
❈❤❛♣t❡r ✹

P❛r❛♠❡t❡r ❊st✐♠❛t✐♦♥ ❢♦r ❆❘▼❆ ♠♦❞❡❧s

✹✳✶ ❆❈❱❋ ♦❢ ❛♥ ❆❘▼❆ ♣r♦❝❡ss❡s

❘❡❝❛❧❧ t❤❛t ❛ ③❡r♦✲♠❡❛♥ t✐♠❡ s❡r✐❡s {Xt, t ∈ Z} ✐s ❛♥ ❆❘▼❆✭♣✱q✮ ♣r♦❝❡ss ✐❢ ✐t ✐s st❛t✐♦♥❛r② ❛♥❞

φ(B)Xt = θ(B)ǫt, t ∈ Z ❛♥❞ {ǫt} ∼ ❲◆(0, σ2),

✇❤❡r❡

φ(z) = 1− φ1z − . . .− φpz
p ❛♥❞ θ(z) = 1 + θ1z + . . .+ θqz

q.

■❢ t❤❡ ♣r♦❝❡ss ✐s ❝❛✉s❛❧✱ t❤❡♥ Xt ❤❛s r❡♣r❡s❡♥t❛t✐♦♥ Xt =
∑∞

j=0 ψjǫt−j ✳ ❚❤❡ ❆❈❱❋ ✐s✿

γX(h) = σ2
∞∑

j=0

ψjψj+|h|.

✹✳✷ ❙②st❡♠ ♦❢ ❊q✉❛t✐♦♥s ❢♦r t❤❡ ❆❈❱❋ ♦❢ ❛♥ ❆❘▼❆ Pr♦❝❡ss

❋✐rst❧②✱ s✉♣♣♦s❡ t❤❛t t❤❡ φ✬s ❛♥❞ θ✬s ❛r❡ ❣✐✈❡♥❀ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❆❈❱❋ γ ✐♥ t❡r♠s ♦❢ φ✬s ❛♥❞ θ✬s✳

❚❤❡ ❆❘▼❆ ❡q✉❛t✐♦♥ ✐s✿

Xt −

p∑

j=1

φjXt−j = ǫt +

q∑

j=1

θjǫt−j

▼✉❧t✐♣❧② ❜♦t❤ s✐❞❡s ❜② Xt−k✱ ❢♦r k ≥ p✱ ❛♥❞ t❛❦❡ ❡①♣❡❝t❛t✐♦♥s✳ ❚❤✐s ❣✐✈❡s ✭❢♦r ♠❡❛♥ ③❡r♦ ❆❘▼❆

♣r♦❝❡ss✮✿

✺✼



γ(k)−

p∑

j=1

φjγ(k − j)

=

q∑

j=0

θjE[Xt−kǫt−j ] =

q∑

j=0

∞∑

i=0

ψiθjE[ǫt−k−iǫt−j ]

= σ2
q∑

j=0

∞∑

i=0

ψiθj1k+i=j =

{
σ2
∑q

j=k ψj−kθj k ≤ q

0 k ≥ q + 1.
✭✹✳✶✮

✇❤❡r❡ θ0 = 1 ❛♥❞ θj = 0 ❢♦r j > q✳ ❈♦♥s✐❞❡r t❤❡ s❡t ♦❢ ❡q✉❛t✐♦♥s

γ(k)−

p∑

j=1

φjγ(k − j) = 0 k ≥ max(p, q + 1) ✭✹✳✷✮

❛♥❞ ❧♦♦❦ ❢♦r s♦❧✉t✐♦♥s γ(k) = azk✳ ❆♥ ❡①♣r❡ss✐♦♥ ♦❢ t❤✐s ❢♦r♠ ❣✐✈❡s ❛ s♦❧✉t✐♦♥ ♣r♦✈✐❞❡❞✿

zk −

p∑

j=1

φjz
k−j = 0 k ≥ max(p, q + 1)

❛♥❞ ❤❡♥❝❡

1−

p∑

j=1

φjz
−j = 0.

▲❡t y = z−1✱ t❤❡♥ 1−
∑p

j=1 φjy
j = 0✳ ❚❤✐s ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ p✳ ▲❡t ξ1, . . . , ξp ❞❡♥♦t❡ ✐ts r♦♦ts

t❤❡♥✱ ❜② ❧✐♥❡❛r✐t②✱

γ(k) = a1ξ
−k
1 + . . .+ apξ

−k
p k ≥ m− p

♣r♦✈✐❞❡s ❛ s♦❧✉t✐♦♥ t♦ ❊q✉❛t✐♦♥ ✭✹✳✷✮✱ ✇❤❡r❡ a1, . . . , ap ❛r❡ ❛r❜✐tr❛r② ❝♦♥st❛♥ts✳ ■❢ t❤❡ r♦♦ts ❛r❡ ❞✐st✐♥❝t✱

t❤❡♥ t❤✐s ♣r♦✈✐❞❡s ❛❧❧ t❤❡ s♦❧✉t✐♦♥s✱ ♦t❤❡r✇✐s❡ t❤❡r❡ ❛r❡ ♦t❤❡rs✳ ❋♦r t❤✐s ❞✐s❝✉ss✐♦♥✱ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r t❤❡

❝❛s❡ ♦❢ ❞✐st✐♥❝t r♦♦ts✳ ❚❤❡ ❝♦♥st❛♥ts a1, . . . , ap ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ❝♦✈❛r✐❛♥❝❡s γ(h) ❢♦r h = 0, . . . ,m−p

❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✹✳✶✮✳

❚❤✐s ❝❛♥ ❜❡ ✉s❡❞ ❛s t❤❡ ❜❛s✐s ♦❢ ❛ ♠❡t❤♦❞ ♦❢ ♠♦♠❡♥ts ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❆ss✉♠❡ ✇❡ ❤❛✈❡

❡st✐♠❛t❡❞ γ̂ ❢♦r ❛s ♠❛♥② ❧❛❣s ❛s ♥❡❝❡ss❛r②✳

❊①❛♠♣❧❡ ✹✳✶ ✭▼❆(1) ♣r♦❝❡ss✮✳

▲❡t {Xt} ❜❡ ❛ ▼❆(1) ♣r♦❝❡ss✿

Xt = ǫt + θǫt−1, {ǫt} ∼ ❲◆(0, σ2),

✇❤❡r❡ |θ| < 1✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ❡q✉❛t✐♦♥s ❛r❡✿

{
γ(0) = σ2(1 + θ2) γ(1) = σ2θ

γ(k) = 0 |k| ≥ 2.

✺✽



❚❤✐s ✐s t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✳ ❯s✐♥❣

ρ(1) =
γ(1)

γ(0)
=

θ

1 + θ2
,

✐t ✐s ♥❛t✉r❛❧ t♦ ❡st✐♠❛t❡ θ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ♠♦♠❡♥ts✿

ρ̂(1) =
γ̂(1)

γ̂(0)
=

θ̂
(1)
n

1 +
(
θ̂
(1)
n

)2 .

❚❤✐s ❡q✉❛t✐♦♥ ❤❛s ❛ s♦❧✉t✐♦♥ ❢♦r |ρ̂(1)| < 1
2 ❛♥❞ ✐t ✐s ♥❛t✉r❛❧ t♦ s❡t✿

θ̂ (1)
n =





−1 ✐❢ ρ̂(1) < −1
2 ,

1−
√
1− 4ρ̂(1)2

2ρ̂(1)
✐❢ |ρ̂(1)| < 1

2 ,

1 ✐❢ ρ̂(1) > 1
2 .

❚❤❡ ❡st✐♠❛t❡ θ̂
(1)
n ✐s ❝♦♥s✐st❡♥t✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t✿

θ̂ (1)
n ∼ ❆◆(θ, n−1σ21(θ)), ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ n,

✇❤❡r❡

σ21(θ) =
1 + θ2 + 4θ4 + θ6 + θ8

(1− θ2)2
.

❊①❛♠♣❧❡ ✹✳✷✳

▲❡t {Xt} ❜❡ ❛ ❝❛✉s❛❧ ❆❘✭♣✮ ♣r♦❝❡ss✳ ❚❤❡♠ m = p ❛♥❞ ❊q✉❛t✐♦♥ ✭✹✳✶✮ r❡❞✉❝❡s t♦

γ(k)− φ1γ(k − 1)− . . .− φpγ(k − p) =




0, k = 1, . . . , p,

σ2, k = 0,

✇❤✐❝❤ ❛r❡ t❤❡ ❨✉❧❡✲❲❛❧❦❡r ❡q✉❛t✐♦♥s✳ ❲❤❡♥ p = 2✱ t❤✐s ✐s✿





γ(k)− φ1γ(k − 1)− φ2γ(k − 2) = 0 k ≥ 2

γ(1)− φ1γ(0)− φ2γ(1) = 0

γ(0)− φ1γ(1)− φ2γ(2) = σ2

❍❡r❡

φ(z) = 1− φ1z − φ2z
2

❛♥❞ t❤❡ t✇♦ s♦❧✉t✐♦♥s t♦ φ(z) = 0 ❛r❡✿

z = −
φ1
2φ2

±

√
φ21
4φ22

+
1

φ2
= (ξ1, ξ2).

✺✾



❚❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ✐s t❤❡r❡❢♦r❡✿

γ(h) = a1
1

ξh1
+ a2

1

ξh2
.

❚❤❡ ❝♦♥st❛♥ts a1 ❛♥❞ a2 ❛r❡ t❤❡♥ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❧✐st❡❞ ❡q✉❛t✐♦♥s ❜②✿

{
(1− φ2)(a1

1
ξ1

+ a2
1
ξ2
)− φ1(a1 + a2) = 0

(a1 + a2)− φ1(
a1
ξ1

+ a2
ξ2
)− φ2(

a1
ξ2
1

+ a2
ξ2
2

) = σ2.

❚❤✐s ❣✐✈❡s t✇♦ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✇✐t❤ t✇♦ ✉♥❦♥♦✇♥s ❛♥❞ t❤❡r❡❢♦r❡ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳

❚❤❡ r♦♦ts ξ1, . . . , ξp ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ♥✉♠❡r✐❝❛❧❧② ❛♥❞ t❤❡♥ t❤❡ r❡♠❛✐♥✐♥❣ ❡q✉❛t✐♦♥s ❢♦r♠ ❛ ❧✐♥❡❛r

s②st❡♠ ❢r♦♠ ✇❤✐❝❤ a1, . . . , ap ♠❛② ❜❡ ❝♦♠♣✉t❡❞✳

✹✳✸ ❨✉❧❡✲❲❛❧❦❡r ❡st✐♠❛t✐♦♥

❈♦♥s✐❞❡r ❛ ❝❛✉s❛❧ ③❡r♦✲♠❡❛♥ ❆❘(p) ♣r♦❝❡ss {Xt}✿

Xt − φ1Xt−1 − . . .− φpXt−p = ǫt, {ǫt} ∼ ■■❉◆(0, σ2).

❚❤❡ ❨✉❧❡✲❲❛❧❦❡r ❡q✉❛t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❛s✿

γ(j)− φ1γ(j − 1)− . . .− φpγ(j − p) =




0 j = 1, . . . , p,

σ2 j = 0,
.

