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▲✐♥❡❛r ❚✐♠❡ ❙❡r✐❡s ▼♦❞❡❧s

✷✳✶ ▲✐♥❡❛r ❚✐♠❡ ❙❡r✐❡s ▼♦❞❡❧s

Pr❡❞✐❝t✐♦♥ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ✇✐t❤ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ st❛t✐♦♥❛r② ♣r♦❝❡ss✳ ❱❡r② ♦❢t❡♥✱ t❤❡

st❛t✐♦♥❛r② ❝♦♠♣♦♥❡♥t ✐s ♥♦t WN(0, σ2)❀ t❤❡r❡ ❛r❡ ❝♦rr❡❧❛t✐♦♥s✳ ❚❤❡ ♥❡①t t❛s❦ ✐s t♦ ❜✉✐❧❞ ❛ s✉✐t❛❜❧❡

❢❛♠✐❧② ♦❢ ♠♦❞❡❧s ❢♦r t❤❡ st❛t✐♦♥❛r② ♣r♦❝❡ss✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ♠♦❞❡❧s ❢♦r t❤❡ st❛t✐♦♥❛r② ♣r♦❝❡ss ❛r❡ ❧✐♥❡❛r

♣r♦❝❡ss❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✶ ✭▲✐♥❡❛r ♣r♦❝❡ss✱ ❙tr✐❝t❧② ▲✐♥❡❛r Pr♦❝❡ss✮✳ ❆ ♣r♦❝❡ss {Xt, t ∈ Z} ✐s s❛✐❞ t♦ ❜❡ ❛ ❧✐♥❡❛r

♣r♦❝❡ss ✐❢ ✐t ❤❛s r❡♣r❡s❡♥t❛t✐♦♥

Xt = µ+
∞∑

j=−∞

ψjǫt−j , {ǫt} ∼ ❲◆(0, σ2), ✭✷✳✶✮

✇❤❡r❡
∑∞

j=−∞ |ψj | <∞. ❆ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s {Xt} ✐s str✐❝t❧② ❧✐♥❡❛r ✐❢ ✐t ❤❛s t❤❡ r❡♣r❡s❡♥t❛t✐♦♥

Xt = µ+
∞∑

j=−∞

ψjǫt−j , {ǫt} ∼ ■■❉(0, σ2).

✇❤❡r❡
∑

j |ψj | < +∞✳

❚❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✐s t❛❦❡♥ t♦ ♠❡❛♥ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❧❡t

Xtm = µ+
m∑

j=−m

ψjǫt−j {ǫt} ∼ IID(0, σ2) ♦r {ǫt} ∼WN(0, σ2).

❚❤❡♥ ❢♦r ❡❛❝❤ t✱

lim
m1→+∞

sup
m2≥m1

E
[
|Xtm1 −Xtm2 |2

]
= 0.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❣✐✈❡s ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ❛♥ ✐♥✜♥✐t❡ s✉♠ ♠❛② ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ ✜♥✐t❡

s✉♠✳

▲❡♠♠❛ ✷✳✷✳ ▲❡t {Xt} ❜❡ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✭♣♦ss✐❜❧② ❝♦♠♣❧❡① ✈❛❧✉❡❞✮ t❤❛t s❛t✐s✜❡s

sup
t

E[|Xt|2] <∞.

✷✸



■❢
∞∑

j=−∞

|ψj | <∞,

t❤❡♥ t❤❡ s❡q✉❡♥❝❡

Yt,n =
n∑

j=−n

ψjXt−j

✐s ❈❛✉❝❤② ✐♥ L2✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t

lim
n→+∞

sup
m≥0

E[(Yt,n+m − Yt,n)
2] = 0.

Pr♦♦❢ ❙✉♣♣♦s❡ t❤❛t supt E[|Xt|2] <∞✳ ❚❤❡♥

E [|Yt,n+m − Yt,n|] = E



∣∣∣∣∣∣

n+m∑

|j|=n+1

ψjXt−j

∣∣∣∣∣∣

2


=

n+m∑

|j|=n+1

n+m∑

|k|=n+1

ψjψkE
[
Xt−jXt−k

]
≤ sup

t
E
[
|Xt|2

]



n+m∑

|j|=n+1

|ψj |




2

❢r♦♠ ✇❤✐❝❤ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✱ s✐♥❝❡

lim
n→+∞

sup
m

n+m∑

|j|=n+1

|ψj | ≤ lim
n→+∞

∞∑

|j|=n+1

|ψj | = 0.

✷✳✶✳✶ ❚❤❡ ❙♣❡❝tr❛❧ ❉❡♥s✐t②

❚❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ♦❢ ❛ st❛t✐♦♥❛r② ♣r♦❝❡ss ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✷✳✸ ✭❙♣❡❝tr❛❧ ❉❡♥s✐t②✮✳ ▲❡t γ ❜❡ t❤❡ ❆❈❱❋ ❢♦r ❛ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s✳ ❚❤❡ ❢✉♥❝t✐♦♥ f

❞❡✜♥❡❞ ❜②

f(λ) =
1

2π

∞∑

h=−∞

e−ihλγ(h), −π ≤ λ ≤ π, ✭✷✳✷✮

✐s t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ♦❢ γ✳ ■t ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✐❢
∑∞

h=−∞ |γ(h)| <∞✳

❚❤❡ ❆❈❱❋ ♠❛② ❜❡ r❡❝♦✈❡r❡❞ ❢r♦♠ t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t②✿

∫ π

−π

eihλf(λ) dλ =

∫ π

−π

1

2π

∞∑

k=−∞

ei(h−k)λγ(k) dλ =
1

2π

∞∑

k=−∞

γ(k)

∫ π

−π

ei(h−k)λ dλ = γ(h).

