
❈❤❛♣t❡r ✺

❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ♠❡❛♥✱ ❛✉t♦❝♦✈❛r✐❛♥❝❡

❛♥❞ ❛✉t♦❝♦rr❡❧❛t✐♦♥

▲❡t {Xt} ❜❡ ❛ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s ✇✐t❤ ♠❡❛♥ µ✱ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ γ(·)✱ ❛♥❞ s♣❡❝tr❛❧ ❞❡♥s✐t②

f(·)✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡st✐♠❛t✐♥❣ t❤❡ ♠❡❛♥ µ✱ ❆❈❱❋ γ(·) ❛♥❞ ❆❈❋ ρ(·) = γ(·)
γ(0) ❢r♦♠

♦❜s❡r✈❛t✐♦♥s ♦❢ X1, X2, . . . , Xn✳

✺✳✶ ❆s②♠♣t♦t✐❝ ◆♦r♠❛❧✐t②

❋♦r ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ str✐❝t❧② ❧✐♥❡❛r t✐♠❡ s❡r✐❡s✱ ❡st✐♠❛t♦rs ♦❢ t❤❡ ♠❡❛♥ µ✱ ❆❈❱❋ γ(.) ❛♥❞ ❆❈❋ ρ(.) ✇✐❧❧

s❛t✐s❢② ❛ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ❛♥❞✱ ❛s②♠♣t♦t✐❝❛❧❧②✱ t❤❡ ❞✐str✐❜✉t✐♦♥✱ ❛♣♣r♦♣r✐❛t❡❧② r❡s❝❛❧❡❞✱ ✇✐❧❧ ❜❡

♥♦r♠❛❧✳

❉❡✜♥✐t✐♦♥ ✺✳✶ ✭❆s②♠♣t♦t✐❝ ◆♦r♠❛❧✐t②✮✳ ▲❡t Y1, Y2, . . . ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤❡② ❛r❡

s❛✐❞ t♦ ❜❡ ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧✱ ✇r✐tt❡♥ Yn ∼ ❆◆(µn, σ
2
n) ✐❢ ❛♥❞ ♦♥❧② ✐❢ µn = E[Yn] ❛♥❞ σ

2
n = ❱❛r(Yn)

❢♦r ❡❛❝❤ n ❛♥❞

lim
n→∞

P

(
Yn − µn

σn
≤ x

)
= Φ(x),

✇❤❡r❡ Φ(x) = P(Z ≤ x)✱ Z ∼ N(0, 1)✳

▲❡t Y 1, Y 2, . . . ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ k✲✈❡❝t♦rs✳ ❚❤❡ s❡q✉❡♥❝❡ ✐s s❛✐❞ t♦ ❜❡ ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧✱

✇r✐tt❡♥ Y n ∼ ❆◆(µ
n
,Σn) ✐❢ ❛♥❞ ♦♥❧② ✐❢ µ

n
= E[Y n] ❛♥❞ Σn;i,j = ❈♦✈(Yn,i, Yn,j) ✭Σn ✐s t❤❡ ❝♦✈❛r✐❛♥❝❡

♠❛tr✐① ♦❢ Y n ❢♦r ❡❛❝❤ n✮ ❛♥❞

λ′Y n ∼ ❆◆(λtµ
n
, λtΣnλ) ∀λ ∈ R

k.

✺✳✷ ❊st✐♠❛t✐♦♥ ♦❢ µ

❚❤❡ ❡st✐♠❛t♦r Xn := 1
n

∑n
j=1Xj ✐s t❤❡ ♥❛t✉r❛❧ ✉♥❜✐❛s❡❞ ❡st✐♠❛t❡ ♦❢ µ✳

✼✺



❚❤❡♦r❡♠ ✺✳✷✳ ▲❡t {Xt} ❜❡ ❛ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s ✇✐t❤ ♠❡❛♥ µ ❛♥❞ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ γ(·)
✇❤✐❝❤ s❛t✐s✜❡s limh→+∞ |γ(h)| = 0✳ ❚❤❡♥

❱❛r(Xn)
n→+∞−→ 0.

❙✉♣♣♦s❡
∑∞

h=−∞ |γ(h)| < +∞ ❛♥❞ ❧❡t f ❞❡♥♦t❡ t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t②✳ ❚❤❡♥

n❱❛r(Xn)
n→+∞−→

∞∑

h=−∞

γ(h) = 2πf(0)

Pr♦♦❢ ■♥ ❛❧❧ ❝❛s❡s✱

n❱❛r(Xn) = n❱❛r(
1

n

n∑

j=1

Xj) =
1

n

n∑

i,j=1

❈♦✈(Xi, Xj) =
1

n

n∑

i,j=1

γ(i− j) = γ(0) +
2

n

n∑

i=1

n∑

j=i+1

γ(j − i)

= γ(0) +
2

n

n∑

i=1

n−i∑

h=1

γ(h) = γ(0) +
2

n

n∑

h=1

(n− h)γ(h).

❋♦r t❤❡ ✜rst st❛t❡♠❡♥t✱ s✐♥❝❡ |γ(h)| |h|→+∞−→ 0✱ t❤❡r❡❢♦r❡

∣∣∣∣∣
1

n

n∑

h=1

(1− h

n
)γ(h)

∣∣∣∣∣ ≤
1

n

n∑

h=1

|γ(h)| = 1

n

⌈n1/2⌉∑

h=1

|γ(h)|+ 1

n

n∑

h=⌈n1/2⌉+1

|γ(h)| ≤ γ(0)

n1/2
+ sup

h>n1/2

|γ(h)| n→+∞−→ 0

s♦ t❤❛t

❱❛r(Xn) =
1

n
γ(0) +

2

n

n∑

h=1

(1− h

n
)γ(h)

n→+∞−→ 0.