❛♥❞ t❤❡s❡ ♠❛② ❜❡ ♦❜t❛✐♥❡❞ q✉✐t❡ s✐♠♣❧②✱ ❜② ❝♦♥s✐❞❡r✐♥❣

E[Xt−h(Xt − φ1Xt−1 − . . .− φpXt−p)] = E[Xt−hǫt].

❚❤❡s❡ ❡q✉❛t✐♦♥s ♠❛② ❜❡ r❡✇r✐tt❡♥ ❛s✿

φ1γ(j − 1) + . . .+ φpγ(j − p) =




γ(j), j = 1, . . . , p,

γ(0)− σ2, j = 0,

✇❤✐❝❤ ❣✐✈❡s✿

{
Γpφ = γ

p

φ′γ
p
= γ(0)− σ2 ⇒ σ2 = γ(0)− φ′γ

p
,

✇❤❡r❡

Γp =




γ(0) . . . γ(p− 1)
✳✳✳

γ(p− 1) . . . γ(0)


 ❛♥❞ γ

p
=




γ(1)
✳✳✳

γ(p)


 .

✻✵



●✐✈❡♥ ❡st✐♠❛t❡s ♦❢ t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ γ̂(·)✱ t❤❡ ❨✉❧❡✲❲❛❧❦❡r ❡q✉❛t✐♦♥s ♠❛② ❜❡ ✉s❡❞ t♦ ♦❜t❛✐♥

♠♦♠❡♥t ♠❡t❤♦❞ ❡st✐♠❛t❡s ♦❢ φ ❛♥❞ σ2 ❜② r❡♣❧❛❝✐♥❣ Γp ❛♥❞ γ
p
✇✐t❤ t❤❡ ❡st✐♠❛t❡s Γ̂p ❛♥❞ γ̂

p
✳ ❚❤❡s❡

❛r❡ ❦♥♦✇♥ ❛s t❤❡ ❨✉❧❡✲❲❛❧❦❡r ❡st✐♠❛t❡s

Γ̂pφ̂ = γ̂
p

❛♥❞ σ̂2 = γ̂(0)− φ̂ ′γ̂
p
,

✇❤❡r❡ ✭♦❢ ❝♦✉rs❡✮

Γ̂p =




γ̂(0) . . . γ̂(p− 1)
✳✳✳

γ̂(p− 1) . . . γ̂(0)


 ❛♥❞ γ̂

p
=




γ̂(1)
✳✳✳

γ̂(p)


 .

❚❤❡ ❡st✐♠❛t♦r ρ̂(·) ❢♦r t❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ♠❛② ❜❡ ♦❜t❛✐♥❡❞ s✐♠♣❧② ❜② ❞✐✈✐❞✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡

❛✉t♦❝♦✈❛r✐❛♥❝❡ ❜② γ̂(·)✳ ❚❤✐s ❣✐✈❡s✿

R̂pφ̂ = ρ̂
p

❛♥❞ σ̂2 = γ̂(0)[1− φ̂ ′ρ̂
p
],

✇❤❡r❡✱ ♦❢ ❝♦✉rs❡✱ R̂p =
1

γ̂(0)
Γ̂p ❛♥❞ ρ̂p =

1

γ̂(0)
γ̂
p
✳

❚❤✐s ❣✐✈❡s✿

φ̂ = R̂−1
p ρ̂

p
❛♥❞ σ̂2 = γ̂(0)[1− ρ̂

p

′R̂−1
p ρ̂

p
].

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✐s st❛t❡❞ ✇✐t❤♦✉t ♣r♦♦❢❀ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ s❛♠♣❧❡ ♠❡❛♥ ❤❛s ❛❧r❡❛❞②

❜❡❡♥ ❞❡❛❧t ✇✐t❤ ❛♥❞ t❤❡ ♠❛✐♥ t❡❝❤♥✐q✉❡s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s s✐♠✐❧❛r✳

❚❤❡♦r❡♠ ✹✳✶✳ ▲❡t {Xt} ❜❡ ❛ ❝❛✉s❛❧ ❆❘(p) ♣r♦❝❡ss ✇❤❡r❡ {ǫt} ∼ ■■❉(0, σ2)✳ ▲❡t φ̂ ❜❡ t❤❡ ❨✉❧❡✲❲❛❧❦❡r

❡st✐♠❛t❡ ♦❢ φ✱ t❤❡♥

φ̂ ∼ ❆◆

(
φ,
σ2Γ−1

p

n

)
, ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ n.

❚❤❡ ❡st✐♠❛t♦r ♦❢ σ2 ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❝♦♥s✐st❡♥t✿

σ̂2 −→(p) σ
2.

Pr♦♦❢ ❖♠✐tt❡❞ ✭✇❡✬❧❧ ❞❡❛❧ ✇✐t❤ t❤✐s ✐♥ t❤❡ ♥❡①t ❧❡❝t✉r❡ ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡

❆❈❱❋ ❛♥❞ ❆❈❋ ❡st✐♠❛t♦rs✮✳

◆♦✇ ❝♦♥s✐❞❡r ❛♥ ❆❘▼❆(p, q) ♣r♦❝❡ss ✇❤❡r❡ t❤❛t q > 0✳ ■❢ ❡st✐♠❛t❡s ♦❢ t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥

❛r❡ ❛✈❛✐❧❛❜❧❡✱ t❤❡♥ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✭✹✳✶✮ ♠❛② ❜❡ ✉s❡❞ ✭r❡♣❧❛❝✐♥❣ t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ✇✐t❤ t❤❡

