
❈❤❛♣t❡r ✻

▼✉❧t✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s

✻✳✶ ■♥tr♦❞✉❝t✐♦♥

❯s✉❛❧❧②✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ t✐♠❡ s❡r✐❡s ♦❢ ✐♥t❡r❡st r✉♥♥✐♥❣ ❝♦♥❝✉rr❡♥t❧②✱ ✇❤✐❝❤ ✐♥✢✉❡♥❝❡ ❡❛❝❤ ♦t❤❡r✳ ❚❤❡

❝♦❧❧❡❝t✐♦♥ ✐s ❛ ♠✉❧t✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s✳ ❊❛❝❤ ✉♥✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s ✐s r❡❢❡rr❡❞ t♦ ❛s ❛ ❝♦♠♣♦♥❡♥t✳

✻✳✷ ❲❡❛❦ ❙t❛t✐♦♥❛r✐t② ❛♥❞ ❈r♦ss✲❈♦rr❡❧❛t✐♦♥

❲❡ ❞❡♥♦t❡ ❛♥ ♠✲✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s {Xt : t ∈ Z} ❜②✿

Xt :=




Xt1

✳✳✳

Xtm


 , t ∈ Z,

✇❤❡r❡ ❡❛❝❤ ❝♦♠♣♦♥❡♥t {(Xtj)t∈Z} ✐s ❛ ✉♥✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s✳ ❚❤❡ ♠❡❛♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♦❢ {Xt} ❛r❡

s♣❡❝✐✜❡❞ ❜②✿

µ
t
:= E [Xt] =




µt1

✳✳✳

µtm


 =




E [Xt1]
✳✳✳

E [Xtm]


 , t ∈ Z,

❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s Γ(t+ h, t)✱ ✇❤❡r❡

Γjk(t+ h, t) = E [(Xt+h,j − µt+h,j)(Xt,k − µt,k)] = ❈♦✈(Xt+h,j , Xt,k).

❉❡✜♥✐t✐♦♥ ✻✳✶✳ ❚❤❡ m✲✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s {Xt, t ∈ Z} ✐s s❛✐❞ t♦ ❜❡ ✭✇❡❛❦❧②✮ st❛t✐♦♥❛r② ✐❢

✶✳ µ
t
= µ ❢♦r ❛❧❧ t ∈ Z✱

✷✳ Γ(r, s) = Γ(r + t, s+ t) ❢♦r ❛❧❧ r, s, t ∈ Z✳

❚❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s t❤❛t Γ(r, s) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ r − s ❛♥❞ t❤❡r❡❢♦r❡✱ ❛s ✇✐t❤ ✉♥✐✈❛r✐❛t❡ t✐♠❡

s❡r✐❡s✱ t❤❡ ❆❈❱❋ ✐s ❞❡✜♥❡❞ ❛s✿

✾✸



Γ(h) := Γ(h, 0).

❉❡✜♥✐t✐♦♥ ✻✳✷ ✭❈♦rr❡❧❛t✐♦♥ ▼❛tr✐① ❋✉♥❝t✐♦♥✮✳ ❋♦r ❛ st❛t✐♦♥❛r② ♠✉❧t✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s✱ t❤❡ ❝♦rr❡❧❛✲

t✐♦♥ ♠❛tr✐① ❢✉♥❝t✐♦♥ R ✐s ❞❡✜♥❡❞ ❛s✿

Rij(h) =
Γij(h)√

Γii(0)Γjj(0)
.

▲❡♠♠❛ ✻✳✸✳ ❚❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❆❈❱❋ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✶✳ Γ(h) = Γt(−h),

✷✳ |Γij(h)| ≤
√

Γii(0)Γjj(0).

✸✳ Γii(·) ✐s ❛ ✉♥✐✈❛r✐❛t❡ ❆❈❱❋✱

✹✳
∑n

i,j=1 a
t
iΓ(i− j)aj ≥ 0 ❢♦r ❛❧❧ n ❛♥❞ a1, . . . , an ∈ R

n✳

❚❤❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❢✉♥❝t✐♦♥ s❛t✐s✜❡s✿

✶✳ R(h) = Rt(−h),

✷✳ |Rij(h)| ≤ 1

✸✳ Rii(·) ✐s ❛ ✉♥✐✈❛r✐❛t❡ ❆❈❋ ✭❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥✮✱

✹✳
∑n

i,j=1 a
t
iR(i− j)aj ≥ 0 ❢♦r ❛❧❧ n ❛♥❞ a1, . . . , an ∈ R

n✳

✺✳ Rii(0) = 1✳

❚❤❡ ✜rst ♦❢ t❤❡s❡ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❆❈❱❋ s❛t✐s✜❡s✿ Γij(h) = Γji(−h)✳

Pr♦♦❢ ❋♦r t❤❡ ❆❈❱❋✿ ❚❤❡ ✜rst ♣r♦♣❡rt② ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ❢♦❧❧♦✇s

❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❈❛✉❝❤② ❙❝❤✇❛rt③ ✐♥❡q✉❛❧✐t②✳ ❚❤❡ t❤✐r❞ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♦❜s❡r❛t✐♦♥ t❤❛t Γii ✐s t❤❡

❆❈❱❋ ♦❢ t❤❡ st❛t✐♦♥❛r② s❡r✐❡s {Xti : t ∈ Z}✳ ❚❤❡ ❢♦✉rt❤ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t

n∑

i,j=1

atiΓ(i− j)aj =
∑

pqij

apiaqjΓpq(i− j) = E




∑

p

n∑

j=1

apj (Xpj − µj)




2
 .