❋♦r t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t✱ s✉♣♣♦s❡ t❤❛t
∑∞

h=−∞ |γ(h)| < ∞✳ ❚❤❡♥ ✐t ❢♦❧❧♦✇s ✜rst❧②✱ t❤❛t ❢♦r ❛♥② N
∑

|h|≤N

(
1− |h|

n

)
γ(h)

n→+∞−→
∑

|h|≤N γ(h) ❛♥❞ s❡❝♦♥❞❧② t❤❛t

∣∣∣∣∣∣

∑

|h|≥N+1

(
1− |h|

n

)
γ(h)

∣∣∣∣∣∣
≤

∑

|h|≥N+1

|γ(h)| N→+∞−→ 0,

❢r♦♠ ✇❤✐❝❤ ✐t ❢♦❧❧♦✇s t❤❛t

n❱❛r(Xn)
n→+∞−→

∞∑

h=−∞

γ(h) = 2πf(0).

❚❤❡ s❛♠♣❧❡ ❛✈❡r❛❣❡ X ✐s ❛♥ ✉♥❜✐❛s❡❞ ❡st✐♠❛t♦r ♦❢ µ ❛♥❞ ✇❡ ❛❧s♦ ❤❛✈❡ ❝♦♥s✐st❡♥❝②❀ ❞✐r❡❝t❧② ❢r♦♠

❈❤❡❜②s❤❡✈✱ ❱❛r(Xn)
n→+∞−→ 0 ✐♠♣❧✐❡s ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♣r♦❜❛❜✐❧✐t②✳ ❲❤❡♥

∑
|γ(h)| < +∞✱ ✇❡ ❛❧s♦ ❤❛✈❡

t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ n❱❛r(Xn)
n→+∞−→ 2πf(0)✳ ❲❡ ❝❛♥ ❣♦ ❢✉rt❤❡r✱ ❛♥❞ s❤♦✇ t❤❛t ✐❢ |γ(h)| ❞❡❝❛②s

q✉✐❝❦❧② ❡♥♦✉❣❤✱ t❤❡♥ Xn ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧✳

✼✻



❚❤❡♦r❡♠ ✺✳✸✳ ▲❡t {Xt} ❜❡ ❛ str✐❝t❧② ❧✐♥❡❛r t✐♠❡ s❡r✐❡s ❞❡✜♥❡❞ ❜②

Xt = µ+
∞∑

j=−∞

ψjǫt−j {ǫt} ∼ ■■❉(0, σ2)

✇❤❡r❡ (ψj) s❛t✐s❢②
∑∞

j=−∞ |ψj | <∞ ❛♥❞
∑∞

j=−∞ ψj 6= 0✳ t❤❡♥

√
n(Xn − µ)√

v
∼ ❆◆(0, 1)

✇❤❡r❡

v =

∞∑

h=−∞

γ(h) = σ2




∞∑

j=−∞

ψj




2

❛♥❞ γ ✐s t❤❡ ❆❈❱❋ ♦❢ {Xt}✳

❙✐♥❝❡ {Xt : t ∈ Z} ✐s ♥♦t ❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡✱ ✇❡ ✜rst ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r m✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r②

♣r♦❝❡ss❡s✱ ✇❤❡r❡ ❢♦r ❡❛❝❤ t✱ Xt ⊥ Xt+n✱ n ≥ m + 1 ❛♥❞ t❤❡♥ ❡①t❡♥❞ t♦ ❛r❜✐tr❛r② ❧✐♥❡❛r st❛t✐♦♥❛r②

♣r♦❝❡ss❡s ✇✐t❤ ✇❡❧❧ ❞❡✜♥❡❞ ❆❈❱❋✳

❚❤❡♦r❡♠ ✺✳✹ ✭❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠ ❢♦r ❙tr✐❝t❧② ❙t❛t✐♦♥❛r② m✲❉❡♣❡♥❞❡♥t ❙❡q✉❡♥❝❡s✮✳ ▲❡t {Xt} ❜❡

❛ str✐❝t❧② st❛t✐♦♥❛r② m✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤❛t ✐s✱ Xt ⊥ Xs ❢♦r ❛❧❧ s s✉❝❤ t❤❛t

|t− s| > m✳ ▲❡t µ = 0 ❛♥❞ ❧❡t γ ❞❡♥♦t❡ t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✳ ▲❡t vm = γ(0) + 2
∑m

j=1 γ(j) ❛♥❞

s✉♣♣♦s❡ t❤❛t vm 6= 0✳ ❚❤❡♥

✶✳ limn→+∞ n❱❛r(Xn) = vm ❛♥❞

✷✳ Xn ∼ ❆◆
(
0, vmn

)
✳

Pr♦♦❢ ❚❤❡ ✜rst st❛t❡♠❡♥t ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❞❡❛❧t ✇✐t❤✳ ❋♦r t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ✭❛s②♠♣t♦t✐❝ ♥♦r✲

♠❛❧✐t②✮✱ ❢♦r ❡❛❝❤ ✐♥t❡❣❡r k s✉❝❤ t❤❛t k > 2m✱ ❧❡t

Ynk =
1

n1/2

{
(X1 + . . .+Xk−m) + . . .+ (X(r−1)k+1 + . . .+Xrk−m)

}

✇❤❡r❡ r = ⌊nk ⌋✳ ❙✐♥❝❡ t❤❡ s❡r✐❡s ✐s m✲❞❡♣❡♥❞❡♥t✱ r❡♠♦✈❛❧ ♦❢ Xjk−m+1, . . . , Xjk ❢♦r ❡❛❝❤ j✱ s♣❧✐ts ✐t ✐♥t♦

✐♥❞❡♣❡♥❞❡♥t ♣✐❡❝❡s❀ n1/2Ynk ✐s t❤❡ s✉♠ ♦❢ r ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ❡❛❝❤ ✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞ ✈❛r✐❛♥❝❡✿

Rk−m = ❱❛r(X1 + . . .+Xk−m)

=
k−m∑

i=1

k−m∑

j=1

❈♦✈(Xi, Xj)

= (k −m)γ(0) + 2
k−m∑

i=1

k−m∑

j=i+1

γ(j − i)

= (k −m)γ(0) + 2
k−m∑

j=1

γ(j)

(
k−m−j∑

i=1

1

)

=
∑

|j|<k−m

(k −m− |j|)γ(j).