❡st✐♠❛t❡❞ ❛✉t♦❝♦✈❛r✐❛♥❝❡✮ t♦ ♦❜t❛✐♥ ♠♦♠❡♥t ♠❡t❤♦❞ ❡st✐♠❛t❡s ♦❢ φ̂ ❛♥❞ θ̂✳

✻✶



✹✳✹ ❚❤❡ ❍❛♥♥❛♥✲❘✐ss❛♥❡♥ ❛❧❣♦r✐t❤♠

❨✉❧❡✲❲❛❧❦❡r ❡st✐♠❛t✐♦♥ ✇♦r❦s ✇❡❧❧ ❢♦r ❆❘ ♣r♦❝❡ss❡s✳ ❙✉♣♣♦s❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r♦❝❡ss ✐s ❆❘✱ ❜✉t p ✐s

✉♥❦♥♦✇♥✳ ❲❡ ❝❛♥ ♣r♦❝❡❡❞ ❛s ✐❢ {Xt} ✐s ❛♥ ❆❘(m) ♣r♦❝❡ss ❢♦r m = 1, 2, . . . ✉♥t✐❧ ✐t ❧♦♦❦s ❛s ✐❢ m ≥ p✳

❋♦r ❛♥② ✜①❡❞ m > p✱ s❡t

φ
m

=




φ1
✳✳✳

φp

0
✳✳✳

0




.

❚❤❡♦r❡♠ ✹✳✶ ❤♦❧❞s ✇✐t❤ p r❡♣❧❛❝❡❞ ❜② m ❛♥❞ φ ❜② φ
m
✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ♣r❡❞✐❝t✐♦♥ ♣r♦❜❧❡♠✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❜❡st ❧✐♥❡❛r ♣r❡❞✐❝t♦r X̂n+1 ♦❢ Xn+1 ✐♥ t❡r♠s ♦❢

X1, X2, . . . , Xn ✐s

X̂n+1 =
n∑

i=1

an,iXn+1−i, n = 1, 2, . . . ,

✇❤❡r❡ an = Γ−1
n γ

n
✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣❛rt✐❛❧ ❝♦rr❡❧❛t✐♦♥ ✐s 0 ❢♦r ❧❛❣s ❣r❡❛t❡r t❤❛♥ p ❢♦r

❛ ❝❛✉s❛❧ ❆❘✭♣✮ ♣r♦❝❡ss t❤❛t an =

(
φ

0

)
✇❤❡♥ n > p ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❛♥ ❆❘✭♣✮ ♣r♦❝❡ss

❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ s♦❧✈✐♥❣ t❤❡ ♣r❡❞✐❝t✐♦♥ ♣r♦❜❧❡♠✳

✹✳✺ ❚❤❡ ❍❛♥♥❛♥✲❘✐ss❛♥❡♥ ❛❧❣♦r✐t❤♠

❋♦r ❛ ❝❛✉s❛❧ ❆❘(p) ♠♦❞❡❧✱ ✇✐t❤ ♥♦ ❢✉rt❤❡r ❞✐str✐❜✉t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ {ǫt} ∼ ❲◆(0, σ2)✱ t❤❡

❞❡✜♥✐♥❣ ❡q✉❛t✐♦♥

Xt − φ1Xt−1 − . . .− φpXt−p = ǫt

♦❢ ❛ ❝❛✉s❛❧ ③❡r♦✲♠❡❛♥ ❆❘(p) ❝❛♥ ❜❡ ✇r✐tt❡♥ ♦♥ t❤❡ ❢♦r♠

Y = Xφ+ ǫ ♦r ǫ = Y −Xφ,

✇❤❡r❡

Y =




X1

✳✳✳

Xn


 , xk =




X−k

✳✳✳

Xn−1−k


 ❢♦r k = 0, . . . , p− 1,

✻✷



X = (x0, . . . , xp−1) =




X0 X−1 . . . X1−p

✳✳✳
✳✳✳

Xn−1 Xn−2 . . . Xn−p


 ❛♥❞ ǫ =




ǫ1
✳✳✳

ǫn


 .

❚❤❡ ✐❞❡❛ ✐♥ ❧❡❛st sq✉❛r❡ ❡st✐♠❛t✐♦♥ ✐s t♦ ❝♦♥s✐❞❡r t❤❡ Xk✿s ❛s ✜①❡❞ ❛♥❞ t♦ ♠✐♥✐♠✐s❡ ǫ̂′ǫ̂ ✇✐t❤ r❡s♣❡❝t t♦

φ✳ ❆ss✉♠❡ t❤❛t X−p+1, . . . , Xn ❛r❡ ♦❜s❡r✈❡❞✳ ▲❡t φ̂ ❞❡♥♦t❡ t❤❡ ❧❡❛st sq✉❛r❡ ❡st✐♠❛t❡✱ ✐✳❡✳ t❤❡ ✈❛❧✉❡ ♦❢

φ ✇❤✐❝❤ ♠✐♥✐♠✐s❡s

S(φ) = ǫ̂′ǫ̂ = ‖ǫ̂‖2 = ‖Y −Xφ‖2.

❈♦♥s✐❞❡r t❤❡ ❍✐❧❜❡rt s♣❛❝❡s

H = s♣❛{Y , x0, . . . , xp−1} ❛♥❞ M = s♣❛{x0, . . . , xp−1}.

■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r♦❥❡❝t✐♦♥ t❤❡♦r❡♠ t❤❛t φ̂ s❛t✐s✜❡s✿

PMY = Xφ̂.