❋♦r t❤❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❢✉♥❝t✐♦♥✱ ♣r♦♣❡rt✐❡s ✶✱✷✱✸ ❛♥❞ ✺ ❛r❡ ♦❜✈✐♦✉s✳ ❋♦r ♣r♦♣❡rt② ✹✱

n∑

i,j=1

atiR(i− j)aj =

n∑

i,j=1

∑

pq

aipajqRpq(i− j) = E




∑

p

n∑

j=1

apj√
Γpp(0)

(Xpj − µj)




2


❢r♦♠ ✇❤✐❝❤ t❤❡ ♣r♦♣❡rt② ❢♦❧❧♦✇s✳

✾✹



❊①❛♠♣❧❡ ✻✳✶✳

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐✈❛r✐❛t❡ st❛t✐♦♥❛r② ♣r♦❝❡ss {Xt} ❞❡✜♥❡❞ ❜②✿

{
Xt1 = Zt

Xt2 = Zt + 0.75Zt−10 {Zt} ∼ ❲◆(0, 1)

❱▼❆ st❛♥❞s ❢♦r ❵✈❡❝t♦r ♠♦✈✐♥❣ ❛✈❡r❛❣❡✬✳

❚❤❡♥ µ = E [Xt] = 0✱

Γ(−10) =

(
0 0.75

0 0.75

)
, Γ(0) =

(
1 1

1 1.5625

)
Γ(10) =

(
0 0

0.75 0.75

)

Γ(h) = 0 h 6= 0,±10.

❯s✐♥❣
√
1.5625 = 1.25✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❢✉♥❝t✐♦♥ ✐s t❤❡r❡❢♦r❡✿

R(−10) =

(
0 0.6

0 0.48

)
R(0) =

(
1 0.8

0.8 1

)
R(10) =

(
0 0

0.6 0.48

)

R(h) = 0 h 6= 0,±10.

❉❡✜♥✐t✐♦♥ ✻✳✹ ✭▼✉❧t✐✈❛r✐❛t❡ ✇❤✐t❡ ♥♦✐s❡✮✳ ❆♥ m✲✈❛r✐❛t❡ ♣r♦❝❡ss

{ǫt : t ∈ Z}

✐s s❛✐❞ t♦ ❜❡ ❛ ✇❤✐t❡ ♥♦✐s❡ ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ✱ ✇r✐tt❡♥

{ǫt} ∼ ❲◆(0,Σ),

✐❢ E [ǫt] = 0 ❛♥❞ Γ(h) =




Σ ✐❢ h = 0,

0 ✐❢ h 6= 0.

❚❤❡ ♥♦t❛t✐♦♥ {ǫt} ∼ ■■❉(0,Σ) ❞❡♥♦t❡s t❤❛t t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs {ǫt : t ∈ Z} ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧❧②
❞✐str✐❜✉t❡❞ ✇✐t❤ ❡①♣❡❝t❛t✐♦♥ ✈❡❝t♦r 0 ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ✳

❉❡✜♥✐t✐♦♥ ✻✳✺ ✭▼✉❧t✐✈❛r✐❛t❡ ▲✐♥❡❛r Pr♦❝❡ss✮✳ ❆ st❛t✐♦♥❛r② ♠✉❧t✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s {Xt : t ∈ Z} ✐s ❛

❧✐♥❡❛r ♣r♦❝❡ss ✐❢ ❛♥❞ ♦♥❧② ✐❢

Xt =

∞∑

j=−∞

Ψjǫt−j {ǫt} ∼ ❲◆(0,Σ)

✇❤❡r❡ (Ψj)j∈Z ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ♠❛tr✐❝❡s s❛t✐s❢②✐♥❣
∑

j;p,q |Ψj;p,q| < +∞✳

▲❡♠♠❛ ✻✳✻✳ ❚❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❧✐♥❡❛r ♣r♦❝❡ss ♦❢ ❉❡✜♥✐t✐♦♥ ✻✳✺ ✐s ❣✐✈❡♥ ❜②✿

Γ(h) =
∞∑

j=−∞

Ψj+hΣΨ
′
j

✾✺



Pr♦♦❢ ❊①❡r❝✐s❡✳

✻✳✸ ❊st✐♠❛t✐♥❣ t❤❡ ▼❡❛♥ ❱❡❝t♦r ❛♥❞ ❈♦✈❛r✐❛♥❝❡ ▼❛tr✐① ❋✉♥❝t✐♦♥

❲❡ ❣✐✈❡ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ r❡s✉❧ts✱ ✇❤✐❝❤ ❛r❡ s✐♠✐❧❛r t♦ t❤❡ ✉♥✐✈❛r✐❛t❡ s❡tt✐♥❣❀ t❤❡ ♣r♦♦❢s ✉s❡ t❤❡ s❛♠❡

t❡❝❤✐♥q✉❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❞❡❛❧s ✇✐t❤ ❡st✐♠❛t✐♥❣ t❤❡ ♠❡❛♥ ✈❡❝t♦r✳

Pr♦♣♦s✐t✐♦♥ ✻✳✼✳ ▲❡t {Xt} ❜❡ ❛ st❛t✐♦♥❛r② ♠✉❧t✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s ❞❡✜♥❡❞ ❜②✿

Xt = µ+
∞∑

k=−∞

Ψkǫt−k {Zt} ∼ ■■❉(0,Σ).