✼✼



❇② t❤❡ ❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠✱ t❤❡r❡❢♦r❡✿

(n1/2Ynk)

(⌊nk ⌋Rk−m)1/2
n→+∞−→(d) N(0, 1)

✇❤✐❝❤ ♠❛② ❜❡ ❡①♣r❡ss❡❞ ❛s

Ynk
n→+∞−→(d) N(0,

1

k
Rk−m)

k→+∞−→ N(0, vm).

❲❡ ♥♦✇ ❤❛✈❡ t♦ s❤♦✇ t❤❛t t❤❡ ♣✐❡❝❡s t❤❛t ❤❛✈❡ ❜❡❡♥ ♦♠✐tt❡❞ ❞♦ ♥♦t ❝♦♥tr✐❜✉t❡ ❛s k → +∞ ❛♥❞

r → +∞✳ ❚❤❛t ✐s✱ ✐t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t

lim
k→+∞

lim sup
n→+∞

P

(∣∣∣n1/2Xn − Ynk

∣∣∣ > ǫ
)
= 0 ∀ǫ > 0.

❚♦ ❡st❛❜❧✐s❤ t❤✐s✱

(n1/2Xn − Ynk) =
1

n1/2

r−1∑

j=1

(Xjk−m+1 + . . .+Xjk) +
1

n1/2
(Xrk−m+1 + . . .+Xn).

❚❤❡ t❡r♠s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❢♦r k > m✳ ❚❤❡r❡❢♦r❡✿

❱❛r(n1/2Xn − Ynk) =
1

n

(
(⌊n
k
⌋ − 1)Rm +Rh(n)

)
,

h(n) = n− k⌊n
k
⌋+m 0 ≤ h(n) ≤ k +m.

❚❤❡r❡❢♦r❡✿

lim sup
n→+∞

❱❛r(n1/2Xn − Ynk) =
1

k
Rm

❛♥❞✱ ❛s k → +∞✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❜② ❈❤❡❜②s❤❡✈✳

❲❡ t❤❡r❡❢♦r❡ ❤❛✈❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ❢♦r t❤❡ ♠❡❛♥ ♦❢ ❛♥ MA(q) ♣r♦❝❡ss ❢♦r ❛♥② q < +∞✳ ❚❤✐s

✐s t❤❡ ❦❡② ♣♦✐♥t ❢♦r ♣r♦✈✐♥❣ ❚❤❡♦r❡♠ ✺✳✸✱ s✐♥❝❡ ❛ st❛t✐♦♥❛r② ❧✐♥❡❛r ♣r♦❝❡ss ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛

2m+ 1 ❞❡♣❡♥❞❡♥t ♣r♦❝❡ss✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✸ ▲❡t Xtm ❞❡♥♦t❡ t❤❡ 2m+ 1 ❞❡♣❡♥❞❡♥t ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡✜♥❡❞ ❜②✿

Xtm = µ+
m∑

j=−m

ψjǫt−j {ǫt} ∼ ■■❉(0, σ2)

❙❡t

Ynm = Xnm =
1

n

n∑

t=1

Xtm.

■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t t❤❛t

✼✽



√
n(Ynm − µ) →d N


0, σ2




m∑

j=−m

ψj




2
 m→+∞−→ N


0, σ2




∞∑

j=−∞

ψj




2
 .

❆ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ ✉s✐♥❣
∑∞

j=−∞ |ψj | < +∞ ❣✐✈❡s✿

sup
m2≥m1

❱❛r
(
n1/2(Ynm2 − Ynm1)

)
= sup

m2≥m1

n❱❛r


 1

n

n∑

t=1

m2∑

|j|=m1+1

ψjǫt−j




= sup
m2≥m1+1

n❱❛r

(
1

n

m2+n∑

s=m1+2

ǫs

s−m1−1∑

t=s−m2

ψt−s +
1

n

n−m1−1∑

s=1−m2

ǫs

s+m2∑

t=s+m1+1

ψt−s

)

=
σ2

n

(
m2+n∑

s=m1+2

(

s−m1−1∑

t=s−m2

ψt−s)
2 +

n−m1−1∑

t=s−m2

(

s+m2∑

t=s+m1+1

ψt−s)
2

)

=
σ2(n+m2 −m1 − 2)

n

(
(

−m1−1∑

t=−m2

ψt)
2 + (

m2∑

t=m1+1

ψt)
2

)

❢r♦♠ ✇❤✐❝❤

lim
m1→+∞

sup
m2≥m1

lim sup
n→+∞

❱❛r
(
n1/2(Ynm2 − Ynm1)

)
= 0.

✭❲❡ ✜rst ❧❡t n→ +∞✳✮ ❋r♦♠ t❤✐s✱ ✐t ♥♦✇ ❢♦❧❧♦✇s t❤❛t

√
n(Xmn − µ)

n→+∞−→ N(0, vm)
m→+∞−→ N(0, v).

