
❈❤❛♣t❡r ✼

❈♦✐♥t❡❣r❛t✐♦♥

✼✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t {Xt : t ∈ Z} ❜❡ ❛ t✐♠❡ s❡r✐❡s✱ ■❢ {∇dXt} ✐s ❛ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s✱ ❜✉t {∇d−1Xt} ✐s ♥♦t✱ t❤❡♥

{Xt} ✐s s❛✐❞ t♦ ❜❡ ✐♥t❡❣r❛t❡❞ ♦❢ ♦r❞❡r d✱ ✇r✐tt❡♥ ♠♦r❡ ❝♦♥❝✐s❡❧② ❛s {Xt} ∼ I(d)✳

❘❡❝❛❧❧ t❤❛t ∇ ❞❡♥♦t❡s t❤❡ ❞✐✛❡r❡♥❝❡ ♦♣❡r❛t♦r ∇Xt = Xt−Xt−1 ❛♥❞ ❤❡♥❝❡ t❤❛t ∇ = (1−B) ✇❤❡r❡

B ❞❡♥♦t❡s t❤❡ ❜❛❝❦✇❛r❞ s❤✐❢t ♦♣❡r❛t♦r✳ ❚❤❡ ♣♦✇❡r ❞❡♥♦t❡s✿

∇d := (1−B)d.

■❢ {Xt} ✐s ❛♥ m✲✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s✱ t❤❡ s❡r✐❡s {∇dXt} ✐s ❞❡✜♥❡❞ ❛s t❤❡ m✲✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s ✇✐t❤ jt❤

❝♦♠♣♦♥❡♥t {∇dXtj : t ∈ Z}✳

❆♥ m✲✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s {Xt : t ∈ Z} ✐s ✐♥t❡❣r❛t❡❞ ♦❢ ♦r❞❡r d ✐❢ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ ∇dXt ✐s

st❛t✐♦♥❛r②✱ ❜✉t ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ ∇d−1Xt ✐s ♥♦t✳ ❚❤✐s ✐s ✇r✐tt❡♥✿ {Xt} ∼ I(d)✳ ❚❤❡ I(d) ♣r♦❝❡ss

{Xt} ✐s s❛✐❞ t♦ ❜❡ ❝♦✐♥t❡❣r❛t❡❞ ✇✐t❤ ❝♦✐♥t❡❣r❛t✐♦♥ ✈❡❝t♦r α ✐❢ α ✐s ❛♥ m✲✈❡❝t♦r s✉❝❤ t❤❛t t❤❡ ✉♥✐✈❛r✐❛t❡

t✐♠❡ s❡r✐❡s {αtXt} ✐s ✐♥t❡❣r❛t❡❞ ♦❢ ♦r❞❡r ❧❡ss t❤❛♥ d✳

❊①❛♠♣❧❡ ✼✳✶✳

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐✲✈❛r✐❛t❡ ♣r♦❝❡ss✿

{
Xt =

∑t
j=1

Zj t ∈ 1, 2, . . . {Zt} ∼ ■■❉(0, σ2)

Yt = Xt +Wt t ∈ 1, 2, . . . {Wt} ∼ ■■❉(0, τ2)

✇❤❡r❡ {Wt} ⊥ {Zt}✳ ❚❤❡♥ ❝❧❡❛r❧② {(Xt, Yt)
t} ✐s ✐♥t❡❣r❛t❡❞ ♦❢ ♦r❞❡r ✶✱ s✐♥❝❡

∇Xt = Zt ∇Yt = Zt + (Wt −Wt−1).

■t ✐s ❝♦✐♥t❡❣r❛t❡❞ ✇✐t❤ ❝♦✐♥t❡❣r❛t✐♦♥ ✈❡❝t♦r α = (1,−1)t✱ s✐♥❝❡

Xt − Yt = −Wt

✇❤✐❝❤ ✐s st❛t✐♦♥❛r②✳

✶✶✶



▲❡t Ut = ∇Xt = Zt ❛♥❞ Vt = ∇Yt = Zt +Wt −Wt−1✳ ❚❤❡♥ t❤❡ s❡r✐❡s (Ut, Vt)
t ♠❛② ❜❡ ❡①♣r❡ss❡❞ ❛s ❛

❜✐✈❛r✐❛t❡ ▼❆✭✶✮ ♣r♦❝❡ss✿

(
Ut

Vt

)
=

(
1 0

0 1

)(
Zt

Zt +Wt

)
−

(
0 0

−1 1

)(
Zt−1

Zt−1 +Wt−1

)

❛♥❞

(
Zt

Zt +Wt

)
∼ ❲◆

((
0

0

)
,

(
σ2 σ2

σ2 σ2 + τ2

))

❚❤❡ ♣r♦❝❡ss ✐s ♥♦t ✐♥✈❡rt✐❜❧❡✱ s✐♥❝❡

❞❡t

(
1 0

z 1− z

)
= 1− z

✇❤✐❝❤ ✐s 0 ❢♦r z = 1✳

✼✳✷ ❊rr♦r ❈♦rr❡❝t✐♦♥

❆ s②st❡♠ ✐s ❝♦✐♥t❡❣r❛t❡❞ ✐❢ t❤❡r❡ ❛r❡ ♠♦r❡ ✉♥✐t✲r♦♦t ♥♦♥st❛t✐♦♥❛r② ❝♦♠♣♦♥❡♥ts t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢

✉♥✐t r♦♦ts✳ ■t ❢♦❧❧♦✇s t❤❛t t❛❦✐♥❣ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ♦❜t❛✐♥❡❞ ❜② ❞✐✛❡r❡♥❝✐♥❣ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❝♦♠✲