■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r♦❥❡❝t✐♦♥ t❤❡♦r❡♠ t❤❛t✿

〈xk, Xφ̂〉 = 〈xk, Y 〉 ❢♦r k = 0, . . . , p− 1

❢r♦♠ ✇❤✐❝❤

XtXφ̂ = X ′Y

❣✐✈✐♥❣

φ̂ = (XtX)−1XtY ♣r♦✈✐❞❡❞ XtX ✐s ♥♦♥✲s✐♥❣✉❧❛r✳

❚❤❡ ❡st✐♠❛t♦r φ̂ ❤❛s ❣♦♦❞ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ✐❢ p << n✳

◆♦✇ ❧❡t {Xt} ❜❡ ❛ ❣❡♥❡r❛❧ ❆❘▼❆(p, q) ♣r♦❝❡ss ✇✐t❤ q > 0✿

Xt − φ1Xt−1 − . . .− φpXt−p = ǫt + θ1ǫt−1 + . . .+ θqǫt−q, {Zt} ∼ ■■❉(0, σ2).

❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❛t Xt ✐s r❡❣r❡ss❡❞ ♥♦t ♦♥❧② ♦♥t♦ Xt−1, . . . , Xt−p ❜✉t ❛❧s♦ ♦♥ t❤❡ ✉♥♦❜s❡r✈❡❞ q✉❛♥t✐t✐❡s

ǫt−1, . . . , ǫt−q✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐♥ t❤❡ ❍❛♥♥❛♥✕❘✐ss❛♥❡♥ ❛❧❣♦r✐t❤♠ ✐s t♦ ✜rst r❡♣❧❛❝❡ ǫt−1, . . . , ǫt−q ✇✐t❤

t❤❡✐r ❡st✐♠❛t❡s ǫ̂t−1, . . . , ǫ̂t−q ❛♥❞ t❤❡♥ t♦ ❡st✐♠❛t❡

β :=

(
φ

θ

)

❜② r❡❣r❡ss✐♥❣ Xt ♦♥t♦ Xt−1, . . . , Xt−p, ǫ̂t−1, . . . , ǫ̂t−q✳

■♥ ♠♦r❡ ❞❡t❛✐❧✿

✻✸



❙t❡♣ ✶ ❆ ❤✐❣❤ ♦r❞❡r ❆❘(m) ♠♦❞❡❧ ✭✇✐t❤ m > max(p, q)✮ ✐s ✜tt❡❞ t♦ t❤❡ ❞❛t❛ ❜② ❨✉❧❡✲❲❛❧❦❡r

❡st✐♠❛t✐♦♥✳ ■❢ φ̂m1, . . . , φ̂mm ❛r❡ t❤❡ ❡st✐♠❛t❡❞ ❝♦❡✣❝✐❡♥ts✱ t❤❡♥ ǫt ✐s ❡st✐♠❛t❡❞ ❜②

ǫ̂t = Xt − φ̂m1Xt−1 − . . .− φ̂mmXt−m, t = m+ 1, . . . , n.

❙t❡♣ ✷ ❚❤❡ ✈❡❝t♦r β ✐s ❡st✐♠❛t❡❞ ❜② ❧❡❛st sq✉❛r❡ r❡❣r❡ss✐♦♥ ♦❢ Xt ♦♥t♦

Xt−1, . . . , Xt−p, ǫ̂t−1, . . . , ǫ̂t−q :

t❤❛t ✐s✱ ❜② ♠✐♥✐♠✐s✐♥❣

S(β) =
n∑

t=m+1

(Xt − φ1Xt−1 − . . .− φpXt−p − θ1ǫ̂t−1 − . . .− θq ǫ̂t−q)
2

✇✐t❤ r❡s♣❡❝t t♦ β✳ ❚❤✐s ❣✐✈❡s t❤❡ ❍❛♥♥❛♥ ❘✐ss❛♥❡♥ ❡st✐♠❛t♦r

β̂ = (Z ′Z)−1Z ′Xn ♣r♦✈✐❞❡❞ Z ′Z ✐s ♥♦♥✲s✐♥❣✉❧❛r✱

✇❤❡r❡

Xn =




Xm+1

✳✳✳

Xn




❛♥❞

Z =




Xm Xm−1 . . . Xm−p+1 ǫ̂m ǫ̂m−1 . . . ǫ̂m−q+1

✳✳✳
✳✳✳

Xn−1 Xn−2 . . . Xn−p ǫ̂n−1 ǫ̂n−2 . . . ǫ̂n−q


 .

❚❤❡ ❍❛♥♥❛♥ ❘✐ss❛♥❡♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ✇❤✐t❡ ♥♦✐s❡ ✈❛r✐❛♥❝❡ σ2 ✐s✿

σ̂2❍❘ =
S(β̂)

n−m
.

❆♥ ❛♣♣r♦♣r✐❛t❡ ❆❘▼❆(p, q) ♠♦❞❡❧

Xt − φ1Xt−1 − . . .− φpXt−p = ǫt + θ1ǫt−1 + . . .+ θqǫt−q, {ǫt} ∼ ■■❉(0, σ2),

r❡q✉✐r❡s ❛♥ ♦r❞❡r s❡❧❡❝t✐♦♥✱ t❤❛t ✐s ❛ ❝❤♦✐❝❡ ♦❢ p ❛♥❞ q ❛♥❞✱ ❤❛✈✐♥❣ ❝❤♦s❡♥ p ❛♥❞ q✱ ❡st✐♠❛t❡s ♦❢ t❤❡

✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs✳ ❋✐rst❧②✱ t❤❡ ♠❡❛♥ ✐s ❡st✐♠❛t❡❞✱ t❤❡♥ ✐t ✐s r❡♠♦✈❡❞✱ ❛♥❞ t❤❡♥✱ ❤❛✈✐♥❣ r❡♠♦✈❡❞

t❤❡ ♠❡❛♥✱ ❡st✐♠❛t❡✿

φ =




φ1
✳✳✳

φp


 , θ =




θ1
✳✳✳

θq


 ❛♥❞ σ2.