✺✳✸ ❊st✐♠❛t✐♦♥ ♦❢ γ(·)

❚❤❡ ❡st✐♠❛t♦rs ❢♦r γ ❛♥❞ ρ ✇❤✐❝❤ ❛r❡ ✉s❡❞ ❛r❡✿

γ̂(h) =
1

n

n−h∑

t=1

(Xt −Xn)(Xt+h −Xn), 0 ≤ h ≤ n− 1

❛♥❞

ρ̂(h) =
γ̂(h)

γ̂(0)

r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ ❡st✐♠❛t♦rs ❛r❡ ❝❧❡❛r❧② ❜✐❛s❡❞✱ ❜✉t ♥❡✈❡rt❤❡❧❡ss ❛r❡ t❤❡ ❡st✐♠❛t♦rs ✉s❡❞✱ t♦ ❡♥s✉r❡

t❤❛t t❤❡ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①

Γ̂h =




γ̂(0) . . . γ̂(h)
✳✳✳

γ̂(h) . . . γ̂(0)




✼✾



✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✳ ❚❤❡ ❡st✐♠❛t♦rs ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ✉♥❜✐❛s❡❞✳ ❚❤❡ ❡st✐♠❛t❡s (γ̂(h))nh=0 s❛t✐s❢②∑
h γ(h) = 0 ✭❡①❡r❝✐s❡✮✳

■♥ t❤❡ s❡q✉❡❧✱ ❧❡t γ = (γ(0), γ(1), . . . , γ(h))′✱ ✇✐t❤ s✐♠✐❧❛r ♥♦t❛t✐♦♥ ❢♦r ❡st✐♠❛t♦rs ♦❢ γ✳ ❚❤❛t ✐s✱

γ̂ = (γ̂(0), . . . , γ̂(h))t✳ ❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠ ✺✳✺✳ ▲❡t {Xt} ❜❡ ❛ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ♣r♦❝❡ss s❛t✐s❢②✐♥❣

Xt =
∞∑

j=−∞

ψjǫt−j {ǫt} ∼ IID(0, σ2)

✇❤❡r❡
∑∞

j=−∞ |ψj | < +∞ ❛♥❞ E[ǫ4t ] = ησ4 < +∞✳ ▲❡t γ ❜❡ t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ {Xt}✳ ❚❤❡♥

❢♦r ❛♥② ♥♦♥ ♥❡❣❛t✐✈❡ ✐♥t❡❣❡r h

γ̂ ∼ ❆◆

(
γ̂,

1

n
V

)

✇❤❡r❡ V ✐s t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✇✐t❤ ❡♥tr✐❡s

vpq = (η − 3)γ(p)γ(q) +

∞∑

k=−∞

(γ(k)γ(k − p+ q) + γ(k + q)γ(k − p)) .

◆♦t❡ t❤❛t t❤❡ ❵♥♦✐s❡✬ ✐s ✐✳✐✳❞✳✱ ❜✉t ✇❡ ❞♦ ♥♦t r❡q✉✐r❡ t❤❛t ✐t ✐s ●❛✉ss✐❛♥✳ ■❢ ✐t ✐s ●❛✉ss✐❛♥✱ t❤❡♥ ✭❝❧❡❛r❧②✮

η = 3 ❛♥❞ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r vpq ✈❛♥✐s❤❡s✳ ❲❡✬❧❧ ♣r❡s❡♥t t❤❡ ♣r♦♦❢ ✐♥ st❛❣❡s✳

■❢ ✐t ✐s ❦♥♦✇♥ t❤❛t µ = 0✱ t❤❡♥ t❤❡ ❡st✐♠❛t♦r

γ∗(h) =
1

n

n−h∑

j=1

XjXj+j

♠❛② ❜❡ ✉s❡❞ ❢♦r t❤❡ ❆❈❱❋✳ ❲❤❡♥ tr②✐♥❣ t♦ ❡st❛❜❧✐s❤ r❡s✉❧ts✱ t❤✐s ✐s ❡❛s✐❡r t♦ ✇♦r❦ ✇✐t❤❀ ✉♥❞❡r

❝♦♥❞✐t✐♦♥s t❤❛t X ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❝♦♥s✐st❡♥t✱ γ̂ ❛♥❞ γ∗ ✇✐❧❧ ❤❛✈❡ t❤❡ s❛♠❡ ❛s②♠♣t♦t✐❝s✳ ❲❡✬❧❧ ✉s❡

t❤❡ ♥♦t❛t✐♦♥

γ∗ = (γ∗(0), . . . , γ∗(h))✳

❚♦ ❡st❛❜❧✐s❤ t❤❛t γ̂ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧✱ ✇❡ ♣r♦❝❡❡❞ ✐♥ st❛❣❡s✱ ✜rst❧② ❜② ❝♦♥s✐❞❡r✐♥❣ γ∗✳

❚❤❡♦r❡♠ ✺✳✻✳ ▲❡t {Xt} ❜❡ ❛ str✐❝t❧② ❧✐♥❡❛r t✐♠❡ s❡r✐❡s ✇✐t❤ ♠❡❛♥ 0❀

Xt =

∞∑

j=−∞

ψjǫt−j {ǫt} ∼ IID(0, σ2)

s❛t✐s❢②✐♥❣
∑∞

j=−∞ |ψj | <∞ ❛♥❞ E
[
ǫ4t
]
= ησ4 <∞✳ ▲❡t

γ∗(h) =
1

n

n∑

t=1

XtXt+h h = 0, 1, 2, . . .

❚❤❡♥

lim
n→+∞

n❈♦✈(γ∗(p), γ∗(q)) = (η − 3)γ(p)γ(q) +
∞∑

k=−∞

(γ(k)γ(k − p+ q) + γ(k + q)γ(k − p)) .

✽✵



Pr♦♦❢
❈♦✈(γ

∗
(p), γ

∗
(q)) = ❈♦✈(

1

n

n−p∑

j=1

XjXj+q ,
1

n

n−q∑

j=1

XjXj+q) =
1

n2

n−p∑

j=1

n−q∑

k=1

❈♦✈(XjXj+p, XkXk+q)

❛♥❞

❈♦✈(XjXj+p, XkXk+q) = E[XjXj+pXkXk+q ] − ❈♦✈(Xj , Xj+p)❈♦✈(Xk, Xk+q)

= E[XjXj+pXkXk+q ] − γ(p)γ(q)

❲❡✬❧❧ ✉s❡✿

E[XjXj+pXkXk+q ] =
∑

a1,a2,a3,a4

ψa1
ψa2

ψa3
ψa4

E[ǫj−a1
ǫj+p−a2

ǫk−a3
ǫk+q−a4

].

