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❚✐♠❡ ❙❡r✐❡s ▼♦❞❡❧❧✐♥❣

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

❆♥ ♦❜s❡r✈❡❞ t✐♠❡ s❡r✐❡s ✐s ❛ s❡t ♦❢ ♦❜s❡r✈❛t✐♦♥s (xt)t∈T ✇❤❡r❡ T ❞❡♥♦t❡s ❛♥ ✐♥❞❡①✐♥❣ s❡t ♦❢ ✜♥✐t❡ s✐③❡❀

❡❛❝❤ ♦❜s❡r✈❛t✐♦♥ xt ✐s r❡❝♦r❞❡❞ ❛t ❛ s♣❡❝✐✜❝ t✐♠❡✱ r❡❧❛t❡❞ t♦ t❤❡ ✐♥❞❡① t✳ xt ♠❛② ❜❡ ✈❡❝t♦r✲✈❛❧✉❡❞ ✐❢ ✇❡

❛r❡ ❝♦♥s✐❞❡r✐♥❣ ❛ ♠✉❧t✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s✱ ✇❤❡r❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♠❛② ❜❡ ✐♥✢✉❡♥❝✐♥❣ ❡❛❝❤ ♦t❤❡r✳

❚❤✐s ❝♦✉rs❡ ❞❡❛❧s ✇✐t❤ ❚✐♠❡ ❙❡r✐❡s ♠♦❞❡❧s ❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s✳ ❲❡ ❝♦♥s✐❞❡r ❢♦✉r ❛r❡❛s ♦❢

❛♣♣❧✐❝❛t✐♦♥✿

✶✳ ❚❤❡ ❢♦r❡❝❛st✐♥❣ ♦❢ ❢✉t✉r❡ ✈❛❧✉❡s ♦❢ ❛ t✐♠❡ s❡r✐❡s ❢r♦♠ ❝✉rr❡♥t ❛♥❞ ♣❛st ✈❛❧✉❡s✳

✷✳ ❈♦♠♣✉t✐♥❣ ❛ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ♦❢ ❛ s②st❡♠✱ ✇❤✐❝❤ s❤♦✇s t❤❡ ❡✛❡❝t ♦♥ t❤❡ ♦✉t♣✉t ♦❢ ❛ s②st❡♠ ♦♥

❛♥② ❣✐✈❡♥ s❡r✐❡s ♦❢ ✐♥♣✉ts✳

✸✳ ❚❤❡ ✉s❡ ♦❢ ✐♥❞✐❝❛t♦r ✐♥♣✉t ✈❛r✐❛❜❧❡s ✐♥ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ♠♦❞❡❧s t♦ r❡♣r❡s❡♥t ❛♥❞ ❛ss❡ss t❤❡ ❡✛❡❝ts

♦❢ ✉♥✉s✉❛❧ ✐♥t❡r✈❡♥t✐♦♥ ❡✈❡♥ts ♦♥ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❛ t✐♠❡ s❡r✐❡s✳

✹✳ ❊①❛♠✐♥✐♥❣ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ s❡✈❡r❛❧ r❡❧❛t❡❞ t✐♠❡ s❡r✐❡s ♦❢ ✐♥t❡r❡st ❛♥❞ ❡st❛❜❧✐s❤✐♥❣ ♠✉❧t✐✲

✈❛r✐❛t❡ ❞②♥❛♠✐❝ ♠♦❞❡❧s t♦ r❡♣r❡s❡♥t t❤❡s❡ ❥♦✐♥t r❡❧❛t✐♦♥s❤✐♣s ♦✈❡r t✐♠❡✳

❋♦r ♥♦✇✱ ✇❡ ❝♦♥s✐❞❡r ✉♥✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s❀ ❡❛❝❤ xt ∈ R✳ ❲❡ ❝♦♥s✐❞❡r ✈❡❝t♦r ✈❛❧✉❡❞ t✐♠❡ s❡r✐❡s ❧❛t❡r✳

✶✳✷ ❚✐♠❡ ❙❡r✐❡s ▼♦❞❡❧s

❉❡✜♥✐t✐♦♥ ✶✳✶ ✭❚✐♠❡ ❙❡r✐❡s ▼♦❞❡❧✮✳ ❆ t✐♠❡ s❡r✐❡s ♠♦❞❡❧ ❢♦r t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛ {xt : t ∈ T } ✐s t❤❡

❤②♣♦t❤❡s✐s t❤❛t t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛ ✐s ❛♥ ♦❜s❡r✈❛t✐♦♥ ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s {Xt : t ∈ T } ❛♥❞

t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ✐ts ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥✱ ♦r ♣♦ss✐❜❧② ♦♥❧② ✐ts ❡①♣❡❝t❛t✐♦♥s ❛♥❞ ❝♦✈❛r✐❛♥❝❡s✳