❚❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② s❛t✐s✜❡s ✭❛♠♦♥❣ ♦t❤❡r t❤✐♥❣s✮✿

f(0) =
1

2π

∞∑

h=−∞

γ(h).

✷✹



Pr♦♣❡rt✐❡s ♦❢ ❆✉t♦❝♦✈❛r✐❛♥❝❡ ❛♥❞ ❙♣❡❝tr❛❧ ❉❡♥s✐t② ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❣✐✈❡s t❤❡ ❛✉t♦❝♦✈❛r✐✲

❛♥❝❡ ❛♥❞ s♣❡❝tr❛❧ ❞❡♥s✐t② ✐♥ t❡r♠s ♦❢ ψ ❛♥❞ σ2✳

❚❤❡♦r❡♠ ✷✳✹✳ ❆ ❧✐♥❡❛r ♣r♦❝❡ss {Xt, t ∈ Z} ✇✐t❤ r❡♣r❡s❡♥t❛t✐♦♥ ❣✐✈❡♥ ❜② ✭✷✳✶✮ ✐s st❛t✐♦♥❛r② ✇✐t❤ ♠❡❛♥

µ✱ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥

γX(h) = σ2
∞∑

j=−∞

ψjψj+h, ✭✷✳✸✮

❛♥❞ s♣❡❝tr❛❧ ❞❡♥s✐t②

fX(λ) =
σ2

2π
|ψ(e−iλ)|2, ✭✷✳✹✮

✇❤❡r❡ ψ(z) =
∑∞

j=−∞ ψjz
j✳

Pr♦♦❢ ❚❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥s✱

E[Xt] = E


µ+

∞∑

j=−∞

ψjǫt−j


 = µ+

∞∑

j=−∞

ψjE[ǫt−j ] = µ

❛♥❞

γX(h) = E[(Xt+h − µ)(Xt − µ)] = E



( ∞∑

j=−∞

ψjǫt+h−j

)( ∞∑

k=−∞

ψkǫt−k

)


=
∞∑

j=−∞

∞∑

k=−∞

ψjψkE[ǫt+h−jǫt−k]

=
∞∑

j=−∞

∞∑

k=−∞

ψjψkE[ǫh+k−jǫ0] =
∞∑

j=−∞

∞∑

k=−∞

ψh+jψkE[ǫk−jǫ0]

=

∞∑

j=−∞

ψh+jψjE[ǫ0ǫ0],

❛♥❞ ✭✷✳✸✮ ❢♦❧❧♦✇s s✐♥❝❡ E[ǫ0ǫ0] = σ2✳

❊q✉❛t✐♦♥ ✭✷✳✷✮ ♥♦✇ ❣✐✈❡s✿

fX(λ) =
1

2π

∞∑

h=−∞

e−ihλγh(h) =
σ2

2π

∞∑

h=−∞

e−ihλ
∞∑

j=−∞

ψjψj+h

=
σ2

2π

∞∑

h=−∞

∞∑

j=−∞

e−ihλψjψj+h =
σ2

2π

∞∑

h=−∞

∞∑

j=−∞

eijλψje
−i(j+h)λψj+h

=
σ2

2π

∞∑

j=−∞

∞∑

k=−∞

eijλψje
−ikλψk =

σ2

2π
ψ(eiλ)ψ(e−iλ) =

σ2

2π
|ψ(e−iλ)|2.

✷✺



✷✳✷ Pr❡❞✐❝t✐♦♥ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

❍❡r❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ♣r❡❞✐❝t✐♥❣ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Y ❢r♦♠ ❛r❜✐tr❛r② r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

W1, . . . ,Wn✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✇✐❧❧ ❜❡ t♦ t✐♠❡ s❡r✐❡s ✇❤❡r❡ ✇❡ ❛✐♠ t♦ ♣r❡❞✐❝t Xn+1 ❢r♦♠ Xn, . . . , X1✳

❙✐♥❝❡ ✇❡ ❡①♣❡❝t t❤❡ ♠♦st r❡❝❡♥t ♦❜s❡r✈❛t✐♦♥s t♦ ❜❡ ♠♦r❡ ✐♠♣♦rt❛♥t ❢♦r ♣r❡❞✐❝t✐♦♥✱ ✐t ✐s ✉s❡❢✉❧ t♦

❝♦♥s✐❞❡r ❛ r❡✈❡rs❡ ♦r❞❡r ♦❢ t❤❡ ✐♥❞✐❝❡s✳

❈♦♥s✐❞❡r ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜❧❡s W1,W2, . . . ,Wn ❛♥❞ Y ✇✐t❤ ✜♥✐t❡ ♠❡❛♥s ❛♥❞ ✈❛r✐❛♥❝❡s✳ ❙❡t µi =

E[Wi] ❛♥❞ µ = E[Y ] ❛♥❞ s❡t Γn:ij = ❈♦✈(Wn−i+1,Wn−j+1)✳ ▲❡t Γn ❞❡♥♦t❡ t❤❡ ♠❛tr✐① ✇✐t❤ ❡♥tr✐❡s

Γn:ij ✳ ▲❡t γ = (γ1, . . . , γn)
t✱ ✇❤❡r❡ γj = ❈♦✈(Wn−j+1, Y )✳

❚❤❡ ❛✐♠ ✐s t♦ ❡st❛❜❧✐s❤ ❛ ❧✐♥❡❛r ♣r❡❞✐❝t♦r P
F

(W )
1:n

(Y ) ♦❢ Y ✐♥ t❡r♠s ♦❢W1,W2, . . . ,Wn❀ t❤❛t ✐s✱ ❛ r❛♥❞♦♠

✈❛r✐❛❜❧❡ P
F

(W )
1:n

(Y ) ♦❢ t❤❡ ❢♦r♠

P
F

(W )
1:n

(Y ) = a0 + a1Wn + . . .+ anW1. ✭✷✳✺✮

▲❡t Ŷ = P
F

(W )
1:n

(Y ) ❞❡♥♦t❡ t❤❡ ♣r❡❞✐❝t♦r ♦❢ Y ✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ❛♥❞ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✭s✐♥❝❡

t❤❡ ♠❡❛♥s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❦♥♦✇♥✮✱ t❤✐s ♠❛② ❜❡ ❝❡♥tr❡❞✿

Ŷ − µ = ã0 + a1(Wn − µn) + . . .+ an(W1 − µ1).