◆♦✇✱

E[ǫsǫtǫuǫv ] =






ησ4 s = t = u = v

σ2 s = t 6= u = v, s = u 6= t = v s = v 6= t = u

0 ♦t❤❡r✇✐s❡

s♦ t❤❛t✿

E[XtXt+pXsXs+q ] =
∑

i,j,k,l

ψiψj+pψkψl+qE[ǫt−iǫt−jǫs−kǫs−l]

=
∑

i,j,k,l

ψiψj+pψk−t+sψl−t+s+qE[ǫt−iǫt−jǫt−kǫt−l]

= ησ
4
∑

i

ψiψi+pψi−t+sψi−t+s+q + σ
4

∑

i 6=k

ψiψi+pψk−t+sψk−t+s+q

+σ
4
∑

i 6=j

ψiψi−t+sψj+pψj−t+s+q + σ
2
∑

i 6=j

ψiψi−t+s+qψj+pψj−t+s

= (η − 3)σ
4
∑

i

ψiψi+pψi−t+s+pψi−t+s+q + γ(p)γ(q) + γ(t− s)γ(p + t− s− q) + γ(t− s− q)γ(p + t− s)

■t ❢♦❧❧♦✇s t❤❛t

E
[
γ
∗
(p)γ

∗
(q)

]
=

1

n2
E

[
n∑

s=1

n∑

t=1

XtXt+pXsXs+q

]

=
1

n2

n∑

s=1

n∑

t=1

(γ(p)γ(q) + γ(s− t)γ(s− t− p + q) + γ(s− t + q)γ(s− t− p)

+(η − 3)σ
2
∑

i

ψiψi+pψi+s−tψi+s−t+q

)

◆♦✇ s❡t k = s− t✱ ❝❤❛♥❣❡ t❤❡ ♦r❞❡r ♦❢ s✉♠♠❛t✐♦♥ ❛♥❞ s✉❜tr❛❝t γ(p)γ(q) ❢r♦♠ ❡❛❝❤ s✐❞❡✳ ■t ❢♦❧❧♦✇s t❤❛t

❈♦✈(γ
∗
(p), γ

∗
(q)) =

1

n

∑

|k|<n

(
1 −

|k|
n

)
Tk,

✇❤❡r❡

Tk = γ(k)γ(k − p + q) + γ(k + q)γ(k − p) + (η − 3)σ
4
∑

i

ψiψi+pψi+kψi+k+q .

◆♦t❡ t❤❛t

∑

k

|Tk| ≤ 2
∑

k

|γ(k)|2 + |η − 3|σ4
(
∑

k

|ψk|2)2 < +∞

s✐♥❝❡
∑

k |γ(k)| < +∞ ❛♥❞ ❤❡♥❝❡
∑

k |γ(k)|2 < +∞ ❛♥❞
∑

|ψi| < +∞ ❛♥❞ ❤❡♥❝❡
∑ |ψi|2 < +∞✳ ■t ❢♦❧❧♦✇s ✭✉s✐♥❣ ❛ st❛♥❞❛r❞ ǫ δ ❛r❣✉♠❡♥t✱ ♥♦t✐♥❣ t❤❛t

❢♦r ❛♥② N ✱ limn→+∞
∑

|k|<n∧N

(
1 − |k|

n

)
Tk →

∑
|k|<N Tk ❛♥❞ t❤❛t ❢♦r ❛♥② ǫ > 0✱ N ♠❛② ❜❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t supn

∣∣∣
∑

n∨N≤|k|<N

(
1 − |k|

n

)∣∣∣ < ǫ

t❤❛t
∑∞

k=−∞ Tk ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ t❤❛t

lim
n→+∞

n❈♦✈(γ
∗
(p), γ

∗
(q)) =

∞∑

k=−∞

Tk = (η − 3)γ(p)γ(q) +

∞∑

k=−∞

(γ(k)γ(k − p + q) + γ(k + q)γ(k − p))

❛s r❡q✉✐r❡❞✳

❚❤❡ ❝♦✈❛r✐❛♥❝❡ str✉❝t✉r❡ ♦❢ γ∗ ❤❛s ♥♦✇ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞❀ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts s❤♦✇ ❛s②♠♣t♦t✐❝ ♥♦r✲

♠❛❧✐t②✳ ❋✐rst❧②✱ ❚❤❡♦r❡♠ ✺✳✼ ♣r♦✈❡s t❤❡ r❡s✉❧t ❢♦r ❛ ▼❆✭✷♠ ✰ ✶✮ ♣r♦❝❡ss ✇❤❡r❡m ✐s ✜♥✐t❡❀ ❚❤❡♦r❡♠ ✺✳✾

❡①t❡♥❞s ✐t t♦ str✐❝t❧② ❧✐♥❡❛r ♣r♦❝❡ss❡s✳

✽✶



❚❤❡♦r❡♠ ✺✳✼✳ ▲❡t {Xt} ❜❡ t❤❡ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ♣r♦❝❡ss

Xt =

m∑

j=−m

ψjǫt−j {ǫt} ∼ IID(0, σ2),

✇❤❡r❡ E[ǫ4t ] = ησ2 < +∞✳ ▲❡t γ ❜❡ t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ X✳ ▲❡t γ∗ = (γ∗(0), . . . , γ∗(h))t ❛♥❞

γ = (γ(0), . . . , γ(h))t✳ ❚❤❡♥

γ∗ ∼ ❆◆
(
γ, n−1V

)

✇❤❡r❡ V = (vpq)p,q=0,...,h ✐s t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✇✐t❤ ❡♥tr✐❡s

vpq =
∞∑

k=−∞

Tk = (η − 3)γ(p)γ(q) +
∞∑

k=−∞

(γ(k)γ(k − p+ q) + γ(k + q)γ(k − p)) .

