xp+1)
t ❜❡ ❛ r❛♥❞♦♠ ✈❡❝t♦r ✇✐t❤ ♠❡❛♥ 0 ❛♥❞ ♥♦♥✲s✐♥❣✉❧❛r ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Γp+1

✇✐t❤ ❡♥tr✐❡s Γp+1;i,j = γ(i−j) ✭✐✳❡✳ t❤❡ ♣r♦❝❡ss ✐s st❛t✐♦♥❛r②✮✳ ▲❡t X̂p+1 ❜❡ t❤❡ ♦♥❡ st❡♣ ♣r❡❞✐❝t♦r

♦❢ Xp+1 ❜❛s❡❞ ♦♥ X1, . . . , Xp✱ s♦ t❤❛t

X̂p+1 = Ps♣❛(X1,...,Xp)Xp+1 = φ1Xp + . . .+ φpX1

✇❤❡r❡

φ = Γ−1
p γ

p
.

❙❤♦✇ t❤❛t

φ(z) = 1− φ1z − . . .− φpz
p 6= 0 ∀|z| ≤ 1

❍✐♥t✿ ✐❢ φ(z) = (1− az)ξ(z)✱ t❤❡♥ ❝♦♥s✐❞❡r Yj = ξ(B)Xj ✳

✻✳ ❈♦♥s✐❞❡r t❤❡ ♣r♦❝❡ss Wt : t = 1, 2, . . . , n ❞❡✜♥❡❞ ❜②

Wt = ǫt − ǫt−1 {ǫt} ∼ WN(0, σ2).

❋✐♥❞ t❤❡ ❜❡st ❧✐♥❡❛r ♣r❡❞✐❝t♦r Ŵn+1 = Ps♣❛{W1,...,Wn}Wn+1 ♦❢ Wn+1 ❛♥❞ ❝♦♠♣✉t❡ ✐ts ♠❡❛♥

sq✉❛r❡❞ ❡rr♦r✳

✽✽



❆♥s✇❡rs

✶✳ ▲❡t Yj = Xj −X t❤❡♥
∑n

j=1 Yj = nX − nX = 0✳

◆♦t❡✿

γ̂(h) =
1

n

n−h∑

j=1

YjYj+h = Y ′D(h)Y

✇❤❡r❡ Y ✐s t❤❡ ♥✲✈❡❝t♦r (Y1, . . . , Yn)
′ ❛♥❞ D(h) ✐s t❤❡ n × n ♠❛tr✐① ✇✐t❤ ❡♥tr✐❡s Di,i+h = 1 ❛♥❞

Di,j = 0 ❢♦r j 6= i+ h✳ ❚❤❡♥
∑

h

γ̂(h) =
1

n
Y ′(

∑

h

D(h))Y

❛♥❞
∑

hD
(h) ✐s t❤❡ n× n ♠❛tr✐① M ✇❤❡r❡ Mij = 1 ❢♦r ❡❛❝❤ (i, j) ∈ {1, . . . , n}2 ❍❡♥❝❡ Y ′M = 0

❛♥❞ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

✷✳ ❊①❛♠♣❧❡✿ Xt = W + Zt ✇❤❡r❡ W ∼ N(0, 1) ❛♥❞ {Zt} ∼ ■■❉(0, 1)✳ ❚❤❡♥ γX(0) = 2✱ γX(h) = 1

❢♦r h 6= 0 ❛♥❞ ❢♦r ❛♥② (aj)j≥1✱
∑n

j=1

∑n
k=1 ajakγX(j−k) = (

∑
j aj)

2+
∑

j a
2
j > 0 ✐❢ a 6= 0✳ ❍❡♥❝❡

Γn ♥♦♥ s✐♥❣✉❧❛r✳ ❆❧s♦✱

❈♦✈(Xt, Xt+h) =
h→∞
−→ 1.