♣♦♥❡♥t s✉✣❝✐❡♥t❧② ♦❢t❡♥ t♦ ❛❝❤✐❡✈❡ st❛t✐♦♥❛r✐t② r❡s✉❧ts ✐♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✉♥✐t r♦♦ts ✐♥ t❤❡ ▼❆ ♠❛tr✐①

♣♦❧②♥♦♠✐❛❧✱ s✐♠✐❧❛r t♦ t❤♦s❡ ❡♥❝♦✉♥t❡r❡❞ ❜② ♦✈❡r ❞✐✛❡r❡♥❝✐♥❣✱ ✇❤✐❝❤ ❝❛✉s❡s ❞✐✣❝✉❧t✐❡s ✐♥ ♣❛r❛♠❡t❡r

❡st✐♠❛t✐♦♥✳ ❆ ❱❆❘▼❆ t✐♠❡ s❡r✐❡s ✐s ♥♦t ✐♥✈❡rt✐❜❧❡ ✐❢ t❤❡ ▼❆ ♠❛tr✐① ♣♦❧②♥♦♠✐❛❧ ❝♦♥t❛✐♥s ✉♥✐t r♦♦ts✳

❊♥❣❧❡ ❛♥❞ ●r❛♥❣❡r ✭✶✾✽✼✮ ❞✐s❝✉ss ❛♥ ❡rr♦r ❝♦rr❡❝t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❛ ❝♦✐♥t❡❣r❛t❡❞ s②st❡♠ t❤❛t

♦✈❡r❝♦♠❡s t❤❡ ❞✐✣❝✉❧t② ♦❢ ❡st✐♠❛t✐♥❣ ♥♦♥✐♥✈❡rt✐❜❧❡ ❱❆❘▼❆ ♠♦❞❡❧s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❤✐❝❤ ❞❡✈❡❧♦♣s

t❤❡ ❡①❛♠♣❧❡ ❛❜♦✈❡✱ ❣✐✈❡s ❛❧❧ t❤❡ ♣r✐♥❝✐♣❧❡s✳

❊①❛♠♣❧❡ ✼✳✷✳

❈♦♥t✐♥✉✐♥❣ ✇✐t❤ t❤❡ ❡①❛♠♣❧❡ ❛❜♦✈❡✱ t❤❡ s❡r✐❡s {(Xt, Yt)
t : t ∈ Z} ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ❱❆❘✭✶✮

♣r♦❝❡ss

(
Xt

Yt

)
−

(
1 0

1 0

)(
Xt−1

Yt−1

)
=

(
Zt

Zt +Wt

)
=

(
ǫt1

ǫt2

)

✇❤❡r❡

(
ǫt1

ǫt2

)
=

(
Zt

Zt +Wt

)
∼ ■■❉

((
0

0

)
,

(
σ2 σ2

σ2 σ2 + τ2

))
.

❋r♦♠ t❤✐s✱ ✐t ❢♦❧❧♦✇s ❞✐r❡❝t❧②✱ ❜② s✉❜tr❛❝t✐♥❣ (Xt−1, Yt−1)
t ❢r♦♠ ❜♦t❤ s✐❞❡s✱ t❤❛t

(
Ut

Vt

)
=

(
0 0

1 −1

)(
Xt−1

Yt−1

)
+

(
ǫt1

ǫt2

)
=

(
0

1

)(
1 −1

)( Xt−1

Yt−1

)
+

(
ǫt1

ǫt2

)
.

✶✶✷



❚❤✐s ✐s st❛t✐♦♥❛r②✱ ❜❡❝❛✉s❡ (1,−1)

(
Xt

Yt

)
✐s st❛t✐♦♥❛r② ❛♥❞ t❤❡ ✐♥♥♦✈❛t✐♦♥ t❡r♠ ✐s ❛❧s♦ st❛t✐♦♥❛r②✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ ❵▼❆✬ ♣❛rt ❞♦❡s ♥♦t ❤❛✈❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✉♥✐t r♦♦ts✱ s✐♥❝❡ ✐t ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❵▼❆✬

♣❛rt ♦❢ t❤❡ ♦r✐❣✐♥❛❧✳

❲❤❡♥ ❞✐✛❡r❡♥❝✐♥❣ ❛ ❱❆❘▼❆✱ t❤❡ ❛✐♠ ✐s t❤❡r❡❢♦r❡ t♦ ❡①♣r❡ss t❤❡ ❞✐✛❡r❡♥❝❡❞ ❡q✉❛t✐♦♥ ✐♥ s✉❝❤ ❛ ✇❛②

t❤❛t t❤❡ ❱▼❆ ♣❛rt r❡♠❛✐♥s t❤❡ s❛♠❡ ❛♥❞ t❤❡ t❡r♠s ✐♥ t❤❡ ❱❆❘ ♣❛rt ❛r❡ ♠♦❞✐✜❡❞ s♦ t❤❛t ❡❛❝❤ t❡r♠

✐s st❛t✐♦♥❛r②✳ ❚❤❡ r❡❛rr❛♥❣❡♠❡♥t ✇❤✐❝❤ ❞♦❡s t❤✐s ✐s ❣✐✈❡♥ ❜② t❤❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✼✳✶✳ ▲❡t

Xt −

p∑

j=1

ΦjXt−j = µ
t
+ Zt +

q∑

j=1

ΘjZt−j {Zt} ∼ ❲◆(0,Σ).