❆s ✉s✉❛❧✱ ❛ss✉♠❡ t❤❛t X1, . . . , Xn ❛r❡ ♦❜s❡r✈❡❞✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t {ǫt} ∼ ■■❉◆(0, σ2) ✭r❛t❤❡r t❤❛♥

❲◆(0, σ2)✮ ❛❧❧♦✇s ❢♦r ❣r❡❛t❡r ♣r❡❝✐s✐♦♥ ✐♥ t❤❡ ❡st✐♠❛t❡s✳

✻✹



✹✳✻ ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ❛♥❞ ▲❡❛st ❙q✉❛r❡ ❡st✐♠❛t✐♦♥

■❢ t❤❡ ✐♥♥♦✈❛t✐♦♥s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ■■❉ N(0, σ2) ✭●❛✉ss✐❛♥✮✱ t❤❡♥ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ ❡st✐♠❛t❡s

✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞✳ ▲❡❛st sq✉❛r❡s ♠❛② ❛❧s♦ ❜❡ ✉s❡❞✳ ❚❤❡ ❧❡❛st sq✉❛r❡s ❡st✐♠❛t♦r

✐s ♦❜t❛✐♥❡❞ ❜② ♠✐♥✐♠✐s✐♥❣✿

S(φ, θ) =
n∑

j=1

(Xj − X̂j)
2

rj−1
,

✇❤❡r❡ rj−1 = vj−1/σ
2✱ ✇✐t❤ r❡s♣❡❝t t♦ φ ❛♥❞ θ✳ ❚❤✐s ✐s str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ✇✐❧❧ ❜❡ ♦✉t❧✐♥❡❞ ❜❡❧♦✇✳

❚❤❡ ❡st✐♠❛t❡s ❛r❡ ♦❜t❛✐♥❡❞ ❜② r❡❝✉rs✐✈❡ ♠❡t❤♦❞s✳ ❚❤❡ ❧❡❛st sq✉❛r❡ ❡st✐♠❛t❡ ♦❢ σ2 ✐s

σ̂2▲❙ =
S(φ̂

▲❙
, θ̂▲❙)

n− p− q

✇❤❡r❡✱ ♦❢ ❝♦✉rs❡✱ (φ̂
▲❙
, θ̂▲❙) ✐s t❤❡ ❡st✐♠❛t❡ ♦❜t❛✐♥❡❞ ❜② ♠✐♥✐♠✐③✐♥❣ S(φ, θ)✳

❊①❛♠♣❧❡ ✹✳✸ ✭▼❆(1) ♣r♦❝❡ss✮✳

❆s ✉s✉❛❧✱ ❢♦r ❛♥ ▼❆(1) ♣r♦❝❡ss✱

X1 = ǫ1 + θǫ0 ♦r ǫ1 = X1 − θǫ0

X2 = ǫ2 + θǫ1 ♦r ǫ2 = X2 − θǫ1

✳✳✳

Xn = ǫn + θǫn−1 ♦r ǫn = Xn − θǫn−1

■❢ ǫ0 = 0✱ t❤❡♥ ǫ1, . . . , ǫn ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢♦r ❛ ❣✐✈❡♥ θ✳ ❙✐♥❝❡ X̂k = θǫk−1✱ ✐t ❢♦❧❧♦✇s t❤❛t vj = σ2 ❛♥❞

❤❡♥❝❡ rj = 1 ❢♦r ❛❧❧ j ❛♥❞
∑n

j=1 ǫ
2
j ❝❛♥ ❜❡ ♠✐♥✐♠✐s❡❞ ♥✉♠❡r✐❝❛❧❧② ✇✐t❤ r❡s♣❡❝t t♦ θ✳ ▲❡t θ̂

(2)
n ❞❡♥♦t❡

t❤❡ ❡st✐♠❛t❡✳ ❚❤❡♥ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t

θ̂ (2)
n ∼ ❆◆

(
θ,

(1− θ2)

n

)
, ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ n.

❋♦r t❤❡ ❣❡♥❡r❛❧ ❆❘▼❆ ♣r♦❝❡ss✱ t❤❡ X̂js ♠❛② ❜❡ ❝♦♠♣✉t❡❞ r❡❝✉rs✐✈❡❧② ❜② t❤❡ ✐♥♥♦✈❛t✐♦♥s ❛❧❣♦r✐t❤♠✳

❘❡❝❛❧❧ ✭❢r♦♠ ❡❛r❧✐❡r t❤❛t X1 − X̂1, X2 − X̂2, . . . , Xn − X̂n ❛r❡ ♦rt❤♦❣♦♥❛❧✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡② ❛r❡

✉♥❝♦rr❡❧❛t❡❞✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ♣r♦❝❡ss ✐s ●❛✉ss✐❛♥✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡② ❛r❡ ✐♥❞❡♣❡♥❞❡♥t

❛♥❞ t❤❡ ▼❡❛♥ ❙q✉❛r❡❞ Pr❡❞✐❝t✐♦♥ ❊rr♦r ❣✐✈❡s t❤❡✐r r❡s♣❡❝t✐✈❡ ✈❛r✐❛♥❝❡s✳

■t ❢♦❧❧♦✇s t❤❛t✱ ❢♦r ❛♥② ✜①❡❞ ✈❛❧✉❡s ♦❢ φ✱ θ✱ ❛♥❞ σ2✱ t❤❡ ✐♥♥♦✈❛t✐♦♥sX1−X̂1, . . . , Xn−X̂n ❛r❡ ✐♥❞❡♣❡♥✲

❞❡♥t ❛♥❞ ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ ③❡r♦ ♠❡❛♥s ❛♥❞ ✈❛r✐❛♥❝❡s v0 = σ2r0 = γX(0), v1 = σ2r1, . . . , vn−1 =

σ2rn−1✳ ❚❤✉s t❤❡ ❞❡♥s✐t② ♦❢ Xj − X̂j ✐s

f
Xj−X̂j

(x) =
1√

2πσ2rj−1

exp

{
−

x2

2σ2rj−1

}
.