❆ t✐♠❡ s❡r✐❡s ❝❛♥ ♦♥❧② ❜❡ ♦❜s❡r✈❡❞ ❛t ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ t✐♠❡s✱ (xt)
n
t=1 ❛♥❞ t❤❡ n ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❛

r❡❛❧✐s❛t✐♦♥ ♦❢ ❛♥ n ❞✐♠❡♥s✐♦♥❛❧ r❛♥❞♦♠ ✈❡❝t♦r X = (X1, X2, . . . , Xn)✳ ❚❤❡s❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♠❛② ❜❡

❝♦♥s✐❞❡r❡❞ t♦ ❝♦♠❡ ❢r♦♠ ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ {Xt, t ∈ Z+ ♦r Z}✱ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss✳

✶



❉❡✜♥✐t✐♦♥ ✶✳✷ ✭❙t♦❝❤❛st✐❝ Pr♦❝❡ss✮✳ ❆ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐s ❛ ❢❛♠✐❧② ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s {Xt : t ∈ T }✱

✐♥❞❡①❡❞ ❜② ❛ s❡t T ✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ♦♥ ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,F ,P)✳

❊①❛♠♣❧❡ ✶✳✶ ✭❚❤❡ ❜✐♥❛r② ♣r♦❝❡ss✮✳

❆ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss {Xt, t ∈ Z+} ✐s ❛ ♣r♦❝❡ss ✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡s ❛r❡ ✐✳✐✳❞✳

✭✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞✮ s❛t✐s❢②✐♥❣

P(Xt = 1) = P(Xt = −1) =
1

2
.

❋♦r t❤✐s ♣r♦❝❡ss✱ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♠❛r❣✐♥❛❧s ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞❀ ❢♦r ❛♥② i1 < . . . < in✱

P(Xi1 = j1, Xi2 = j2, . . . , Xin = jn) = 2−n

❢♦r ❛♥② {j1, . . . , jn} ∈ {−1, 1}n✳

❉❡✜♥✐t✐♦♥ ✶✳✸ ✭■■❉ ♥♦✐s❡✮✳ ❆ ♣r♦❝❡ss {Xt, t ∈ Z} ✐s s❛✐❞ t♦ ❜❡ ❛♥ ■■❉ ♥♦✐s❡ ✇✐t❤ ♠❡❛♥ µ ❛♥❞ ✈❛r✐❛♥❝❡

σ2✱ ✇r✐tt❡♥

{Xt} ∼ ■■❉(µ, σ2),

✐❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xt ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ E[Xt] = µ ❛♥❞ ❱❛r(Xt) =

σ2✳

❯s✉❛❧❧②✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ■■❉(0, σ2) ♥♦✐s❡✳

◆♦t❛t✐♦♥ ❚❤r♦✉❣♦✉t✱ ❱❛r(.) ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❞❡♥♦t❡ ✈❛r✐❛♥❝❡✳

❚❤❡ ❜✐♥❛r② ♣r♦❝❡ss ✐s ❝❧❡❛r❧② ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ■■❉(0, 1) ♥♦✐s❡✱ s✐♥❝❡ t❤❡ ✈❛r✐❛❜❧❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱

E[Xt] = −1× 1
2 + 1× 1

2 = 0 ❛♥❞ ❱❛r(Xt) = E[X2
t ]− E[X2

t ] = E[X2
t ] = 1✳

■♥ ♠❛♥② s✐t✉❛t✐♦♥s✱ t❤❡ ❝♦♠♣❧❡t❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐s ♥♦t r❡q✉✐r❡❞❀ t❤❡

♠❡t❤♦❞s ✇✐❧❧ ❣❡♥❡r❛❧❧② r❡❧② ♦♥❧② ♦♥ ✐ts ♠❡❛♥s ❛♥❞ ❝♦✈❛r✐❛♥❝❡s✳ ❙♦♠❡t✐♠❡s ❡✈❡♥ ❧❡ss ❣❡♥❡r❛❧ ❛ss✉♠♣t✐♦♥s

❛r❡ ♥❡❡❞❡❞✱ ❜✉t t❤❡s❡ ✇✐❧❧ ♥♦t ❜❡ tr❡❛t❡❞ ❤❡r❡✳

❉❡✜♥✐t✐♦♥ ✶✳✹ ✭▼❡❛♥ ❢✉♥❝t✐♦♥✱ ❈♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✮✳ ▲❡t {Xt, t ∈ T } ❜❡ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✇✐t❤

