
❈❤❛♣t❡r ✸

❆❘■▼❆ Pr♦❝❡ss❡s

❚❤❡ s✐♠♣❧❡st t✐♠❡ s❡r✐❡s ♠♦❞❡❧ ✐s ✇❤✐t❡ ♥♦✐s❡✳ ❆ ✜rst ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ✇❤✐t❡ ♥♦✐s❡ ✐s t❤❡ ♠♦✈✐♥❣ ❛✈❡r❛❣❡

♠♦❞❡❧✳

❉❡✜♥✐t✐♦♥ ✸✳✶ ✭❚❤❡ ▼❆(q) ♣r♦❝❡ss✮✳ ❚❤❡ ♣r♦❝❡ss {Xt, t ∈ Z} ✐s s❛✐❞ t♦ ❜❡ ❛ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ♦❢ ♦r❞❡r

q ✐❢

Xt = ǫt + θ1ǫt−1 + . . .+ θqǫt−q, {ǫt} ∼ ❲◆(0, σ2), ✭✸✳✶✮

✇❤❡r❡ θ1, . . . , θq ❛r❡ ❝♦♥st❛♥ts✳

❉❡✜♥✐t✐♦♥ ✸✳✷ ✭❚❤❡ ❆❘(p) ♣r♦❝❡ss✮✳ ❚❤❡ ♣r♦❝❡ss {Xt, t ∈ Z} ✐s s❛✐❞ t♦ ❜❡ ❛♥ ❆❘(p) ❛✉t♦r❡❣r❡ss✐✈❡

♣r♦❝❡ss ♦❢ ♦r❞❡r p ✐❢ ✐t ✐s st❛t✐♦♥❛r② ❛♥❞ ✐❢

Xt − φ1Xt−1 − . . .− φpXt−p = ǫt, {ǫt} ∼ ❲◆(0, σ2). ✭✸✳✷✮

❆ ♣r♦❝❡ss {Xt} ✐s ❛♥ ❆❘(p) ♣r♦❝❡ss ✇✐t❤ ♠❡❛♥ µ ✐❢ {Xt − µ} ✐s ❛♥ ❆❘(p) ♣r♦❝❡ss✳

❉❡✜♥✐t✐♦♥ ✸✳✸ ✭❚❤❡ ❆❘▼❆(p, q) ♣r♦❝❡ss✮✳ ❆ ♣r♦❝❡ss {Xt, t ∈ Z} ✐s s❛✐❞ t♦ ❜❡ ❛♥ ❆❘▼❆(p, q) ♣r♦❝❡ss

✐❢ ✐t ✐s st❛t✐♦♥❛r② ❛♥❞

Xt − φ1Xt−1 − . . .− φpXt−p = ǫt + θ1ǫt−1 + . . .+ θqǫt−q, ✭✸✳✸✮

✇❤❡r❡ {Zt} ∼ ❲◆(0, σ2)✳ ❆ ♣r♦❝❡ss {Xt} ✐s ❛♥ ❆❘▼❆(p, q) ♣r♦❝❡ss ✇✐t❤ ♠❡❛♥ µ ✐❢ {Xt − µ} ✐s ❛♥

❆❘▼❆(p, q) ♣r♦❝❡ss✳

❈❧❡❛r❧②✱ ❛♥ ❆❘▼❆(0, q) ♣r♦❝❡ss ✐s ❛♥ ▼❆(q) ♣r♦❝❡ss✱ ✇❤✐❧❡ ❛♥ ❆❘▼❆(p, 0) ♣r♦❝❡ss ✐s ❛♥ ❆❘(p) ♣r♦❝❡ss✳

●❡♥❡r❛t✐♥❣ P♦❧②♥♦♠✐❛❧s ❢♦r t❤❡ ❆❘▼❆ Pr♦❝❡ss ❆♥ ✐♠♣♦rt❛♥t t♦♦❧ ❢♦r ❛♥❛❧②s✐s ♦❢ ❆❘▼❆

♣r♦❝❡ss❡s ✐s t❤❡ s♦✲❝❛❧❧❡❞ ❣❡♥❡r❛t✐♥❣ ♣♦❧②♥♦♠✐❛❧✳ ❊q✉❛t✐♦♥s ✭✸✳✸✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

φ(B)Xt = θ(B)ǫt, t ∈ Z,

✇❤❡r❡

✸✾



φ(z) = 1− φ1z − . . .− φpz
p,

θ(z) = 1 + θ1z + . . .+ θqz
q

❛♥❞ B ✐s t❤❡ ❜❛❝❦✇❛r❞ s❤✐❢t ♦♣❡r❛t♦r✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧s φ(·) ❛♥❞ θ(·) ❛r❡ ❝❛❧❧❡❞ ❣❡♥❡r❛t✐♥❣ ♣♦❧②♥♦♠✐❛❧s✳

❈❛✉s❛❧ ▼♦❞❡❧s ❆♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢ ❛ t✐♠❡ s❡r✐❡s ♠♦❞❡❧ ✐s t❤❛tXt ❞❡♣❡♥❞s ♦♥❧② ♦♥ ✐♥❢♦r♠❛t✐♦♥

❛✈❛✐❧❛❜❧❡ ✉♣ t♦ ❛♥❞ ✐♥❝❧✉❞✐♥❣ t✐♠❡ t✳ ❆ ❧✐♥❡❛r t✐♠❡ s❡r✐❡s ♠♦❞❡❧ t❤❛t s❛t✐s✜❡s t❤✐s ✐s s❛✐❞ t♦ ❜❡ ❝❛✉s❛❧✳

❉❡✜♥✐t✐♦♥ ✸✳✹✳ ❆♥ ❆❘▼❆(p, q) ♣r♦❝❡ss ❞❡✜♥❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥s

φ(B)Xt = θ(B)ǫt {Zt} ∼ ❲◆(0, σ2)

✐s s❛✐❞ t♦ ❜❡ ❝❛✉s❛❧ ✐❢ t❤❡r❡ ❡①✐sts ❝♦♥st❛♥ts {ψj} s✉❝❤ t❤❛t
∑∞

j=0 |ψj | <∞ ❛♥❞

Xt =
∞∑

j=0

ψjǫt−j , t ∈ Z. ✭✸✳✹✮

❆♥♦t❤❡r ✇❛② t♦ ❡①♣r❡ss t❤✐s ✐s t♦ r❡q✉✐r❡ t❤❛t

❈♦✈(Xt, ǫt+j) = 0 ❢♦r j = 1, 2, . . . ✭✸✳✺✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❣✐✈❡s ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ❛♥ ❆❘▼❆✭♣✱q✮ ♣r♦❝❡ss ✐s ❝❛✉s❛❧✳

❚❤❡♦r❡♠ ✸✳✺✳ ▲❡t {Xt} ❜❡ ❛♥ ❆❘▼❆✭♣✱q✮ ❢♦r ✇❤✐❝❤ φ(·) ❛♥❞ θ(·) ❤❛✈❡ ♥♦ ❝♦♠♠♦♥ ③❡r♦s✳ ❚❤❡♥ {Xt}

✐s ❝❛✉s❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ φ(z) 6= 0 ❢♦r ❛❧❧ |z| ≤ 1✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts {ψj} ✐♥ ❊q✉❛t✐♦♥ ✭✸✳✹✮ ❛r❡ ❞❡t❡r♠✐♥❡❞

❜② t❤❡ r❡❧❛t✐♦♥

ψ(z) =
∞∑

j=0

ψjz
j =

θ(z)

φ(z)
, |z| ≤ 1.