✸✳ ❋✐rst❧②✱ ❢♦r ❛♥ ❆❘✭✶✮ ♣r♦❝❡ss✱ ♣r❡❞✐❝t✐♥❣ Xt+1 ❜❛s❡❞ ♦♥ X1, . . . , Xt ❢♦r t ≥ 1✱

E[|Xt+1 −

t∑

j=1

ajXt+1−j |
2]

= E[|ǫt+1 + (φ− a1)Xt +
t∑

j=2

ajXt+1−j |
2]

= E[ǫ2t+1] + 2E[ǫt+1((φ− a1)Xt +

t∑

j=2

ajXt+1−j)] + E[|(φ− a1)Xt +

t∑

j=2

ajXt+1−j |
2]

= σ2 + E[|(φ− a1)Xt +
t∑

j=2

ajXt+1−j |
2]

❚❤✐s ❤❛s ♠✐♥✐♠✉♠ σ2✱ ✇❤✐❝❤ ✐s ❛❝❤✐❡✈❡❞ ❢♦r a1 = φ ❛♥❞ a2 = . . . = an = 0✱ s♦ t❤❛t

X̂t+1 = φXt.

P❧✉❣❣✐♥❣ ✐♥t♦ t❤❡ ❡①♣r❡ss✐♦♥ Xn+1 =
∑n

j=0 θn,j ǫ̂n+1−j ✱ ✇✐t❤ X̂1 = 0 ❣✐✈❡s✿

Xn+1 =
n−1∑

j=0

θnj(Xn+1−j − φXn−j) + θnnX1 =
n−1∑

j=0

θnjǫn+1−j + θnnX1.

✽✾



❉✐r❡❝t❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥✱ θ00 = 1✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❆❘✭✶✮ ♣r♦❝❡ss ♠❛② ❜❡ ❡①♣❛♥❞❡❞

✐t❡r❛t✐✈❡❧②✿

Xn+1 = φXn + ǫn+1 = φ2Xn−1 + φǫn + ǫn+1 = φnX1 +
n+1∑

j=1

φn+1−jǫj

♥♦✐♥❞❡♥t ❛♥❞ ❝♦♠♣❛r✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥s ❣✐✈❡s✿

θnn = φn θnj = φj

✹✳ ✭❛✮ ❚❤❡ ✜rst ♣❛rt ❢♦❧❧♦✇s str❛✐❣❤t ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥✿

ǫ∗t + θ1ǫ
∗
t−1 + . . .+ θqǫ

∗
t−q := θ(B)ǫ∗t = φ(B)Xt.

❙✐♥❝❡ ❋r♦♠ t❤✐s✱ s✐♥❝❡ t❤❡ ♣r♦❝❡ss ✐s ✐♥✈❡rt✐❜❧❡✱ π(B) := θ−1(Bφ(B) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞✿

ǫ∗t = θ−1(B)φ(B)Xt = π(B)Xt.

✭❜✮ ❘❡❝❛❧❧ t❤❛t

φ(z) = 1− (φ1z + . . .+ φpz
p) θ(z) = 1 + (θ1z + . . .+ θqz

q)

◆♦t❡ ǫ∗t −Xt = − (φ1Xt−1 + . . .+ φpXt−p)−
(
θ1Z

∗
t−1 + . . .+ θqZ

∗
t−q

)
✳ ❲✐t❤ Xt = 0 ❢♦r ❛❧❧

t ≤ 0✱

X̃T
n+1 = −

n∑

j=1

πjXn+1−j = Xn+1 − π(B)Xn+1 = Xn+1 − ǫ∗n+1

= (φ1Xn + . . .+ φpXn+1−p) +
(
θ1ǫ

∗
n + . . .+ θqǫ

∗
n+1−q

)

❛s r❡q✉✐r❡❞✳

✺✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧ ♠❛② ❜❡ ❡①♣r❡ss❡❞ ❛s✿

φ(z) = 1− φ1z − . . .− φpz
p =

p∏

j=1

(1− ajz)

✇❤❡r❡ 1
a1
, . . . , 1

ap
❛r❡ t❤❡ r♦♦ts ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧✳ ❙✐♥❝❡ X̂p+1 ✐s t❤❡ ♦♥❡ st❡♣ ♣r❡❞✐❝t♦r t❤❛t

♠✐♥✐♠✐s❡s t❤❡ ♠❡❛♥ sq✉❛r❡ ❡rr♦r✱ t❤❡ ❝♦❡✣❝✐❡♥ts φ1, . . . , φp ♠✐♥✐♠✐s❡

vp := E

[∣∣∣Xp+1 − X̂p+1

∣∣∣
2
]
= E

[
|φ(B)Xp+1|

2
]
.