❱❛r(Xt) < ∞ ❢♦r ❡❛❝❤ t ∈ T ✳ ❚❤❡ ♠❡❛♥ ❢✉♥❝t✐♦♥ ♦❢ {Xt} ✐s ❞❡♥♦t❡❞ ❜② µX ✱ ♦r s✐♠♣❧② µ ✇❤❡♥ t❤❡r❡

✐s ♥♦ ❞❛♥❣❡r ♦❢ ❛♠❜✐❣✉✐t②✿

µX(t) := E[Xt], t ∈ T ✭✶✳✶✮

❚❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ {Xt} ✐s ❞❡♥♦t❡❞ ❜② CX ♦r C ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ❞❛♥❣❡r ♦❢ ❛♠❜✐❣✉✐t② ❛♥❞ ✐s

❞❡✜♥❡❞ ❛s✿

CX(r, s) := ❈♦✈(Xr, Xs), r, s ∈ T . ✭✶✳✷✮

❚❤❡ s②♠❜♦❧ ❈♦✈ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❞❡♥♦t❡ ❝♦✈❛r✐❛♥❝❡✳

✷



✶✳✸ ❙t❛t✐♦♥❛r✐t② ❛♥❞ ❙tr✐❝t ❙t❛t✐♦♥❛r✐t②

❆ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐s s❛✐❞ t♦ ❜❡ st❛t✐♦♥❛r②✱ ✐❢ ✐ts st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ❞♦ ♥♦t ❝❤❛♥❣❡ ✇✐t❤ t✐♠❡✳

❋♦r♠❛❧❧②✱ st❛t✐♦♥❛r✐t② ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳

❉❡✜♥✐t✐♦♥ ✶✳✺ ✭❙t❛t✐♦♥❛r②✱ ❙tr✐❝t❧② ❙t❛t✐♦♥❛r②✱ ❲✐❞❡ s❡♥s❡ st❛t✐♦♥❛r②✮✳ ❆ t✐♠❡ s❡r✐❡s {Xt, t ∈ Z} ✐s

s❛✐❞ t♦ ❜❡ ✇❡❛❦❧② st❛t✐♦♥❛r②✱ ♦r ✇✐❞❡ s❡♥s❡ st❛t✐♦♥❛r②✱ ♦r s✐♠♣❧② st❛t✐♦♥❛r② ✐❢

✶✳ ❱❛r(Xt) < ∞ ❢♦r ❛❧❧ t ∈ Z✱

✷✳ µX(t) = µ ❢♦r ❛❧❧ t ∈ Z✱

✸✳ CX(r, r + h) = CX(0, h) ❢♦r ❛❧❧ r, h ∈ Z✳

❆ ♣r♦❝❡ss ✐s s❛✐❞ t♦ ❜❡ str✐❝t❧② st❛t✐♦♥❛r② ✐❢ ❛♥② ✜♥✐t❡ ❝♦❧❧❡❝t✐♦♥ (Xn1
, . . . , Xnk

) ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥

❛s (Xn1+t, . . . , Xnk+t) ❢♦r ❛♥② k ≥ 1 ❛♥❞ ❛♥② (n1, . . . , nk, t) ∈ Z✳

■♥ ♠❛♥② ♣r❛❝t✐❝❛❧ s✐t✉❛t✐♦♥s✱ ♦♥❧② ✇❡❛❦ st❛t✐♦♥❛r✐t② ✐s ❝♦♥s✐❞❡r❡❞❀ ✉s✉❛❧❧② ♦♥❧② ❡①♣❡❝t❛t✐♦♥ ❛♥❞ ❝♦✈❛r✐✲

❛♥❝❡✱ ❛t ♠♦st✱ ❝❛♥ r❡❛s♦♥❛❜❧② ❜❡ ❛ss❡ss❡❞ ❢r♦♠ ❞❛t❛✳ ■♥ s♦♠❡ s✐t✉❛t✐♦♥s✱ t❤♦✉❣❤ ✭❢♦r ❡①❛♠♣❧❡ ❆❘❈❍

❛♥❞ ●❆❘❈❍ ♣r♦❝❡ss❡s✱ ✇❤✐❝❤ ❛r✐s❡ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ✜♥❛♥❝✐❛❧ t✐♠❡ s❡r✐❡s✮ ✐t ✐s ✇♦rt❤✇❤✐❧❡ ♣❧❛❝✐♥❣

❛❞❞✐t✐♦♥❛❧ ♠♦❞❡❧❧✐♥❣ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞❛t❛ ❣❡♥❡r❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳

❚❤❡ t❤✐r❞ ♣♦✐♥t ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✇❡❛❦ st❛t✐♦♥❛r✐t② ✐♠♣❧✐❡s t❤❛t CX(r, s) ❞❡♣❡♥❞s ♦♥ r ❛♥❞ s ♦♥❧②

t❤r♦✉❣❤ r − s✳ ■t ✐s t❤❡r❡❢♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ ❞❡✜♥❡

γX(h) := CX(h, 0).