Pr♦♦❢ ❆ss✉♠❡ t❤❛t φ(z) 6= 0 ✐❢ |z| ≤ 1✳ ❚❤❡♥ 1
φ(z) ✐s ❛♥❛❧②t✐❝ ✇✐t❤✐♥ t❤❡ ✉♥✐t ❞✐s❝ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡r❡

❡①✐sts ❛ (ξj)
∞
j=0 s✉❝❤ t❤❛t

∑∞
j=0 |ξj | < +∞ s✉❝❤ t❤❛t

1

φ(z)
=

∞∑

j=0

ξjz
j = ξ(z), |z| ≤ 1.

❚❤❡ ♦♣❡r❛t♦r ξ(B) ♠❛② ❜❡ ❛♣♣❧✐❡❞ t♦ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ φ(B)Xt = θ(B)ǫt t♦ ❣✐✈❡✿

Xt = ξ(B)θ(B)ǫt,

✇❤✐❝❤ ✐s ✇❡❧❧ ❞❡✜♥❡❞ s✐♥❝❡
∑

|ξj | < +∞ ❛♥❞ θ(z) ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ q✳

◆♦✇ ❛ss✉♠❡ t❤❛t φ(z) = 0 ❢♦r s♦♠❡ |z| ≤ 1 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♣♦✇❡r s❡r✐❡s ❡①♣❛♥s✐♦♥ 1
φ(z) =

∑
ξjz

j ✳

❚❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ♥♦t s✉♠♠❛❜❧❡✱ ❤❡♥❝❡ Xt ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❧✐♥❡❛r t✐♠❡ s❡r✐❡s

♠♦❞❡❧✳

✹✵



■❢ φ(B)Xt = θ(B)ǫt ❛♥❞ ✐❢ φ(z) = 0 ❢♦r s♦♠❡ z ✇✐t❤ |z| = 1 t❤❡♥ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st ❛ st❛t✐♦♥❛r②

s♦❧✉t✐♦♥✳ ❈♦♥s✐❞❡r ❢♦r ❡①❛♠♣❧❡ Xt = Xt−1 + ǫt❀ φ(z) = 1− z s♦ t❤❛t φ(1) = 0✳ ❋♦r {ǫt} ∼WN(0, σ2)

❛♥❞ X0 = 0✱ t❤❡♥ Xt =
∑t

j=1 ǫj s♦ t❤❛t ❱❛r(Xt) = σ2t✱ ✇❤✐❝❤ ✐s ❝❧❡❛r❧② ♥♦t st❛t✐♦♥❛r②✳

❊①❛♠♣❧❡ ✸✳✶ ✭❆❘(1) ♣r♦❝❡ss✮✳

▲❡t {Xt} ❜❡ ❛♥ ❆❘(1) ♣r♦❝❡ss✿

Xt = ǫt + φXt−1 ♦r φ(z) = 1− φz. ✭✸✳✻✮

❙✐♥❝❡ 1− φz = 0 ❣✐✈❡s z = 1/φ ✐t ❢♦❧❧♦✇s t❤❛t Xt ✐s ❝❛✉s❛❧ ✐❢ |φ| < 1✳ ❋♦r |φ| < 1✱

Xt = ǫt + φXt−1 = ǫt + φ(ǫt−1 + φXt−2) = ǫt + φǫt−1 + φ2Xt−2 =
∞∑

j=0

φjǫt−j .

■t ♥♦✇ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✹ t❤❛t

γX(h) =
∞∑

j=0

φ2j+|h|σ2 =
σ2φ|h|

1− φ2
, ✭✸✳✼✮

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♠❛❞❡ ❡❛r❧✐❡r✳

■❢ |φ| > 1✱ ❊q✉❛t✐♦♥ ✭✸✳✻✮ ♠❛② ❜❡ r❡✇r✐tt❡♥ ❛s✿

φ−1Xt = φ−1ǫt +Xt−1 ♦r Xt = −φ−1ǫt+1 + φ−1Xt+1.

■t ❢♦❧❧♦✇s t❤❛t Xt ❤❛s r❡♣r❡s❡♥t❛t✐♦♥

Xt = −
∞∑

j=1

φ−jǫt+j .

■❢ |φ| = 1 t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st ❛ st❛t✐♦♥❛r② s♦❧✉t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳✻✳ ❆♥ ❆❘▼❆(p, q) ♣r♦❝❡ss ❞❡✜♥❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥s

φ(B)Xt = θ(B)ǫt, {ǫt} ∼ ❲◆(0, σ2)

✐s s❛✐❞ t♦ ❜❡ ✐♥✈❡rt✐❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❝♦♥st❛♥ts {πj} s✉❝❤ t❤❛t
∑∞

j=0 |πj | <∞

❛♥❞

ǫt =

∞∑

j=0

πjXt−j , t ∈ Z. ✭✸✳✽✮

❚❤❡♦r❡♠ ✸✳✼✳ ▲❡t {Xt} ❜❡ ❛♥ ❆❘▼❆(p, q) ❢♦r ✇❤✐❝❤ φ(·) ❛♥❞ θ(·) ❤❛✈❡ ♥♦ ❝♦♠♠♦♥ ③❡r♦s✳ ❚❤❡♥ {Xt}

✐s ✐♥✈❡rt✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ θ(z) 6= 0 ❢♦r ❛❧❧ |z| ≤ 1✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts {πj} ✐♥ ❊q✉❛t✐♦♥ ✭✸✳✽✮ s♦❧✈❡ t❤❡

❡q✉❛t✐♦♥✿

π(z) =
∞∑

j=0

πjz
j =

φ(z)

θ(z)
, |z| ≤ 1.

✹✶



Pr♦♦❢ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✺✳

❊①❛♠♣❧❡ ✸✳✷ ✭▼❆✭✶✮ ♣r♦❝❡ss✮✳

▲❡t {Xt} ❜❡ ❛♥ ▼❆✭✶✮ ♣r♦❝❡ss✿

Xt = ǫt + θǫt−1 ♦r θ(z) = 1 + θz.

❙✐♥❝❡ 1 + θz = 0 ❣✐✈❡s z = −1/θ ✐t ❢♦❧❧♦✇s t❤❛t Xt ✐s ✐♥✈❡rt✐❜❧❡ ✐❢ |θ| < 1✳ ■♥ t❤❛t ❝❛s❡

ǫt = Xt − θǫt−1 = Xt − θ(Xt−1 − θǫt−2) =

∞∑

j=0

(−1)jθjXt−j .

❋r♦♠ ❊q✉❛t✐♦♥ ✭✷✳✸✮✱ ✇✐t❤ ψ0 = 1✱ ψ1 = θ ❛♥❞ ψj = 0 ❢♦r j 6= 0, 1✱ ✐t ❢♦❧❧♦✇s t❤❛t

γ(h) =





(1 + θ2)σ2 ✐❢ h = 0,

θσ2 ✐❢ |h| = 1,

0 ✐❢ |h| > 1.

✭✸✳✾✮

❊①❛♠♣❧❡ ✸✳✸ ✭❆❘▼❆(1, 1) ♣r♦❝❡ss✮✳

▲❡t {Xt} ❜❡ ❛♥ ❆❘▼❆(1, 1) ♣r♦❝❡ss✱ ✐✳❡✳

Xt − φXt−1 = ǫt + θǫt−1 ♦r φ(B)Xt = θ(B)ǫt,

✇❤❡r❡ φ(z) = 1 − φz ❛♥❞ θ(z) = 1 + θz✳ ▲❡t |φ| < 1 ❛♥❞ |θ| < 1 s♦ t❤❛t Xt ✐s ❝❛✉s❛❧ ❛♥❞ ✐♥✈❡rt✐❜❧❡✳

❚❤❡♥ Xt = ψ(B)ǫt✱ ✇❤❡r❡

ψ(z) =
θ(z)

φ(z)
=

1 + θz

1− φz
=

∞∑

j=0

(1 + θz)φjzj = 1 +

∞∑

j=1

(φ+ θ)φj−1zj .