✻✺



❚❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ✐s t❤❡r❡❢♦r❡✿

L(φ, θ, σ2;x) =
n∏

j=1

f
Xj−X̂j

(xj − x̂j)

=
1√

(2πσ2)nr0 · · · rn−1

exp



−

1

2σ2

n∑

j=1

(xj − x̂j)
2

rj−1





=
1√

(2πσ2)nr0 · · · rn−1

exp

{
−
S(φ, θ)

2σ2

}
.

Pr♦❝❡❡❞✐♥❣ ✐♥ t❤❡ ✉s✉❛❧ ✇❛②✱

lnL(φ, θ, σ2) = −
1

2
ln((2πσ2)nr0 · · · rn−1)−

S(φ, θ)

2σ2
.

❈❧❡❛r❧②✱ r0, . . . , rn−1 ❞❡♣❡♥❞ ♦♥ φ ❛♥❞ θ✱ ❜✉t ♥♦t ♦♥ σ2✳ ❋♦r ✜①❡❞ ✈❛❧✉❡s ♦❢ φ ❛♥❞ θ✱

∂ lnL(φ, θ, σ2)

∂σ2
= −

n

2σ2
+
S(φ, θ)

2(σ2)2
,

❚❤❡ ❧♦❣ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ lnL(φ, θ, σ2) ✐s ♠❛①✐♠✐③❡❞ ❜② σ2 = n−1S(φ, θ)✱ ❢r♦♠ ✇❤✐❝❤✿

lnL(φ, θ, n−1S(φ, θ)) = −
1

2
ln((2πn−1S(φ, θ))nr0 · · · rn−1)−

n

2

= −
1

2

(
n ln(2π) + n ln(n−1S(φ, θ)) + ln r0 + . . .+ ln rn−1

)
−
n

2

= −
n

2


ln(n−1S(φ, θ)) + n−1

n∑

j=1

ln rj−1


+ ❝♦♥st❛♥t.

■t ❢♦❧❧♦✇s t❤❛t t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠❛①✐♠✐s✐♥❣ lnL(φ, θ, σ2) ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐s✐♥❣

ℓ(φ, θ) = ln(n−1S(φ, θ)) + n−1
n∑

j=1

ln rj−1.

◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛r❡ r❡q✉✐r❡❞ ❢♦r t❤✐s✳

❋♦r ❛ ♣r♦❝❡ss t❤❛t ✐s ❜♦t❤ ❝❛✉s❛❧ ❛♥❞ ✐♥✈❡rt✐❜❧❡✱ rn → 1 ❛♥❞ t❤❡r❡❢♦r❡ n−1
∑n

j=1 ln rj−1 ✐s ❛s②♠♣t♦t✐❝❛❧❧②

♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞ ✇✐t❤ lnS(φ, θ)✳ ■t ❢♦❧❧♦✇s t❤❛t ❜♦t❤ t❤❡ ❧❡❛st sq✉❛r❡ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞

♠❡t❤♦❞s ❣✐✈❡ ❛s②♠♣t♦t✐❝❛❧❧② t❤❡ s❛♠❡ r❡s✉❧t ❢♦r ❝❛✉s❛❧ ✐♥✈❡rt✐❜❧❡ ♣r♦❝❡ss❡s✳

✹✳✼ ❖r❞❡r s❡❧❡❝t✐♦♥

◆♦✇ ❛ss✉♠❡ t❤❛t ❛♥ ❆❘▼❆(p, q) ♣r♦❝❡ss ❣✐✈❡s ❛ ❣♦♦❞ ♠♦❞❡❧ ❢♦r t❤❡ t✐♠❡ s❡r✐❡s✳ ❚♦ ❜❡❣✐♥ ✇✐t❤✱

s✉♣♣♦s❡ t❤❛t q = 0❀ ✐t ✐s ❦♥♦✇♥ t❤❛t ❛♥ ❆❘(p) ♣r♦❝❡ss ♣r♦✈✐❞❡s ❛ ❣♦♦❞ ♠♦❞❡❧✱ ❜✉t t❤❡ ✈❛❧✉❡ ♦❢ p ✐s

✉♥❦♥♦✇♥✳ ❆ ♥❛t✉r❛❧ ❛♣♣r♦❛❝❤ ✇♦✉❧❞ ❜❡ t♦ tr② ✜tt✐♥❣ ❆❘(m) ♠♦❞❡❧s ❢♦r ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡s ♦❢ m✳ ❋♦r

✻✻



❡❛❝❤ m✱ ❛ q✉❛♥t✐t② t❤❛t ✐♥❞✐❝❛t❡s t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♠♦❞❡❧✱ ❢♦r ❡①❛♠♣❧❡ S(φ̂) ♦r L(φ̂, σ̂2) ✐s ❝❛❧❝✉❧❛t❡❞✳