✇❤❡r❡ µ
t
✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ tr❡♥❞ ❢✉♥❝t✐♦♥✳ ❚❤❡♥ ∇Xt ❤❛s r❡♣r❡s❡♥t❛t✐♦♥✿

∇Xt = µ
t
+ΠXt−1 +

p−1∑

i=1

Φ∗

i∇Xt−i + Zt +

q∑

j=1

ΘjZt−j ✭✼✳✶✮

✇❤❡r❡ {
Φ∗

j = −
∑p

i=j+1
Φi j = 1, . . . , p− 1

Π = Φp +Φp−1 + . . .+Φ1 − I = −Φ(1).
✭✼✳✷✮

Pr♦♦❢

∇Xt = µ
t
−Xt−1 +

p∑

j=1

ΦjXt−j + Zt +

q∑

j=1

ΘZt−j

= µ
t
− (I −

p∑

j=1

Φj)Xt−1 +

p∑

j=1

Φj(Xt−j −Xt−1) + Zt +

q∑

j=1

ΘZt−j

= µ
t
− (I −

p∑

j=1

Φj)Xt−1 −

p∑

j=2

Φj

j∑

k=2

(Xt−k+1 −Xt−k) + Zt +

q∑

j=1

ΘZt−j

= µ
t
+ΠXt−1 +

p−1∑

j=1

Φ∗

i∇Xt−i + Zt +

q∑

j=1

ΘjZt−j

✇❤❡r❡ Φ∗

j : j = 1, . . . , p− 1 ❛♥❞ Π ❛r❡ ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✼✳✷✮✳

◆♦t❡ t❤❛t t❤❡ ❆❘ ♠❛tr✐❝❡s (Φi)
p
i=1

❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❢r♦♠ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✼✳✶✮ ✈✐❛✿

{
Φ1 = I +Π+Φ∗

1

Φi = Φ∗

i − Φ∗

i−1 i = 2, . . . , p, ✭✉s✐♥❣ Φ∗
p ≡ 0✮✳

■❢ t❤❡ ♣r♦❝❡ss {∇Xt} ✐♥ ❊q✉❛t✐♦♥ ✭✼✳✶✮ ✐t ❢♦❧❧♦✇s t❤❛t ΠXt−1 ✐s st❛t✐♦♥❛r②✳ ■❢ Π ❤❛s r❛♥❦ k < m✱ t❤❡♥

✐t ♠❛② ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ Π = ABt ✇❤❡r❡ A ❛♥❞ B ❛r❡ m×k ♠❛tr✐❝❡s ♦❢ ❢✉❧❧ r❛♥❦✳ ❚❤❡ t❡r♠ ΠXt−1

✶✶✸



✐s ❦♥♦✇♥ ❛s t❤❡ ❡rr♦r ❝♦rr❡❝t✐♦♥ t❡r♠✱ ✇❤✐❝❤ ♣❧❛②s ❛ ❦❡② r♦❧❡ ✐♥ ❝♦✐♥t❡❣r❛t✐♦♥✳ ❆♥ ❡rr♦r ❝♦rr❡❝t✐♦♥

r❡♣r❡s❡♥t❛t✐♦♥ ✐s✿

∇Xt = µ
t
+ABtXt−1 +

p−1∑

i=1

Φ∗

i∇Xt−i + Zt +

q∑

j=1

ΘjZt−j ,

✇❤❡r❡ A ❛♥❞ B ❛r❡ s✉❝❤ m× k ❢✉❧❧ r❛♥❦ ♠❛tr✐❝❡s✳ ■♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ Π = ABt✱ t❤❡ ♠❛tr✐❝❡s A ❛♥❞

B ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ✉♥✐q✉❡✳ ❋♦r ❛♥② k × k ♦rt❤♦♥♦r♠❛❧ ♠❛tr✐① P ✱

ABt = APP tBt = (AP )(BP )t = A∗B
t
∗.

✇❤❡r❡ ❜♦t❤ A∗ ❛♥❞ B∗ ❛r❡ ♦❢ r❛♥❦ k✳

❚♦ ❝❤♦♦s❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♠❛tr✐① B✱ ❛ ❝♦♠♠♦♥ r❡q✉✐r❡♠❡♥t ✐s✿

Bt = (Ik|B
t
1)

✇❤❡r❡ Ik ✐s t❤❡ k × k ✐❞❡♥t✐t② ♠❛tr✐① ❛♥❞ B1 ✐s ❛ (m− k)× k ♠❛tr✐①✳ ❚❤✐s ♠❛② r❡q✉✐r❡ t❤❡ ❡❧❡♠❡♥ts

♦❢ Xt t♦ ❜❡ r❡✲♦r❞❡r❡❞ s♦ t❤❛t t❤❡ ✜rst k ❝♦♠♣♦♥❡♥ts ❛❧❧ ❤❛✈❡ ❛ ✉♥✐t r♦♦t✳

❚❤❡r❡ ❛r❡ t❤r❡❡ ❝❛s❡s ♦❢ ✐♥t❡r❡st ✐♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❊❈▼✿

✶✳ ❘❛♥❦(Π) = 0✳ ❚❤✐s ✐♠♣❧✐❡s Π = 0 ❛♥❞ ❤❡♥❝❡ t❤❛t Xt ✐s ♥♦t ❝♦✐♥t❡❣r❛t❡❞✳ ❚❤❡ ❊❈▼ r❡❞✉❝❡s t♦✿

∇Xt = µ
t
+Φ∗

1∇Xt−1 + . . .+Φ∗

p−1∇Xt−p+1 + Zt +

q∑

j=1

ΘjZt−j

s♦ t❤❛t ∇Xt ❢♦❧❧♦✇s ❛ ❱❆❘▼❆✭♣✲✶✱q✮ ♠♦❞❡❧ ✇✐t❤ ❞❡t❡r♠✐♥✐st✐❝ tr❡♥❞ µ
t
✳

✷✳ ❘❛♥❦(Π) = m ❚❤✐s ✐♠♣❧✐❡s t❤❛t |Φ(1)| 6= 0 ❛♥❞ Xt ❝♦♥t❛✐♥s ♥♦ ✉♥✐t r♦♦ts❀ t❤❛t ✐s Xt ✐s I(0)✳