■t ❢♦❧❧♦✇s ❢r♦♠ ❊q✉❛t✐♦♥ ✭✷✳✸✮ t❤❛t

γ(0) = σ2
∞∑

j=0

ψ2
j = σ2

(
1 +

∞∑

j=1

(φ+ θ)2φ2(j−1)

)

= σ2
(
1 + (φ+ θ)2

∞∑

j=0

φ2j
)

= σ2
(
1 +

(φ+ θ)2

1− φ2

)
.

❋♦r h > 0✱

γ(h) = σ2
∞∑

j=0

ψjψj+h = σ2
(
(φ+ θ)φh−1 +

∞∑

j=1

(φ+ θ)2φ2(j−1)+h

)

= σ2φh−1

(
φ+ θ + φ

∞∑

j=0

(φ+ θ)2φ2j
)

= σ2φh−1

(
φ+ θ +

φ(φ+ θ)2

1− φ2

)
.

✹✷



❯s✐♥❣ ❊q✉❛t✐♦♥ ✭✷✳✹✮✱ t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ❛s✿

fX(λ) =
σ2

2π

|θ(e−iλ)|2

|φ(e−iλ)|2
=
σ2

2π

|1 + θ · e−iλ|2

|1− φ · e−iλ|2
=
σ2

2π

1 + θ2 + 2θ cos(λ)

1 + φ2 − 2φ cos(λ)
, −π ≤ λ ≤ π. ✭✸✳✶✵✮

✸✳✶ ❆❘▼❆ ❆♣♣r♦①✐♠❛t✐♦♥s

❚❤✐s s❡❝t✐♦♥ ❣✐✈❡s r❡s✉❧ts ✐♥❞✐❝❛t✐♥❣ t❤❛t ❛♥② r❡❛❧ ✈❛❧✉❡❞ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s {Xt} ✇✐t❤ ❛ ✇❡❧❧ ❞❡✜♥❡❞

s♣❡❝tr❛❧ ❞❡♥s✐t② fX ♠❛② ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❛r❜✐tr❛r✐❧② ❝❧♦s❡❧② ❜② ❛♥ ▼❆✭q✮ ♣r♦❝❡ss✱ ♦r ❜② ❛♥ ❆❘✭♣✮

♣r♦❝❡ss✳ ❚❤❡ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✸✳✽✳ ▲❡t {Xt} ❜❡ ❛ r❡❛❧ ✈❛❧✉❡❞ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s ✇✐t❤ s♣❡❝tr❛❧ ❞❡♥s✐t② fX ✱ ✇❤❡r❡ fX

✐s s②♠♠❡tr✐❝ ❛♥❞ ❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥ ❢♦r ❡❛❝❤ ǫ > 0✱ t❤❡r❡ ❡①✐st ❛ q < +∞ ❛♥❞ ❛♥ ✐♥✈❡rt✐❜❧❡ ▼❆✭q✮

♣r♦❝❡ss {Yt}✱ ❛ p < +∞ ❛♥❞ ❛ ❝❛✉s❛❧ ❆❘✭♣✮ ♣r♦❝❡ss {Ut} s✉❝❤ t❤❛t

|fY (λ)− fX(λ)| < ǫ ❢♦r ❛❧❧ λ ∈ [−π, π]

❛♥❞

|fU (λ)− fX(λ)| < ǫ ❢♦r ❛❧❧ λ ∈ [−π, π]

❚❤❡r❡ ❛r❡ ♥♦ ❵❞✐✣❝✉❧t✬ st❡♣s ✐♥ t❤✐s t❤❡♦r❡♠✱ ❜✉t t❤❡ ♣r♦♦❢ ✐s r❛t❤❡r ❧♦♥❣ ❛♥❞ ✐♥✈♦❧✈❡❞ ❛♥❞ t❤❡r❡❢♦r❡ ♦♠✐tt❡❞ ❢r♦♠ t❤❡

❝♦✉rs❡✳ ■ ❤❛✈❡ ✐♥❝❧✉❞❡❞ ✐t ✐♥ t❤❡ ♥♦t❡s✳

❚❤❡ ♣r♦♦❢ r❡q✉✐r❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝r✉❝✐❛❧ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts✳

▲❡♠♠❛ ✸✳✾✳ ▲❡t f ❜❡ ❛ s②♠♠❡tr✐❝✱ ❝♦♥t✐♥✉♦✉s s♣❡❝tr❛❧ ❞❡♥s✐t② ♦♥ [−π, π]✳ ❋♦r ❡❛❝❤ ǫ > 0✱ t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲♥❡❣❛t✐✈❡

✐♥t❡❣❡r p ❛♥❞ ❛ ♣♦❧②♥♦♠✐❛❧

a(z) =

p
∏

j=1

(

1−
z

ηj

)

= 1 + a1z + . . .+ apz
p

✇✐t❤ |ηj | > 1 ❢♦r ❡❛❝❤ j ∈ {1, . . . , p} ❛♥❞ ✇❤❡r❡ a1, . . . , ap ❛r❡ r❡❛❧✱ s✉❝❤ t❤❛t

∣

∣

∣
A|a(e−iλ)|2 − f(λ)

∣

∣

∣
< ǫ ∀λ ∈ [−π, π]

✇❤❡r❡

A =
1

2π(1 + a2
1 + . . .+ a2

p)

∫ π

−π

f(ν)dν.

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✾ ■❢ f(λ) ≡ 0✱ t❤❡♥ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ✇✐t❤ p = 0✳ ❆ss✉♠❡ t❤❛t M := sup−π≤λ≤π f(λ) > 0✳

❋♦r ❛♥② ǫ > 0✱ s❡t

δ = min







M,
ǫ

2 + 4πM∫
π

−π
f(ν)dν







❛♥❞ s❡t

f
(δ)(λ) = max{f(λ), δ}.

❚❤❡ ❢✉♥❝t✐♦♥ f (δ) ✐s ❛❧s♦ ❛ s②♠♠❡tr✐❝ ❝♦♥t✐♥✉♦✉s s♣❡❝tr❛❧ ❞❡♥s✐t② ❢✉♥❝t✐♦♥✳ ■t s❛t✐s✜❡s f (δ) ≥ δ ❛♥❞

0 ≤ f
(δ) − f ≤ δ ∀λ ∈ [−π, π]

✹✸



◆♦✇ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ✭❛♥❞ ♦❜✈✐♦✉s✮ r❡s✉❧t✿ ❧❡t

Snf(x) =
∑

|j|≤n

fje
ijx

fj =
1

2π

∫ π

−π

e
−ijx

f(x)dx

t❤❡♥
1

n
(S0f + S1f + . . .+ Snf) −→ f

✉♥✐❢♦r♠❧② ♦♥ [−π, π] ❛s n → +∞✳ ❋r♦♠ t❤✐s✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r r s✉❝❤ t❤❛t

∣

∣

∣

∣

∣

∣

1

r

r−1
∑

j=0

∑

|k|≤j

gke
ikλ − f

(δ)(λ)

∣

∣

∣

∣

∣

∣

< δ ∀λ ∈ [−π, π]

✇❤❡r❡

gk =
1

2π

∫ π

−π

f
(δ)(ν)eiνkdν.