✇❤❡r❡ t❤❡ s❡q✉❡♥❝❡ (Ψk)k∈Z s❛t✐s✜❡s
∑

k;p,q |Ψk;pq| < +∞✳ ❚❤❡♥

Xn :=
1

n

n∑

t=1

Xt ∼ ❆◆

(
µ,

1

n

(
∞∑

k=−∞

Ψk

)
Σ

(
∞∑

k=−∞

Ψt
k

))

Pr♦♦❢ ❖♠✐tt❡❞ ✲ t❤❡ ❜❛s✐❝ ♠❡t❤♦❞ ✐s s✐♠✐❧❛r t♦ t❤❡ ✉♥✐✈❛r✐❛t❡ s❡tt✐♥❣✳

❉❡✜♥✐t✐♦♥ ✻✳✽ ✭■♠♣✉❧s❡ ❘❡s♣♦♥s❡ ❋✉♥❝t✐♦♥✮✳ ❋♦r ❛ st❛t✐♦♥❛r② ❧✐♥❡❛r t✐♠❡ s❡r✐❡s✱ t❤❡ ♦♣❡r❛t♦r Ψ ✐s

♦❢t❡♥ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥✳ ❚❤❡ ♠❛tr✐① Ψk ✐♥❞✐❝❛t❡s t❤❡ ❡✛❡❝t t❤❛t t❤❡ ♥♦✐s❡ ❛t

❧❛❣ k ❤❛s ♦♥ t❤❡ ♣r♦❝❡ss✳

❊st✐♠❛t✐♥❣ t❤❡ ❈♦✈❛r✐❛♥❝❡ ❛♥❞ ❈♦rr❡❧❛t✐♦♥ ❋✉♥❝t✐♦♥ ❆s ✇✐t❤ t❤❡ ✉♥✐✈❛r✐❛t❡ ❝❛s❡✱ t❤❡ ❡st✐♠❛✲

t♦r ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❢✉♥❝t✐♦♥ ✐s✿

Γ̂(h) =

{
1
n

∑n−h
t=1

(
Xt+h −Xn

) (
Xt −Xn

)t
0 ≤ h ≤ n− 1

1
n

∑n
t=−h+1

(
Xt+h −Xn

) (
Xt −Xn

)t −n+ 1 ≤ h < 0

❚❤❡ ❡st✐♠❛t♦r ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❢✉♥❝t✐♦♥ ✐s✿

R̂ij(h) =
Γ̂ij(h)√

Γ̂ii(0)Γ̂jj(0)
.

❚❤❡s❡ ❡st✐♠❛t♦rs ❝♦♥✈❡r❣❡ ✐♥ ♣r♦❜❛❜✐❧✐t②❀ ❢♦r ❡❛❝❤ i, j, h✱ Γ̂ij(h) →(p) Γij(h) ❛♥❞ R̂ij(h) →(p) Rij(h)✳

■♥ ❣❡♥❡r❛❧✱ t❤❡r❡ ❛r❡ ♥♦t s♦ ♠❛♥② ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥❛❧ r❡s✉❧ts ❢♦r Γ̂✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐♥❞✐❝❛t❡s

t❤❡ ♠❛❣♥✐t✉❞❡ ♦♥❡ s❤♦✉❧❞ ❡①♣❡❝t ❢r♦♠ ❛ s❛♠♣❧❡ ❝r♦ss ❝♦rr❡❧❛t✐♦♥ ✐❢ t✇♦ ♣r♦❝❡ss❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳

❚❤❡♦r❡♠ ✻✳✾✳ ▲❡t {
Xt1 =

∑∞
j=−∞ αjǫt−j,1 {ǫt1} ∼ ■■❉(0, σ2

1)

Xj2 =
∑∞

j=−∞ βjǫt−j,2 {ǫt2} ∼ ■■❉(0, σ2
2)

✇❤❡r❡ t❤❡ t✇♦ s❡q✉❡♥❝❡s {ǫt1} ❛♥❞ {ǫt2} ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱
∑

j |αj | < +∞ ❛♥❞
∑

j |βj | < +∞✳ ❚❤❡♥✱

❢♦r h ≥ 0✱

✾✻



R̂12(h) ∼ ❆◆


0,

1

n

∞∑

j=−∞

ρ11(j)ρ22(j)


 .

■❢ h, k ≥ 0 ❛♥❞ h 6= k✱ t❤❡♥

(
R̂12(h)

R̂12(k)

)
∼ ❆◆

((
0

0

)
,
1

n

( ∑∞
j=−∞ ρ11(j)ρ22(j)

∑∞
j=−∞ ρ11(j)ρ22(j + k − h)∑∞

j=−∞ ρ11(j)ρ22(j + k − h)
∑∞

j=−∞ ρ11(j)ρ22(j)

))
.

Pr♦♦❢ ❋✐rst❧②✱

Γ̂(h) =
1

n

n−h∑

t=1

Xt+hX
t
t −

1

n
Xn

n−h∑

t=1

X
t
t −

1

n

n−h∑

t=1

Xt+hX
t
n +

(
1 −

h

n

)
XnX

t
n.

❯s✐♥❣ t❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✻✳✼✱ t❤❛t

n
1/2

∣∣∣Γ̂12(h) − Γ
∗
12(h)

∣∣∣
n→+∞
−→ p 0

✇❤❡r❡

Γ
∗
12(h) =

1

n

n∑

t=1

Xt+h,1Xt,2 =
1

n

n∑

t=1

∑

i

∑

j

αi+hβjZt−i,1Zt−j,2.

❙✐♥❝❡ E
[
Γ∗
12(h)

]
= 0✱ ✐t ❢♦❧❧♦✇s t❤❛t

n❱❛r
(
Γ
∗
12(h)

)
=

1

n

n∑

s=1

n∑

t=1

∑

i,j,k,l

αi+hβjαk+hβlE
[
Zs−i,1Zs−j,2Zt−k,1Zt−l,2

]
.

