
❈❤❛♣t❡r ✽

❈♦♠♣✉t✐♥❣ t❤❡ Pr❡❞✐❝t♦r

❘❡❝❛❧❧ t❤❛t✱ ❢♦r ❛ ✉♥✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s✱ t❤❡ ♦♥❡✲st❡♣ ♣r❡❞✐❝t♦r X̂n ✇❤✐❝❤ ♠✐♥✐♠✐s❡s

vn := E[|Xn − X̂n|
2]

✐s ❣✐✈❡♥ ❜② X̂n =
∑n

j=1 φn,jXn−j ✇❤❡r❡ t❤❡ ✈❡❝t♦r φn,. s❛t✐s✜❡s✿

φn,. = Γ−1
n γn,

Γn ❞❡♥♦t❡s t❤❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ♦❢ t❤❡ ♣r❡❞✐❝t♦rs Γn;i,j = ❈♦✈(Xn−i, Xn−j) ✇❤✐❧❡ γn,i = ❈♦✈(Xn, Xn−i)✳

❚❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♣r❡❞✐❝t♦r ❝❛♥ ❡❛s✐❧② ❜❡ ❣❡♥❡r❛❧✐s❡❞ t♦ ❛ ♠✉❧t✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s✳ ■❢ n ✐s s♠❛❧❧✱

t❤❡ ♠❛tr✐① Γ ♠❛② ❜❡ ✐♥✈❡rt❡❞ ❛♥❞ t❤❡ ♣r❡❞✐❝t♦r ❝♦♠♣✉t❡❞ ❡①♣❧✐❝✐t❧② ✇✐t❤ ❣♦♦❞ r❡s✉❧ts✱ ❜✉t ❛s n

✐♥❝r❡❛s❡s✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Γ−1
n ♠❛② ♥♦t ❜❡ ❢❡❛s✐❜❧❡✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ r❡❝✉rs✐✈❡ ♠❡t❤♦❞s ❛✈❛✐❧❛❜❧❡✳

❘❡❝✉rs✐✈❡ ♠❡t❤♦❞s ❛ss✉♠❡ t❤❛t X̂n ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞✱ ❜❛s❡❞ ♦♥ X1, X2, . . . , Xn−1 ❛♥❞ t❤❡♥✱ ✇❤❡♥ Xn

✐s ♦❜t❛✐♥❡❞✱ t❤❡ ♣r❡❞✐❝t♦r X̂n+1 ✐s ❝♦♠♣✉t❡❞ ❜❛s❡❞ ♦♥ X1, X2, . . . , Xn✳ ❚❤❡ ♥❡✇ ✐♥❢♦r♠❛t✐♦♥ ♦❜t❛✐♥❡❞

✐s ǫ̂n := Xn − X̂n✳

❘❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ φn,j ❀

X̂n+1 =

n∑

j=1

φnjXn+1−j .

❲❡ ❛❧s♦ ✉s❡ vn t♦ ❞❡♥♦t❡ t❤❡ ♠❡❛♥ sq✉❛r❡❞ ❡rr♦r ♦❢ t❤❡ ♣r❡❞✐❝t♦r✿

vn := E

[∣∣∣Xn+1 − X̂n+1

∣∣∣
2
]
.

❚❤❡ ✐♥❞❡① n ♦❢ vn r❡❢❡rs t♦ t❤❡ t✐♠❡ ♣♦✐♥t ❢r♦♠ ✇❤✐❝❤ t❤❡ ♦♥❡✲st❡♣✲❛❤❡❛❞ ♣r❡❞✐❝t✐♦♥ ✐s ♠❛❞❡✳

✽✳✶ ❚❤❡ ❉✉r❜✐♥✲▲❡✈✐♥s♦♥ ❆❧❣♦r✐t❤♠

❆ss✉♠❡ ♥♦✇ t❤❛t φ
n−1

❛♥❞ vn−1 ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞✱ ❢r♦♠ ✇❤✐❝❤ X̂n ✇❛s ♦❜t❛✐♥❡❞✳ ❚❤❡ ❉✉r❜✐♥ ✲

▲❡✈✐♥s♦♥ ❛❧❣♦r✐t❤♠ ✐s ❛ ♠❡t❤♦❞ ❢♦r ♦❜t❛✐♥✐♥❣ X̂n+1 ♦♥❝❡✱ ✐♥ ❛❞❞✐t✐♦♥✱ Xn ✐s ❦♥♦✇♥✳

✶✷✸



❚❤❡♦r❡♠ ✽✳✶ ✭❚❤❡ ❉✉r❜✐♥✲▲❡✈✐♥s♦♥ ❆❧❣♦r✐t❤♠✮✳ ▲❡t {Xt} ❜❡ ❛ ③❡r♦✲♠❡❛♥ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s ✇✐t❤

❆❈❱❋ γ s❛t✐s❢②✐♥❣✿

γ(0) > 0, γ(h) → 0 ❛s h→ ∞.

❚❤❡♥

φ1,1 =
γ(1)

γ(0)
, v0 = γ(0),

φn,n =


γ(n)−

n−1∑

j=1

φn−1,jγ(n− j)


 v−1

n−1 ✭✽✳✶✮




φn,1
✳✳✳

φn,n−1


 =




φn−1,1

✳✳✳

φn−1,n−1


− φn,n




φn−1,n−1

✳✳✳

φn−1,1


 ✭✽✳✷✮

❛♥❞

vn = vn−1[1− φ2n,n]. ✭✽✳✸✮

Pr♦♦❢ ❈♦♥s✐❞❡r t❤❡ t✇♦ ♦rt❤♦❣♦♥❛❧ s✉❜s♣❛❝❡s K1 = M
(X)
2:n ❛♥❞ K2 = s♣❛{X1 − PK1X1}✳ ❲❡ ✉s❡

M
(X)
m:n t♦ ❞❡♥♦t❡ t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ s♣❛❝❡ s♣❛♥♥❡❞ ❜② Xm, . . . , Xn✱ s♦ t❤❛t K1 ✐s t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ s♣❛❝❡

s♣❛♥♥❡❞ ❜② X2, . . . , Xn✱ ✇❤✐❧❡ t❤❡ s♣❛❝❡ K1 ✐s t❤❡ s✉❜s♣❛❝❡ ♦❢ t❤❡ s♣❛❝❡ s♣❛♥♥❡❞ ❜② X1, . . . , Xn ✇❤✐❝❤

✐s ♦rt❤♦❣♦♥❛❧ t♦ K2✳

❯s✐♥❣ t❤✐s ♥♦t❛t✐♦♥✱ t❤❡ ♣r❡❞✐❝t♦r X̂n+1 ♠❛② ❜❡ ❡①♣r❡ss❡❞ ❛s✿

X̂n+1 = PK1(Xn+1) + PK2(Xn+1) ✭✽✳✹✮

■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ t❤❛t

PK2(Xn+1) = a(X1 − PK1(X1)) ✭✽✳✺✮

❢♦r s♦♠❡ ❝♦♥st❛♥t a✱ ❛♥❞ ❢r♦♠ t❤❡ ♣r♦❥❡❝t✐♦♥ t❤❡♦r❡♠✱

0 = C(Xn+1 − PK2(Xn+1), PK2(Xn+1)) = a〈Xn+1, X1 − PK1(X1)〉 − a2‖X1 − PK1(X1)‖
2, ✭✽✳✻✮