Pr♦♦❢ ❚❤✐s ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✺✳✸✮❀ ❝♦♥s✐❞❡r t❤❡ r❛♥❞♦♠ h+1

✈❡❝t♦rs

Y t = (XtXt, XtXt+1, . . . , XtXt+h)
t

t❤❡♥ Y t ✐s ❛ str✐❝t❧② st❛t✐♦♥❛r② (2m+ h) ❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡ ❛♥❞✱ t❛❦✐♥❣ XtXt+i = 0 ❢♦r t+ i ≥ n✱

1

n

n∑

t=1

Y t = (γ∗(0), . . . , γ∗(h)).

❋♦r ❛♥② ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ λtγ∗ s✉❝❤ t❤❛t λtV λ > 0✱ ✐t ❢♦❧❧♦✇s t❤❛t {λtY t} s❛t✐s✜❡s t❤❡ ❤②♣♦t❤❡s❡s ♦❢

❚❤❡♦r❡♠ ✺✳✸ ❛♥❞ ❤❡♥❝❡

√
n(λtγ∗ − λtγ)
√
λtV λ

−→(d) N(0, 1)

❢r♦♠ ✇❤✐❝❤ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

▲❡♠♠❛ ✺✳✽✳ ▲❡t {Xn, n = 1, 2, . . .} ❛♥❞ Y nj , j = 1, 2, . . . ;n = 1, 2, . . . ❜❡ r❛♥❞♦♠ k✲✈❡❝t♦rs s✉❝❤ t❤❛t

✶✳ Y nj → Y j ❢♦r ❡❛❝❤ j = 1, 2, . . .

✷✳ Y j → Y ❛s j → +∞ ❛♥❞

✸✳ limj→+∞ limn→+∞ P
(
|Xn − Y nj | > ǫ

)
= 0 ❢♦r ❡✈❡r② ǫ > 0✳

❚❤❡♥

Xn → Y n→ +∞.

Pr♦♦❢ ❈❧❡❛r ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s✳

❚❤❡♦r❡♠ ✺✳✾✳ ❚❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✺✳✼ r❡♠❛✐♥s tr✉❡ ❢♦r ❛ ♣r♦❝❡ss

Xt =
∞∑

j=−∞

ψjǫt−j {ǫj} ∼ IID(0, σ2)

✇❤❡r❡
∑∞

j=−∞ |ψj | < +∞ ❛♥❞ E[ǫ4t ] = ησ2 < +∞✳

✽✷



Pr♦♦❢ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❜② ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✺✳✼ t♦ t❤❡ ♣r♦❝❡ss

Xtm =

m∑

j=−m

ψjǫt−j {ǫj} ∼ IID(0, σ2).

▲❡t

γ∗m(p) =
1

n

n∑

t=1

XtmX(t+p)m,

t❤❡♥

n1/2(γ∗
m
− γm) −→ Y m

✇❤❡r❡ γm ✐s t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ {Xtm} ❛♥❞ t❤❡ ✈❡❝t♦r ♥♦t❛t✐♦♥ ✐s ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✳

❚❤❡♥ Y m ∼ N(0, Vm)✱ ✇❤❡r❡ Vm ✐s t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✼✳ ❆s m→ +∞✱ Vm → V ✳

❚❤❡ ♣r♦♦❢ ♥♦✇ ❢♦❧❧♦✇s ❜② ▲❡♠♠❛ ✺✳✽✱ ♣r♦✈✐❞❡❞ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t

lim
m→+∞

lim sup
n→+∞

P

(
n1/2 |γ∗m(p)− γm(p)− γ∗(p) + γ(p)| > ǫ

)
= 0

❢♦r p = 0, 1, . . . , h✳ ❚❤✐s ❢♦❧❧♦✇s ❜② ❈❤❡❜②s❤❡✈❀ t❤❡ ♣r♦❜❛❜✐❧✐t② ✐s ❜♦✉♥❞❡❞ ❜②

n

ǫ2
❱❛r (γ∗m(p)− γ∗(p)) =

1

ǫ2
(n❱❛r(γ∗m(p)) + n❱❛r(γ∗(p))− 2n❈♦✈(γ∗m(p), γ∗(p))) .

❋✐rst❧②✱

lim
m→+∞

lim
n→+∞

n❱❛r(γ∗m(p)) = lim
n→+∞

❱❛r(γ∗(p)) = vpp

lim
m→+∞

lim
m→+∞

lim
n→+∞

n❈♦✈(γ∗m(p), γ∗(p)) = vpp

❢r♦♠ ✇❤✐❝❤ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

◆♦✇✱ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ❡st❛❜❧✐s❤❡❞ t❤❛t Xn → µ ✐♥ ♣r♦❜❛❜✐❧✐t②✳ ❚❤❡r❡❢♦r❡✱ ✇❡ s❤♦✉❧❞ ❡①♣❡❝t t❤❛t

γ̂ − γ∗ → 0✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❡st❛❜❧✐s❤❡s t❤❛t γ̂ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧✱ ✇✐t❤ t❤❡ s❛♠❡

❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ str✉❝t✉r❡ ❛s ❢♦r γ∗✳

❋✐♥❛❧❧②✱ ✇❡ ♣✉t ❛❧❧ t❤✐s t♦❣❡t❤❡r t♦ ❣❡t t❤❡ ♠❛✐♥ r❡s✉❧t ✭t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ γ̂✮✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✺ ❋♦r 0 ≤ p ≤ h✱ ✐t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ t❤❛t

γ̂(p) =
1

n

n−p∑

t=1

XtXt+p −Xn
1

n




n−p∑

t=1

Xt +

n−p∑

t=1

Xt



 +

(
1 −

p

n

)
X

2
n

= γ
∗
(p) −

1

n

n∑

t=n−p+1

XtXt+p −Xn
1

n




n−p∑

t=1

Xt +

n−p∑

t=1

Xt+p +

(
1 −

p

n
Xn

)

 .