❋r♦♠ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛ss✉♠♣t✐♦♥s✱ ✐t ❢♦❧❧♦✇s t❤❛t✿

E
[
Zs−i,1Zs−j,2Zt−k,1Zt−l,2

]
=

{
σ2
1σ

2
2 s − i = t − k, s − j = t − l

0 ♦t❤❡r✇✐s❡

■t ❢♦❧❧♦✇s t❤❛t

n❱❛r(Γ
∗
12(h)) =

1

n

n∑

s=1

n∑

t=1

(
∑

i

αi+hαt−s+i+h

)

σ
2
1




∑

j

βjβt−s+j



σ
2
2 =

∑

|k|<n

(
1 −

|k|

n

)
Γ11(k)Γ22(k).

■t ♥♦✇ ❢♦❧❧♦✇s ❜② ❡❧❡♠❡♥t❛r② ❛♥❛❧②s✐s t❤❛t

lim
n→+∞

n❱❛r
(
Γ
∗
12(h)

)
=

∞∑

j=−∞

Γ11(j)Γ22(j).

❚♦ s❤♦✇ t❤❛t Γ∗
12 ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ s❤♦✇ t❤❛t ✐t ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② s✉♠s ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ✈❛r✐❛❜❧❡s✱

✇❤✐❝❤ ❤❛✈❡ ✜♥✐t❡ ✈❛r✐❛♥❝❡✳ ❋♦r ✜①❡❞ m✱ ❝♦♥s✐❞❡r t❤❡ (2m + h)✲❞❡♣❡♥❞❡♥t✱ str✐❝t❧② st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s





∑

|i|≤m

∑

|j|≤m

αiβjZt+h−i,1Zt−j,2 : t ∈ Z




 .

❚❤❡♥
1

n

n∑

t=1

∑

|i|≤m

∑

|j|≤m

αiβjZt+h−i,1Zt−j,2 ∼ ❆◆ (0, am)

am =
∑

|k|≤m




∑

|i|≤m

αiαi+|k|



σ
2
1




∑

|j|≤m

βjβj+|m|



σ
2
2

m→+∞
−→

∑

j

Γ11(j)Γ22(j).

❋r♦♠ t❤✐s✱ t❤❡ r❡♠❛✐♥✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ❛r❣✉♠❡♥ts ❛r❡ str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ❤❡♥❝❡

Γ
∗
12(h) ∼ ❆◆



0,
1

n

∞∑

k=−∞

Γ11(k)Γ22(k)



 .

❙✐♥❝❡ Γ̂11(0)
n→+∞
−→ (p) Γ11(0) ❛♥❞ Γ̂22(0)

n→+∞
−→ (p) Γ22(0)✱ ✐t ❢♦❧❧♦✇s t❤❛t

R̂12(h) =
Γ̂12(h)√

Γ̂11(0)Γ̂22(0)

∼ ❆◆



0,
1

n

∞∑

j=−∞

ρ11(j)ρ22(j)



 .

❙✐♠✐❧❛r❧②✱

n❈♦✈
(
Γ
∗
12(h),Γ

∗
12(k)

) n→+∞
−→

∞∑

j=−∞

Γ11(j)Γ22(j + k − h).

❛♥❞ ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t✱ ✉s✐♥❣ (2m + h)✲❞❡♣❡♥❞❡♥t ❜✐✈❛r✐❛t❡s ♠❛② ❜❡ ✉s❡❞ t♦ ❝♦♥❝❧✉❞❡ t❤❡ r❡s✉❧t✳

✾✼



✻✳✹ ❚❤❡ ▼✉❧t✐✈❛r✐❛t❡ P♦rt♠❛♥t❡❛✉ ❚❡sts

❚❤❡ ✉♥✐✈❛r✐❛t❡ ▲❥✉♥❣✲❇♦① st❛t✐st✐❝ Q(m) ❤❛s ❜❡❡♥ ❣❡♥❡r❛❧✐s❡❞ t♦ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ s❡tt✐♥❣ ❜② ❍♦s❦✐♥❣

✭✶✾✽✵✮ ❛♥❞ ❍♦s❦✐♥❣ ✭✶✾✽✶✮✱ ❛❧s♦ ▲✐ ❛♥❞ ▼❝▲❡♦❞ ✭✶✾✽✶✮✳ ❍❡r❡ ✐t ✐s st❛t❡❞ ✇✐t❤♦✉t ♣r♦♦❢✱ ❜✉t t❤❡ ♣❛♣❡r

❜② ❍♦s❦✐♥❣ ❢r♦♠ ✶✾✽✵ ✐s ✇♦rt❤ r❡❛❞✐♥❣✳

❋♦r ❛ st❛t✐♦♥❛r② ♠✉❧t✐✈❛r✐❛t❡ s❡r✐❡s✱ ✇❤❡r❡ ❱❛r(Xt) = Σ✱ ❝♦♥s✐❞❡r

H0 : R(1) = . . . = R(m) = 0

✈❡rs✉s H1✱ t❤❡ ❛❧t❡r♥❛t✐✈❡ ✭❛t ❧❡❛st ♦♥❡ ♦❢ R(1), . . . , R(m) ✐s ♥♦t ③❡r♦✮✳ ❍❡r❡ R(h) ✐s t❤❡ ❝♦rr❡❧❛t✐♦♥

♠❛tr✐① ❢♦r t✐♠❡ ❧❛❣ h✳ ❋♦r ❛ k✲✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s✱ t❤❡ t❡st st❛t✐st✐❝ ✐s✿