❚❤❡ ❊❈▼ ♠♦❞❡❧ ✐s ♥♦t ✐♥❢♦r♠❛t✐✈❡ ❛♥❞ Xt s❤♦✉❧❞ ❜❡ st✉❞✐❡❞ ❞✐r❡❝t❧②✳

✸✳ 0 < ❘❛♥❦(Π) = k < m✳ ■♥ t❤✐s ❝❛s❡✱ Π ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

Π = ABt

✇❤❡r❡ A ❛♥❞ B ❛r❡ m× k ♠❛tr✐❝❡s ✇✐t❤ ❘❛♥❦(A) = ❘❛♥❦(B) = k✳ ❚❤❡ ❊❈▼ ✐s✿

∇Xt = µ
t
+ABtXt−1 +Φ∗

1∇Xt−1 + . . .+Φ∗

p−1∇Xt−p+1 + Zt +

q∑

j=1

ΘjZt−j .

❚❤✐s ♠❡❛♥s t❤❛t Xt ✐s ❝♦✐♥t❡❣r❛t❡❞ ✇✐t❤ k ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❝♦✐♥t❡❣r❛t✐♥❣ ✈❡❝t♦rs ❛♥❞ m− k

✉♥✐t r♦♦ts✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ m− k ❝♦♠♠♦♥ st♦❝❤❛st✐❝ tr❡♥❞s ♦❢ Xt✳

✶✶✹



❚❤❡ ❞✐s❝✉ss✐♦♥ ❛ss✉♠❡s t❤❛t ❛❧❧ ✉♥✐t r♦♦ts ❛r❡ ♦❢ ♠✉❧t✐♣❧✐❝✐t② 1✱ ❜✉t ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❡①t❡♥❞

✐t t♦ s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤❡ ✉♥✐t r♦♦ts ❤❛✈❡ ❞✐✛❡r❡♥t ♠✉❧t✐♣❧✐❝✐t✐❡s✳ I(0) ♦r I(1) ♣r♦❝❡ss❡s ❛r❡ t❤❡ ♠♦st

❝♦♠♠♦♥ ✐♥ ❛♣♣❧✐❝❛t✐♦♥s✳

■❢ t❤❡ ✐♥♥♦✈❛t✐♦♥s ❛r❡ ❢r♦♠ ❛ ❦♥♦✇♥ ❢❛♠✐❧② ♦❢ ❞✐str✐❜✉t✐♦♥s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦✐♥t❡❣r❛t✐♥❣ ❢❛❝t♦rs

k ✐s ❣✐✈❡♥✱ t❤❡♥ t❤❡ ❡rr♦r ❝♦rr❡❝t✐♦♥ ♠♦❞❡❧ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ♠❡t❤♦❞s✳

■❢ Xt ✐s ❝♦✐♥t❡❣r❛t❡❞ ✇✐t❤ ❘❛♥❦(Π) = k✱ t❤❡♥ ❛ s✐♠♣❧❡ ✇❛② t♦ ♦❜t❛✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡

m−k ❝♦♠♠♦♥ tr❡♥❞s ✐s t♦ ♦❜t❛✐♥ ❛♥ ♦rt❤♦❣♦♥❛❧ ❝♦♠♣❧❡♠❡♥t ♠❛tr✐① A⊥ ♦❢ A ✭t❤❛t✱ A⊥ ✐s m× (m−k)

s✉❝❤ t❤❛t At
⊥
A = 0✮ ❛♥❞ t❤❡♥ s❡t Y t = At

⊥
Xt✳ ❚❤✐s ✐s s❡❡♥ ❜② ♣r❡✲♠✉❧t✐♣❧②✐♥❣ t❤❡ ❊❈▼ ❜② At

⊥
❛♥❞

✉s✐♥❣ Π = ABt✳

■❢ Xt ✐s ❛t ♠♦st I(1)✱ ✐t ❢♦❧❧♦✇s t❤❛t ∇Xt ✐s I(0)✳ ■❢ Xt ❝♦♥t❛✐♥s ✉♥✐t r♦♦ts✱ t❤❡♥ ❞❡t(Φ(1)) = 0 ❛♥❞

Π = −Φ(1) ✐s s✐♥❣✉❧❛r✳

❚❤❡r❡ ✐s ♥♦ ❡rr♦r ❝♦rr❡❝t✐♦♥ t❡r♠ ✐♥ t❤❡ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ m − k✲✈❛r✐❛t❡ ♣r♦❝❡ss

Y t ❤❛s m− k ✉♥✐t r♦♦ts✳

❊①❛♠♣❧❡ ✼✳✸✳

▲❡t Xt ❜❡ t❤❡ ❜✐✈❛r✐❛t❡ ❆❘▼❆✭✶✱✶✮ ♣r♦❝❡ss ❞❡✜♥❡❞ ❜②✿

(
Xt1

Xt2

)
−

(
0.5 −1.0

−0.25 0.5

)(
Xt−1,1

Xt−1,2

)
=

(
Zt1

Zt2

)
+

(
−0.2 0.4

0.1 −0.2

)(
Zt−1,1

Zt−1,2

)
.

{Zt} ∼ ❲◆(0,Σ) ❞❡t(Σ) > 0.