❇② ❝❤❛♥❣✐♥❣ t❤❡ ♦r❞❡r ♦❢ s✉♠♠❛t✐♦♥ ❛♥❞ ✉s✐♥❣ t❤❡ s②♠♠❡tr② ♦❢ f (δ)✱ ✐t ❢♦❧❧♦✇s t❤❛t

1

r

r−1
∑

j=0

∑

|k|≤j

gke
−ikλ =

∑

|k|<r

(

1−
|k|

r

)

gke
ikλ

❚❤✐s ❢✉♥❝t✐♦♥ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ λ✳ ❚❤✐s ❢♦❧❧♦✇s s✐♥❝❡ f (δ) ≥ δ✳

▲❡t

C(z) =
∑

|k|<r

(

1−
|k|

r

)

gkz
k

❛♥❞ ♥♦t❡ t❤❛t ✭❜② s②♠♠❡tr②✮ C(z) = 0 ⇔ C(z−1) = 0✳ ▲❡t p = max{k : gk 6= 0}✱ t❤❡♥

z
p
C(z) = K1

p
∏

j=1

(

1−
z

ηj

)

(1− zηj)

❢♦r s♦♠❡ K1 ❛♥❞ η1, . . . , ηp ✇✐t❤ |ηj | > 1✱ j = 1, . . . , p✳ ❚❤✐s ❡q✉❛t✐♦♥ ♠❛② ❜❡ ✇r✐tt❡♥ ❛s✿

C(z) = K1

p
∏

j=1

(

1−
z

ηj

)(

1

z
− ηj

)

= (−1)pK1(

p
∏

j=1

ηj)

p
∏

j=1

(

1−
z

ηj

)(

1−
1

ηjz

)

= K2a(z)a(z
−1)

✇❤❡r❡

a(z) = 1 + a1z + . . .+ apz
p =

p
∏

j=1

(

1−
z

ηj

)

❛♥❞

K2 = (−1)pη1 . . . ηpK1.

❊q✉❛t✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ z0 ❣✐✈❡s✿

K2 =
b0

1 + a2
1 + . . .+ a2

p

=
1

(2π)(1 + a2
1 + . . .+ a2

p)

∫ π

−π

f
(δ)(ν)dν.

❋✉rt❤❡r♠♦r❡✱

∣

∣

∣
K2|a(e

−iλ)|2 − f
(δ)(λ)

∣

∣

∣
< δ ∀λ.

✹✹



❆❧s♦✱

|a(e−iλ)|2

1 + a2
1 + . . .+ a2

p

≤
2π(f (δ)(λ) + δ)
∫ π

−π
f (δ)(ν)dν

≤
4πM

∫ π

−π
f(ν)dν

.

❯s✐♥❣ A ❞❡✜♥❡❞ ❛s ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠✱ ✐t ❢♦❧❧♦✇s t❤❛t

∣

∣

∣
K2|a(e

−iλ)|2 −A|a(e−iλ)|2
∣

∣

∣
≤

1

2π

(
∫ π

−π

(f (δ)(ν)− f(ν))dν

)

4πM
∫ π

−π
f(ν)dν

≤
4πMδ

∫ π

−π
f(ν)dν

❋✐♥❛❧❧②✱

∣

∣

∣
A|a(e−iλ)|2 − f(λ)

∣

∣

∣
< δ + δ +

4πMδ
∫ π

−π
f(ν)dν

< ǫ

❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ δ✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✽✿ ❆❘ ♣r♦❝❡ss ❚❤❡ ❛✐♠ ✐s t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛ ❝♦♥t✐♥✉♦✉s s②♠♠❡tr✐❝ s♣❡❝tr❛❧ ❞❡♥s✐t② f

❛♥❞ ❛♥ ǫ > 0✱ t❤❡r❡ ✐s ❛ p ❛♥❞ ❛ ❝❛✉s❛❧ ❆❘✭♣✮ ♣r♦❝❡ss

Ut − a1Ut−1 − . . .− apUt−p = ǫt {ǫt} ∼ ❲◆(0, σ2)

s✉❝❤ t❤❛t

|fX(λ)− fU (λ)| < ǫ ∀λ ∈ [−π, π]

▲❡t f (ǫ) = max{f(λ), ǫ
2
}✱ t❤❡♥ f (ǫ) ≥ ǫ

2
❛♥❞

0 ≤ f
(ǫ)(λ)− f(λ) ≤

ǫ

2
∀λ ∈ [−π, π].

❙❡t

M = max
λ

f
(ǫ)(λ) δ = min

{

ǫ

4M2
,

1

2M

}

❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✸✳✾ t♦ t❤❡ ❢✉♥❝t✐♦♥ 1

f(ǫ)(λ)
✱ ✇❤✐❝❤ ✐s ❛ s♣❡❝tr❛❧ ❞❡♥s✐t②✱ ❣✐✈❡s ❛ K ❛♥❞ ❛ ♣♦❧②♥♦♠✐❛❧ s✉❝❤ t❤❛t

∣

∣

∣

∣

K|a(e−iλ)|2 −
1

f (ǫ)(λ)

∣

∣

∣

∣

< δ ∀λ ∈ [−π, π]

✇❤❡r❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ a(z) = 1+a1z+ . . .+apz
p ✐s ♥♦♥ ③❡r♦ ❢♦r |z| ≤ 1 ❛♥❞ K ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥

♦❢ δ✱
1

K|a(e−iλ)|2
≤

f (ǫ)(λ)

1− δf (ǫ)(λ)
≤

M

1−Mδ
≤ 2M.

■t ❢♦❧❧♦✇s t❤❛t

∣

∣

∣

∣

1

K|a(e−iλ)|2
− f

(ǫ)(λ)

∣

∣

∣

∣

=

∣

∣

∣

∣

K|a(e−iλ)|2 −
1

f (ǫ)(λ)

∣

∣

∣

∣

f (ǫ)(λ)

K|a(e−iλ)|2
< 2M2

δ ≤
ǫ

2
.

❚❤❡ ✐♥❡q✉❛❧✐t✐❡s ♥♦✇ ❣✐✈❡

∣

∣

∣

∣

1

K|a(e−iλ)|2
− f(λ)

∣

∣

∣

∣

< ǫ ∀λ ∈ [π, π].

❚❤❡ ♣r♦❝❡ss

a(B)Xt = ǫt {ǫt} ∼ ❲◆(0,
2π

K
)

❤❛s s♣❡❝tr❛❧ ❞❡♥s✐t② 1
K|a(e−iλ)|2

❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❡s✉❧t ❢♦r t❤❡ ▼❆✭q✮ ♣r♦❝❡ss ✐s ❧❡❢t ❛s ❛♥ ❡①❡r❝✐s❡✳

❋♦r ǫ s♠❛❧❧✱ q ❛♥❞ p ♠❛② ❜❡ r❛t❤❡r ❧❛r❣❡✳ ■♥ ♣r❛❝t✐❝❡✱ ✐t ✐s ♦❢t❡♥ ♣♦ss✐❜❧❡ t♦ ✜♥❞ ❛♥ ❆❘▼❆✭p′✱q′✮ ♣r♦❝❡ss ✇❤❡r❡

p′ + q′ ≤ min(p, q)✳

✹✺



✸✳✶✳✶ ❆❈❱❋ ❛♥❞ ❝❛✉s❛❧ ✐♥✈❡rt✐❜❧❡ ❆❘▼❆ ♣r♦❝❡ss❡s

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts s❤♦✇s t❤❛t ✐❢ γ ✐s t❤❡ ❆❈❱❋ ♦❢ ❛♥ ❆❘▼❆✭♣✱q✮ ♣r♦❝❡ss✱ t❤❡♥ t❤❡r❡ ✐s ❛ ❝❛✉s❛❧

✐♥✈❡rt✐❜❧❡ ❆❘▼❆✭♣✱q✮ ✇✐t❤ ❆❈❱❋ γ✳

❚❤❡♦r❡♠ ✸✳✶✵✳ ▲❡t {Xt} ❜❡ ❛ st❛t✐♦♥❛r② ❆❘▼❆✭♣✱q✮ ♣r♦❝❡ss ✇✐t❤ ❆❈❱❋ γ✱ t❤❡♥ t❤❡r❡ ✐s ❛ ❝❛✉s❛❧