❢r♦♠ ✇❤✐❝❤

a =
〈Xn+1, X1 − PK1X1〉

‖X1 − PK1X1‖2
. ✭✽✳✼✮

❇② st❛t✐♦♥❛r✐t②✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❡ ❵r❡✈❡rs❡❞✬ ♣r♦❝❡ss ❤❛s t❤❡ s❛♠❡ ❆❈❱❋✱

PK1(X1) =
n−1∑

j=1

φn−1,jXj+1, ✭✽✳✽✮

✶✷✹



PK1(Xn+1) =
n−1∑

j=1

φn−1,jXn+1−j . ✭✽✳✾✮

❛♥❞

‖X1 − PK1(X1)‖
2 = ‖Xn+1 − PK1(Xn+1)‖

2 = ‖Xn − X̂n‖
2 = vn−1 ✭✽✳✶✵✮

❋r♦♠ ❊q✉❛t✐♦♥s ✭✽✳✹✮✱ ✭✽✳✺✮✱ ✭✽✳✽✮ ❛♥❞ ✭✽✳✾✮✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

X̂n+1 = aX1 +

n−1∑

j=1

(φn−1,j − aφn−1,n−j)Xn+1−j . ✭✽✳✶✶✮

❋r♦♠ ❊q✉❛t✐♦♥s ✭✽✳✼✮ ❛♥❞ ✭✽✳✽✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

a =


〈Xn+1, X1〉 −

n−1∑

j=1

φn−1,j〈Xn+1, Xj+1〉


 v−1

n−1 =


γ(n)−

n−1∑

j=1

φn−1,jγ(n− j)


 v−1

n−1.

❙✐♥❝❡ φ
n
= Γ−1

n γ
n
❛♥❞ t❤❡ ♠❛tr✐① Γn ✐s ♥♦♥ s✐♥❣✉❧❛r✱ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥

X̂n+1 =
n∑

j=1

φnjXn+1−j ✭✽✳✶✷✮

✐s ✉♥✐q✉❡✳ ❈♦♠♣❛r✐♥❣ ❝♦❡✣❝✐❡♥ts ✐♥ ❊q✉❛t✐♦♥s ✭✽✳✶✶✮ ❛♥❞ ✭✽✳✶✷✮ t❤❡r❡❢♦r❡ ❣✐✈❡s

{
φnn = a

φnj = φn−1,j − aφn−1,j−1, j = 1, . . . , n− 1.
✭✽✳✶✸✮

❊q✉❛t✐♦♥s ✭✽✳✶✮ ❛♥❞ ✭✽✳✷✮ ❤❛✈❡ t❤❡r❡❢♦r❡ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞✳ ■t ♦♥❧② r❡♠❛✐♥s t♦ ❡st❛❜❧✐s❤ ❊q✉❛t✐♦♥ ✭✽✳✸✮✳

❯s✐♥❣ Xn+1−PK1(Xn+1) = Xn+1−X̂n+1+PK2(Xn+1) ❛♥❞✱ ❜② t❤❡ ♣r♦❥❡❝t✐♦♥ t❤❡♦r❡♠✱ Xn+1−X̂n+1 ⊥

PK2(Xn+1)✱ t❤❡ ♠❡❛♥ sq✉❛r❡❞ ❡rr♦r ♦❢ t❤❡ ♣r❡❞✐❝t♦r ✐s✿

vn = ‖Xn+1 − X̂n+1‖
2

= ‖Xn+1 − PK1(Xn+1)− PK2(Xn+1)‖
2

= ‖Xn+1 − PK1(Xn+1)‖
2 + ‖PK2(Xn+1)‖

2 − 2〈Xn+1 − PK1(Xn+1), PK2(Xn+1)〉

= ‖Xn − X̂n‖
2 + a2‖X1 − PK1(X1)‖

2 − 2a2‖X1 − PK1(X1)‖
2

= vn−1(1− a2)

✇❤❡r❡ ❊q✉❛t✐♦♥ ✭✽✳✶✷✮✱ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ K1 ❛♥❞ K2 ❛♥❞ PK2(Xn+1) = a(X1 − PK1(X1)) ❛♥❞

❊q✉❛t✐♦♥ ✭✽✳✻✮ ❤❛✈❡ ❜❡❡♥ ✉s❡❞✳ ❋r♦♠ ❊q✉❛t✐♦♥ ✭✽✳✼✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

vn = vn−1(1− a2)

❛s r❡q✉✐r❡❞✳

❚❤❡♦r❡♠ ✽✳✷✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✽✳✶✱ α(h) = φh,h ❢♦r h ≥ 1✳

✶✷✺



Pr♦♦❢ ❈♦♥s✐❞❡r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✶✳ ❋r♦♠ ❊q✉❛t✐♦♥ ✭✽✳✶✸✮ ❣✐✈✐♥❣ a = φn,n ❛♥❞ ❊q✉❛t✐♦♥ ✭✽✳✼✮✱

✐t ❢♦❧❧♦✇s t❤❛t

φn,n =
〈Xn+1, X1 − PK1(X1)〉

‖X1 − PK1(X1)‖2
.

❋r♦♠ t❤❡ ♣r♦❥❡❝t✐♦♥ t❤❡♦r❡♠✱ X1 − PK1(X1) ⊥ PK1(Xn+1)✱ ❢r♦♠ ✇❤✐❝❤

φn,n =
〈Xn+1 − PK1(Xn+1), X1 − PK1(X1)〉

‖X1 − PK1(X1)‖2
= α(n).

❊①❛♠♣❧❡ ✽✳✶ ✭❆❘✭♣✮ ♣r♦❝❡ss✮✳

❋♦r ❛♥ ❆❘✭♣✮ ♣r♦❝❡ss✱ ✐t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❛❜♦✈❡ t❤❛t

X̂n+1 = φ1Xn + · · ·+ φpXn+1−p, ❢♦r n ≥ p.

✽✳✶✳✶ ▼✉❧t✐✈❛r✐❛t❡ ❉✉r❜✐♥✲▲❡✈✐♥s♦♥ ❆❧❣♦r✐t❤♠

❚❤❡ ♣r♦❥❡❝t✐♦♥ t❤❡♦r❡♠ ❛♥❞ ♣r❡❞✐❝t♦rs r❡♠❛✐♥ ❧❛r❣❡❧② t❤❡ s❛♠❡✱ r❡♣❧❛❝✐♥❣ s❝❛❧❛rs ✇✐t❤ ❛♣♣r♦♣r✐❛t❡

♠❛tr✐❝❡s✳ ▲❡t {Xt : t ∈ Z} ❜❡ ❛♥ m✲✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s✳ ▲❡t Sn := s♣❛(X1, . . . , Xn) ❛♥❞ ❧❡t P (Y |F
(X)
n )

❞❡♥♦t❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ✈❡❝t♦r Y ♦♥t♦ Sn✳ ❚❤❡♥✱ ❜② t❤❡ ♣r♦❥❡❝t✐♦♥ t❤❡♦r❡♠✱
{
P (Y |F

(X)
n ) ∈ F

(X)
n )

Y − P (Y |F
(X)
n ) ⊥ Xn+1−i i = 1, . . . , n.

✇❤❡r❡

X ⊥ Y ⇔ ρ(Xi, Yj) = 0 ∀i, j.