❲❤❡♥ ♦♥❧② ♦♥❡ t✐♠❡ ❛r❣✉♠❡♥t ❛♣♣❡❛rs ✐♥ γ✱ t❤❡♥ ✐t ❞❡♥♦t❡s t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ✭❆❈❱❋✮ ❢✉♥❝t✐♦♥ ♦❢ ❛

st❛t✐♦♥❛r② ♣r♦❝❡ss✳ ❚❤❡ ✈❛❧✉❡ h ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❧❛❣✳

❉❡✜♥✐t✐♦♥ ✶✳✻✳ ▲❡t {Xt, t ∈ Z} ❜❡ ❛ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s✳ ❚❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✭❆❈❱❋✮ ♦❢

{Xt} ✐s ❞❡✜♥❡❞ ❛s

γX(h) = ❈♦✈(Xt+h, Xt).

❚❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ✭❆❈❋✮ ✐s ❞❡✜♥❡❞ ❛s✿

ρX(h) :=
γX(h)

γX(0)
.

❆ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ❛ st❛t✐♦♥❛r② ♣r♦❝❡ss ✐s t❤❡ s♦✲❝❛❧❧❡❞ ✇❤✐t❡ ♥♦✐s❡✳

❉❡✜♥✐t✐♦♥ ✶✳✼ ✭❲❤✐t❡ ♥♦✐s❡✮✳ ❆ ♣r♦❝❡ss {Xt, t ∈ Z} ✐s s❛✐❞ t♦ ❜❡ ❛ ✇❤✐t❡ ♥♦✐s❡ ✇✐t❤ ♠❡❛♥ µ ❛♥❞

✈❛r✐❛♥❝❡ σ2✱ ✇r✐tt❡♥

{Xt} ∼ ❲◆(µ, σ2),

✐❢ E[Xt] = µ ❢♦r ❛❧❧ t ∈ Z ❛♥❞

✸



γ(h) =




σ2 ✐❢ h = 0,

0 ✐❢ h 6= 0.

◆♦t❡ t❤❛t ■■❉ ♥♦✐s❡ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ✇❤✐t❡ ♥♦✐s❡✱ ❜✉t ♥♦t ♥❡❝❡ss❛r✐❧② ✈✐❝❡ ✈❡rs❛❀ t❤❡ ✉♥❞❡r❧②✐♥❣

❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡ ❞✐✛❡r❡♥t ❡✈❡♥ ✐❢ t❤❡ ♠❡❛♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ str✉❝t✉r❡s ❛r❡ t❤❡ s❛♠❡❀ str✐❝t❧② st❛t✐♦♥❛r②

t✐♠❡ s❡r✐❡s {Xt, t ∈ Z} ✇✐t❤ ❱❛r(Xt) < ∞ ✐s st❛t✐♦♥❛r②✱ ❜✉t ❛ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s {Xt, t ∈ Z} ❞♦❡s

♥♦t ♥❡❡❞ t♦ ❜❡ str✐❝t❧② st❛t✐♦♥❛r②

❋r♦♠ ♥♦✇ ♦♥✱ t❤❡ t❡r♠ ❵st❛t✐♦♥❛r②✬ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❞❡♥♦t❡ ❵✇❡❛❦❧②✬ ♦r ❵✇✐❞❡ s❡♥s❡ st❛t✐♦♥❛r②✬❀ t❤❡ t❡r♠

str✐❝t❧② st❛t✐♦♥❛r② ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r t❤❡ str♦♥❣❡r ❛ss✉♠♣t✐♦♥✳

❊①❛♠♣❧❡ ✶✳✷ ✭❆❘✭✶✮ ♣r♦❝❡ss✮✳

❆✉t♦r❡❣r❡ss✐✈❡ ✭❆❘✮ ♣r♦❝❡ss❡s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ❧❛t❡r✳ ❆ ♣r♦❝❡ss {Xt, t ∈ Z} ✐s s❛✐❞ t♦

❜❡ ❆❘(1) ✐❢ ✐t st❛t✐♦♥❛r② ❛♥❞ s❛t✐s✜❡s✿

Xt = φXt−1 + Zt {Zt} ∼ WN(0, σ2).

❋♦r t❤✐s ♣r♦❝❡ss✱ t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ❛s ❢♦❧❧♦✇s✿ ❜② sq✉❛r✐♥❣ ✉♣ ❜♦t❤ s✐❞❡s ❛♥❞ ✉s✐♥❣

γX(0) = ❱❛r(Xt)✱

γX(0) = φ2γX(0) + σ2 ⇒ γX(0) =
σ2

1− φ2
.