✐♥✈❡rt✐❜❧❡ ♣r♦❝❡ss {X̃t} ✇✐t❤ ❆❈❱❋ γ✳

Pr♦♦❢✳ ▲❡t a1, . . . , ap ❜❡ t❤❡ r♦♦ts ♦❢ φ(z)✱ s♦ t❤❛t φ(z) =
∏p

j=1(1−
z
aj
) ❛♥❞ ❧❡t b1, . . . , bq ❜❡ t❤❡ r♦♦ts

♦❢ θ(z)✱ s♦ t❤❛t θ(z) =
∏q

j=1(1−
z
bj
)✳ ❚❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ✐s✿

f(λ) =
σ2

2π

∏q
j=1(1−

e−iλ

bj
)

∏p
j=1(1−

e−iλ

aj
)
=
σ2

2π

∏
j:|bj |>1(1−

e−iλ

bj
)
∏

j:|bj |<1(1−
e−iλ

bj
)

∏
j:|aj |>1(1−

e−iλ

aj
)
∏

j:|aj |<1(1−
e−iλ

aj
)

=
σ2

2π

∏
j:|bj |>1(1−

e−iλ

bj
)
∏

j:|bj |<1
eiλ

|bj |2
(1− bje

−iλ)
∏

j:|aj |>1(1−
e−iλ

aj
)
∏

j:|aj |<1
eiλj

|aj |2
(1− aje−iλ)

.

◆♦✇ ✇❡ ❛♣♣❡❛❧ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ✐s r❡❛❧ ❛♥❞ ❤❡♥❝❡ ❢♦r ❡❛❝❤ aj ✭❛♥❞ bj✮ ♥♦t r❡❛❧✱

t❤❡r❡ ✐s ❛ r♦♦t aj ♦❢ t❤❡ ❆❘ ♣♦❧②♥♦♠✐❛❧ ✭❛♥❞ bj ♦❢ t❤❡ ▼❆ ♣♦❧②♥♦♠✐❛❧✮✳ ❚❤✐s ❧❡❛❞s t♦ ❝❛♥❝❡❧❧❛t✐♦♥ ♦❢

t❤❡ ✉♥✇❛♥t❡❞ eiλ t❡r♠s✳ ❍❡♥❝❡ t❤✐s ✐s t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ♦❢ ❛ ❝❛✉s❛❧ ✐♥✈❡rt✐❜❧❡ ❆❘▼❆✭♣✱q✮ ♣r♦❝❡ss

✇❤❡r❡ ✇❡ r❡♣❧❛❝❡ r♦♦ts aj : |aj | < 1 ❜② r♦♦ts 1
aj

❛♥❞ r❡♣❧❛❝❡ ❲◆✭✵✱σ2✮ ❜② WN

(
0, σ2

∏
j:|aj |>1 |aj |

2

∏
j:|bj |>1 |bj |

2

)
✳

❚❤❡ ❆❈❱❋ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡s t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ❛♥❞ ✈✐❝❡ ✈❡rs❛✳

✸✳✷ ❚❤❡ ❆❘■▼❆ Pr♦❝❡ss

❚❤❡ ❆❘■▼❆ ♣r♦❝❡ss ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✸✳✶✶ ✭❚❤❡ ❆❘■▼❆(p, d, q) ♣r♦❝❡ss✮✳ ▲❡t d ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r✳ ❚❤❡ ♣r♦❝❡ss {Xt, t ∈

Z} ✐s s❛✐❞ t♦ ❜❡ ❛♥ ❆❘■▼❆(p, d, q) ♣r♦❝❡ss ✐❢ ∇dXt ✐s ❛ ❝❛✉s❛❧ ❆❘▼❆(p, q) ♣r♦❝❡ss✳

❆ ❝❛✉s❛❧ ❆❘■▼❆(p, d, q) ♣r♦❝❡ss {Xt} s❛t✐s✜❡s✿

φ(B)Xt = φ∗(B)(1−B)dXt = θ(B)ǫt, {ǫt} ∼ ❲◆(0, σ2), ✭✸✳✶✶✮

✇❤❡r❡ φ∗(z) 6= 0 ❢♦r ❛❧❧ |z| ≤ 1✳ ❚❤❡ ♣r♦❝❡ss Yt := ∇dXt = (I −B)dXt s❛t✐s✜❡s✿

φ∗(B)Yt = θ(B)ǫt.

❊①❛♠♣❧❡ ✸✳✹ ✭❘❛♥❞♦♠ ❲❛❧❦✮✳

❈♦♥s✐❞❡r t❤❡ s✐♠♣❧❡ r❛♥❞♦♠ ✇❛❧❦ ♣r♦❝❡ss✿

Xt = Xt−1 + ǫt {ǫt} ∼ ❲◆(0, σ2) 0 < σ2 < +∞.

✹✻



❚❤✐s ✐s ♥♦t ❛ st❛t✐♦♥❛r② ♣r♦❝❡ss❀ ❱❛r(Xt) = tσ2
t→+∞
−→ +∞❀ t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ❣✐✈❡s t❤❛t

Xt

t1/2
t→+∞
−→(d) N(0, σ2)✳ ❆ st❛t✐♦♥❛r② ♣r♦❝❡ss ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ X ❜② ❞✐✛❡r❡♥❝✐♥❣❀ ❧❡t

Yt = ∇Xt = Xt −Xt−1 = (I −B)Xt.

t❤❡♥ Yt ✐s ❛ st❛t✐♦♥❛r② ♣r♦❝❡ss❀

Yt = ǫt ∼ ❲◆(0, σ2).

■t ❢♦❧❧♦✇s t❤❛t t❤❡ r❛♥❞♦♠ ✇❛❧❦ {Xt : t ∈ Z+} ✐s ❛♥ ❆❘■▼❆✭✵✱✶✱✵✮ ♣r♦❝❡ss✳

■t ✐s ❝❧❡❛r t❤❛t✱ ❢♦r d ≥ 1 t❤❡r❡ ❛r❡ ♥♦ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s ♦❢ ❊q✉❛t✐♦♥ ✭✸✳✶✶✮✳ ❋✉rt❤❡r♠♦r❡✱ ♥❡✐t❤❡r t❤❡

♠❡❛♥ ♥♦r ❆❈❱❋ ♦❢ {Xt} ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ✭✸✳✶✶✮✱ s✐♥❝❡ ❛♥② ♣r♦❝❡ss Xt + Yt✱ ✇❤❡r❡ Yt ❞✐s❛♣♣❡❛rs ❜②

❞✐✛❡r❡♥❝✐♥❣ d t✐♠❡s✱ s❛t✐s✜❡s ❡q✉❛t✐♦♥ ✭✸✳✶✶✮✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ Y ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ t❤❡♥∇(Xt+Y ) =

∇Xt✳

❋♦r |φ| < 1✱ t❤❡ ♣r♦❝❡ss

Xt − φXt−1 = ǫt {ǫt} ∼ ❲◆(0, σ2)

✐s ❛ ❝❛✉s❛❧ ❆❘(1) ♣r♦❝❡ss ❛♥❞ ✐s st❛t✐♦♥❛r②✱ ✇❤✐❧❡ ❢♦r φ = 1✱ t❤❡ ♣r♦❝❡ss ✐s ♥♦t st❛t✐♦♥❛r②✱ ❜✉t ✐s ❛♥

❆❘■▼❆✭✵✱✶✱✵✮ ♣r♦❝❡ss✳

❘❡❝❛❧❧ t❤❛t ❛ ❝❛✉s❛❧ ❆❘(1) ♣r♦❝❡ss ❤❛s ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥

ρ(h) = φ|h| , |φ| < 1.

❛♥❞ ❤❡♥❝❡✱ ❢♦r ❛♥② h✱

lim
|φ|↑1

|ρ(h)| = 1.