Qk(m) = n2
m∑

l=1

1

n− l
tr
(
Γ̂t
l Γ̂

−1
0 Γ̂lΓ̂

−1
0

)

✇❤❡r❡ n ✐s t❤❡ s❛♠♣❧❡ s✐③❡✳ ❯♥❞❡r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s✱ ❛s②♠♣t♦t✐❝❛❧❧② Qk(m) ∼ χ2
k2m

✳ ❚❤✐s t❡st

st❛t✐st✐❝ ♠❛② ❜❡ ✇r✐tt❡♥ ❛s✿

Qk(m) = n2
m∑

l=1

btl

(
R̂−1

0 ⊗ R̂−1
0

)
bl

✇❤❡r❡ bl = ✈❡❝(R̂t
l)✳ ❚❤❡ t❡st st❛t✐st✐❝ ♣r♦♣♦s❡❞ ❜② ▲✐ ❛♥❞ ▼❝▲❡♦❞ ✭✶✾✽✶✮ ✐s✿

Qk(m) = n2
m∑

l=1

btl

(
R̂−1

0 ⊗ R̂−1
0

)
bl +

k2m(m+ 1)

2n
,

✇❤✐❝❤ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t✳

✻✳✺ ❚❤❡ ❱❆❘▼❆ ✭✈❡❝t♦r ❆❘▼❆✮ Pr♦❝❡ss

❉❡✜♥✐t✐♦♥ ✻✳✶✵ ✭❚❤❡ ❱❆❘▼❆✭♣✱q✮ ♣r♦❝❡ss✮✳ ❚❤❡ ♣r♦❝❡ss {Xt, t ∈ Z} ✐s ❛ ♠❡❛♥ 0 m✲❱❆❘▼❆(p, q)

♣r♦❝❡ss ✐❢ X ✐s ❛♥ m✲✈❡❝t♦r ❛♥❞ ✐t ✐s ❛ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s

Xt − Φ1Xt−1 − . . .− ΦpXt−p = ǫt +Θ1ǫt−1 + . . .+Θqǫt−q, ✭✻✳✶✮

✇❤❡r❡ {ǫt} ∼ ❲◆(0,Σ) ❛♥❞ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ❝❛♥♥♦t ❜❡ r❡❞✉❝❡❞ ❢✉rt❤❡r✳

❆ ♣r♦❝❡ss {Xt} ✐s ❛♥ ♠✲❱❆❘▼❆(p, q) ♣r♦❝❡ss ✇✐t❤ ♠❡❛♥ µ ✐❢ {Xt−µ} ✐s ❛♥ ♠✲❱❆❘▼❆(p, q) ♣r♦❝❡ss✳

❊q✉❛t✐♦♥s ✭✻✳✶✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Φ(B)Xt = Θ(B)ǫt, t ∈ Z,

✇❤❡r❡

Φ(z) = I − zΦ1 − . . .− zpΦp,

✾✽



Θ(z) = I + zΘ1 + . . .+ zqΘq,

❛r❡ ♠❛tr✐①✲✈❛❧✉❡❞ ♣♦❧②♥♦♠✐❛❧s✳

❊①❛♠♣❧❡ ✻✳✷ ✭❱❆❘✭✶✮ ✭✈❡❝t♦r ❆❘✭✶✮✮ Pr♦❝❡ss✮✳

❚❤❡ ❱❆❘✭✶✮ ♣r♦❝❡ss s❛t✐s✜❡s

Xt = ΦXt−1 + ǫt, {ǫt} ∼ ❲◆(0,Σ).

❚❤✐s ♣r♦❝❡ss ♠❛② ❜❡ ❡①♣r❡ss❡❞ ❛s

Xt =
∞∑

j=0

Φjǫt−j

♣r♦✈✐❞❡❞ ❛❧❧ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Φ ❤❛✈❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❧❡ss t❤❛♥ 1✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦✿

❞❡t(I − zΦ) 6= 0 ∀{z ∈ C||z| ≤ 1}.

■♥ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ s❡tt✐♥❣✱ ❝❛✉s❛❧✐t② ❛♥❞ ✐♥✈❡rt✐❜✐❧✐t② ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✻✳✶✶ ✭▼✉❧t✐✈❛r✐❛t❡ ❈❛✉s❛❧✐t② ❛♥❞ ■♥✈❡rt✐❜✐❧✐t②✮✳ ❆ st❛t✐♦♥❛r② ♠✉❧t✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s Xt

✐s s❛✐❞ t♦ ❜❡ ❝❛✉s❛❧ ✐❢ ✐t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s✿

Xt =
∞∑

j=0

Ψjǫt−j

✇❤❡r❡
∑

j,k |Ψj,k| < +∞ ❛♥❞ ✐s s❛✐❞ t♦ ❜❡ ✐♥✈❡rt✐❜❧❡ ✐❢ ǫt ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s✿