◆♦✇ s✉♣♣♦s❡ t❤❛t a1, . . . , ap ❛r❡ ❛rr❛♥❣❡❞ s♦ t❤❛t |a1| ≥ |a2| ≥ . . . ≥ |ap|✳ ▲❡t ξ(B) =
∏p

j=2(1−

ajz)✱ s♦ t❤❛t φ(z) = (1− a1z)ξ(z)✳ ❚❤❡♥

✾✵



vp = E
[
|ξ(B)Xp+1 − a1Bξ(B)Xp+1|

2
]
= E

[
|ξ(B)Xp+1 − a1ξ(B)Xp|

2
]
.

▲❡t Yp = ξ(B)Xp✱ t❤❡♥ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t Xj ❛r❡ ♠❡❛♥ 0✱

vp = E

[
|Yp+1 − a1Yp|

2
]
= ❱❛r(Yp+1) + a21❱❛r(Yp)− 2a1❈♦✈(Yp, Yp+1).

❙✐♥❝❡ a1, . . . , ap ♠✐♥✐♠✐s❡ t❤❡ ♠❡❛♥ sq✉❛r❡❞ ❡rr♦r✱ ✐t ❢♦❧❧♦✇s t❤❛t ♦♥❝❡ a2, . . . , ap ❛r❡ ❡st❛❜❧✐s❤❡❞✱

a1 =
❈♦✈(Yp, Yp+1)

❱❛r(Yp)
= ρ

√
❱❛r(Yp)

❱❛r(Yp+1)
= ρ

✇❤❡r❡ ρ = ρ(Yp, Yp+1) ❛♥❞✱ ❜② st❛t✐♦♥❛r✐t②✱ ❱❛r(Yp) = ❱❛r(Yp+1)✳ ❍❡♥❝❡ t❤❡ ♠✐♥✐♠✐s✐♥❣ a1

✐s a1 = ρ✱ s♦ t❤❛t |a1| ≤ 1✳ ◆♦✇ s✉♣♣♦s❡ t❤❛t a1 = ρ = ±1✳ ❚❤❡♥ E
[
|φ(B)Xp+1|

2
]
= 0

❝♦♥tr❛❞✐❝t✐♥❣ ♥♦♥✲s✐♥❣✉❧❛r✐t② ♦❢ Γp+1✳

✻✳ Wt = ǫt − ǫt−1✳ ❲❡ ✉s❡

Ŵn+1 =

n∑

j=1

ajWn+1−j =

n∑

j=1

aj(ǫn+1−j − ǫj)

❛♥❞ t❤❡ aj ✬s ❛r❡ ❝❤♦s❡♥ t♦ ♠✐♥✐♠✐s❡

vn = E[|ǫn+1 − ǫn −
n∑

j=1

aj(ǫn+1−j − ǫn−j)|
2] = σ2(1 + a2n + (1 + a1)

2 +
n−1∑

j=1

(aj+1 − aj)
2)

❚❤✐s ✐s ♠✐♥✐♠✐s❡❞ ❜② t❛❦✐♥❣

aj+1 − 2aj + aj−1 = 0 j = 2, . . . , n− 1

an =
1

2
an−1

1 + 2a1 = a2

aj = α+ βj ⇒ α = −1, β =
1

n+ 1
.

aj,n = −1 +
j

n+ 1
j = 1, . . . , n

❯s✐♥❣ aj+1 − aj = β = 1
n+1 ✱ an,n = −1

n+1 ✱ 1 + a1,n = 1
n+1 ✇❡ ❣❡t

vn = σ2(1 +
1

n+ 1
).

✾✶