❚❤❡ ❜❡st ❧✐♥❡❛r ♣r❡❞✐❝t♦r X̂n+1 ♦❢ Xn+1 ❜❛s❡❞ ♦♥ F
(X)
1:n ✐s s✐♠♣❧② t❤❡ ✈❡❝t♦r ♦❢ ❜❡st ❧✐♥❡❛r ♣r❡❞✐❝t♦rs✱

❡❛❝❤ ❜❛s❡❞ ♦♥ (Xt,j)t=1,...,n;j=1,...,m ❛♥❞ ♠❛② ❜❡ ❡①♣r❡ss❡❞ ❛s✿

X̂n+1 = Φn1Xn + . . .+ΦnnX1

✇❤❡r❡ (Φjn)
n
j=1 ❛r❡ m×m r❡❛❧ ✈❛❧✉❡❞ ♠❛tr✐❝❡s✳ ❚❤❡ ♣r❡❞✐❝t✐♦♥ ❡q✉❛t✐♦♥s ❛r❡ t❤❡r❡❢♦r❡✿

n∑

j=1

ΦnjK(n+ 1− j, n+ 1− i) = K(n+ 1, n+ 1− i) i = 1, . . . , n ✭✽✳✶✹✮

✇❤❡r❡

K(i, j) = E[(Xi − E[Xi])(Xj − E[Xj ])
t].

✇❤❡♥ X ✐s st❛t✐♦♥❛r②✱ K(i, j) = Γ(i− j) ❛♥❞ t❤✐s r❡❞✉❝❡s t♦

n∑

j=1

ΦnjΓ(i− j) = Γ(i) i = 1, . . . , n ✭✽✳✶✺✮

✶✷✻



❚❤❡ ❝♦❡✣❝✐❡♥ts {Φnj} ♠❛② ❜❡ ❝♦♠♣✉t❡❞ r❡❝✉rs✐✈❡❧② ❢r♦♠ ❛ ♠✉❧t✐✈❛r✐❛t❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❉✉r❜✐♥ ▲❡✈✐♥s♦♥

❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ ✐♥✈♦❧✈❡s ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❜♦t❤ t❤❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ♣r❡❞✐❝t♦rs P (Xn+1|F
(X)
1:n ) ❛♥❞

P (X0|F
(X)
1:n )✳ ▲❡t Φn1, . . . ,Φnn ❜❡ t❤❡ m×m ❝♦❡✣❝✐❡♥t ♠❛tr✐❝❡s s❛t✐s❢②✐♥❣✿

P (X0|F
(X)
1:n ) =

n∑

j=1

Φ̃njXj j = 1, 2, . . .

❚❤❡♥

n∑

j=1

Φ̃njΓ(j − i) = Γ(−i) i = 1, . . . , n

▲❡t Vn ❛♥❞ Ṽn ❞❡♥♦t❡ t❤❡ t✇♦ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✿

{
Vn = E[(Xn+1 − P (Xn+1|F

(X)
1:n )(Xn+1 − P (Xn+1|F

(X)
1:n )t]

Ṽn = E[(X0 − P (X0|F
(X)
1:n )(X0 − P (X0|F

(X)
1:n )t]

❚❤❡s❡ s❛t✐s❢②✿

{
Vn = E[(Xn+1 − P (Xn+1|F

(X)
1:n )Xt

n+1] = Γ(0)− Φn1Γ(−1)− . . .− ΦnnΓ(−n)

Ṽn = Γ(0)− Φ̃n1Γ(1)− . . .− Φ̃nnΓ(n)
✭✽✳✶✻✮

▲❡t

{
∆n := E[(Xn+1 − P (Xn+1|F

(X)
1:n ))Xt

0] = Γ(n+ 1)− Φn1Γ(n)− . . .− ΦnnΓ(1)

∆̃n := E[(X0 − P (X0|F
(X)
1:n ))Xt

n+1] = Γ(−n− 1)− Φ̃n1Γ(−n)− . . .− Φ̃nnΓ(−1)
✭✽✳✶✼✮

Pr♦♣♦s✐t✐♦♥ ✽✳✸ ✭❚❤❡ ▼✉❧t✐✈❛r✐❛t❡ ❉✉r❜✐♥ ▲❡✈✐♥s♦♥ ❆❧❣♦r✐t❤♠✮✳ ▲❡t {Xt : t ∈ Z} ❜❡ ❛ st❛t✐♦♥❛r② m✲

✈❛r✐❛t❡ ❧✐♥❡❛r t✐♠❡ s❡r✐❡s✱ ♠❡❛♥ ③❡r♦✱ ✇✐t❤ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ Γ(h)✱ s✉❝❤ t❤❛t ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①

♦❢ ✈❡❝(X1, . . . , Xn) ✐s ♥♦♥✲s✐♥❣✉❧❛r ❢♦r ❡❛❝❤ n ≥ 1✳ ❚❤❡♥ t❤❡ ❝♦❡✣❝✐❡♥ts {Φnj}n≥1,j=1,...,n ❛r❡ ❣✐✈❡♥

❜②✿





Φnn = ∆n−1Ṽ
−1
n−1

Φ̃nn = ∆̃n−1V
−1
n−1

Φnk = Φn−1,k − ΦnnΦ̃n−1,n−k k = 1, . . . , n− 1

Φ̃nk = Φ̃n−1,k − Φ̃nnΦn−1,n−k k = 1, . . . , n− 1

✇❤❡r❡ Vn ❛♥❞ Ṽn ❛r❡ ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✽✳✶✻✮ ❛♥❞ ∆n ❛♥❞ ∆̃n ❛r❡ ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✽✳✶✼✮ ✇✐t❤

{
V0 = Ṽ0 = Γ(0)

∆0 = ∆̃t
0 = Γ(1).

✶✷✼



Pr♦♦❢ ❚❤❡ ♣r♦♦❢ ❝❧♦s❡❧② ♣❛r❛❧❧❡❧s t❤❡ ✉♥✐✈❛r✐❛t❡ ❝❛s❡✳ ❋♦r n = 1✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠

❊q✉❛t✐♦♥ ✭✽✳✶✺✮✳ ❋♦r n ≥ 2✱

X̂n+1 = P (Xn+1|F
(X)
2:n ) +AU

✇❤❡r❡ U = X1 − P (X1|F
(X)
2:n ) ❛♥❞ A ✐s ❛♥ m×m ♠❛tr✐① t❤❛t s❛t✐s✜❡s✿

Xn+1 −AU ⊥ U ;

✐♥ ♦t❤❡r ✇♦r❞s✱

E
[
Xn+1U

t
]
= AE

[
UU t

]
.

■t ❢♦❧❧♦✇s ❢r♦♠ st❛t✐♦♥❛r✐t② t❤❛t

{
P (Xn+1|F

(X)
2:n ) = Φn−1,1X1 + . . .+Φn−1,n−1X2

U = X1 − Φn−1,1X2 − . . .− Φn−1,n−1Xn

❛♥❞

E
[
UU t

]
= Ṽn−1.