ǫt =
∞∑

j=0

ΠjXt−j

✇❤❡r❡
∑

j,k |Πjk| < +∞✳

❋♦r t❤❡ ❱❆❘▼❆ ♣r♦❝❡ss✱ ❝❛✉s❛❧✐t② ❛♥❞ ✐♥✈❡rt✐❜✐❧✐t② ❛r❡ ❝❤❛r❛❝t❡r✐s❡❞ ❛s ❢♦❧❧♦✇s✿

❚❤❡♦r❡♠ ✻✳✶✷ ✭❈❛✉s❛❧✐t② ❢♦r ❱❆❘▼❆✭♣✱q✮✮✳ ▲❡t Xt s❛t✐s❢② ❊q✉❛t✐♦♥ ✭✻✳✶✮✳ ■❢

❞❡tΦ(z) 6= 0 ∀{z ∈ C : |z| ≤ 1} ✭✻✳✷✮

t❤❡♥ Xt ❤❛s ❡①❛❝t❧② ♦♥❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥

Xt =

∞∑

j=0

Ψjǫt−j ✭✻✳✸✮

✇❤❡r❡ t❤❡ ♠❛tr✐❝❡s Ψj ❛r❡ ❞❡t❡r♠✐♥❡❞ ✉♥✐q✉❡❧② ❜②✿

Ψ(z) :=
∞∑

j=0

zjΨj = Φ−1(z)Θ(z). ✭✻✳✹✮

✾✾



Pr♦♦❢ ❚❤❡ ❝♦♥❞✐t✐♦♥ ❣✐✈❡♥ ❜② ✭✻✳✷✮ ✐♠♣❧✐❡s t❤❛t

∃ǫ > 0 : Φ−1(z) ✇❡❧❧ ❞❡✜♥❡❞ ∀|z| < 1 + ǫ.

❊❛❝❤ ❡❧❡♠❡♥t ♦❢ Φ−1(z) ✐s ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ♦❢ z ✇✐t❤ ♥♦ s✐♥❣✉❧❛r✐t✐❡s ✐♥ {|z| < 1+ ǫ}✳ ■t ❢♦❧❧♦✇s t❤❛t
Φ−1 ♠❛② ❜❡ ❡①♣❛♥❞❡❞ ❛s ❛ ♣♦✇❡r s❡r✐❡s✿

Φ−1(z) =

∞∑

j=0

zjAj = A(z).

■t ❢♦❧❧♦✇s t❤❛t ❢♦r ❡❛❝❤ m,n✱

lim
j→+∞

|Aj;m,n|
(
1 +

ǫ

2

)j
= 0

❛♥❞ ❤❡♥❝❡ t❤❛t t❤❡r❡ ✐s ❛ K ∈ (0,+∞) s✉❝❤ t❤❛t

max
j;m,n

(
1 +

ǫ

2

)j
|Aj;m,n| ≤ K.

❚❤✐s ✐♠♣❧✐❡s t❤❛t
∑

j;m,n |Aj;m,n| < +∞✳ ❋✉rt❤❡r♠♦r❡✱

A(z)Φ(z) = I ∀|z| ≤ 1.

■t ♥♦✇ ❢♦❧❧♦✇s ❞✐r❡❝t❧② t❤❛t

Xt = A(B)Θ(B)ǫt

✇❤✐❝❤ ✐s t❤❡ r❡q✉✐r❡❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ✇✐t❤ Ψ(B) = A(B)Θ(B)✳

❈♦♥✈❡rs❡❧②✱ ✐❢ Xt =
∑∞

j=0Ψjǫt−j ✇✐t❤ Ψ ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✻✳✹✮✱ t❤❡♥

Φ(B)Xt = Φ(B)Ψ(B)Zt = Θ(B)ǫt

❛♥❞ ❤❡♥❝❡ {Ψ(B)ǫt} ✐s ❛ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✻✳✶✮✳

■t ❢♦❧❧♦✇s t❤❛t ✐❢ ❞❡t(Φ(z)) 6= 0 ❢♦r |z| < 1✱ t❤❡♥ t❤❡ ✉♥✐q✉❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ♦❢ ❡q✉❛✐t♦♥ ♦❢ ❡q✉❛t✐♦♥

✭✻✳✶✮ ✐s t❤❡ ❝❛✉s❛❧ s♦❧✉t✐♦♥ ✭✻✳✸✮✳

❚❤❡ ❝r✐t❡r✐❛ ❛♥❞ r❡s✉❧t ❢♦r ✐♥✈❡rt✐❜❧❡ ❱❆❘▼❆ ❛r❡ s✐♠✐❧❛r✿

❚❤❡♦r❡♠ ✻✳✶✸ ✭■♥✈❡rt✐❜✐❧✐t② ❢♦r ❱❆❘▼❆✭♣✱q✮✮✳ ▲❡t Xt s❛t✐s❢② ❊q✉❛t✐♦♥ ✭✻✳✶✮ ❛♥❞ s✉♣♣♦s❡ t❤❛t✿

❞❡t(Θ(z)) 6= 0 ∀z ∈ C s✉❝❤ t❤❛t |z| < 1.

❚❤❡♥

ǫt =
∞∑

j=0

ΠjXt−j ✭✻✳✺✮

✇❤❡r❡ t❤❡ ♠❛tr✐❝❡s Πj ❛r❡ ❞❡t❡r♠✐♥❡❞ ✉♥✐q✉❡❧② ❜②✿

Π(z) =
∞∑

j=0

zjΠj = Θ−1(z)Φ(z) |z| ≤ 1. ✭✻✳✻✮

✶✵✵



Pr♦♦❢ ❊①❡r❝✐s❡✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s t❤❡ ♣r♦♦❢ ❢♦r ❝❛✉s❛❧✐t②✳

❊①❛♠♣❧❡ ✻✳✸ ✭❱❆❘▼❆✭✶✱✶✮✮✳

▲❡t

Φ =

(
0.5 0.5

0 0.5

)

❛♥❞

Θ = Φt =

(
0.5 0

0.5 0.5

)
.

▲❡t Xt s♦❧✈❡✿

Xt − ΦXt−1 = ǫt +Θǫt−1.