❍❡r❡ a0 = ã0 + µ−
∑n

j=1 ajµn−j ❀ t❤❡ ♣r♦❜❧❡♠s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❙❡t S(ã0, a1, . . . , an) = E

[
(Y − Ŷ )2

]
❛♥❞ ❝❤♦♦s❡ ã0, a1, . . . , an t❤❛t ♠✐♥✐♠✐s❡ S(ã0, a1, . . . , an)✳ ■t

❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ t❤❛t

S(ã0, a1, . . . , an) = E

[
((Y − µ)− ã0 − a1(Wn − µn)− . . .− an(W1 − µ1))

2
]

= ã20 + E

[
((Y − µ)− a1(Wn − µn)− . . .− an(W1 − µ1))

2
]
.

❋r♦♠ t❤✐s✱ ✐t ❢♦❧❧♦✇s ❞✐r❡❝t❧② t❤❛t ã0 = 0 ✭❛♥❞ ❤❡♥❝❡✱ ✐♥ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ ❛r❜✐tr❛r② ♠❡❛♥s✱ a0 =

µ−
∑n

j=1 ajµn−j✮✳ ❋♦r t❤❡ ♦t❤❡rs✱

∂S

∂ai
= −2E [(Wn−i+1 − µn−i+1) ((Y − µ)− a1(Wn − µn)− . . .− an(W1 − µ1))]

= −2


γi −

n∑

j=1

ajΓn;i,j


 , i = 1, . . . , n.

❙✐♥❝❡ S ✐s q✉❛❞r❛t✐❝ ✐♥ (a0, . . . , an) ❛♥❞ ❣♦❡s t♦ ✐♥✜♥✐t② ❛s ❡❛❝❤ |aj | → +∞✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ♠✐♥✐♠✉♠

✐s ❛tt❛✐♥❡❞ ✇❤❡♥ ❛❧❧ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❡q✉❛❧ t♦ ③❡r♦❀

∂S

∂ai
= 0 ⇔ γi =

n∑

j=1

ajΓn;i,j , i = 1, . . . , n. ✭✷✳✻✮

❙❡t

✷✻



an =




a1
✳✳✳

an


 .

❊q✉❛t✐♦♥ ✭✷✳✻✮ ♠❛② t❤❡♥ ❜❡ r❡✇r✐tt❡♥ ❛s✿

γ
n
= Γnan ♦r✱ ✐❢ Γn ✐s ♥♦♥✲s✐♥❣✉❧❛r✱ an = Γ−1

n γ
n
. ✭✷✳✼✮

■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡ ♣r❡❞✐❝t♦r Ŷ ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❛❧s♦ ✇❤❡♥ Γn ✐s s✐♥❣✉❧❛r✳ ❆ss✉♠❡ t❤❛t Γn ✐s

s✐♥❣✉❧❛r ❛♥❞ t❤❛t γ
n
= Γna

(i)
n ❢♦r i = 1, 2✳ ▲❡t Ŷ (i) ❢♦r i = 1, 2 ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r❡❞✐❝t♦rs✳ ❚❤❡♥

❱❛r(Ŷ (1) − Ŷ (2)) = (a(1) − a(2))tΓn(a
(1) − a(2)) = (a(1) − a(2))t(γ

n
− γ

n
) = 0,

❢r♦♠ ✇❤✐❝❤ ✐t ❢♦❧❧♦✇s t❤❛t Ŷ (1) = Ŷ (2)✳

◆♦t❡ t❤❛t ✐❢ Γn ✐s s✐♥❣✉❧❛r✱ t❤❡♥ a(1) ❛♥❞ a(2) ♠❛② ❜❡ ❞✐✛❡r❡♥t❀ ❛❧❧ s♦❧✉t✐♦♥s a ❣✐✈❡ t❤❡ s❛♠❡ ♣r❡❞✐❝t♦r✳

❋✉rt❤❡r♠♦r❡✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❛❜♦✈❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✭❦♥♦✇♥ ❛s t❤❡ ♣r♦❥❡❝t✐♦♥ t❤❡♦r❡♠✮

❤♦❧❞s✿

❚❤❡♦r❡♠ ✷✳✺ ✭Pr♦❥❡❝t✐♦♥ ❚❤❡♦r❡♠✮✳ ▲❡t Ŷ ❜❡ t❤❡ ❧✐♥❡❛r ♣r❡❞✐❝t♦r ♦❢ Y ❜❛s❡❞ ♦♥ W1, . . . ,Wn✱ t❤❡♥

Ŷ s❛t✐s✜❡s✿

❈♦✈(Ŷ − Y,Wi) = 0, ❢♦r i = 1, . . . , n. ✭✷✳✽✮

Pr♦♦❢ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❧❡t µ = µ1 = . . . = µn = 0✳ ❋r♦♠ ❛❜♦✈❡✱ t❤❡ ❧✐♥❡❛r ♣r❡❞✐❝t♦r

Ŷ =
∑n

j=1 ajWn−j+1 s❛t✐s✜❡s ∂S
∂ai

= 0✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

0 = E

[
Wn−i+1(Y − Ŷ )

]
i = 1, . . . , n

s♦ t❤❛t

0 = E

[
Wi

(
Y − Ŷ

)]
= ❈♦✈(Wi, Y − Ŷ ) ∀i = 1, . . . , n.