❙✐♠✐❧❛r❧② ✐t ❤♦❧❞s ❢♦r ❛♥② ❆❘▼❆ ♣r♦❝❡ss t❤❛t ✐ts ❆❈❱❋ ❞❡❝r❡❛s❡s s❧♦✇❧② ✐❢ s♦♠❡ ♦❢ t❤❡ r♦♦ts ♦❢

φ(z) = 0 ❛r❡ ♥❡❛r t❤❡ ✉♥✐t ❝✐r❝❧❡✳ ❋r♦♠ ❛ s❛♠♣❧❡ ♦❢ ✜♥✐t❡ ❧❡♥❣t❤✱ ✐t ✐s ❞✐✣❝✉❧t t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥

❛♥ ❆❘■▼❆(p, 1, q) ♣r♦❝❡ss ❛♥❞ ❛♥ ❆❘▼❆(p + 1, q) ✇❤❡r❡ φ(z) ❤❛s ❛ r♦♦t ♥❡❛r t❤❡ ✉♥✐t ❝✐r❝❧❡✳ ❆♥

❡st✐♠❛t❡❞ ❆❈❱❋ t❤❛t ❞❡❝r❡❛s❡s s❧♦✇❧② ✐♥❞✐❝❛t❡s t❤❛t ❞✐✛❡r❡♥❝✐♥❣ ♠❛② ❜❡ ❛❞✈✐s❛❜❧❡✳

❙✉♣♣♦s❡ t❤❛t {Xt} ✐s ❛ ❝❛✉s❛❧ ❛♥❞ ✐♥✈❡rt✐❜❧❡ ❆❘▼❆(p, q) ♣r♦❝❡ss✿

φ(B)Xt = θ(B)Zt, {ǫt} ∼ ❲◆(0, σ2),

✇❤❡r❡ θ(z) 6= 0 ❢♦r ❛❧❧ |z| ≤ 1 ❛♥❞ φ(z) ❤❛s ♥♦ r♦♦ts ✐♥ t❤❡ ✉♥✐t ❝✐r❝❧❡✳ ❚❤❡♥

φ(B)∇Xt = φ(B)(1−B)Xt = θ(B)(1−B)ǫt, {ǫt} ∼ ❲◆(0, σ2),

❢r♦♠ ✇❤✐❝❤ ✐t ❢♦❧❧♦✇s t❤❛t ∇Xt ✐s ❛ ❝❛✉s❛❧✱ ❜✉t ♥♦♥✲✐♥✈❡rt✐❜❧❡ ❆❘▼❆(p, q+1) ♣r♦❝❡ss✳ ❆ ✉♥✐t r♦♦t ✐♥

t❤❡ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ♣♦❧②♥♦♠✐❛❧ ✐♥❞✐❝❛t❡s t❤❛t Xt ❤❛s ❜❡❡♥ ♦✈❡r❞✐✛❡r❡♥❝❡❞✳

✹✼



✸✳✷✳✶ ❚❡st✐♥❣ ❢♦r ❯♥✐t ❘♦♦ts

❋♦r ❣✐✈❡♥ t✐♠❡ s❡r✐❡s ❞❛t❛✱ t❤❡r❡ ❛r❡ t❡sts ❛✈❛✐❧❛❜❧❡ t♦ ✐♥❞✐❝❛t❡ ✇❤❡t❤❡r ♦r ♥♦t t❤❡r❡ ❛r❡ ✉♥✐t r♦♦ts

♣r❡s❡♥t✳ ❖♥❡ ❝♦♠♠♦♥ t❡st ✐s t❤❡ ❉✐❝❦❡② ❋✉❧❧❡r t❡st✱ ✐♥tr♦❞✉❝❡❞ ❜② ❉✐❝❦❡② ❛♥❞ ❋✉❧❧❡r ✭✶✾✼✾✮✱ ✇❤✐❝❤ ❤❛s

❜❡❡♥ r❡✜♥❡❞ t♦ ♣r♦❞✉❝❡ t❤❡ ❆✉❣♠❡♥t❡❞ ❉✐❝❦❡② ❋✉❧❧❡r ❚❡st ✭❛❜❜r✐❡✈✐❛t❡❞ t♦ ❆❉❋✮✳ ❚❤✐s ✐s ❛ r❡❧❛t✐✈❡❧②

str❛✐❣❤t❢♦r✇❛r❞ t❡st✳ ■t ❛ss✉♠❡s t❤❛t {ǫt} ∼ IIDN(0, σ2) ✭✐♥❞❡♣❡♥❞❡♥t✱ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ♥♦r♠❛❧

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✮ ❛♥❞ ✇♦r❦s ♦♥ t❤❡ ♣r✐♥❝✐♣❧❡s ♦❢ ❧✐♥❡❛r r❡❣r❡ss✐♦♥✳

❚❤❡ ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s t❡st ✐s t❤❛t ♣r❡s❡♥❝❡ ♦❢ ❛ ✉♥✐t r♦♦t ✐s t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s✳ ■♥ st❛t✐st✐❝s✱

❛ ♥✉❧❧ ❤②♣♦t❤❡s✐s ✐s ♥❡✈❡r ❛❝❝❡♣t❡❞❀ t❤❡ r❡s✉❧t ♦❢ ❛ ❤②♣♦t❤❡s✐s t❡st ✐s ❡✐t❤❡r ❵r❡❥❡❝t t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s

❛♥❞ ❛❝❝❡♣t t❤❡ ❛❧t❡r♥❛t✐✈❡ ❤②♣♦t❤❡s✐s✬✱ ♦r ❵❞♦ ♥♦t r❡❥❡❝t t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s✬✳

❋❛✐❧✉r❡ t♦ r❡❥❡❝t ❛ ♥✉❧❧ ❤②♣♦t❤❡s✐s ❞♦❡s ♥♦t ✐♠♣❧② t❤❛t t❤❡ ❤②♣♦t❤❡s✐s ✐s tr✉❡❀ ✐t s✐♠♣❧② ♠❡❛♥s t❤❛t

t❤❡r❡ ✐s ♥♦t ❡♥♦✉❣❤ ❡✈✐❞❡♥❝❡ t♦ ❡st❛❜❧✐s❤ t❤❡ ❛❧t❡r♥❛t✐✈❡✳

❚❤❡r❡ ✐s ❛ t❡st✱ ❦♥♦✇♥ ❛s t❤❡ ❑P❙❙ t❡st✱ ✇❤✐❝❤ st❛t❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ✉♥✐t r♦♦t ❛s t❤❡ ❛❧t❡r♥❛t✐✈❡

❤②♣♦t❤❡s✐s❀ r❡❥❡❝t✐♥❣ t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢ ♥♦ ✉♥✐t r♦♦t ❡st❛❜❧✐s❤❡s t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐t r♦♦t✳

❚❤❡ ❉✐❝❦❡② ❋✉❧❧❡r ❚❡st ❈♦♥s✐❞❡r t❤❡ ❆❘✭✶✮ ♠♦❞❡❧✿

Xt = φXt−1 + ǫt {ǫt} ∼ ❲◆(0, σ2).

❙✉❜tr❛❝t✐♥❣ Xt−1 ❢r♦♠ ❜♦t❤ s✐❞❡s ❣✐✈❡s✿

∇Xt = (φ− 1)Xt−1 + ǫt ⇒ ∇Xt = βXt−1 + ǫt {ǫt} ∼ ❲◆(0, σ2).