❚❤❡♥✱ ✉s✐♥❣ Φ(z) = (I − zΦ) ❛♥❞ Θ(z) = (I + zΘ)✱

Φ(z) =

(
1− 0.5z −0.5z

0 1− 0.5z

)
⇒ Φ(z)−1 =

1

(1− 0.5z)2

(
1− 0.5z 0

0.5z 1− 0.5z

)

s♦ t❤❛t

Ψ(z) = Φ(z)−1Θ(z) =
1

(1− 0.5z)2

(
1− 0.5z 0

0.5z 1− 0.5z

)(
1 + 0.5z 0

0.5z 1 + 0.5z

)

=
1

(1− 0.5z)2

(
1 0.5z(1 + 0.5z)

0.5z(1− 0.5z) 1− 0.25z2

)
.

❚♦ ❝♦♠♣✉t❡ Ψj ✿

Ψ(z) =




∞∑

j=0

(j + 1)zj

2j



{(

1 0

0 1

)
+ z

(
0 0.5

0.5 0

)
+ z2

(
0 0.25

−0.25 −0.25

)}

❣✐✈✐♥❣

Ψj =
1

2j

(
j + 1 2j − 1

1 2

)
j = 1, 2, . . .

❚❤❡ ❈♦✈❛r✐❛♥❝❡ ▼❛tr✐① ❋✉♥❝t✐♦♥ ♦❢ ❛ ❈❛✉s❛❧ ❱❆❘▼❆ Pr♦❝❡ss ❋r♦♠ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢

❊q✉❛t✐♦♥ ✭✻✳✹✮✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Γ(h) := E
[
Xt+hX

t
t

]
♦❢ t❤❡ ❝❛✉s❛❧ ♣r♦❝❡ss ❤❛s r❡♣r❡s❡♥t❛t✐♦♥✿

Γ(h) =
∞∑

k=0

Ψh+kΣΨ
t
k h ∈ Z

■❢ {Xt} ✐s ❛ ❝❛✉s❛❧ ❱❆❘▼❆✭♣✱q✮ ♣r♦❝❡ss✱ t❤❡♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❤❛s ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②❀ t❤❡r❡ ✐s ❛♥

α ∈ (0, 1) ❛♥❞ ❛ ❝♦♥st❛♥t K s✉❝❤ t❤❛t

✶✵✶



|Γij(h)| ≤ Kǫ|h| ∀(i, j, h). ✭✻✳✼✮

❊q✉❛t✐♦♥s ❢♦r t❤❡ ❛❝✈❢ ✭✐♥ t❡r♠s ♦❢ Φ✮ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠✿

(Φ(B)Xt)X
′
t−h = (Θ(B)ǫt)X

′
t−h

✇❤✐❝❤ ❣✐✈❡ ✭♣❧✉❣❣✐♥❣ ✐♥ X ′
t−h =

∑∞
j=0 ǫ

′
t−h−jΨ

′
j ✿

Γ(h)−
p∑

r=1

ΦrΓ(h− r) =
∑

h≤r≤q

ΘrΣΨ
′
r−h ✭✻✳✽✮

❋♦r h ≥ q + 1✱ ✇❡ ❤❛✈❡✿

Γ(h)−
p∑

r=1

ΦrΓ(h− r) = 0

❢r♦♠ ✇❤✐❝❤ t❤❡ ❜♦✉♥❞s ♦❢ ✭✻✳✼✮ ❢♦❧❧♦✇✳

✻✳✺✳✶ ❨✉❧❡✲❲❛❧❦❡r ❊st✐♠❛t✐♦♥

◆♦t❡ t❤❛t ❨✉❧❡✲❲❛❧❦❡r ❡st✐♠❛t✐♦♥ ❝❛♥ ❜❡ ❝❛rr✐❡❞ ♦✉t ❢♦r ❱❆❘✭♣✮ ♣r♦❝❡ss❡s✳ ❚❤❡ ❡q✉❛t✐♦♥s ❛r❡✿

{
Γ(h)−

∑p
r=1ΦrΓ(h− r) = 0 h ≥ 1

Γ(0)−
∑p

r=1ΦrΓ(−r) = Σ

❆s ❢♦r t❤❡ ✉♥✐✈❛r✐❛t❡ s❡tt✐♥❣✱ t❤❡ ❡st✐♠❛t❡s Γ̂(1), . . . , Γ̂(p) ❛♥❞ ❡q✉❛t✐♦♥s ❢♦r h = 1, . . . , p ❛r❡ ✉s❡❞ t♦

❡st✐♠❛t❡ Φ1, . . . ,Φp✱ ✇❤✐❧❡ t❤❡ ❡q✉❛t✐♦♥ ❢♦r h = 0 ✐s t❤❡♥ ✉s❡❞ t♦ ❡st✐♠❛t❡ Σ✳

✻✳✻ ❘❡❞✉❝❡❞ ❛♥❞ ❙tr✉❝t✉r❛❧ ❋♦r♠s ❢♦r t❤❡ ❱❆❘✭♣✮ ▼♦❞❡❧

❚❤❡ ❢♦r♠

Φ(B)Xt = α+ ǫt ǫt ∼ ❲◆(0,Σ)

❢♦r ❛ ❱❆❘✭♣✮ ♣r♦❝❡ss ✐s r❡❢❡rr❡❞ t♦ ✐♥ t❤❡ ❡❝♦♥♦♠✐❝s ❧✐t❡r❛t✉r❡ ❛s t❤❡ r❡❞✉❝❡❞ ❢♦r♠ ♦❢ t❤❡ ❱❆❘✭♣✮