❚❤✐s ✐s ♥♦t ❛ st❛t✐♦♥❛r② ♠♦❞❡❧❀

Φ(z) =

(
1− 0.5z z

0.25z 1− 0.5z

)

|Φ(z)| = (1− 0.5z)2 − 0.25z2 = 1− z

✇❤✐❝❤ ❤❛s ❛ ✉♥✐t r♦♦t✳ ❚❤✐s ♠❛② ❜❡ r❡✲✇r✐tt❡♥ ❛s✿

(
∇Xt1

∇Xt2

)
=

(
−0.5 −1.0

−0.25 −0.5

)(
Xt−1,1

Xt−1,2

)
+

(
Zt1

Zt2

)
+

(
−0.2 0.4

0.1 −0.2

)(
Zt−1,1

Zt−1,2

)

=

(
−1

−0.5

)(
0.5 1.0

)( Xt−1,1

Xt−1,2

)
+

(
Zt1

Zt2

)
+

(
−0.2 0.4

0.1 −0.2

)(
Zt−1,1

Zt−1,2

)

❚❤✐s ✐s ❛ st❛t✐♦♥❛r② ♠♦❞❡❧ ❜❡❝❛✉s❡ ❜♦t❤ ∇Xt ❛♥❞ (0.5, 1.0)Xt ❛r❡ st❛t✐♦♥❛r②✳ ❚❤❡ ▼❆ ♠❛tr✐① ♣♦❧②✲

♥♦♠✐❛❧ ❞♦❡s ♥♦t ❤❛✈❡ ✉♥✐t r♦♦ts✳ ■♥ t❤✐s ❝❛s❡✱

A =

(
−1

−0.5

)
, A⊥ =

(
1

−2

)

✶✶✺



❣✐✈✐♥❣

Yt =
(

1 −2
)
Xt = Xt1 − 2Xt2

✼✳✸ ❈♦✐♥t❡❣r❛t✐♦♥ ❚❡st

❈♦♥s✐❞❡r ❛♥ m✲❞✐♠❡♥s✐♦♥❛❧ ❱❆❘✭♣✮ t✐♠❡ s❡r✐❡s {Xt} ✇✐t❤ ♣♦ss✐❜❧❡ t✐♠❡ tr❡♥❞✱ s♦ t❤❛t t❤❡ ♠♦❞❡❧ ✐s✿

Xt = µ
t
+Φ1Xt−1 + . . .+ΦpXt−p + Zt {Zt} ∼ N (0,Σ)

❚❤❡ ✐♥♥♦✈❛t✐♦♥s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ●❛✉ss✐❛♥✳ ❙✉♣♣♦s❡ t❤❛t

µ
t
= µ

0
+ tµ

1

✇❤❡r❡ µ
0
❛♥❞ µ

1
❛r❡ m✲✈❡❝t♦rs ✭t❤❡ tr❡♥❞ ✐s ❧✐♥❡❛r✮✳ ❋♦r ❛ s♣❡❝✐✜❡❞ ❞❡t❡r♠✐♥✐st✐❝ t❡r♠ µ

t
✱ t❤❡ r❛♥❦

♦❢ Π ♠❛② ❜❡ t❡st❡❞ ✉s✐♥❣ ❛ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ t❡st✳ ▲❡t H(k) ❞❡♥♦t❡ t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s t❤❛t t❤❡

r❛♥❦ ♦❢ t❤❡ ♠❛tr✐① Π ✐s k✳ ❋♦r ❡①❛♠♣❧❡✱ ✉♥❞❡r H(0)✱ ❘❛♥❦(Π) = 0 s♦ t❤❛t Π = 0 ❛♥❞ t❤❡r❡ ✐s ♥♦

❝♦✐♥t❡❣r❛t✐♦♥✳ ❚❤❡ ❤②♣♦t❤❡s❡s ♦❢ ✐♥t❡r❡st ❛r❡✿

H(0) ⊂ . . . ⊂ H(k) ⊂ . . . ⊂ H(m).

❋♦r t❡st✐♥❣ ♣✉r♣♦s❡s✱ t❤❡ ❊❈▼ ✐s ✇r✐tt❡♥✿

∇Xt = µ
0
+ tµ

1
+ΠXt−1 +Φ∗

1∇Xt−1 + . . .+Φ∗

p−1∇Xt−p+1 + Zt t = p+ 1, . . . T

❚❤❡ r❛♥❦ ♦❢ Π ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥ ③❡r♦ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Π✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐❢ ❛ ❝♦♥s✐st❡♥t

❡st✐♠❛t❡ ♦❢ Π ✐s ❛✈❛✐❧❛❜❧❡✳ ❈❧❡❛r❧② Π ✐s r❡❧❛t❡❞ t♦ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❜❡t✇❡❡♥ Xt−1 ❛♥❞ ∇Xt ❛❢t❡r

❛❞❥✉st✐♥❣ ❢♦r t❤❡ ❡✛❡❝ts ♦❢ µ
t
= µ

0
+ tµ

1
❛♥❞ ∇Xt−i, i = 1, . . . , p− 1✳ ▲❡t

Û t = ∇Xt − P (∇Xt|F(∇Xt−i : i = 1, . . . , p, µ
0
+ tµ

1
))

❛♥❞

V̂ t = Xt−1 − P (Xt−1|F(∇Xt−i : i = 1, . . . , p, µ
0
+ tµ

1
))

t❤❡♥

Û t = ΠV̂ t + Zt.