■❢ m ≤ p✱ t❤❡♥ S(φ̂) s❤♦✉❧❞ ❞❡❝r❡❛s❡ ✇✐t❤ m❀ ✐t s❤♦✉❧❞ r❡♠❛✐♥ ❝♦♥st❛♥t ❢♦r m ≥ p✳ ❙✐♠✐❧❛r❧② L(φ̂, σ̂2)

s❤♦✉❧❞ ✐♥❝r❡❛s❡ ❢♦r m ≤ p✳

❚❤❡ ♣r♦❜❧❡♠ ✇✐t❤ t❤❡s❡ ♠❡❛s✉r❡s ✐s t❤❛t t❤❡② ❝♦♥t✐♥✉❡ t♦ s❤♦✇ ✐♠♣r♦✈❡♠❡♥t ✭r❡❞✉❝t✐♦♥ ✐♥ s✉♠

♦❢ sq✉❛r❡s✱ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❧♦❣ ❧✐❦❡❧✐❤♦♦❞✮✱ ❡✈❡♥ ✐❢ t❤❡ ♣❛r❛♠❡t❡r ❜❡✐♥❣ ❡st✐♠❛t❡❞ ✐s 0❀ ❛ ♠♦❞❡❧ ✇✐t❤ n

♦❜s❡r✈❛t✐♦♥s ❛♥❞ n ✜tt❡❞ ♣❛r❛♠❡t❡rs ✇✐❧❧ ❤❛✈❡ ③❡r♦ r❡s✐❞✉❛❧ s✉♠ ♦❢ sq✉❛r❡s✳

❚❤❡r❡❢♦r❡✱ ✇❤❡♥ ✜tt✐♥❣ ❛♥ ❆❘▼❆(p, q) ♣r♦❝❡ss t♦ ❞❛t❛ ✭t❤❛t ✐s ❡st✐♠❛t✐♥❣ p✱ q✱ (φ, θ) ❛♥❞ σ2✮

❛ ♣❡♥❛❧t② ❤❛s t♦ ❜❡ ✐♥tr♦❞✉❝❡❞ ✇❤❡♥ ❛❞❞✐♥❣ ♣❛r❛♠❡t❡rs✳ ❈♦♥s✐❞❡r ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥❀

♠❛①✐♠✐s✐♥❣ L(φ, θ, σ2) ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ♠✐♥✐♠✐s✐♥❣ −2 lnL(φ, θ, σ2)✱ ✇❤❡r❡ L ✐s r❡❣❛r❞❡❞ ❛s ❛ ❢✉♥❝t✐♦♥

❛❧s♦ ♦❢ p ❛♥❞ q✳ ❚❤❡ ❧✐❦❡❧✐❤♦♦❞ ✇✐❧❧ ❜❡ ♠❛①✐♠✐s❡❞ ✇❤❡♥ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs p + q ✐s

❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡r❡ ❛r❡ t✇♦ ❛❝❝❡♣t❡❞ ❛♣♣r♦❛❝❤❡s ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ t♦

♣❡♥❛❧✐s❡ ❛❞❞✐t✐♦♥❛❧ ♣❛r❛♠❡t❡rs❀ t❤❡ ❆❦❛✐❦❡ ■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐♦♥ ✭❆■❈✮ ❛♥❞ t❤❡ ❇❛②❡s✐❛♥ ■♥❢♦r♠❛t✐♦♥

❈r✐t❡r✐♦♥ ✭❇■❈✮✳ ❚❤❡ ❇❛②❡s✐❛♥ ■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐♦♥ ✐s ❛❧♠♦st t❤❡ s❛♠❡ ❛s t❤❡ ▼✐♥✐♠✉♠ ❉❡s❝r✐♣t✐♦♥

▲❡♥❣t❤ ✭▼❉▲✮✳ ❚❤❡ ❢♦r♠ ♦❢ t❤❡ ❆■❈ ❝♦♠♠♦♥❧② ✉s❡❞ ✐s t❤❡ ❆■❈❈ ❝r✐t❡r✐♦♥✱ ✇❤❡r❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❈

♠❡❛♥s ❵❜✐❛s ❝♦rr❡❝t❡❞✬✳ ❚❤❡ ❝r✐t❡r✐♦♥ ✐s✿ ❝❤♦♦s❡ p✱ q✱ ❛♥❞ (φ
p
, θq)✱ t♦ ♠✐♥✐♠✐s❡

{
❆■❈ = −2 lnL(φ

p
, θq, S(φp, θq)/n) + 2(p+ q + 1)

❆■❈❈ = −2 lnL(φ
p
, θq, S(φp, θq)/n) + 2(p+ q + 1) n

n−p−q−2 ,

✇❤❡r❡ t❤❡r❡ ✐s t❤❡ ❛❞❞✐t✐♦♥❛❧ r❡q✉✐r❡♠❡♥t ✭♦✈❡r t❤❡ ❆■❈✮ t❤❛t t❤❡ ♠✐♥✐♠✐s❛t✐♦♥ ✐s r❡str✐❝t❡❞ t♦ t❤❡

❝❧❛ss ♦❢ ✉♥❜✐❛s❡❞ ❡st✐♠❛t♦rs✳

❚❤❡ r❡s✉❧t✐♥❣ ❡st✐♠❛t❡s ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs p̂ ❛♥❞ q̂ ❛r❡ ♥♦t ❝♦♥s✐st❡♥t❀ t❤❡② ❞♦ ♥♦t s❛t✐s❢②

p̂ −→(p) p ❛♥❞ q̂ −→(p) q ❛s n→ ∞.

❚❤❡ ❇■❈✱ ♠✐♥✐♠✐s❡s

❇■❈ = −2 lnL(φ
p
, θq, S(φp, θq)/n) + 2(p+ q + 1) lnn,

❛♥❞ p̂, q̂ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❇■❈✳

✻✼