❙✐♥❝❡ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ ❛r❜✐tr❛r② ❦♥♦✇♥ ♠❡❛♥s ✐s ❡q✉✐✈❛❧❡♥t✱ ❢r♦♠ ♥♦✇ ♦♥✱ ♦♥❧② µ = µ1 = . . . = µn = 0

✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❈♦♥s✐❞❡r t❤❡ ♠❡❛♥✲sq✉❛r❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r

vn := E

[
(Ŷ − Y )2

]
= ❱❛r(Ŷ − Y ).

■❢ Γn ✐s ♥♦♥✲s✐♥❣✉❧❛r✱ t❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❡q✉❛t✐♦♥ ✭✭✷✳✽✮✮ t❤❛t

❱❛r(Y ) = ❱❛r(Y − Ŷ + Ŷ ) = ❱❛r(Y − Ŷ ) +❱❛r(Ŷ ).

✷✼



■t ❢♦❧❧♦✇s t❤❛t

vn = ❱❛r(Y − Ŷ ) = ❱❛r(Y )−❱❛r(Ŷ ) = ❱❛r(Y )− atnΓnan = ❱❛r(Y )− γt
n
Γ−1
n γ

n
. ✭✷✳✾✮

◆♦✇ ❝♦♥s✐❞❡r ❛❧❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♠❡❛♥ ③❡r♦✱ ♣r❡❞✐❝t✐♥❣ Y ❢r♦♠ W1, . . . ,Wn✳ ❚❤❡ ❧✐♥❡❛r ♣r❡❞✐❝t♦rs

❛r❡ ♦❢ t❤❡ ❢♦r♠

Ŷ = a1Wn + . . .+ anW1, ✭✷✳✶✵✮

▲❡t

M = {a1Wn + . . .+ anW1, a = (a1, . . . , an)t ∈ Rn}

❛♥❞

H = {bY + a1Wn + . . .+ anW1, b ∈ R, a = (a1, . . . , an)t ∈ Rn}

✇❤❡r❡ t❤❡ ♥♦t❛t✐♦♥ A ✐s ✉s❡❞ t♦ ❞❡♥♦t❡ t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ s♣❛❝❡ A✳ ❚❤❡ ♣r❡❞✐❝t♦r Ŷ ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞

❛s t❤❡ ♣♦✐♥t ✐♥ M ❝❧♦s❡st t♦ Y ✱ ✇❤❡r❡ ❞✐st❛♥❝❡s ✐♥ H ❛r❡ ♠❡❛s✉r❡❞ ✐♥ t❡r♠s ♦❢ ✈❛r✐❛♥❝❡s✳ ❆ ❍✐❧❜❡rt

s♣❛❝❡ str✉❝t✉r❡ ♠❛② ❜❡ ✐♥tr♦❞✉❝❡❞ t♦ H ❜② t❛❦✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t t♦ ❜❡ t❤❡ ❝♦✈❛r✐❛♥❝❡❀

〈X,Y 〉 = ❈♦✈(X,Y ).

■t ❢♦❧❧♦✇s t❤❛t ❢♦r X ❛♥❞ Z t✇♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ H✱

X ⊥ Z ⇔ ❈♦✈(X,Y ) = 0; X ⊥ Z ⇔ ❱❛r(X + Z) = ❱❛r(X) +❱❛r(Z).

■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ❊q✉❛t✐♦♥ ✭✷✳✽✮ st❛t❡s t❤❛t Ŷ ✐s ❞❡t❡r♠✐♥❡❞ ❜② Y − Ŷ ⊥ M✱ ❤❡♥❝❡ ❚❤❡♦r❡♠ ✷✳✺ ✐s

r❡❢❡rr❡❞ t♦ ❛s t❤❡ ♣r♦❥❡❝t✐♦♥ t❤❡♦r❡♠✳

■t ✐s ❝❧❡❛r t❤❛t 〈X,Y 〉 := ❈♦✈(X,Y ) s❛t✐s✜❡s t❤❡ ❤②♣♦t❤❡s❡s ❢♦r ❛♥ ✐♥♥❡r ♣r♦❞✉❝t ❛♥❞ t❤❛t t❤❡ s♣❛❝❡s

H ❛♥❞ M ❛r❡ ❍✐❧❜❡rt s♣❛❝❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ t❤r♦✉❣❤♦✉t✿ ❢♦r ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s C✱ M(C)✱ ♦r ♠♦r❡ s✐♠♣❧② M ✇❤❡♥ t❤❡ ❝♦❧❧❡❝t✐♦♥ C ✐s ✉♥❞❡rst♦♦❞ ❢r♦♠ t❤❡ ❝♦♥t❡①t✱

✇✐❧❧ ❞❡♥♦t❡ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ ✈❛r✐❛❜❧❡s C✳ ■❢ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s ✐s F (X)
a:b ✱ t❤❡♥

t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② M(X)
a:b ✳ ❚❤❡ ♥♦t❛t✐♦♥ PM(C)(Y ) ♦r PMY ✇❤❡♥ C ✐s ✉♥❞❡rst♦♦❞

❢r♦♠ t❤❡ ❝♦♥t❡①t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥t❡r❝❤❛♥❣❡❛❜❧② t♦ ❞❡♥♦t❡ ❡①❛❝t❧② t❤❡ s❛♠❡ t❤✐♥❣❀ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡

r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Y ♦♥t♦ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ M(C)✳ ❚❤✐s ✐s ❛❧s♦ ❡q✉❛❧ t♦ PC(Y ) ❞❡✜♥❡❞ ❡❛r❧✐❡r✳ ◆♦t❡

t❤❛t✿

Ŷ = P
F

(W )
1:n

Y = P
M

(W )
1:n

Y.