❚❤❡ ❉✐❝❦❡② ❋✉❧❧❡r t❡st s✐♠♣❧② t❛❦❡s ❛ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♦❢ {∇Xt} ❛❣❛✐♥st Xt−1 ❛♥❞ ❡st✐♠❛t❡s t❤❡

♣❛r❛♠❡t❡r β ✐♥ t❤❡ ♠♦❞❡❧✱ ✇✐t❤ ❡rr♦r ❜♦✉♥❞s✳ ❚❤❡ t❡st ♠❛② ❛❧s♦ ✐♥❝❧✉❞❡ ❛ ❝♦♥st❛♥t✱ ❛♥❞ ❛ ❞❡t❡r♠✐♥✐st✐❝

❞r✐❢t❀ ✉s✐♥❣ ❧✐♥❡❛r r❡❣r❡ss✐♦♥✱ ❛ss✉♠✐♥❣ {ǫt} ∼ ■■❉N(0, σ2)✱ ♦♥❡ t❡sts ✇❤❡t❤❡r t❤❡ ♣❛r❛♠❡t❡r β ✐s

s✐❣♥✐✜❝❛♥t ✐♥ ❡✐t❤❡r

∇Xt = α+ βXt−1 + ǫt

♦r

∇Xt = α0 + α1t+ βXt−1 + ǫt.

❲❤✐❧❡ st❛♥❞❛r❞ ♠✉❧t✐♣❧❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ t❡❝❤♥✐q✉❡s ♠❛② ❜❡ ✉s❡❞✱ t❤❡ ❛♣♣r♦❛❝❤ ❜② ❉✐❝❦❡② ❛♥❞ ❋✉❧❧❡r

r❡♣r❡s❡♥ts ❛ r❡✜♥❡♠❡♥t ✇❤❡r❡ t❤❡ ❡st✐♠❛t❡s ❛r❡ ♠❛❞❡ ✐♥ ❛ ❞✐✛❡r❡♥t ✇❛② ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡

t❡st st❛t✐st✐❝ DFτ := β̂

s❞(β̂)
t✉r♥s ♦✉t ♥♦t t♦ ❜❡ ❡①❛❝t❧② t ❞✐str✐❜✉t❡❞✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ✐s ❦♥♦✇♥ ❛s t❤❡

❉✐❝❦❡②✕❋✉❧❧❡r ❞✐str✐❜✉t✐♦♥✳

❚❤❡ t❡sts ❤❛✈❡ ❧♦✇ st❛t✐st✐❝❛❧ ♣♦✇❡r❀ t❤❡② ❝❛♥♥♦t ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ ❛ tr✉❡ ✉♥✐t✲r♦♦t ✭β = 0✮ ❛♥❞

♥❡❛r ✉♥✐t✲r♦♦t ✭β ❝❧♦s❡ t♦ ③❡r♦✮✳ ❚❤✐s ✐s ❝❛❧❧❡❞ t❤❡ ❵♥❡❛r ♦❜s❡r✈❛t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡✬ ♣r♦❜❧❡♠✳

❚❤❡ ❆✉❣♠❡♥t❡❞ ❉✐❝❦❡② ❋✉❧❧❡r ❚❡st ❚❤❡ t❡st✐♥❣ ♣r♦❝❡❞✉r❡ ❢♦r t❤❡ ❆❉❋ t❡st ✐s t❤❡ s❛♠❡ ❛s ❢♦r

t❤❡ ❉✐❝❦❡②✕❋✉❧❧❡r t❡st ❜✉t ✐t ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ♠♦❞❡❧

∇Xt = α0 + α1t+ βXt−1 + δ1∇Xt−1 + · · ·+ δp−1∇Xt−p+1 + ǫt {ǫt} ∼ ■■❉N(0, σ2)

✹✽



❚❤❡ ❧❛❣ ❧❡♥❣t❤ p ✐s ❞❡t❡r♠✐♥❡❞ ✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ t❡st✱ ✉s✐♥❣ st❛♥❞❛r❞ ♠♦❞❡❧ ❜✉✐❧❞✐♥❣ t❡❝❤♥✐q✉❡s ❢r♦♠

♠✉❧t✐♣❧❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ❛♥❛❧②s✐s✳ ❚❤❡ ✉♥✐t r♦♦t t❡st ✐s t❤❡♥ ❝❛rr✐❡❞ ♦✉t ✉♥❞❡r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s

β = 0 ❛❣❛✐♥st t❤❡ ❛❧t❡r♥❛t✐✈❡ ❤②♣♦t❤❡s✐s β < 0✳ ❚❤❡ t❡st st❛t✐st✐❝

DFτ =
β̂

s❞(β̂)

✐s ❝♦♠♣✉t❡❞ ✐t ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ r❡❧❡✈❛♥t ❝r✐t✐❝❛❧ ✈❛❧✉❡ ❢♦r t❤❡ ❉✐❝❦❡②✕❋✉❧❧❡r t❡st✳

❚❤❡ ❑P❙❙ ❚❡st ❚❤❡ ❑P❙❙ t❡st ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❑✇✐❛t❦♦s❦✐✱ P❤✐❧❧✐♣s✱ ❙❝❤♠✐❞t ❛♥❞ ❙❤✐♥ ✐♥ ✶✾✾✷

✭❇✐♦♠❡tr✐❝s ✈♦❧✳ ✺✹ ♣♣ ✶✺✾ ✲ ✶✼✽✮✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ ▲▼ ✭▲❛❣r❛♥❣❡ ▼✉❧t✐♣❧✐❡r✮ t❡st ✐♥ r❡❣r❡ss✐♦♥ ❢♦r

♦♠✐tt❡❞ ✈❛r✐❛❜❧❡s✳

❆ss✉♠❡ t❤❛t ❛ t✐♠❡ s❡r✐❡s {Yt} ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❛ ❧✐♥❡❛r tr❡♥❞ ξt✱ ❛ r❛♥❞♦♠ ✇❛❧❦ Rt ❛♥❞ ❛

st❛t✐♦♥❛r② ❡rr♦r ♣r♦❝❡ss Xt✿

{
Yt = ξt+Rt +Xt

Rt = Rt−1 + ǫt {ǫt} ∼ IIDN(0, σ2Z)

R0 ✐s ✜①❡❞✳ ❚❤❡ ❤②♣♦t❤❡s✐s t❤❛t Yt − ξt ✐s st❛t✐♦♥❛r② ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❤②♣♦t❤❡s✐s t❤❛t σ2 = 0✳

❋♦r t❤❡ t❡st st❛t✐st✐❝✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t {Xt} ∼ IIDN(0, σ2X)✳ ▲❡t (et)t≥1 ❞❡♥♦t❡ t❤❡ r❡s✐❞✉❛❧s ❢r♦♠

❛♥ ❖▲❙ r❡❣r❡ss✐♦♥ Yt = β0+β1t+ ǫt✱ ❧❡t σ̂
2
e t❤❡ ❡st✐♠❛t❡ ♦❢ t❤❡ ❡rr♦r ✈❛r✐❛♥❝❡ ❢r♦♠ t❤✐s r❡❣r❡ss✐♦♥ ❛♥❞

St =
∑t

i=1 ei✳ ❚❤❡ ▲▼ st❛t✐st✐❝ ❢♦r Y1, . . . , YT ✐s✿

LM =

∑T
t=1 S

2
t

σ̂2e

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t σ2u = 0✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ✭♦r ❛t ❧❡❛st t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥✮ ♦❢
1
T 2

∑T
t=1 S

2
t ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ❡①♣❧✐❝✐t❧② ❛♥❞ σ̂2e

T→+∞
−→ σ2X ✳

❚❡st✐♥❣ ❢♦r ✉♥✐t r♦♦ts ✉s✐♥❣ ❘ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❣✐✈❡s ❛ ❞❡♠♦♥str❛t✐♦♥ ♦❢ ❛ ✉♥✐t r♦♦t t❡st✳ ❈♦♥s✐❞❡r

t❤❡ ❧♦❣ s❡r✐❡s ♦❢ ❯✳❙✳ q✉❛rt❡r❧② ●❉P ❢r♦♠ ✶✾✹✼✳■ t♦ ✷✵✵✽✳■❱✳ ❚❤❡ ✜❧❡ ✐s ❢♦✉♥❞ ✐♥ q✲❣❞♣✹✼✵✽✳t①t ✐♥ t❤❡