♠♦❞❡❧✳ ✭◆♦t❡ t❤❛t µ = E[Xt] s❛t✐s✜❡s φ(B)µ = α✮✳ ■t ✐s s♦ ❝❛❧❧❡❞ ❜❡❝❛✉s❡ ✐t ❞♦❡s ♥♦t s❤♦✇ ❡①♣❧✐❝✐t❧②

t❤❡ ❝♦♥❝✉rr❡♥t ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣♦♥❡♥t s❡r✐❡s❀ t❤❡ ♠❛tr✐① Σ ♠❛② ❤❛✈❡ Σij 6= 0 ❢♦r s♦♠❡

i 6= j✳

❚❤❡ str✉❝t✉r❛❧ ❡q✉❛t✐♦♥ ✐s t❤❡ ❢♦r♠ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ♣r♦✈✐❞❡s ❛ tr❛♥s❢♦r♠❛t✐♦♥ s✉❝❤ t❤❛t t❤❡ ❝♦✲

✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ✐♥♥♦✈❛t✐♦♥s ✐♥ t❤❡ str✉❝t✉r❛❧ ❢♦r♠ ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐①✳ ■t ✐s ♦❜t❛✐♥❡❞ ❜②

❝♦♥str✉❝t✐♥❣ ❛ ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① L ✇❤❡r❡ Ljj = 1 ❢♦r ❡❛❝❤ j s✉❝❤ t❤❛t

L−1Σ(L−1)t = D

✶✵✷



✇❤❡r❡ D ✐s ❞✐❛❣♦♥❛❧✳ ▲❡t ǫ̃t = L−1ǫt s♦ t❤❛t

❈♦✈(̃ǫt) = D

❛♥❞ ❤❡♥❝❡ ǫ̃t ∼ ❲◆(0, D)✳ ❚❤❡♥

L−1Φ(B)Xt = L−1α+ ǫ̃t.

❚❤✐s ✐s ❦♥♦✇♥ ❛s t❤❡ str✉❝t✉r❛❧ ❢♦r♠ ♦❢ t❤❡ ❡q✉❛t✐♦♥✳

✻✳✼ ●r❛♥❣❡r ❈❛✉s❛❧✐t②

❋♦r ❛ k✲✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s✱ ♣r♦❝❡ss Xi(t) ✐s s❛✐❞ t♦ ●r❛♥❣❡r ❝❛✉s❡ ✭♦r ●✲❝❛✉s❡✮ Xj(t) ✐❢ t❤❡ ❧❛❣❣❡❞

♦❜s❡r✈❛t✐♦♥s ♦❢ Xi(t − s) : s ≥ 1 ❤❡❧♣ t♦ ♣r❡❞✐❝t Xj(t) ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s H0 :

Φji(s) = 0 ❢♦r ❛❧❧ s ≥ 1 ✐s r❡❥❡❝t❡❞✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ s✐❣♥✐✜❝❛♥t r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ❡st✐♠❛t❡❞ ♠❡❛♥

sq✉❛r❡❞ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ❢♦r s❡r✐❡s j✳

▼♦❞❡❧ s❡❧❡❝t✐♦♥ ❝r✐t❡r✐❛✱ s✉❝❤ ❛s t❤❡ ❇❛②❡s✐❛♥ ■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐♦♥ ✭❇■❈✮ ♦r t❤❡ ❆❦❛✐❦❡ ■♥❢♦r♠❛✲

t✐♦♥ ❈r✐t❡r✐♦♥ ✭❆■❈✮✱ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ ♠♦❞❡❧ ♦r❞❡r p✳

❚❤❡ ❡♥t✐r❡ k✲✈❛r✐❛t❡ s❡r✐❡s s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞❀ ♣❛✐r✇✐s❡ ❝♦♥s✐❞❡r❛t✐♦♥s ❝❛♥ ❧❡❛❞ t♦ ❛♥ ♦✈❡r❧②

❝♦♠♣❧✐❝❛t❡❞ ♠♦❞❡❧✳ ❋♦r ❡①❛♠♣❧❡✱ s✉♣♣♦s❡ t❤❛t t❤❡ ❝❛✉s❛❧ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ X1 → X2 ❛♥❞ X2 → X3❀

✇✐t❤ X2 ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♠♦❞❡❧✱ X1 ❣✐✈❡s ♥♦ ❢✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t X3✳ ■❢ ❛tt❡♥t✐♦♥ ✇❡r❡ r❡str✐❝t❡❞

t♦ ♣❛✐r✇✐s❡ ❝♦♥s✐❞❡r❛t✐♦♥s✱ ✇❡ ✇♦✉❧❞ ❛❧s♦ ❤❛✈❡ X1 → X3✳

❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ♦❢ ●✲❝❛✉s❛❧✐t② r❡q✉✐r❡s t✇♦ ✐♠♣♦rt❛♥t ❛ss✉♠♣t✐♦♥s ❛❜♦✉t t❤❡ ❞❛t❛✿

✶✳ ❚❤❡ s❡r✐❡s ✐s ✇✐❞❡✲s❡♥s❡ st❛t✐♦♥❛r② ✭✐✳❡✳✱ t❤❡ ♠❡❛♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ str✉❝t✉r❡ ♦❢ ❦✲✈❛r✐❛t❡ t✐♠❡

s❡r✐❡s ❞♦❡s ♥♦t ❝❤❛♥❣❡ ♦✈❡r t✐♠❡✮❀

✷✳ ✐t ❝❛♥ ❜❡ ❛❞❡q✉❛t❡❧② ❞❡s❝r✐❜❡❞ ❜② ❛ ❱❆❘✭♣✮ ♠♦❞❡❧✱ ❢♦r s♦♠❡ p✳
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