❢♦r h ≥ 1✱

γX(h) = ❈♦✈(Xt+h, Xt) = φ❈♦✈(Xt+h−1, Xt) + ❈♦✈(Zt+h, Xt) = φγX(h− 1)

s♦ t❤❛t✱ s✐♥❝❡ γX(−h) = γX(h)✱

γX(h) =
σ2

(1− φ2)
φ|h|.

■ts ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ✭❆❈❋✮ ✐s

ρX(h) = φ|h|.

◆♦t❡ t❤❛t t❤❡ ❆❘(1) ♣r♦❝❡ss ✐s ♥♦t ✇❡❧❧ ❞❡✜♥❡❞ ✐❢ |φ| ≥ 1✳

✶✳✹ ❚r❡♥❞s ❛♥❞ ❙❡❛s♦♥❛❧ ❈♦♠♣♦♥❡♥ts

❚❤❡ ❝❧❛ss✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧ ✐s✿

Xt = µt + st + ǫt,

✇❤❡r❡

✹



❼ µt ✐s ❛ s❧♦✇❧② ❝❤❛♥❣✐♥❣ ❢✉♥❝t✐♦♥ ✭t❤❡ tr❡♥❞✮❀

❼ st ✐s ❛ ❢✉♥❝t✐♦♥ ✇✐t❤ ❦♥♦✇♥ ♣❡r✐♦❞ d ✭t❤❡ ❵s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t✬✮❀

❼ ǫt ✐s ❛ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s✳

❚❤❡ ❛✐♠ ✐s t♦ ❡①tr❛❝t t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦♠♣♦♥❡♥ts µt ❛♥❞ st ❛♥❞ ❡st✐♠❛t❡ t❤❡♠ ❛♥❞ t❤❡♥ ❝❤❡❝❦

✇❤❡t❤❡r ♦r ♥♦t t❤❡ r❡s✐❞✉❛❧ ❝♦♠♣♦♥❡♥t ǫt ✐s ❛ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s✳

✶✳✹✳✶ ◆♦ ❙❡❛s♦♥❛❧ ❈♦♠♣♦♥❡♥t

❆ss✉♠❡ t❤❛t

Xt = µt + ǫt, t = 1, . . . , n

✇❤❡r❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ E[ǫt] = 0 ✭s✐♥❝❡ t❤❡ ♠❡❛♥ ♦❢ t❤❡ st❛t✐♦♥❛r② ♣r♦❝❡ss ✐s s②st❡♠❛t✐❝ ❛♥❞

✐s t❤❡r❡❢♦r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ♣❛rt ♦❢ t❤❡ tr❡♥❞✮✳

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♠❡t❤♦❞s ❢♦r ❡st✐♠❛t✐♥❣ µ✳ ❚❤r❡❡ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡❀ ❧❡❛st sq✉❛r❡s✱ ♠♦✈✐♥❣

❛✈❡r❛❣❡ ❛♥❞ ❞✐✛❡r❡♥❝✐♥❣✳

▼❡t❤♦❞ ✶ ✿ ▲❡❛st ❙q✉❛r❡s ❡st✐♠❛t✐♦♥ ♦❢ µt ❚❤❡ ❢✉♥❝t✐♦♥ µt ✐s ♠♦❞❡❧❧❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ ✇✐t❤ ❛s ❢❡✇

♣❛r❛♠❡t❡rs ❛s ♥❡❝❡ss❛r② ❢♦r ❛❝❝✉r❛t❡ ♠♦❞❡❧❧✐♥❣ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ❡st✐♠❛t❡❞ ❜② t❤❡ ❧❡❛st sq✉❛r❡s

t❡❝❤♥✐q✉❡✳ ❋♦r ❡①❛♠♣❧❡✱ s✉♣♣♦s❡ t❤❛t µt ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ❜② ❛ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥✱ µt = a0+a1t+a2t
2✳

❚❤❡ ♣❛r❛♠❡t❡rs (ak)
2
k=0 ❛r❡ ❡st✐♠❛t❡❞ ❜② (âk)

2
k=0✱ ❝❤♦s❡♥ t♦ ♠✐♥✐♠✐s❡

n∑

t=1

(xt − a0 − a1t− a2t
2)2.

▼❡t❤♦❞ ✷ ✿ ❙♠♦♦t❤✐♥❣ ❜② ♠❡❛♥s ♦❢ ❛ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ▲❡t q ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ❛♥❞

❝♦♥s✐❞❡r ❛ s♠♦♦t❤❡❞ ✈❡rs✐♦♥ ♦❢ X ❞❡✜♥❡❞ ❜②

Wt :=
1

2q + 1

q∑

j=−q

Xt+j , q + 1 ≤ t ≤ n− q.