❚❤❡ ♥♦r♠ ❢♦r t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ‖ · ‖ ✐s ❞❡✜♥❡❞ ❜②✿ ‖X‖ =
√
❱❛r(X)✳ ■♥ ♣❛rt✐❝✉❧❛r✱

‖Y − Ŷ ‖2 = ❱❛r(Y − Ŷ ).

❚❤❡ ❍✐❧❜❡rt s♣❛❝❡ M(W )
1:n ✐s ❝❛❧❧❡❞ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ s♣❛♥♥❡❞ ❜② W1, . . . ,Wn✳

✷✽



✷✳✸ P❛rt✐❛❧ ❝♦rr❡❧❛t✐♦♥

▲❡t Y1 ❛♥❞ Y2 ❜❡ t✇♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤❡ str❡♥❣t❤ ♦❢ t❤❡ ❧✐♥❡❛r r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡♠ ♠❛② ❜❡

♠❡❛s✉r❡❞ ❜② t❤❡ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t

ρ(Y1, Y2) :=
❈♦✈(Y1, Y2)√
❱❛r(Y1)❱❛r(Y2)

.

■♥ ♠❛♥② s✐t✉❛t✐♦♥s✱ ❛ ❧❛r❣❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ Y1 ❛♥❞ Y2 ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ t❤r♦✉❣❤ ♦t❤❡r ✈❛r✐❛❜❧❡s✱

W1, . . . ,Wk✳

❙✉♣♣♦s❡ t❤❛t Y1 ❛♥❞ Y2 ❛r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✭❢♦r ❡①❛♠♣❧❡✱ t✇♦ t✐♠❡ ♣♦✐♥ts ✐♥ ❛ t✐♠❡ s❡r✐❡s✮ ❛♥❞

W1, . . . ,Wk ❛r❡ ♦t❤❡r r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✭✐♥❞✐❝❛t✐♥❣✱ ❢♦r ❡①❛♠♣❧❡✱ ♦t❤❡r t✐♠❡ ♣♦✐♥ts ✐♥ t❤❡ s❡r✐❡s✮✳ ▲❡t

Ŷ1 = Ps♣❛{1,W1,...,Wk}
(Y1) ❛♥❞ Ŷ2 = Ps♣❛{1,W1,...,Wk}

(Y2)

✇❤❡r❡ s♣❛ ❞❡♥♦t❡s ❵s♣❛♥✬ ❛♥❞ t❤❡ ♦✈❡r❧✐♥❡ ❞❡♥♦t❡s ❝❧♦s✉r❡✳ ❚❤❡r❡❢♦r❡ Ŷ1 ✐s s✐♠♣❧② t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ Y1

♦♥t♦ (1,W1, . . . ,Wk)✱ ❛♥❞ s✐♠✐❧✐❛r❧② ❢♦r Ŷ2✳

❉❡✜♥✐t✐♦♥ ✷✳✻ ✭▼✉❧t✐♣❧❡ ❈♦rr❡❧❛t✐♦♥ ❈♦❡✣❝✐❡♥t✱ P❛rt✐❛❧ ❈♦rr❡❧❛t✐♦♥ ❈♦❡✣❝✐❡♥t✮✳ ▲❡t Y1 ❛♥❞

W1, . . . ,Wk ❜❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ♠✉❧t✐♣❧❡ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t ❜❡t✇❡❡♥ Y1 ❛♥❞ W1, . . . ,Wk ✐s

❞❡✜♥❡❞ ❜② ρ(Y1, Ŷ1)✳ ▲❡t Y1✱ Y2 ❛♥❞W1, . . . ,Wk ❜❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ♣❛rt✐❛❧ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t

♦❢ Y1 ❛♥❞ Y2 ✇✐t❤ r❡s♣❡❝t t♦ W1, . . . ,Wk ✐s ❞❡✜♥❡❞ ❜②

α(Y1, Y2) := ρ(Y1 − Ŷ1, Y2 − Ŷ2). ✭✷✳✶✶✮

❊①❛♠♣❧❡ ✷✳✶ ✭P❛rt✐❛❧ ❝♦rr❡❧❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ s✐♥❣❧❡ ✈❛r✐❛❜❧❡✮✳

❲❤❡♥ k = 1 ✭t❤❡ ♣❛rt✐❛❧ ❝♦rr❡❧❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ♦♥❡ ✈❛r✐❛❜❧❡ W ✮✱ t❤❡♥ Ŷ1 = a1 + b1W ❛♥❞

Ŷ2 = a2 + b2W ✳ ❋✉rt❤❡r♠♦r❡✱ ❢r♦♠ t❤❡ ♣r♦❥❡❝t✐♦♥ t❤❡♦r❡♠✱ ❈♦✈(Y1,W ) = ❈♦✈(Ŷ1,W ) = b1❱❛r(W )

❛♥❞ ❈♦✈(Y2,W ) = b2❱❛r(W )✱ s♦ ρ(Y1,W ) =
b1

√
❱❛r(W )√
❱❛r(Y1)

❛♥❞ ρ(Y2,W ) =
b2

√
❱❛r(W )√
❱❛r(Y2)