■t ♥♦✇ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦r❡❣♦✐♥❣ t❤❛t✿

A = E
[
XnU

t
]
Ṽ −1
n−1

= E
[(
Xn+1 − P (Xn+1|F2:n

)
U t

]
Ṽ −1
n−1

= E

[(
Xn+1 − P (Xn+1|F

(X)
2:n

)
Xt

1

]
Ṽ −1
n−1

= (Γ(n)− Φn−1,1Γ(n− 1)− . . .− Φn−1,n−1Γ(1)) Ṽ
−1
n−1

= ∆n−1Ṽ
−1
n−1

❢r♦♠ ✇❤✐❝❤ ✐t ❢♦❧❧♦✇s t❤❛t

X̂n+1 = AX1 +
n−1∑

j=1

(Φn−1,j −AΦn−1,n−j)Xn+1−j ,

✇❤✐❝❤ ♣r♦✈❡s ❤❛❧❢ ♦❢ t❤❡ r❡❝✉rs✐♦♥s✳ ❚❤❡ ♦t❤❡r ❤❛❧❢ ✐s ❡st❛❜❧✐s❤❡❞ ❜② ❛ s②♠♠❡tr✐❝ ❛r❣✉♠❡♥t✳

✽✳✷ ❚❤❡ ■♥♥♦✈❛t✐♦♥s ❆❧❣♦r✐t❤♠

■t ✐s ❡q✉✐✈❛❧❡♥t✱ ❛♥❞ ♥❛t✉r❛❧✱ t♦ ❝♦♥s✐❞❡r ♣r❡❞✐❝t♦rs ✇❤✐❝❤ ❛r❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ✐♥♥♦✈❛t✐♦♥s

X1 − X̂1, . . . , Xn − X̂n✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t s✐♥❝❡

s♣❛{X1, X2, . . . , Xn} = s♣❛{X1 − X̂1, . . . , Xn − X̂n}.

❚❤❡ ✐♥♥♦✈❛t✐♦♥s ❛❧❣♦r✐t❤♠ ✉s❡s t❤❡s❡✳ ■t ❞♦❡s ♥♦t ❛ss✉♠❡ st❛t✐♦♥❛r✐t②✳

✶✷✽



❚❤❡♦r❡♠ ✽✳✹ ✭❚❤❡ ■♥♥♦✈❛t✐♦♥s ❆❧❣♦r✐t❤♠✮✳ ■❢ {Xt} ❤❛s ③❡r♦✲♠❡❛♥ ❛♥❞ E [XiXj ] = κ(i, j)✱ ✇❤❡r❡ t❤❡

n× n ♠❛tr✐① K ✇✐t❤ ❡♥tr✐❡s Kij = κ(i, j) ✐s ♥♦♥✲s✐♥❣✉❧❛r✱ t❤❡♥

X̂n+1 =





0 ✐❢ n = 0,
n∑

j=1
θn,j(Xn+1−j − X̂n+1−j) ✐❢ n ≥ 1,

✭✽✳✶✽✮

✇❤❡r❡✿





v0 = κ(1, 1)

θn,n−k = v−1
k

(
κ(n+ 1, k + 1)−

k−1∑
j=0

θk,k−jθn,n−jvj

)
k = 0, . . . , n− 1,

vn = κ(n+ 1, n+ 1)−
n−1∑
j=0

θ2n,n−jvj .

✭✽✳✶✾✮

Pr♦♦❢ ❚❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ ❊q✉❛t✐♦♥ ✭✽✳✶✽✮ ✇✐t❤ Xk+1 − X̂k+1 ❛♥❞ ✉s✐♥❣ ♦rt❤♦❣♦♥❛❧✐t②✱ ✐t

❢♦❧❧♦✇s t❤❛t

〈X̂n+1, Xk+1 − X̂k+1〉 =
n∑

j=1

θn,j〈Xn+1−j − X̂n+1−j , Xk+1 − X̂k+1〉

= θn,n−k‖Xk+1 − X̂k+1‖
2 = θn,n−kvk,

❢r♦♠ ✇❤✐❝❤

θn,n−k =
1

vk
〈Xn+1, Xk+1 − X̂k+1〉.

❋r♦♠ ❊q✉❛t✐♦♥ ✭✽✳✶✽✮✱ ✇✐t❤ n r❡♣❧❛❝❡❞ ❜② k✱

θn,n−k = v−1
k

(
κ(n+ 1, k + 1)−

k−1∑

j=0

θk,k−j〈Xn+1, Xj+1 − X̂j+1〉

)

= v−1
k

(
κ(n+ 1, k + 1)−

k−1∑

j=0

θk,k−jθn,n−jvj

)
.

❚❤❡ ❢♦r♠ ♦❢ vn ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ‖Xn − X̂n‖
2 = ‖Xn‖

2 − ‖X̂n‖
2.

Pr❡❞✐❝t✐♦♥ ♦❢ ❛♥ ❆❘▼❆ Pr♦❝❡ss ❯s✐♥❣ t❤❡ ■♥♥♦✈❛t✐♦♥s ❆❧❣♦r✐t❤♠ ❚❤❡ ✐♥♥♦✈❛t✐♦♥s ❛❧❣♦✲

r✐t❤♠ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❞✐r❡❝t❧② t♦ t❤❡ ❝❛✉s❛❧ ❆❘▼❆ ♣r♦❝❡ss

φ(B)Xt = θ(B)Zt, {Zt} ∼ ❲◆(0, σ2),

❜✉t t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ s✐♠♣❧✐✜❡❞ ❝♦♥s✐❞❡r❛❜❧② ❜② ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss✿

{
Wt = σ−1Xt t = 1, . . . ,m,

Wt = σ−1φ(B)Xt, t > m,
✭✽✳✷✵✮

✶✷✾



✇❤❡r❡ m = max(p, q)✳ ■t ❢♦❧❧♦✇s t❤❛t✱ ❢♦r t > m✱ W ✐s t❤❡ ▼❆✭q✮ ♣r♦❝❡ss W = θ(B)Z
σ
✳ ■t ✐s ❝❧❡❛r t❤❛t✿

Hn := s♣❛{X1, X2, . . . , Xn} = s♣❛{W1,W2, . . . ,Wn}.

❆s ✉s✉❛❧✱ s❡t X̂n+1 = PHn(Xn+1) ❛♥❞ Ŵn+1 = PHn(Wn+1)✳ ■t ❢♦❧❧♦✇s ❞✐r❡❝t❧② t❤❛t
{
Ŵt = σ−1X̂t t = 1, . . . ,m,

Ŵt = σ−1[X̂t − φ1Xt−1 − · · · − φpXt−p] t > m.

❋r♦♠ t❤✐s✱

Xt − X̂t = σ(Wt − Ŵt) ❢♦r ❛❧❧ t ≥ 1.

❚❤❡ ✐❞❡❛ ✐s ♥♦✇ t♦ ❛♣♣❧② t❤❡ ✐♥♥♦✈❛t✐♦♥s ❛❧❣♦r✐t❤♠ t♦ {Wt}✳ ❆ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥ ❣✐✈❡s✿

κW (i, j) =





σ−2γX(i− j) 1 ≤ i, j ≤ m

σ−2

[
γX(i− j)−

p∑
r=1

φrγX(r − |i− j|)

]
min(i, j) ≤ m < max(i, j) ≤ 2m

q∑
r=0

θrθr+|i−j|, max(i, j) > m,

0 ♦t❤❡r✇✐s❡✱

✭✽✳✷✶✮

✇❤❡r❡ θ0 = 1 ❛♥❞ θj = 0 ❢♦r j > q✳ ❚❤❡ ✐♥♥♦✈❛t✐♦♥s ❛❧❣♦r✐t❤♠✱ ❛♣♣❧✐❡❞ t♦ Wt ❣✐✈❡s t❤❡ ❝♦❡✣❝✐❡♥ts θnj ✱

❢r♦♠ ✇❤✐❝❤ ✐t ❢♦❧❧♦✇s t❤❛t✿

X̂n+1 =





n∑
j=1

θn,j(Xn+1−j − X̂n+1−j) 1 ≤ n < m,

φ1Xn + · · ·+ φpXn+1−p +
q∑

j=1
θn,j(Xn+1−j − X̂n+1−j) n ≥ m.