✇❤✐❝❤ ✐s t❤❡ ❡q✉❛t✐♦♥ ♦❢ ✐♥t❡r❡st ❢♦r t❤❡ ❝♦✐♥t❡❣r❛t✐♦♥ t❡st✳

❯♥❞❡r t❤❡ ♥♦r♠❛❧✐t② ❛ss✉♠♣t✐♦♥✱ t❤❡ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡st ❢♦r t❡st✐♥❣ t❤❡ r❛♥❦ ♦❢ Π ❝❛♥ ❜❡ ❞♦♥❡ ✉s✐♥❣

❝❛♥♦♥✐❝❛❧ ❝♦rr❡❧❛t✐♦♥ ❛♥❛❧②s✐s ❜❡t✇❡❡♥ Û t ❛♥❞ V̂ t✳ ❚❤❡s❡ ❝❛♥♦♥✐❝❛❧ ❝♦rr❡❧❛t✐♦♥s ❛r❡ t❤❡ ♣❛rt✐❛❧ ❝❛♥♦♥✐❝❛❧

✶✶✻



❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ∇Xt−1 ❛♥❞ Xt−1✳ ▲❡t {λ̂i} ❞❡♥♦t❡ t❤❡ sq✉❛r❡❞ ❝❛♥♦♥✐❝❛❧ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥

Û t ❛♥❞ V̂ t✳

❈♦♥s✐❞❡r t❤❡ ❤②♣♦t❤❡s❡s✿

H0 : ❘❛♥❦(Π) = k ✈❡rs✉s H1 : ❘❛♥❦(Π) > k

✇❤❡r❡ H1 ❞❡♥♦t❡s t❤❡ ❛❧t❡r♥❛t✐✈❡✳ ❚❤❡ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡st✱ ♣r♦♣♦s❡❞ ❜② ❏♦❤❛♥s❡♥ ✭✶✾✽✽✮✱ ✐s✿

▲❘tr(k) = −(n− p)
m∑

i=k+1

ln(1− λ̂i)

■❢ ❘❛♥❦(Π) = k✱ t❤❡♥ λ̂i s❤♦✉❧❞ ❜❡ s♠❛❧❧ ❢♦r i > k ❛♥❞ ❤❡♥❝❡ t❤❡ t❡st st❛t✐st✐❝ s❤♦✉❧❞ ❜❡ s♠❛❧❧✳ ❚❤✐s

t❡st ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ tr❛❝❡ ❝♦✐♥t❡❣r❛t✐♦♥ t❡st✳

❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ t❡st st❛t✐st✐❝ ✉♥❞❡r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ✐s ♥♦t ❛s②♠♣t♦t✐❝❛❧❧② ❝❤✐✲sq✉❛r❡❞❀

t❤❡ s✐t✉❛t✐♦♥ ❞♦❡s ♥♦t ❛❞♠✐t s♣❧✐tt✐♥❣ ✐♥t♦ ✐✳✐✳❞✳ ✈❛r✐❛❜❧❡s ❛♥❞ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❛♣♣❡❛❧ t♦ ❛ ❝❡♥tr❛❧

❧✐♠✐t t❤❡♦r❡♠ ❡✛❡❝t✳ ■♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✈✐❛ s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡s❡ ✈❛❧✉❡s ❛r❡

st♦r❡❞ ✐♥ t❤❡ r♦✉t✐♥❡s ✉s❡❞ t♦ t❡st t❤❡ ❤②♣♦t❤❡s❡s✳

❏♦❤❛♥s❡♥ ✭✶✾✽✽✮ ❛❧s♦ ❝♦♥s✐❞❡rs ❛ s❡q✉❡♥t✐❛❧ ♣r♦❝❡❞✉r❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦✐♥t❡❣r❛t✐♥❣ ✈❡❝t♦rs✳

❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ✐♥t❡r❡st ❛r❡✿

H0 : ❘❛♥❦(Π) = k ✈❡rs✉s H1 : ❘❛♥❦(Π) = k + 1.

❚❤❡ ▲❘ r❛t✐♦ t❡st st❛t✐st✐❝ ✐♥ t❤✐s ❝❛s❡✱ ❝❛❧❧❡❞ t❤❡ ♠❛①✐♠✉♠ ❡✐❣❡♥✈❛❧✉❡ st❛t✐st✐❝✱ ✐s✿

▲❘♠❛①(k) = −(n− p) ln
(
1− λ̂k+1

)
.

❆❣❛✐♥✱ t❤❡ st❛t✐st✐❝ ❞♦❡s ♥♦t ❤❛✈❡ ❛ st❛♥❞❛r❞ ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞

❜② s✐♠✉❧❛t✐♦♥ ❛♥❞ ❛r❡ st♦r❡❞ ✐♥ t❤❡ r♦✉t✐♥❡s ✉s❡❞ ❢♦r t❡st✐♥❣✳

✼✳✹ ❋♦r❡❝❛st✐♥❣ ♦❢ ❈♦♥✐♥t❡❣r❛t❡❞ ❱❆❘ ▼♦❞❡❧s

❚❤❡ ✜tt❡❞ ❊❈▼ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣r♦❞✉❝❡ ❢♦r❡❝❛sts✳ ❋✐rst✱ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs✱ t❤❡

❊❈▼ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣r♦❞✉❝❡ ❢♦r❡❝❛sts ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡❞ s❡r✐❡s ∇Xt✳ ❚❤❡s❡ ❢♦r❡❝❛sts ❛r❡ t❤❡♥

✉s❡❞ ✐♥ t✉r♥ t♦ ♦❜t❛✐♥ ❢♦r❡❝❛sts ♦❢ Xt✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ ❢♦r❡❝❛sts ❛♥❞ t❤❡ ❱❆❘ ❢♦r❡❝❛sts

❝♦♥s✐❞❡r❡❞ ❡❛r❧✐❡r ✐s t❤❛t t❤❡ ❊❈▼ ❛♣♣r♦❛❝❤ ✐♠♣♦s❡s t❤❡ ❝♦✐♥t❡❣r❛t✐♦♥ r❡❧❛t✐♦♥s❤✐♣s ✐♥ ♣r♦❞✉❝✐♥❣ t❤❡