✳ ❋♦r♠✉❧❛ ✭✷✳✶✶✮

r❡❞✉❝❡s t♦✿

α(Y1, Y2) =
❈♦✈(Y1, Y2) + ❈♦✈(Ŷ1, Ŷ2)− ❈♦✈(Y1, Ŷ2)− ❈♦✈(Y2, Ŷ1)√

❱❛r(Y1) +❱❛r(Ŷ1)− 2❈♦✈(Y1, Ŷ1)

√
❱❛r(Y2) +❱❛r(Ŷ2)− 2❈♦✈(Y2, Ŷ2)

=
❈♦✈(Y1, Y2)− b1b2❱❛r(W )√

❱❛r(Y1)− b21❱❛r(W )
√
❱❛r(Y2)− b22❱❛r(W )

=
ρ(Y1, Y2)− ρ(Y1,W )ρ(Y2,W )√
1− ρ(Y1,W )2)(1− ρ(Y2,W )2)

♣r♦✈✐❞❡❞ |ρ(Y1,W )| < 1 ❛♥❞ |ρ(Y2,W )| < 1✳

❊①❛♠♣❧❡ ✷✳✷✳ ▲❡t

Y1 =W + W̃1 ❛♥❞ Y2 =W + W̃2,

✷✾



✇❤❡r❡ W, W̃1, W̃2 ❛r❡ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ❡❛❝❤ ✇✐t❤ ♠❡❛♥ 0✳ ❚❤❡♥

Ŷk = Ps♣❛{W}(Yk) = Ps♣❛{W}(W + W̃k) = Ps♣❛{W}(W ) + Ps♣❛{W}(̃Wk) =W + 0 =W,

❢r♦♠ ✇❤✐❝❤

α(Y1, Y2) = ρ(W̃1, W̃2) = 0.

❊①❛♠♣❧❡ ✷✳✸✳ ❚❤✐s ❡①❛♠♣❧❡ s❤♦✇s t❤❛t ✉♥❝♦rr❡❧❛t❡❞ ✈❛r✐❛❜❧❡s ♠❛②✱ ✐♥ ❢❛❝t✱ ❜❡ ❝♦♠♣❧❡t❡❧② ♣❛rt✐❛❧❧②

❝♦rr❡❧❛t❡❞✳ ▲❡t Y1 ❛♥❞ Y2 ❜❡ ✐♥❞❡♣❡♥❞❡♥t✱ ❡❛❝❤ ✇✐t❤ ♠❡❛♥ 0 ❛♥❞ t❤❡ s❛♠❡ ✈❛r✐❛♥❝❡ σ2✳ ▲❡tW = Y1+Y2✳

❚❤❡♥

Ŷ1 = Ŷ2 =
W

2
=
Y1 + Y2

2
,

❢r♦♠ ✇❤✐❝❤

Y1 − Ŷ1 =
Y1 − Y2

2
= −(Y2 − Ŷ2).

■t ❢♦❧❧♦✇s t❤❛t α(Y1, Y2) = −1✳

✷✳✹ Pr❡❞✐❝t✐♦♥ ❢♦r ❙t❛t✐♦♥❛r② ❚✐♠❡ ❙❡r✐❡s

▲❡t {Xt} ❜❡ ❛ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s ✇✐t❤ ♠❡❛♥ 0 ❛♥❞ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥γ(.) ❛♥❞ ❝♦♥s✐❞❡r t❤❡

♣r♦❜❧❡♠ ♦❢ ♣r❡❞✐❝t✐♥❣ Y = Xn+1 ❜❛s❡❞ ♦♥ X1, . . . , Xn✳ ❚❤❡♥✱ ❞❡♥♦t✐♥❣ t❤❡ ♣r❡❞✐❝t♦r ❜② X̂n+1✱ ❞❡✜♥❡

φn,j s✉❝❤ t❤❛t

X̂n+1 =
n∑

j=1

φn,jXn+1−j .

■♥ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❜❡❢♦r❡✱

Γn;ij = ❈♦✈(Xn+1−i, Xn+1−j) = γ(|i− j|)

❛♥❞

γj = ❈♦✈(Xn+1, Xn+1−j) = γ(j).

❋♦r γ(0) > 0 ❛♥❞ limh→+∞ γ(h) = 0✱ Γn ✐s ♥♦♥✲s✐♥❣✉❧❛r ✭❡①❡r❝✐s❡✮✳

❯s✐♥❣ ♥♦t❛t✐♦♥ ❢r♦♠ ❜❡❢♦r❡✱ ✐t ✐s ❝❧❡❛r t❤❛t✿

Ps♣❛{X2,...,Xh}
(Xh+1) =

h−1∑

i=1

φh−1,iXh+1−i.

✸✵



◆♦t❛t✐♦♥ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞✿ Ph(Xt+h) ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❞❡♥♦t❡ P
F

(X)
1:t

(Xt+h)✱ t❤❡

♥♦t❛t✐♦♥ X̂t+1 ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r t❤❡ ♦♥❡ st❡♣ ♣r❡❞✐❝t♦r P1(Xt+1) = P
F

(X)
1:t

(Xt+1)✳

✷✳✺ P❛rt✐❛❧ ❛✉t♦❝♦rr❡❧❛t✐♦♥

❉❡✜♥✐t✐♦♥ ✷✳✼✳ ▲❡t {Xt, t ∈ Z} ❜❡ ❛ ③❡r♦✲♠❡❛♥ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s✳ ❚❤❡ ♣❛rt✐❛❧ ❛✉t♦❝♦rr❡❧❛t✐♦♥

❢✉♥❝t✐♦♥ ✭P❆❈❋✮ ♦❢ {Xt} ✐s ❞❡✜♥❡❞ ❜②





α(0) = 1

α(1) = ρ(1)

α(h) = ρ(Xh+1 − Ps♣❛{X2,...,Xh}
(Xh+1), X1 − Ps♣❛{X2,...,Xh}

(X1)) h ≥ 2.