❋r♦♠ t❤✐s✱ ✐t ❢♦❧❧♦✇s ❞✐r❡❝t❧② t❤❛t

√
n(γ

∗
(p) − γ̂(p)) = n

1/2
Xn



 1

n

n−p∑

t=1

Xt+p +
1

n

n−p∑

t=1

Xt +

(
1 −

p

n

)
Xn



 +
1

√
n

n∑

t=n−p+1

XtXt+p.

◆♦✇✱

1
√
n
E





∣∣∣∣∣∣

n∑

t=n−p+1

XtXt+p

∣∣∣∣∣∣



 ≤
1

√
n
pγ(0)

n→+∞−→ 0.

❋✉rt❤❡r♠♦r❡✱

✽✸



n
1/2

Xn ∼ ❆◆



0, σ
2




∞∑

j=−∞

ψj




2




❇② t❤❡ ✇❡❛❦ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs✱



 1

n

n−p∑

t=1

Xt+p +
1

n

n−p∑

t=1

Xt +

(
1 −

p

n

)
Xn



 −→ 0

✐♥ ♣r♦❜❛❜✐❧✐t②✱ ❢r♦♠ ✇❤✐❝❤ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

✺✳✹ ❊st✐♠❛t✐♥❣ t❤❡ ❆✉t♦❝♦rr❡❧❛t✐♦♥ ❋✉♥❝t✐♦♥ ρ(.)

❘❡❝❛❧❧ t❤❛t ρ̂(h) = γ̂(h)

γ̂(0)
s♦ t❤❛t ρ̂(.) = g(γ̂(.)) ❢♦r ❛ s✉✐t❛❜❧❡ ❢✉♥❝t✐♦♥ g✳ ❆s②♠♣t♦t✐❝ r❡s✉❧ts ❢♦r ρ̂ ❛r❡

t❤❡r❡❢♦r❡ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❞❡❧t❛ ♠❡t❤♦❞ t♦ ❛s②♠♣t♦t✐❝ r❡s✉❧ts ❢♦r γ̂✳

❋♦r t❤❡ ❆❈❋ ρ(·)✱ t❤❡ η t❡r♠ ❞✐s❛♣♣❡❛rs✳

❚❤❡♦r❡♠ ✺✳✶✵✳ ▲❡t ρ = (ρ(1), . . . , ρ(h))t ❛♥❞ ρ̂ = (ρ̂(1), . . . , ρ̂(h))t✳ ▲❡t {Xt} s❛t✐s❢②✿

Xt = µ+

∞∑

j=−∞

ψjǫj {ǫt} ∼ IID(0, σ2)

✇❤❡r❡
∑∞

j=−∞ |ψj | <∞ ❛♥❞ E
[
ǫ4t
]
<∞✱ t❤❡♥

ρ̂ ∼ ❆◆(ρ, n−1W )

✇❤❡r❡ W = (wij)i,j=1,...,h ✐s t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✇❤♦s❡ ❡♥tr✐❡s ❛r❡ ❣✐✈❡♥ ❜②✿

wij =
∞∑

k=−∞

{ρ(k + i)ρ(k + j) + ρ(k − i)ρ(k + j)

+ 2ρ(i)ρ(j)ρ2(k)− 2ρ(i)ρ(k)ρ(k + j)− 2ρ(j)ρ(k)ρ(k + i)}. ✭✺✳✶✮

Pr♦♦❢ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❉❡❧t❛ ▼❡t❤♦❞ ✭s❡❡ t❤❡ ❝♦✉rs❡ ❙t❛t✐st✐❝s✮✿ ▲❡t g : Rh+1 → R ❜❡ ❞❡✜♥❡❞

❜②

g((x0, . . . , xh)
t) =

((
x1

x0

)
, . . . ,

(
xh

x0

))t

.

▲❡t γ ❜❡ t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ♦❢ {X}✳ ❚❤❡♥

ρ̂ = g(γ̂) ∼ ❆◆

(
g(γ),

1

n
DV Dt

)

✇❤❡r❡ D ✐s t❤❡ ♠❛tr✐① ♦❢ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✿

{
∂gj
∂x0

= − gj
x0

j = 1, . . . , h
∂gj
∂xk

= 1
x0
1xk(xj) (j, k) ∈ {1, . . . , h}2

❣✐✈✐♥❣

✽✹



D =
1

γ(0)




−ρ(1) 1 0 . . . 0

−ρ(2) 0 1 . . . 0
✳✳✳

✳✳✳

−ρ(h) 0 0 . . . 1



.

❚❤❡ ❡①♣r❡ss✐♦♥ ✭✺✳✶✮ ✐s ❝❛❧❧❡❞ ❇❛rt❧❡tt✬s ❢♦r♠✉❧❛✳ ■t ♠❛② ❜❡ r❡✲❛rr❛♥❣❡❞ t♦ ♦❜t❛✐♥ t❤❡ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t

❢♦r♠✿

wij =

∞∑

k=1

{ρ(k + i) + ρ(k − i)− 2ρ(i)ρ(k)} × {ρ(k + j) + ρ(k − j)− 2ρ(j)ρ(k)}. ✭✺✳✷✮

❚❤❡ ❛ss✉♠♣t✐♦♥ E
[
ǫ4t
]
<∞ ✐s r❡❧❛①❡❞ ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ❛ s❧✐❣❤t❧② str♦♥❣❡r ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ s❡q✉❡♥❝❡

{ψj}✳

❚❤❡♦r❡♠ ✺✳✶✶✳ ■❢ {Xt} ✐s ❛ str✐❝t❧② ❧✐♥❡❛r t✐♠❡ s❡r✐❡s ✇❤❡r❡
∑∞

j=−∞ |ψj | <∞ ❛♥❞
∑∞

j=−∞ ψ2
j |j| <∞✱

t❤❡♥

ρ̂ ∼ ❆◆
(
ρ, n−1W

)

✇❤❡r❡ W ✐s ❣✐✈❡♥ ❜② t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✳

Pr♦♦❢ ❖♠✐tt❡❞✳

❯s✐♥❣ s✐♠✐❧❛r t❡❝❤♥✐q✉❡s✱ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❡st✐♠❛t♦rs ❝❛♥ ❜❡ ❡st❛❜❧✐s❤❡❞❀

lim
n→+∞

❈♦rr (γ̂(i), γ̂(j)) =
vij√
viivjj

lim
n→+∞

❈♦rr (ρ̂(i), ρ̂(j))) =
wij√
wiiwjj

.