❢♦r❡❝❛sts✳

❊①❛♠♣❧❡ ❚❤❡ ❞❛t❛ ❢♦r t✇♦ ✇❡❡❦❧② ❯✳❙✳ s❤♦rt✲t❡r♠ ✐♥t❡r❡st r❛t❡s ❛r❡ ❢r♦♠ ❉❡❝❡♠❜❡r ✶✷✱ ✶✾✺✽ ❛♥❞

❆✉❣✉st ✻✱ ✷✵✵✹ ❛r❡ ❢♦✉♥❞ ✐♥ ✇✲t❜✸♥✻♠s✳t①t✳ ❚❤❡② ❛r❡ t❤❡ ✸ ♠♦♥t❤ ❛♥❞ ✻ ♠♦♥t❤ tr❡❛s✉r② ❜✐❧❧ ✭❚❇✮

r❛t❡s✳ ❋✐rst❧②✱ ✇❤❡♥ t❤❡ ❆✉❣♠❡♥t❡❞ ❉✐❝❦❡②✲❋✉❧❧❡r t❡st ✐s ❛♣♣❧✐❡❞✱ t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢ ❵♥♦ ✉♥✐t r♦♦ts✬

✐s ♥♦t r❡❥❡❝t❡❞ ❢♦r ❡✐t❤❡r t❤❡ s❡r✐❡s✳ ❚❤❡ ✸ ♠♦♥t❤ ❣✐✈❡s ❛ p ✈❛❧✉❡ ♦❢ 0.2573✱ ✇❤✐❧❡ t❤❡ ✻ ♠♦♥t❤ ❣✐✈❡s

✶✶✼



❛ p ✈❛❧✉❡ ♦❢ 0.2907✳ ❲❡ ♠❛② t❤❡r❡❢♦r❡ ♣r♦❝❡❡❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡s❡ s❡r✐❡s ❤❛✈❡ ✉♥✐t r♦♦ts✳

❙❡❝♦♥❞❧②✱ ❢r♦♠ t❤❡ ♣❧♦ts ❢♦✉♥❞ ✐♥ ❋✐❣✉r❡ ✼✳✶ s❤♦✇ r❡♠❛r❦❛❜❧❡ s✐♠✐❧❛r✐t✐❡s✳
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❋✐❣✉r❡ ✼✳✶✿ ❚r❡❛s✉r② ❜✐❧❧ ✸ ♠♦♥t❤ ❛♥❞ ✻ ♠♦♥t❤

❆t ❛ r♦✉❣❤ ❣✉❡ss✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✸ ♠♦♥t❤ ❛♥❞ ✻ ♠♦♥t❤ ♠❛② ♣r♦❞✉❝❡ ❛ s❡r✐❡s t❤❛t ❞♦❡s ♥♦t

❤❛✈❡ ✉♥✐t r♦♦ts✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✭✸ ♠♦♥t❤ ✲ ✻ ♠♦♥t❤✮ ✐s ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✼✳✷

❆♣♣❧②✐♥❣ t❤❡ ❆✉❣♠❡♥t❡❞ ❉✐❝❦❡②✲❋✉❧❧❡r t❡st t♦ t❤❡ ❞✐✛❡r❡♥❝❡s ❣✐✈❡s ❛ ❉✐❝❦❡②✲❋✉❧❧❡r st❛t✐st✐❝ ♦❢ −8.6174

❛♥❞ ❛ p✲✈❛❧✉❡ ♦❢ ❧❡ss t❤❛♥ 0.01✱ s♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ✉♥✐t r♦♦t ✐s r❡❥❡❝t❡❞ ❛t t❤❡ 0.01 s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧❀

✐t ✐s s❛❢❡ t♦ ✇♦r❦ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤✐s s❡r✐❡s ♦❢ ❞✐✛❡r❡♥❝❡s ❞♦❡s ♥♦t ❤❛✈❡ ❛ ✉♥✐t r♦♦t✳

❋✐rst❧②✱ ♥♦t❡ t❤❛t ❢♦r t❤❡ ❝♦✲✐♥t❡❣r❛t✐♦♥ t❡st✱ t❤❡ ❆❘ ♦r❞❡r p ✐s ❣✐✈❡♥✳ ❚❤❡ ✜rst t❤✐♥❣ t♦ ❞♦ ✐s t♦ ✜♥❞ ❛

s✉✐t❛❜❧❡ ♦r❞❡r✳ ❚❤❡ ♣❛❝❦❛❣❡ ✈❛rs ❤❡❧♣s ✇✐t❤ t❤✐s ❛♥❞ s❤♦✉❧❞ ❜❡ ✐♥st❛❧❧❡❞ ❛♥❞ ❛❝t✐✈❛t❡❞✳

❧✐❜r❛r②✭✈❛rs✮

✇✇✇ ❂

✧❤tt♣s✿✴✴✇✇✇✳♠✐♠✉✇✳❡❞✉✳♣❧✴⑦♥♦❜❧❡✴❝♦✉rs❡s✴❚✐♠❡❙❡r✐❡s✴❞❛t❛✴✇✲t❜✸♥✻♠s✳

t①t✧

✶✶✽
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❋✐❣✉r❡ ✼✳✷✿ ❉✐✛❡r❡♥❝❡✿ tr❡❛s✉r② ❜✐❧❧ ✸ ♠♦♥t❤ ♠✐♥✉s ✻ ♠♦♥t❤

✇t❜✸♥✻♠s ❂ r❡❛❞✳t❛❜❧❡✭✇✇✇✱❤❡❛❞❡r❂❚✮

❞❛t❛ ❁✲ ✇t❜✸♥✻♠s

① ❁✲ ❝❜✐♥❞✭❞❛t❛✩❳✸♠✱ ❞❛t❛✩❳✻♠✮

② ❁✲ ❞❛t❛✳❢r❛♠❡✭①✮

③❁✲❱❆❘✭②✱♣❂✹✱t②♣❡❂✧❜♦t❤✧✱✐❝❂✧❆■❈✧✮

❚❤❡ ❞❡❢❛✉❧t ✈❛❧✉❡ ❢♦r p ✐s 1✱ s♦ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✇r✐t❡ ✐♥ t❤❡ ❤✐❣❤❡st ♦r❞❡r t❤❛t ♦♥❡ ✐s ♣r❡♣❛r❡❞ t♦