✭✽✳✷✷✮

✽✳✷✳✶ ▼✉❧t✐✈❛r✐❛t❡ ■♥♥♦✈❛t✐♦♥s ❆❧❣♦r✐t❤♠

Pr♦♣♦s✐t✐♦♥ ✽✳✺ ✭▼✉❧t✐✈❛r✐❛t❡ ■♥♥♦✈❛t✐♦♥s ❆❧❣♦r✐t❤♠✮✳ ▲❡t {Xt : t ∈ Z} ❜❡ ❛♥ m ❞✐♠❡♥s✐♦♥❛❧ t✐♠❡

s❡r✐❡s ✇✐t❤ ♠❡❛♥ E [Xt] = 0 ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ K(i, j) = E
[
XiX

t
j

]
✳ ❙✉♣♣♦s❡ t❤❡ ❝♦✈❛r✐❛♥❝❡

❢✉♥❝t✐♦♥ ♦❢ ✈❡❝t(X1, . . . , Xn) ✐s ♥♦♥ s✐♥❣✉❧❛r ❢♦r ❡✈❡r② n ≥ 1✳ ❚❤❡♥ t❤❡ ♦♥❡✲st❡♣ ♣r❡❞✐❝t♦rs X̂n+1 : n ≥

0 ❛♥❞ t❤❡✐r ♣r❡❞✐❝t✐♦♥ ❡rr♦r ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s Vn : n ≥ 1 ❛r❡ ❣✐✈❡♥ ❜②✿

X̂t =

{
0 n = 0
∑n

j=1Θn,j

(
Xn+1−j − X̂n+1−j

)
n ≥ 1

✭✽✳✷✸✮

❛♥❞





V0 = K(1, 1)

Θn,n−k =
(
K(n+ 1, k + 1)−

∑k−1
j=0 Θn,n−jVjΘ

t
k,k−j

)
V −1
k k = 0, 1, . . . , n− 1

Vn = K(n+ 1, n+ 1)−
∑n−1

j=0 Θn,n−jVjΘ
t
n,n−j

✭✽✳✷✹✮

❚❤❡ r❡❝✉rs✐♦♥s ❛r❡ s♦❧✈❡❞ ✐♥ t❤❡ ♦r❞❡r✿

V0; Θ11, V1; Θ22,Θ21, V2; Θ33,Θ32,Θ31, V3;

✶✸✵



Pr♦♦❢ ❋♦r i < j✱ Xi − X̂i ∈ F
(X)
j−1 ❛♥❞ s✐♥❝❡ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ Xj − X̂j ✐s ♦rt❤♦❣♦♥❛❧ t♦ F

(X)
j−1 ❜②

t❤❡ ♣r❡❞✐❝t✐♦♥ ❡q✉❛t✐♦♥✱ ✐t ❢♦❧❧♦✇s t❤❛t

Xi − X̂i ⊥ Xj − X̂j i 6= j.

P♦st ♠✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ ❊q✉❛t✐♦♥ ✭✽✳✷✸✮ ❜② Xt
k+1− X̂

t

k+1 ❢♦r 0 ≤ k ≤ n ❛♥❞ t❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥s

❣✐✈❡s✿

E

[
X̂n+1

(
Xk+1 − X̂k+1

)t
]
= Θn,n−kVk

❢r♦♠ ✇❤✐❝❤ ✐t ❢♦❧❧♦✇s✱ ❜② ♦rt❤♦❣♦♥❛❧✐t②✱ t❤❛t

E

[
Xn+1

(
Xk+1 − X̂k+1

)t
]
= E

[
X̂n+1

(
Xk+1 − X̂k+1

)t
]
= Θn,n−kVk.

■t ❢♦❧❧♦✇s t❤❛t

Θn,n−kVk = K(n+ 1, k + 1)−

k−1∑

j=0

E

[
Xn+1

(
Xj+1 − X̂j+1

)t
]
Θt

k,k−j

❢r♦♠ ✇❤✐❝❤

Θn,n−kVk = K(n+ 1, k + 1)−
k−1∑

j=0

Θn,n−jVjΘ
t
k,k−j .

◆♦♥s✐♥❣✉❧❛r✐t② ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ ✈❡❝t(X1. . . . , Xn) ❣✐✈❡s t❤❛t Vk ✐s ♥♦♥ s✐♥❣✉❧❛r✱ ❢r♦♠ ✇❤✐❝❤

Θn,n−k =


K(n+ 1, k + 1)−

k−1∑

j=0

Θn,n−jVjΘ
t
k,k−j


V −1

k .

❋✐♥❛❧❧②✱ s✐♥❝❡

Xn+1 = Xn+1 − X̂n+1 +

n−1∑

j=0

Θn,n−j

(
Xj+1 − X̂j+1

)
,

✐t ❢♦❧❧♦✇s✱ ❜② ♦rt❤♦❣♦♥❛❧✐t②✱ t❤❛t

K(n+ 1, n+ 1) = Vn +
n−1∑

j=0

Θn,n−jVjΘ
t
n,n−j

❛s r❡q✉✐r❡❞✳

✶✸✶



▼✉❧t✐✈❛r✐❛t❡ ■♥♥♦✈❛t✐♦♥s ❛♥❞ ❘❡❝✉rs✐✈❡ Pr❡❞✐❝t✐♦♥ ♦❢ t❤❡ ❱❆❘▼❆✭♣✱q✮ Pr♦❝❡ss ▲❡t {Xt :

t ∈ Z} ❜❡ ❛♥ m ❞✐♠❡♥s✐♦♥❛❧ ❝❛✉s❛❧ ❱❆❘▼❆✭♣✱q✮ ♣r♦❝❡ss✱

Φ(B)Xt = Θ(B)Zt {Zt} ∼ ❲◆(0,Σ)

✇❤❡r❡✱ ✉s✐♥❣ I t♦ ❞❡♥♦t❡ t❤❡ m×m ✐❞❡♥t✐t② ♠❛tr✐①✱

Φ(B) = I − Φ1B − . . .− ΦpB
p, Θ(B) = I +Θ1B + . . .+ΘqB

q, ❞❡t(Σ) 6= 0

❆s ✇✐t❤ t❤❡ ✉♥✐✈❛r✐❛t❡ ❆❘▼❆✱ s✉❜st❛♥t✐❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧ s❛✈✐♥❣s ❝❛♥ ❜❡ ♠❛❞❡ ❜② ❛♣♣❧②✐♥❣ t❤❡ ✐♥♥♦✲

✈❛t✐♦♥s ❛❧❣♦r✐t❤♠ t♦ t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❝❡ss✿

{
W t = Xt t = 1, . . . ,max(p, q)

W t = Φ(B)Xt t ≥ max(p, q) + 1

▲❡t Γ ❞❡♥♦t❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❢♦r {Xt : t ∈ Z} ❛♥❞ ❧❡t K ❞❡♥♦t❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❢♦r W ✳

▲❡t l = max(p, q)✳ ❚❤❡♥

K(i, j) := E
[
W iW

t
j

]
=





Γ(i− j) 1 ≤ i ≤ j ≤ l

Γ(i− j)−
∑p

r=1ΦrΓ(i+ r − j) 1 ≤ i ≤ l < j ≤ 2l∑q
r=0ΘrΣΘ

t
r+j−i l < i ≤ j ≤ i+ q

0 l < i, i+ q < j

Kt(i, j) j < i

✭✽✳✷✺✮

❇② ❝♦♥✈❡♥t✐♦♥✱ Θj ≡ 0m×m ❢♦r j > q✳ ❚❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❢♦r t❤✐s ♣r♦❝❡ss ✐s ③❡r♦ ✇❤❡♥ |i− j| > q✳