❊①❛♠♣❧❡ ✷✳✹ ✭❆❘✭♣✮ Pr♦❝❡ss✮✳

❆♥ ❆❘✭♣✮ ♣r♦❝❡ss ✐s ❞❡✜♥❡❞ ❜②✿

Xt −
p∑

j=1

φjXt−j + ǫt {ǫt} ∼WN(0, σ2).

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤✐s ♣r♦❝❡ss ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ■❢ t❤✐s ❡q✉❛t✐♦♥

❞❡✜♥❡s ❛ st❛t✐♦♥❛r② ♣r♦❝❡ss ✇✐t❤ E[Xt] = 0 ❛♥❞ ❱❛r(Xt) < +∞ s✉❝❤ t❤❛t ❈♦rr(Xs, ǫt) = 0 ❢♦r t ≥ s+1✱

t❤❡♥ ✐t ❢♦❧❧♦✇s ❛❧♠♦st ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ t❤❛t t❤❡ ♣❛rt✐❛❧ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ α(h) ❢♦r ❛♥

❆❘✭♣✮ ♣r♦❝❡ss ✐s ❡q✉❛❧ t♦ ✵ ❢♦r |h| > p✳

✷✳✻ ❚❤❡ ❲♦❧❞ ❞❡❝♦♠♣♦s✐t✐♦♥

▲❡t {Xt : t ∈ Z} ❜❡ ❛ ③❡r♦✲♠❡❛♥ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s✳ ▲❡t

Mn = s♣❛{Xt, t ≤ n}, M−∞ =
∞⋂

n=−∞

Mn, σ2 = E

[
|Xn+1 − PMn(Xn+1)|2

]

❉❡✜♥✐t✐♦♥ ✷✳✽✳ ❚❤❡ ♣r♦❝❡ss {Xt} ✐s ❝❛❧❧❡❞ ❞❡t❡r♠✐♥✐st✐❝ ✐❢ σ2 = 0✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ✐❢ Xt ∈ M−∞

∀t ∈ Z✳ ❚❤❡ ♣r♦❝❡ss {Xt} ✐s ❝❛❧❧❡❞ ♣✉r❡❧② ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ✐❢

M−∞ = {0}.

❚❤❡♦r❡♠ ✷✳✾ ✭❚❤❡ ❲♦❧❞ ❞❡❝♦♠♣♦s✐t✐♦♥✮✳ ▲❡t {Xt : t ∈ Z} ❜❡ ❛ ③❡r♦✲♠❡❛♥ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s✱

✇✐t❤ Mn✱ M−∞ ❛♥❞ σ2 ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❙✉♣♣♦s❡ σ2 > 0✳ ❚❤❡♥ Xt ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

Xt =

∞∑

j=0

ψjǫt−j + Vt, ✭✷✳✶✷✮

✇❤❡r❡

✸✶



✶✳ ψ0 = 1 ❛♥❞
∑∞

j=0 ψ
2
j <∞❀

✷✳ {ǫt} ∼ ❲◆(0, σ2)❀

✸✳ ǫt ∈ Mt ❢♦r ❡❛❝❤ t ∈ Z❀

✹✳ E [ǫtVs] = 0 ❢♦r ❛❧❧ s, t ∈ Z❀

✺✳ Vt ∈ M−∞ ❢♦r ❡❛❝❤ t ∈ Z❀

✻✳ {Vt} ✐s ❞❡t❡r♠✐♥✐st✐❝✱ ✇❤❡r❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❵❞❡t❡r♠✐♥✐st✐❝✬ ✐s ❣✐✈❡♥ ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✽✳

❚❤❡ s❡q✉❡♥❝❡s {ψj}✱ {ǫt} ❛♥❞ {Vt} ❛r❡ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② {Xt} ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥s✳

◆♦t❡ ❚❤❡ ✜♥❛❧ t✇♦ st❛t❡♠❡♥ts ❛r❡ ♥♦t t❤❡ s❛♠❡✱ s✐♥❝❡ M−∞ ✐s ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ {Xt}✱ ♥♦t {Vt}✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✾ ❋✐rst❧②✱ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ s❡q✉❡♥❝❡s ❞❡✜♥❡❞ ❜②✿





ǫt = Xt − PMt−1(Xt)

ψj =
1
σ2 〈Xt, ǫt−j〉

Vt = Xt −
∑∞

j=0 ψjǫt−j

✭✷✳✶✸✮

s❛t✐s❢② ❊q✉❛t✐♦♥ ✭✷✳✶✷✮ ❛❧♦♥❣ ✇✐t❤ t❤❡ s✐① ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ t❤❡♦r❡♠✳ ❚❤❡ ♣r♦♦❢ ✐s t❤❡♥ ❝♦♠♣❧❡t❡❞ ❜②

❡st❛❜❧✐s❤✐♥❣ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ t❤r❡ s❡q✉❡♥❝❡s✳

❋✐rst❧②✱ ǫt ❞❡✜♥❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✷✳✶✸✮ ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ Mt ❛♥❞ ✐s ♦rt❤♦❣♦♥❛❧ t♦ Mt−1✱ ❜② ❞❡✜♥✐t✐♦♥✳

■t ❢♦❧❧♦✇s t❤❛t

ǫt ∈ M⊥
t−1 ⊂ M⊥

t−2 ⊂ . . .

s♦ t❤❛t✱ ❢♦r ❛❧❧ s < t✱ E[ǫsǫt] = 0✳ ❚❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ t❤❡♦r❡♠ ❛r❡ t❤❡r❡❢♦r❡

❡st❛❜❧✐s❤❡❞✳ ◆❡①t✱

Ps♣❛{ǫj :j≤t}(Xt) = ψjǫt−j ✭✷✳✶✹✮

✇❤❡r❡ ψj ✐s ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✷✳✶✸✮ ❛♥❞
∑∞

j=1 ψ
2
j < +∞✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ψj ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t

❜② st❛t✐♦♥❛r✐t② ❛♥❞

ψ0 =
1

σ2
〈Xt, Xt − PMt−1(Xt)〉 =

1

σ2
‖Xt − PMt−1(Xt)‖2 = 1.