❛❝❝❡♣t✳ ❚❤❡ ❵❜♦t❤✬ ♠❡❛♥s ❜♦t❤ µ
0
❛♥❞ µ

1
s❤♦✉❧❞ ❜❡ ❡st✐♠❛t❡❞ ❢♦r ❛ tr❡♥❞ µ

0
+ tµ

1
✳

❃ s✉♠♠❛r②✭③✮

❚❤❡ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧s ♦❢ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ✐♥❞✐❝❛t❡ t❤❛t ❛ ❱❆❘✭✸✮ ♠♦❞❡❧ s❤♦✉❧❞ ❜❡ ❛♣♣r♦♣r✐❛t❡✱

❢r♦♠ t❤❡ ❵❡st✐♠❛t✐♦♥ r❡s✉❧ts ❢♦r ❡q✉❛t✐♦♥ ❳✶✬✳ ❚❤❡ ❝♦♥st❛♥t ❛♥❞ t❤❡ tr❡♥❞ ❛r❡ ♥♦t s✐❣♥✐✜❝❛♥t✳ ❆ ❱❆❘✭✷✮

♠♦❞❡❧ ♠❛② ❜❡ ❖❑✳

◆♦✇ ♣❡r❢♦r♠ ❛ ❝♦✐♥t❡❣r❛t✐♦♥ t❡st✳ ❆ ✉s❡❢✉❧ ♣❛❝❦❛❣❡ ❢♦r t❤✐s ✐s ✉r❝❛✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ✐♥st❛❧❧❡❞ ❛♥❞

❛❝t✐✈❛t❡❞✳ ❚❤✐s ♣❛❝❦❛❣❡ ❡♥❛❜❧❡s ❛ ❏♦❤❛♥s❡♥ t❡st t♦ ❜❡ ♣❡r❢♦r♠❡❞✿

❄❝❛✳❥♦

❣✐✈❡s t❤❡ s②♥t❛① ❢♦r t❤❡ ❝♦♠♠❛♥❞ ❝❛✳❥♦✳

❃ ❝♦✐♥t❡✐❣❡♥ ❁✲ ❝❛✳❥♦✭②✱t②♣❡ ❂ ✧❡✐❣❡♥✧✱ ❡❝❞❡t ❂ ✧♥♦♥❡✧✱ ❑❂✸✮

K = 3 ❞❡♥♦t❡s t❤❛t t❤❡ t❡st ✐s ❜❛s❡❞ ♦♥ ❛ ❱❆❘✭✸✮ ♠♦❞❡❧✱ ❵♥♦♥❡✬ ✐♥❞✐❝❛t❡s t❤❛t µ
0
= 0 ❛♥❞ µ

1
= 0✱

❛♥❞ ❵❡✐❣❡♥✬ ❞❡♥♦t❡s t❤❡ ❡✐❣❡♥✈❛❧✉❡ t❡st ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳

❃ s✉♠♠❛r②✭❝♦✐♥t❡✐❣❡♥✮

❋♦r t❤❡ tr❛❝❡ t❡st✱

✶✶✾



❃ ❝♦✐♥ttr❛❝❡ ❁✲ ❝❛✳❥♦✭②✱t②♣❡❂✧tr❛❝❡✧✱❡❝❞❡t❂✧♥♦♥❡✧✱❑❂✸✮

❃ s✉♠♠❛r②✭❝♦✐♥ttr❛❝❡✮

❇♦t❤ ❏♦❤❛♥s❡♥✬s t❡sts ❝♦♥✜r♠ t❤❛t t❤❡ t✇♦ s❡r✐❡s ❛r❡ ❝♦✐♥t❡❣r❛t❡❞ ✇✐t❤ ♦♥❡ ❝♦✐♥t❡❣r❛t✐♥❣ ✈❡❝t♦r ✇❤❡♥

❛ ❱❆❘✭✸✮ ♠♦❞❡❧ ✐s ✉s❡❞✳

❖♥❡ ✇❛② t♦ ♦❜t❛✐♥ t❤❡ ♠♦❞❡❧ ✐s t♦ tr② t❤❡ ♣❛❝❦❛❣❡ ts❉②♥

❃ ❧✐❜r❛r②✭✧ts❉②♥✧✮

❃ ❛♥s✇❡r ❁✲ ❱❊❈▼✭②✱✷✱r❂✶✱✐♥❝❧✉❞❡❂✧♥♦♥❡✧✮

❃ s✉♠♠❛r②✭❛♥s✇❡r✮

❚❤❡ ♦✉t♣✉t ❣✐✈❡s t❤❡ ♠♦❞❡❧✿

(
∇Xt1

∇Xt2

)
=

(
−0.091

−0.031

)
(Xt1 − 0.98Xt2)

+

(
0.045 0.268

−0.037 0.311

)(
∇Xt−1,1

∇Xt−1,2

)
+

(
−0.208 0.258

−0.029 0.094

)(
∇Xt−2,1

∇Xt−2,2

)

❆♥ ♦✉t♣✉t ✇✐t❤ ❧❛❣ ✸ ✇♦✉❧❞ s❤♦✇ t❤❛t t❤❡ ❧❛❣ ✸ ❝♦❡✣❝✐❡♥ts ✇❡r❡ ♥♦t s✐❣♥✐✜❝❛♥t✳
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