✺✳✺ ❚❤❡ ▲❥✉♥❣✲❇♦① ❚❡st

❆ ✈❡r② ✐♠♣♦rt❛♥t s✐t✉❛t✐♦♥ ✐s ❛♣♣❧✐❝❛t✐♦♥ t♦ ❛ s❡r✐❡s ♦❢ r❡s✐❞✉❛❧s ❛♥❞ ❞❡❝✐❞✐♥❣ ✇❤❡t❤❡r ♦r ♥♦t ❛ ❵✇❤✐t❡

♥♦✐s❡✬ ♠♦❞❡❧ ✜ts✳ ❆s ❡✈❡r✱ ρ(0) = 1✳ ■❢ t❤❡ s❡r✐❡s ✐s ✇❤✐t❡ ♥♦✐s❡✱ t❤❡♥ ρ(1) = ρ(2) = . . . = ρ(h) = 0 ❢♦r

❛❧❧ h ≥ 1✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱ t❤❡ ❇❛rt❧❡tt ❢♦r♠✉❧❛ ✭✺✳✶✮ r❡❞✉❝❡s t♦ ✭❢♦r 1 ≤ i ≤ j < +∞✮✿

wij =

{
0 i 6= j

1 i = j

s♦ t❤❛t ρ̂ ∼ AN(0, 1nI)✳ ❍❡♥❝❡✱ ❝♦♥s✐❞❡r t❡st✐♥❣✿

{
H0 : ❚❤❡ ❞❛t❛ ❛r❡ ❛♥ ♦❜s❡r✈❡❞ r❛♥❞♦♠ s❛♠♣❧❡ ❢r♦♠ ❲◆(0, σ2)

H1 ❚❤❡ ❞❛t❛ ❛r❡ ♥♦t ❛♥ ♦❜s❡r✈❡❞ r❛♥❞♦♠ s❛♠♣❧❡ ❢r♦♠ ❲◆(0, σ2).

❚❤❡ t❡st st❛t✐st✐❝

✽✺



Q := n

h∑

j=1

ρ̂(j)2
n→+∞−→ (d) χ

2
h;

t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ✐s r❡❥❡❝t❡❞ ❢♦r Q > χ2
h;α ✇❤❡r❡ χ2

h;α ✐s t❤❡ ✈❛❧✉❡ s✉❝❤ t❤❛t P(X > χ2
h,α) = α ❢♦r

X ∼ χ2
h✳

❚❤❡ ▲❥✉♥❣ ✲ ❇♦① t❡st ❚❤❡ ▲❥✉♥❣✕❇♦① t❡st ✭♥❛♠❡❞ ❛❢t❡r ●r❡t❛ ▼✳ ▲❥✉♥❣ ❛♥❞ ●❡♦r❣❡ ❊✳ P✳ ❇♦①✮

♠♦❞✐✜❡s t❤❡ ❛❜♦✈❡ t❡st✱ t♦ ♣r♦✈✐❞❡ s♦♠❡t❤✐♥❣ t❤❛t ❤❛s ❣r❡❛t❡r ❛❝❝✉r❛❝② ❢♦r s♠❛❧❧❡r n✳ ❚❤❡② ♣r♦♣♦s❡

t❤❡ t❡st st❛t✐st✐❝

Q = n (n+ 2)
h∑

k=1

ρ̂2(k)

n− k

✇❤❡r❡ n ✐s t❤❡ s❛♠♣❧❡ s✐③❡✱ ρ̂(k) ✐s t❤❡ s❛♠♣❧❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❛t ❧❛❣ k✱ ❛♥❞ h ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❧❛❣s

❜❡✐♥❣ t❡st❡❞✳ ❯♥❞❡r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s t❤❛t t❤❡ s❡r✐❡s ✐s ✐✳✐✳❞✳ N(0, σ2)✱ Q ∼ χ2
h ❛s n→ +∞✳

❚❤❡ ♠♦t✐✈❛t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✿ ❧❡t ǫ1, ǫ2, . . . ❜❡ ✐✳✐✳❞✳ N(0, σ2) ❛♥❞ ❧❡t

rk =

∑n−k
j=1 ǫjǫj+k∑n

j=1 ǫ
2
j

.

✭s♦ t❤❛t rk = ρ̂(k)✮✳ ❇② s❝❛❧✐♥❣✱ ✇❡ ❝❛♥ t❛❦❡ ǫj ✬s ✐✳✐✳❞✳ N(0, 1)✳ ❈❧❡❛r❧② E[rk] = 0✱ s♦ t❤❛t E[r2k] =

❱❛r(rk)✳ ❙♦♠❡ ❝♦♠♣✉t❛t✐♦♥ ❣✐✈❡s ❱❛r(rk) = n−k)
n(n+2) s♦ t❤❛t t❤❡ ▲❥✉♥❣ ❇♦① st❛t✐st✐❝ ❤❛s t❤❡ s❛♠❡

❡①♣❡❝t❛t✐♦♥ ❛s t❤❡ χ2 ❞✐str✐❜✉t✐♦♥✳

✽✻