❚❤❡ ❛r❣✉♠❡♥t ❢♦r t❤❡ ✉♥✐✈❛r✐❛t❡ s❡tt✐♥❣ ❝❛rr✐❡s ♦✈❡r ❛❧♠♦st ✉♥❛❧t❡r❡❞ ✐♥ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ s❡tt✐♥❣ t♦

❣✐✈❡✿

X̂n+1 =





∑n−1
j=1 Θnj

(
Xn+1−j − X̂n+1−j

)
1 ≤ n ≤ l

Φ1Xn + . . .+ΦpXn+1−p +
∑q

j=1Θnj

(
Xn+1−j − X̂n+1−j

)
n > l

Vn = E[(Xn+1 − X̂n+1)(Xn+1 − X̂n+1)
t]

✇❤❡r❡ Θnj : j = 1, . . . , n ❛♥❞ Vn ❛r❡ ❢♦✉♥❞ ✐♥ ❊q✉❛t✐♦♥ ✭✽✳✷✹✮ ✇✐t❤ K(i, j) ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✽✳✷✺✮✳

❋♦r ❛ ✉♥✐✈❛r✐❛t❡ ❆❘▼❆✱ t❤❡ ❝♦❡✣❝✐❡♥ts θnj : j = 1, . . . , q ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✇❤✐t❡ ♥♦✐s❡ ✈❛r✐❛♥❝❡

σ2✳ ■♥ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❝❛s❡✱ t❤♦✉❣❤✱ t❤❡ ❝♦❡✣❝✐❡♥ts ❞♦ ❞❡♣❡♥❞ ♦♥ Σ✳

❲❤❡♥ {Xt : t ∈ Z}✱ t❤❡ ❞✐✛❡r❡♥❝❡s Xn+1 − X̂n+1 s❛t✐s❢②✿

E

[(
Xn+1 − X̂n+1 − Zn+1

)(
Xn+1 − X̂n+1 − Zn+1

)t
]

n→+∞
−→ 0.

■t ✐s ❧❡❢t ❛s ❛♥ ❡①❡r❝✐s❡ t♦ s❤♦✇ t❤❛t

lim
n→+∞

Θnj = Θj j = 1, . . . , q, lim
n→+∞

Vn = Σ.

✶✸✷



❱❆❘▼❆✭♣✱q✮ h st❡♣ ♣r❡❞✐❝t♦rs ❖♥❝❡ X̂1, . . . , X̂n ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦

s❡❡ t❤❛t t❤❡ h st❡♣ ♣r❡❞✐❝t♦r P
F

(X)
1:n

Xn+h s❛t✐s✜❡s✿

P
F

(X)
1:n

Xn+h =





∑n+h−1
j=h Θn+h−1

(
Xn+h−j − X̂n+h−j

)
1 ≤ h ≤ l − n

∑p
i=1ΦiPF

(X)
1:n

Xn+h−i +
∑

h≤j≤q Θn+h−1,j

(
Xn+h−j − X̂n+h−j

)
h ≥ l − n+ 1

✭✽✳✷✻✮

✇❤❡r❡✱ ❢♦r ✜①❡❞ n✱ t❤❡ ♣r❡❞✐❝t♦rs P
F

(X)
1:n

Xn+j : j = 1, 2, 3, . . . ❛r❡ ❞❡t❡r♠✐♥❡❞ r❡❝✉rs✐✈❡❧② ❢r♦♠ ❊q✉❛✲

t✐♦♥ ✭✽✳✷✻✮✳

▲❡t g(h) := P
F

(X)
1:n

Xn+h✱ t❤❡♥ g(h) s❛t✐s✜❡s✿

{
g(h)− Φ1g(h− 1)− . . .− Φpg(h− p) = 0 h > q

g(q − i) = P
F

(X)
1:n

Xn+q−i i = 0, 1, . . . , p− 1.
✭✽✳✷✼✮

✽✳✸ ▲❛r❣❡ ♥✉♠❜❡rs ♦❢ ♦❜s❡r✈❛t✐♦♥s

❆ss✉♠❡ ♥♦✇ t❤❛t ✇❡ ❛t t✐♠❡ 0 ❤❛✈❡ ♦❜s❡r✈❡❞ X−n+1 . . . , X0 ❛♥❞ ✇❛♥t t♦ ♣r❡❞✐❝t X1 ♦r✱ ♠♦r❡ ❣❡♥❡r❛❧❧②

Xh ❢♦r h ≥ 1✳ ◆♦♥❡ ♦❢ t❤❡ ❛♣♣r♦❛❝❤❡s ♦✉t❧✐♥❡❞ s♦ ❢❛r ❣✐✈❡ ❣♦♦❞ r❡s✉❧ts ✐❢ n ✐s ✈❡r② ❧❛r❣❡✳

❈♦♥s✐❞❡r ❛ ♣r❡❞✐❝t♦r ♦❢ Xh ❜❛s❡❞ ♦♥ Xk ❢♦r k ≤ 0❀

Ph(Xh) = Ps♣❛{Xk, k≤0}Xh.

❆♥② ❧✐♥❡❛r ♣r❡❞✐❝t♦r Ph(Xh) ❜❛s❡❞ ♦♥ Ps♣❛{Xk, k≤0}Xh ✐s ♦❢ t❤❡ ❢♦r♠✿

X̂h =

∞∑

j=0

αjX−j . ✭✽✳✷✽✮

■t ❢♦❧❧♦✇s ❢r♦♠ ❊q✉❛t✐♦♥ ✭✷✳✽✮ t❤❛t ❛ ❧✐♥❡❛r ♣r❡❞✐❝t♦r ✐s Ph(Xh) ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r❡❧❛t✐♦♥s✿

C(Ph(Xh), X−i) = C(Xh, X−i), i = 0, 1, . . . ,

✇❤✐❝❤ ❣✐✈❡s

∞∑

j=0

γX(i− j)αj = γX(h+ i), i = 0, 1, . . . . ✭✽✳✷✾✮

❚❤✐s s❡t ♦❢ ❡q✉❛t✐♦♥s ❞❡t❡r♠✐♥❡s t❤❡ s❡t ♦❢ ❝♦❡✣❝✐❡♥ts ❛♥❞ t❤❡ r❡s✉❧t✱ Ph(Xh) ✐♥ ❊q✉❛t✐♦♥ ✭✽✳✷✽✮ ✐s t❤❡

❧✐♥❡❛r ♣r❡❞✐❝t♦r ♣r♦✈✐❞❡❞ t❤❡ r❡s✉❧t✐♥❣ s❡r✐❡s ❝♦♥✈❡r❣❡s❀ ♦t❤❡r✇✐s❡ t❤❡ ❡①♣r❡ss✐♦♥ ✐s ♥♦t ✇❡❧❧ ❞❡✜♥❡❞✳

❊①❛♠♣❧❡ ✽✳✷ ✭▼❆✭✶✮ ♣r♦❝❡ss✮✳

▲❡t {Xt} ❜❡ ❛♥ ▼❆✭✶✮ ♣r♦❝❡ss✱ ✐✳❡✳

Xt = Zt + θZt−1 {Zt} ∼ ❲◆(0, σ2).