■❢ ✐t t✉r♥s ♦✉t t❤❛t µ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❧✐♥❡❛r ♦✈❡r t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [t − q, t + q] ❛♥❞ ❛❧s♦ t❤❛t q ✐s

s✉✣❝✐❡♥t❧② ❧❛r❣❡ s♦ t❤❛t 1
2q+1

∑q
j=−q Yt+j ≃ 0✱ t❤❡♥

Wt =
1

2q + 1

q∑

j=−q

µt+j +
1

2q + 1

q∑

j=−q

Yt+j ≃ µt.

❋♦r t ≤ q ❛♥❞ t > n− q✱ W ❤❛s t♦ ❜❡ ❞❡✜♥❡❞ ✐♥ ❛ ❞✐✛❡r❡♥t ✇❛②✳ ❋♦r ❡①❛♠♣❧❡✱

Wt =

{
1

2t+1

∑t
j=−tXt+j t = 1, . . . , q

1
2(n−t)+1

∑n−t
j=−(n−t)Xt−j t = n− q + 1, . . . , n.

❯♥❧❡ss µt ✐s ❛ str❛✐❣❤t ❧✐♥❡ ❛♥❞ t❤❡ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s ❝♦♠♣♦♥❡♥t Y ✐s ✈❡r② s♠❛❧❧✱ ✐t ✇✐❧❧ ♥♦t ❜❡

♣♦ss✐❜❧❡ t♦ ✜♥❞ ❛ q s❛t✐s❢②✐♥❣ ❜♦t❤ t❤❡ ❝♦♥❞✐t✐♦♥s t❤❛t µ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❧✐♥❡❛r ♦✈❡r t❤❡ ✐♥t❡r✈❛❧

[t− q, t+ q] ✭r❡q✉✐r✐♥❣ s♠❛❧❧ q✮ ❛♥❞ s✉❝❤ t❤❛t 1
2q+1

∑t+q
t−q Ys ≃ 0 ✭r❡q✉✐r✐♥❣ ❧❛r❣❡ q✮✳

✺



❉❡✜♥✐t✐♦♥ ✶✳✽ ✭▲✐♥❡❛r ❋✐❧t❡r✮✳ ❆ ❧✐♥❡❛r ✜❧t❡r ✐s ❞❡✜♥❡❞ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥✿

µ̂t =
∑

j

ajXt+j ,

✇❤❡r❡
∑

aj = 1 ❛♥❞ aj = a−j✳

❆ ❧✐♥❡❛r ✜❧t❡r ✇✐❧❧ ❛❧❧♦✇ ❛ ❧✐♥❡❛r tr❡♥❞ µt = α0 + α1t t♦ ♣❛ss ✇✐t❤♦✉t ❞✐st♦rt✐♦♥ s✐♥❝❡

∑

j

aj(α0 + α1(t+ j)) = (α0 + α1t)
∑

j

aj + α1

∑

j

ajj = α0 + α1t.

■t ✐s ♣♦ss✐❜❧❡ t♦ ❝❤♦♦s❡ t❤❡ ✇❡✐❣❤ts {aj} s♦ t❤❛t ❛ ❧❛r❣❡r ❝❧❛ss ♦❢ tr❡♥❞ ❢✉♥❝t✐♦♥s ♣❛ss ✇✐t❤♦✉t ❞✐st♦rt✐♦♥✳

❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❙♣❡♥❝❡r ✶✺✲♣♦✐♥t ♠♦✈✐♥❣ ❛✈❡r❛❣❡✱ ❞❡✜♥❡❞ ❛s

{
[a0, a±1, . . . , a±7] =

1
320 [74, 67, 46, 21, 3,−5,−6,−3]

aj = 0 ❢♦r |j| > 7

❛❧❧♦✇s ❛ ❝✉❜✐❝ tr❡♥❞ t♦ ♣❛ss ✇✐t❤♦✉t ❞✐st♦rt✐♦♥✳ ❚❤❛t ✐s✱ ❛♣♣❧✐❡❞ t♦ µt = at3 + bt2 + ct+ d✱

µ̂t =
∑

ajXt+j =
∑

ajµt+j +
∑

ajYt+j ≃
∑

ajµt+j = µt.