❝♦✉rs❡ ❞✐r❡❝t♦r②✳ ❚❤❡ ❞❛t❛ ✐s ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✶✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ✉♥✐t r♦♦t t❡st ❝❛♥♥♦t ❜❡ r❡❥❡❝t❡❞✳ ❚❤❡ t❡st ✉s❡❞ ✐s t❤❡ ❑P❙❙ t❡st✳

❃ q✳❣❞♣✹✼✵✽ ❁✲ r❡❛❞✳t❛❜❧❡✭✇✇✇✱ ❤❡❛❞❡r❂❚✮

❃ ❛ ❂ ✉r✳❦♣ss✭q✳❣❞♣✹✼✵✽✩①r❛t❡✱t②♣❡ ❂ ✧t❛✉✧✮

❃ s✉♠♠❛r②✭❛✮

★★★★★★★★★★★★★★★★★★★★★★★

★ ❑P❙❙ ❯♥✐t ❘♦♦t ❚❡st ★

★★★★★★★★★★★★★★★★★★★★★★★

❚❡st ✐s ♦❢ t②♣❡✿ t❛✉ ✇✐t❤ ✸ ❧❛❣s✳

✹✾
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❱❛❧✉❡ ♦❢ t❡st✲st❛t✐st✐❝ ✐s✿ ✵✳✷✹✹✹

❈r✐t✐❝❛❧ ✈❛❧✉❡ ❢♦r ❛ s✐❣♥✐❢✐❝❛♥❝❡ ❧❡✈❡❧ ♦❢✿

✶✵♣❝t ✺♣❝t ✷✳✺♣❝t ✶♣❝t

❝r✐t✐❝❛❧ ✈❛❧✉❡s ✵✳✶✶✾ ✵✳✶✹✻ ✵✳✶✼✻ ✵✳✷✶✻

❚❤❡ t❡st st❛t✐st✐❝ ✐s ❧❛r❣❡r t❤❛♥ t❤❡ 1% ❝r✐t✐❝❛❧ ✈❛❧✉❡✳ ❲❡ ♠❛② s❛❢❡❧② r❡❥❡❝t t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢ ♥♦

✉♥✐t r♦♦t ❛♥❞ ❛❝❝❡♣t t❤❡ ❛❧t❡r♥❛t✐✈❡ ♦❢ ✉♥✐t r♦♦t✳ ■♥ ❢❛❝t✱ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ✉♥✐t r♦♦t ❤❛s ♠✉❧t✐♣❧✐❝✐t②

✷✿

❃ ❧✐❜r❛r②✭✧❢♦r❡❝❛st✧✮

❃ ❛✉t♦✳❛r✐♠❛✭q✳❣❞♣✹✼✵✽✩❣❞♣✮

❙❡r✐❡s✿ q✳❣❞♣✹✼✵✽✩❣❞♣

❆❘■▼❆✭✵✱✷✱✶✮

❈♦❡❢❢✐❝✐❡♥ts✿

♠❛✶

✲✵✳✻✹✸✽

s✳❡✳ ✵✳✵✻✽✺

s✐❣♠❛❫✷ ❡st✐♠❛t❡❞ ❛s ✶✸✻✶✿ ❧♦❣ ❧✐❦❡❧✐❤♦♦❞❂✲✶✷✸✻✳✽✾
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✸✳✸ ❙❆❘■▼❆ Pr♦❝❡ss❡s

❙❡❛s♦♥❛❧ s❡r✐❡s ❛r❡ ❝❤❛r❛❝t❡r✐s❡❞ ❜② ❛ str♦♥❣ s❡r✐❛❧ ❝♦rr❡❧❛t✐♦♥ ❛t t❤❡ s❡❛s♦♥❛❧ ❧❛❣ ❛♥❞ ♠✉❧t✐♣❧❡s t❤❡r❡♦❢✳

❙❡❛s♦♥❛❧ ❆❘■▼❆ ♠♦❞❡❧s ❛❧❧♦✇ ❢♦r r❛♥❞♦♠♥❡ss ✐♥ t❤❡ s❡❛s♦♥❛❧ ♣❛tt❡r♥ ❢r♦♠ ♦♥❡ ❝②❝❧❡ t♦ t❤❡ ♥❡①t✳

❉❡✜♥✐t✐♦♥ ✸✳✶✷ ✭❚❤❡ ❙❆❘■▼❆(p, d, q)× (P,D,Q)s Pr♦❝❡ss✮✳ ❆ ♣r♦❝❡ss {Xt} ✐s s❛✐❞ t♦ ❜❡ ❛ ❙❡❛s♦♥❛❧

❆❘■▼❆✭♣✱❞✱q✮×✭P✱❉✱◗✮ ♣r♦❝❡ss ✇✐t❤ ♣❡r✐♦❞ s ✐❢ t❤❡ ❞✐✛❡r❡♥❝❡❞ ♣r♦❝❡ss

Yt := (1−B)d(1−Bs)DXt

✐s ❛ ❝❛✉s❛❧ ❆❘▼❆ ♣r♦❝❡ss✱

φ(B)Φ(Bs)Yt = θ(B)Θ(Bs)ǫt {ǫt} ∼ ❲◆(0, σ2)

✇❤❡r❡

φ(z) = 1− φ1z − . . .− φpz
p

Φ(z) = 1− Φ1z
s − . . .− ΦP z

Ps

θ(z) = 1 + θ1z + . . .+ θqz
q

Θ(z) = 1 + Θ1z
s + . . .+ΘQz

Qs.

◆♦t❡ t❤❛t t❤❡ ♣r♦❝❡ss {Yt} ✐s ❝❛✉s❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❜♦t❤ φ(z) 6= 0 ❛♥❞ Φ(z) 6= 0 ❢♦r ❛❧❧ |z| ≤ 1✳

◆♦t❡ ❚❤❡ ❙❆❘▼❆ ♣r♦❝❡ss ✐s ❛ st❛t✐♦♥❛r② ♣r♦❝❡ss❀ t❤❡ ♠❡❛♥ ③❡r♦ ❙❆❘▼❆ ♣r♦❝❡ss s❛t✐s✜❡s E[Xt] ≡ 0

❢♦r ❛❧❧ t✳

❚❤❡r❡❢♦r❡✱ t❤❡ st❛t✐♦♥❛r② ❙❆❘▼❆ ♣r♦❝❡ss ✐s ♥♦t s✉✐t❛❜❧❡ ❢♦r t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ♣r♦❝❡ss ❤❛s ❛

❞❡t❡r♠✐♥✐st✐❝ st❛t✐♦♥❛r② ❝♦♠♣♦♥❡♥t ✭s♦ t❤❛t E[Xt] = st✱ ✇❤❡r❡ st ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥✮✳

❲❤❛t ✐s ✐♥ ✈✐❡✇ ❤❡r❡ ✐s ❛ ♣r♦❝❡ss ✇❤❡r❡ t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ✐s s❡❛s♦♥❛❧✳

❚❤❡ ❙❆❘▼❆ ♣r♦❝❡ss ✐s t❤❡r❡❢♦r❡ ♥♦t s✉✐t❛❜❧❡ ❢♦r ♠♦❞❡❧❧✐♥❣✱ ❢♦r ❡①❛♠♣❧❡✱ ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡r❡

✐s ❛ ❵❏❛♥✉❛r② ❡✛❡❝t✬✱ ✇❤❡♥ tr❛❞❡ ✐♥❝r❡❛s❡s ✐♥ ❏❛♥✉❛r② ❞✉❡ t♦ ❏❛♥✉❛r② s❛❧❡s✳

✺✶