✶✸✸



❋♦r t❤❡ ▼❆✭✶✮ ♣r♦❝❡ss✱ t❤❡ ❆❈❱❋ ✐s✿

γX(h) =





(1 + θ2)σ2 ✐❢ h = 0,

θσ2 ✐❢ |h| = 1,

0 ✐❢ |h| > 1.

❚❤❡ ❝♦❡✣❝✐❡♥ts ❢♦r t❤❡ ❧✐♥❡❛r ♣r❡❞✐❝t♦r ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❊q✉❛t✐♦♥ ✭✽✳✷✾✮✳ ❋♦r h ≥ 2✱ t❤❡ ❡q✉❛t✐♦♥

✐s s❛t✐s✜❡❞ ❜② αj ≡ 0 ❛♥❞ t❤❡ ❧✐♥❡❛r ♣r❡❞✐❝t♦r ✐s✿ Ph(Xh) = 0✳ ❈❧❡❛r❧②✱ ❢♦r h ≥ 2✱ Xh ✐s ✉♥❝♦rr❡❧❛t❡❞

✇✐t❤ ❛♥② ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s✳

❋♦r h = 1✱ ❊q✉❛t✐♦♥ ✭✽✳✷✾✮ r❡❞✉❝❡s t♦

{
α0(1 + θ2) + α1θ = θ

αi−1θ + αi(1 + θ2) + αi+1θ = 0 i = 1, 2, . . .
✭✽✳✸✵✮

❆ st❛♥❞❛r❞ ✇❛② ♦❢ s♦❧✈✐♥❣ s♦❧✉t✐♦♥s ♦❢ t❤✐s t②♣❡ ✐s t♦ ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛t✐♥❣ ♣♦❧②♥♦♠✐❛❧ f(z) =∑∞
i=0 αiz

i ❋r♦♠ ❊q✉❛t✐♦♥ ✭✽✳✸✵✮✱ s❡tt✐♥❣ α−1 = 0✱

θ

∞∑

i=0

αi−1z
i + (1 + θ2)

∞∑

i=0

αiz
i + θ

∞∑

i=0

αi+1z
i = α0(1 + θ2) + α1θ = θ.

❋r♦♠ t❤✐s✱

θzf(z) + (1 + θ2)f(z) +
θ

z
(f(z)− α0) = θ

❢r♦♠ ✇❤✐❝❤

f(z) =
θz + α0

θz2 + (1 + θ2)z + θ
=

z + α0
θ

(z + θ)(z + 1
θ
)
. ✭✽✳✸✶✮

❆♥② α0 ∈ R ❣✐✈❡s ❛ s♦❧✉t✐♦♥❀ t❤❡ ❝♦❡✣❝✐❡♥ts (αi)i≥1 ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✭✐♥ t❡r♠s ♦❢ α0✮ ❜② t❛❦✐♥❣ t❤❡

❝♦❡✣❝✐❡♥ts ♣♦❧②♥♦♠✐❛❧ ❡①♣❛♥s✐♦♥✳

❚❤❡r❡ ❛r❡ ❛❞❞✐t✐♦♥❛❧ r❡str✐❝t✐♦♥s✱ t❤♦✉❣❤✿ ❝♦♥✈❡r❣❡♥❝❡ r❡q✉✐r❡s t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ t❤❛t∑∞
i=0 |αi| < +∞✳ ❚❤✐s r❡q✉✐r❡s t❤❛t t❤❡ ♣♦❧②♥♦♠✐❛❧ f(z) ❤❛s ♥♦ s✐♥❣✉❧❛r✐t✐❡s ✐♥ t❤❡ ✉♥✐t ❜❛❧❧ {z ∈ C :

|z| ≤ 1}

❋r♦♠ t❤❡ ❡q✉❛t✐♦♥ ❢♦r f(z)✱ t❤❡r❡ ❛r❡ t❤r❡❡ ❝❛s❡s✿ |θ| > 1✱ |θ| < 1 ❛♥❞ |θ| = 1✳

❈❛s❡ ✶✿ |θ| > 1✿ ■❢ |θ| > 1✱ t❤❡♥ t❤❡r❡ ✐s ♥♦ s✐♥❣✉❧❛r✐t② ❢♦r |z| ≤ 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ z + α0
θ

= z + θ ❢♦r

❛❧❧ z ∈ C ❛♥❞ ❤❡♥❝❡ α0 = θ2✳ ❚❤❡r❡❢♦r❡ α0 ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞✱

f(z) = θ

∞∑

j=0

(
−1

θ

)j

zj

❣✐✈✐♥❣ αj = (−1)j 1
θj−1 ❢♦r j ≥ 0✳

✶✸✹



❈❛s❡ ✷✿ |θ| < 1✿ ■❢ |θ| < 1✱ t❤❡♥ t❤❡r❡ ✐s ♥♦ s✐♥❣✉❧❛r✐t② ❢♦r |z| ≤ 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ α0 = 1✳ ❚❤❡r❡❢♦r❡

α0 ✐s ✉♥✐q✉❡❧② ❞❡t❡r✐♠✐♥❡❞✱

f(z) = θ

∞∑

j=0

(−1)jθjzj

❣✐✈✐♥❣ αj = (−1)jθj+1 ❢♦r j ≥ 0✳

❈❛s❡ ✸✿ |θ| = 1✿ ■❢ |θ| = 1✱ t❤❡♥

f(z) =
α0 + θz

(z + θ)2

s♦ t❤❛t α0 = 1 ❛♥❞

f(z) = θ
1

z + θ
=

{
1

1−z
θ = −1

1
1+z

θ = 1.

❚❤❡ ❡①♣❛♥s✐♦♥ ✐s ♥♦t ✇❡❧❧ ❞❡✜♥❡❞ ✇❤❡♥ θ = ±1✳ ❍❡♥❝❡ t❤❡r❡ ❛r❡ ♥♦ s♦❧✉t✐♦♥s t♦ t❤❡ ❧✐♥❡❛r ♣r❡❞✐❝t✐♦♥

♣r♦❜❧❡♠ ♦❢ t❤✐s ❢♦r♠ ✐♥ t❤✐s ❝❛s❡✳

❈♦♥s✐❞❡r ❛❣❛✐♥ |θ| < 1✳ ❚❤❡ ❧✐♥❡❛r ♣r❡❞✐❝t♦r ✐s✿

X̂1 =

∞∑

j=0

−(−θ)j+1X−j .

❘❡❝❛❧❧ t❤❛t X1 = Z1 + θZ0✳ ❋✉rt❤❡r♠♦r❡✱ ❛♥ ▼❆✭✶✮ ♣r♦❝❡ss ✇✐t❤ |θ| < 1 ✐s ✐♥✈❡rt✐❜❧❡ ❛♥❞ Z0 ♠❛② ❜❡

✇r✐tt❡♥ ❛s✿

Z0 = X0 − θX−1 + θ2X−2 − θ3X−3 + . . . .

❋r♦♠ t❤✐s✱ ✐t ❢♦❧❧♦✇s t❤❛t✿

Z0 = Ps♣❛{X0, X−1,...}(Z0)

❋✉rt❤❡r♠♦r❡✱ Z1 ⊥ s♣❛{X0, X−1, . . .}✱ ❢r♦♠ ✇❤✐❝❤

X̂1 = Ps♣❛{X0, X−1,...}(Z1) + θPs♣❛{X0, X−1,...}(Z0) = θZ0.