❈♦♥❞✐t✐♦♥s r❡q✉✐r❡❞ ❢♦r ❛ ✜❧t❡r t♦ ♣❛ss ❛ tr❡♥❞ ✇❤✐❝❤ ✐s ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ k ✇✐t❤♦✉t ❞✐st♦rt✐♦♥ ❛r❡

❢♦✉♥❞ ✐♥ t❤❡ ❡①❡r❝✐s❡s✳ ▼♦✈✐♥❣ ❛✈❡r❛❣❡ ♠❡t❤♦❞s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❣r❡❛t❡r ❞❡t❛✐❧ ❧❛t❡r✳

✶✳✺ ▲✐♥❡❛r ✜❧t❡rs

❆ ❧✐♥❡❛r ♣r♦❝❡ss ♠❛② ❜❡ r❡❣❛r❞❡❞ ❛s ❛ ❧✐♥❡❛r ✜❧t❡r✳ ▲❡t {Xt} ❜❡ ❛ t✐♠❡ s❡r✐❡s✳ ❆ ✜❧t❡r ✐s ❛♥ ♦♣❡r❛t✐♦♥

♦♥ ❛ t✐♠❡ s❡r✐❡s ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ♥❡✇ t✐♠❡ s❡r✐❡s {Yt}✳ {Xt} ✐s ❝❛❧❧❡❞ t❤❡ ✐♥♣✉t ❛♥❞ {Yt} t❤❡ ♦✉t♣✉t✳

❆ ❧✐♥❡❛r ✜❧t❡r C ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥✿

C(X)t := Yt =

∞∑

k=−∞

ct,kXk. ✭✶✳✸✮

❲❡ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥ ✇❡r❡ E
[
X2

t

]
< ∞ ❛♥❞ E

[
Y 2
t

]
< ∞✳

❆ ❧✐♥❡❛r ✜❧t❡r ✐s s❛✐❞ t♦ ❜❡ t✐♠❡✲✐♥✈❛r✐❛♥t ✐❢ ct,k = ct−k✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✐t ♠❛② ❜❡ ✇r✐tt❡♥ ❛s✿

Yt =
∞∑

j=−∞

cjXt−j .

❆ t✐♠❡✲✐♥✈❛r✐❛♥t ❧✐♥❡❛r ✜❧t❡r ✭❚▲❋✮ ✐s s❛✐❞ t♦ ❜② ❝❛✉s❛❧ ✐❢

cj = 0 ❢♦r j < 0,

❲❤❡♥ t❤❡ ✐♥♣✉t {Xt} ♦❢ ❛ t✐♠❡ ✐♥✈❛r✐❛♥t ❧✐♥❡❛r ✜❧t❡r ✐s st❛t✐♦♥❛r②✱ t❤❡♥ t❤❡ ♦✉t♣✉t {Yt} ✐s ❛❧s♦ st❛t✐♦♥❛r②

♣r♦✈✐❞❡❞
∑

k |ck| < +∞✳

✻



❉❡✜♥✐t✐♦♥ ✶✳✾ ✭❙t❛❜❧❡ ▲✐♥❡❛r ❋✐❧t❡r✮✳ ❆ ❚▲❋ ♦❢ t❤❡ ❢♦r♠ ✭✶✳✸✮ ✐s st❛❜❧❡ ✐❢
∑∞

k=−∞ |ck| < ∞✳

❉❡✜♥✐t✐♦♥ ✶✳✶✵ ✭❚r❛♥s❢❡r ❢✉♥❝t✐♦♥✱ P♦✇❡r ❢✉♥❝t✐♦♥✮✳ ❈♦♥s✐❞❡r ❛ st❛❜❧❡ ❧✐♥❡❛r ✜❧t❡r ❛♥❞ s❡t

c(z) =

∞∑

j=−∞

cjz
j .

❚❤❡ ❢✉♥❝t✐♦♥ c(e−iλ) :=
∑∞

j=−∞ cje
−iλj ✐s ❦♥♦✇♥ ❛s t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✱ ✇❤✐❧❡ t❤❡ ❢✉♥❝t✐♦♥ |c(e−iλ)|2

✐s ❦♥♦✇♥ ❛s t❤❡ ♣♦✇❡r tr❛♥s❢❡r ❢✉♥❝t✐♦♥✳

❆ ✜❧t❡r ♠❛② ❜❡ ✇r✐tt❡♥ ❛s c(B)✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t

Yt = c(B)Xt

✇❤❡r❡ B ❛s ✉s✉❛❧ ❞❡♥♦t❡s t❤❡ ❜❛❝❦✇❛r❞ s❤✐❢t ♦♣❡r❛t♦r✳

❆ ❧✐♥❡❛r ♣r♦❝❡ss ✐s ❛ ❧✐♥❡❛r ✜❧t❡r ✇❤❡r❡ t❤❡ ✐♥♣✉t ✐s ❲◆(0, σ2)✳

■♠♣✉❧s❡ ❘❡s♣♦♥s❡ ❋✉♥❝t✐♦♥ ■♥ ❣❡♥❡r❛❧✱ ❢♦r ❛ st❛t✐♦♥❛r② ♣r♦❝❡ss {Xt : t ∈ Z}✱ ✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡s