❚❤❡ t❤✐r❞ ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✶✸✮ t♦❣❡t❤❡r ✇✐t❤ ❊q✉❛t✐♦♥ ✭✷✳✶✹✮ ❣✐✈❡✿

〈Vt, ǫs〉 = 0 ∀s ≤ t.

❋♦r s > t✱ ǫs ∈ M⊥
s−1 ⊂ M⊥

t ✳ ❙✐♥❝❡ Vt ∈ Mt✱ ✐t ❢♦❧❧♦✇s t❤❛t

〈Vt, ǫs〉 = 0 ∀s > t.

✸✷



❚♦ ❡st❛❜❧✐s❤ t❤❡ ❧❛st t✇♦ ❝♦♥❞✐t✐♦♥s✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t

s♣❛{Vj : j ≤ t} = M−∞ ∀t ∈ Z. ✭✷✳✶✺✮

❙✐♥❝❡ Vt ∈ Mt = Mt−1 ⊕ s♣❛{ǫt} ❛♥❞ s✐♥❝❡ 〈Vt, ǫt〉 = 0✱ ✐t ❢♦❧❧♦✇s t❤❛t Vt ∈ Mt−1✳ ❯s✐♥❣ ✐♥❞✉❝t✐✈❡❧②

Ms = Ms−1 ⊕ s♣❛{ǫs}✱ ✐t ❢♦❧❧♦✇s t❤❛t Vt ∈ Mt−j ❢♦r ❛❧❧ j ≥ 0 ❛♥❞ ❤❡♥❝❡ Vt ∈ M−∞✳ ■t ❢♦❧❧♦✇s t❤❛t

s♣❛{Vj : j ≤ t} ⊆ M−∞ ∀t ∈ Z.

■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ t❤✐r❞ ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✶✸✮ t❤❛t✿

Mt = s♣❛{ǫj : j ≤ t} ⊕ s♣❛{Vj : j ≤ t}.

■❢ Y ∈ M−∞✱ t❤❡♥ Y ∈ Ms−1 ❢♦r ❡❛❝❤ s ∈ Z ❛♥❞ t❤❡r❡❢♦r❡ 〈Y, ǫs〉 = 0 ❢♦r ❡❛❝❤ s ∈ Z✳ ■t ❢♦❧❧♦✇s t❤❛t

Y ∈ s♣❛{Vj : j ≤ t}✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

M−∞ ⊆ s♣❛{Vj : j ≤ t} ∀t ∈ Z.

❚❤✐s ❡st❛❜❧✐s❤❡s ❊q✉❛t✐♦♥ ✭✷✳✶✺✮ ❛♥❞ ❤❡♥❝❡ t❤❡ ❡①✐st❡♥❝❡ ♣❛rt ♦❢ t❤❡ r❡s✉❧t✳

❚♦ ❡st❛❜❧✐s❤ ✉♥✐q✉❡♥❡ss✿ ❧❡t {ǫt} ❛♥❞ {Vt} ❜❡ ❛♥② t✇♦ s❡q✉❡♥❝❡s ✇✐t❤ t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt✐❡s✳ ❚❤❡♥

Mt−1 ⊂ s♣❛{ǫj : j ≤ t− 1} ⊕ s♣❛{Vj : j ≤ t− 1}

❢r♦♠ ✇❤✐❝❤ ✐t ❢♦❧❧♦✇s t❤❛t ǫt ⊥ Mt−1 ✭✉s✐♥❣ t❤❡ s❡❝♦♥❞ ❛♥❞ ❢♦✉rt❤ ♣r♦♣❡rt②✮✳ ❋r♦♠ ♣r♦❥❡❝t✐♥❣ ❡❛❝❤

s✐❞❡ ♦❢ ❊q✉❛t✐♦♥ ✭✷✳✶✷✮ ♦♥t♦ Mt−1 ❛♥❞ s✉❜tr❛❝t✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥ ❢r♦♠ ✭✷✳✶✷✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

{ǫt} s❛t✐s✜❡s t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✶✸✮✳ ❇② t❛❦✐♥❣ ✐♥♥❡r ♣r♦❞✉❝ts ♦❢ ❡❛❝❤ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✶✷✮ ✇✐t❤

ǫt−j ✱ ✐t ❢♦❧❧♦✇s t❤❛t ψj ♠✉st s❛t✐s❢② t❤❡ s❡❝♦♥❞ ♦❢ ✭✷✳✶✸✮✳ ❋✐♥❛❧❧②✱ ❢♦r ✭✷✳✶✷✮ t♦ ❤♦❧❞✱ ✐t ✐s ❝❧❡❛r t❤❛t V

s❛t✐s✜❡s t❤❡ t❤✐r❞ ♦❢ ✭✷✳✶✸✮✱ ❤❡♥❝❡ ✉♥✐q✉❡♥❡ss ❤❛s ❜❡❡♥ ❡st❛❜❧✐s❤❡❞✳

✸✸