■t ❢♦❧❧♦✇s t❤❛t X̂1 = θZ0✳

❚❤❡ ♥❛t✉r❛❧ q✉❡st✐♦♥ ❛r✐s❡s✿ ❲❤❡♥ ❞♦❡s t❤❡r❡ ❡①✐sts ❛ ♣r❡❞✐❝t♦r ♦❢ t❤❡ ❛ss✉♠❡❞ ❢♦r♠❄ ❚❤✐s ❝❛♥♥♦t ❜❡

❛♥s✇❡r❡❞ ✐♥ ❣❡♥❡r❛❧✱ ❜✉t t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❜② ❘♦③❛♥♦✈ ❣✐✈❡s ❛ ♣❛rt✐❛❧ ❛♥s✇❡r✳

❚❤❡♦r❡♠ ✽✳✻✳ ▲❡t {Xt} ❜❡ ❛ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s ✇✐t❤ s♣❡❝tr❛❧ ❞❡♥s✐t② f(·)✳ ❆♥② Y ∈ s♣❛{Xt, t ∈ Z}

❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❢♦r♠ Y =
∑∞

−∞ ψtXt ✐❢ ❛♥❞ ♦♥❧② ✐❢

0 < c1 ≤ f(λ) ≤ c2 <∞ ❢♦r ✭❛❧♠♦st✮ ❛❧❧ λ ∈ [−π, π].

✶✸✺



Pr♦♦❢ ❖♠✐tt❡❞

❊①❛♠♣❧❡ ✽✳✸✳

❋♦r ❛♥ ▼❆✭✶✮ ♣r♦❝❡ss✱

f(λ) =
1

2π

∞∑

h=−∞

e−ihλγ(h) =
(1 + θ2)σ2

2π
+
θσ2

2π

(
eiλ + e−iλ

)
=
σ2 (1 + θ2 + 2θ cos(λ))

2π
, −π ≤ λ ≤ π.

❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐s str❛✐❣❤t❢♦r✇❛r❞❀

max
−π≤λ≤π

|f(λ)| ≤
1

2π
|γ(0)|+

1

π
|γ(1)| =

σ2

2π
(1 + θ2) +

σ2

π
|θ| < +∞.

❋r♦♠ t❤❡ ❡q✉❛t✐♦♥ ❢♦r f(λ)✱ ✐t ❢♦❧❧♦✇s t❤❛t f(0) = 0 ✐❢ θ = −1 ❛♥❞ f(π) = f(−π) = 0 ✐❢ θ = 1✱ ✇❤✐❧❡

f(λ) ≥
σ2 (1 + θ2 − 2|θ|)

2π
=
σ2 (1− |θ|)2

2π
> 0, −π ≤ λ ≤ π

❢♦r ❛❧❧ |θ| 6= 1✳

■♥ ❣❡♥❡r❛❧✱ ♣r❡❞✐❝t♦rs ❜❛s❡❞ ♦♥ ✐♥✜♥✐t❡❧② ♠❛♥② ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❜❡st ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ s♣❡❝tr❛❧

♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ t✐♠❡ s❡r✐❡s✳ ❲❡ ✇✐❧❧ r❡t✉r♥ t♦ t❤✐s ❧❛t❡r✳ ❍❡r❡ ✇❡ ♦♥❧② ❣✐✈❡ ❛ ♣r❡❧✐♠✐♥❛r②

✈❡rs✐♦♥ ♦❢ ❑♦❧♠♦❣♦r♦✈✬s ❢♦r♠✉❧❛ ❢♦r t❤❡ ♦♥❡✲st❡♣ ♠❡❛♥✲sq✉❛r❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r

v∞ = E

[
(X̂n+1 −Xn+1)

2
]
✇❤❡r❡ X̂n+1 = Ps♣❛{Xt, t≤n}(Xn+1).

❚❤❡♦r❡♠ ✽✳✼ ✭❑♦❧♠♦❣♦r♦✈✬s ❢♦r♠✉❧❛✮✳ ▲❡t {Xt} ❜❡ ❛ ③❡r♦✲♠❡❛♥ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s ✇✐t❤ s♣❡❝tr❛❧

❞❡♥s✐t② f s✉❝❤ t❤❛t t❤❡r❡ ❡①✐st t✇♦ ❝♦♥st❛♥ts (c1, c2) s❛t✐s❢②✐♥❣

0 < c1 ≤ c2 < +∞

s✉❝❤ t❤❛t

0 < c1 ≤ f(λ) ≤ c2 ❢♦r ✭❛❧♠♦st✮ ❛❧❧ λ ∈ [−π, π].

❚❤❡ ♦♥❡✲st❡♣ ♠❡❛♥✲sq✉❛r❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ✐s✿

v∞ = 2π exp
{

1
2π

∫ π

−π
ln f(λ) dλ

}
.

Pr♦♦❢ ❋✐rst❧②✱ ✉s✐♥❣ t❤❡ ❡①♣❛♥s✐♦♥

ln(1− z) =
∞∑

j=1

z

j
|z| < 1,

✶✸✻



t♦❣❡t❤❡r ✇✐t❤
∫ π

−π
eikλdλ = 0 ❢♦r k 6= 0✱ ✐t ❢♦❧❧♦✇s t❤❛t ❢♦r |a| < 1✱

∫ π

−π

ln |1− ae−iλ|2dλ =

∫ π

−π

(
ln(1− ae−iλ) + ln(1− aeiλ)

)
dλ

= −

∫ π

−π




∞∑

j=1

aje−ijλ

j
+

∞∑

j=1

ajeijλ

j


 dλ = 0.

▲❡t {Xt} ❜❡ ❛♥ ❆❘✭♣✮ ♣r♦❝❡ss s❛t✐s❢②✐♥❣ φ(B)Xt = Zt✱ ✇❤❡r❡ {Zt} ∼ ❲◆(0, σ2) ❛♥❞

φ(z) = 1− φ1z − . . .− φpz
p |z| ≤ 1

t❤❡♥ {Xt} ❤❛s s♣❡❝tr❛❧ ❞❡♥s✐t②

f(λ) =
σ2

2π

1∣∣∣1−
∑p

j=1 φje
−ijλ

∣∣∣
2 =

σ2

2π

p∏

j=1

1

|1− aje−iλ|2

❢♦r ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♥✉♠❜❡rs a1, . . . , ap s❛t✐s❢②✐♥❣ |aj | < 1 ❢♦r ❡❛❝❤ j ∈ {1, . . . , p}✳ ■t ❢♦❧❧♦✇s t❤❛t

∫ π

−π

ln f(λ)dλ = 2π ln
σ2

2π
−

p∑

j=1

∫ π

−π

ln |1− aje
−iλ|2dλ = 2π ln

σ2

2π
.

❚❤✐s ❡st❛❜❧✐s❤❡s ❑♦❧♠♦❣♦r♦✈✬s ❢♦r♠✉❧❛ ❢♦r t❤❡ ❝❛✉s❛❧ ❆❘ ♣r♦❝❡ss✳ ❚❤❡ r❡s✉❧t✱ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱

❢♦❧❧♦✇s ❢r♦♠ t❤❡ r❡s✉❧t✱ ❚❤❡♦r❡♠ ✸✳✽✱ t❤❛t ❛ st❛t✐♦♥❛r② ❧✐♥❡❛r ♣r♦❝❡ss ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❛r❜✐tr❛r✐❧②

❝❧♦s❡❧② ❜② ❆❘✭♣✮ ♣r♦❝❡ss❡s✳

✶✸✼