{Xt} ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ ✐♠♣✉❧s❡s {ǫt : t ∈ Z}✱ t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ g(s) ✐s ❞❡✜♥❡❞ ❛s✿

g(t; s) =
∂Xt+s

∂ǫt
✭✶✳✹✮

■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝❛✉s❛❧ ❧✐♥❡❛r ✜❧t❡r Xt =
∑

j cjǫt−j ✱ g(t; s) = g(s) = cs✳

❚❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ♠❛② ❜❡ ❡①t❡♥❞❡❞ t♦ ✈❡❝t♦rs❀ ✐❢ {Xt : t ∈ Z} ✐s ❛♥ m✲✈❡❝t♦r ✈❛❧✉❡❞

♣r♦❝❡ss ✇❤✐❝❤ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✈❡❝t♦r ✐♠♣✉❧s❡s {ǫt : t ∈ Z}✱ t❤❡♥

gij(t, s) =
∂Xt+s,i

∂ǫt,j
. ✭✶✳✺✮

■❢ {Xt} ✐s ❛ ❧✐♥❡❛r ❝❛✉s❛❧ ✈❡❝t♦r ✈❛❧✉❡❞ ♣r♦❝❡ss s❛t✐s❢②✐♥❣ Xt.j =
∑

s≥0

∑
k cjk;sǫt−s,k t❤❡♥

gij(t, s) = gij(s) = cij;s.

▼❡t❤♦❞ ✸✿ ❉✐✛❡r❡♥❝✐♥❣ t♦ ❣❡♥❡r❛t❡ st❛t✐♦♥❛r✐t② ▲❡t B ❞❡♥♦t❡ t❤❡ ❜❛❝❦✇❛r❞ s❤✐❢t ♦♣❡r❛t♦r❀

(BX)t = Xt−1✱ ✇✐t❤ ♣♦✇❡rs ❣✐✈❡♥ ❜② (BjX)t = Xt−j ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛♣♣❧②✐♥❣ Bj t♦ X ♣✉s❤❡s ✐t

❜❛❝❦ j t✐♠❡ ✉♥✐ts✳ ❙tr✐❝t st❛t✐♦♥❛r✐t② ♠❡❛♥s t❤❛t BhX ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❢♦r ❛❧❧ h ∈ Z+✳

❚❤❡ ❞✐✛❡r❡♥❝❡ ♦♣❡r❛t♦r ∇ ✐s ❞❡✜♥❡❞ ❜②

∇Xt = Xt −Xt−1 = (1−B)Xt,

✇❤❡r❡ B ✐s t❤❡ ❜❛❝❦✇❛r❞ s❤✐❢t ♦♣❡r❛t♦r✳ ❚❤❛t ✐s✱ (BX)t = Xt−1✳ ❋♦r ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k✱ ∇
k ✐s ❞❡✜♥❡❞

❜②✿ ❜②✿

✼



∇kXt = ∇(∇k−1X)t.

❋♦r ❡①❛♠♣❧❡✱

∇2Xt = ∇Xt −∇Xt−1 = (Xt −Xt−1)− (Xt−1 −Xt−2) = Xt − 2Xt−1 +Xt−2.

❯s✐♥❣ t❤❡ ❜❛❝❦✇❛r❞ s❤✐❢t ♦♣❡r❛t♦r✱ t❤✐s ♠❛② ❜❡ ❡①♣r❡ss❡❞ ❛s✿

∇2Xt = (1−B)2Xt = (1− 2B +B2)Xt = Xt − 2Xt−1 +Xt−2.

❋♦r ❛ ❧✐♥❡❛r tr❡♥❞ µt = a+ bt✱

∇Xt = ∇µt +∇Yt = a+ bt− a− b(t− 1) +∇Yt = b+∇Yt.

❋♦r t❤❡ ❝♦✈❛r✐❛♥❝❡✱

❈♦✈(∇Yt,∇Ys) = ❈♦✈(Yt, Ys)− ❈♦✈(Yt−1, Ys)− ❈♦✈(Yt, Ys−1) + ❈♦✈Yt−1, Ys−1)

= γY (t− s)− γY (t− s− 1)− γY (t− s+ 1) + γY (t− s)

= 2γY (t− s)− γY (t− s+ 1)− γY (t− s− 1).

■t ❢♦❧❧♦✇s t❤❛t ∇Xt ✐s st❛t✐♦♥❛r② ✇✐t❤

µ∇X = b γ∇X(h) = 2γY (h)− γY (h+ 1)− γY (h− 1).

■♥ ❣❡♥❡r❛❧✱ ✐❢ µt =
∑k

j=0 cjt
j ✱ t❤❡♥

∇kXt = k!ck +∇kYt,

✇❤✐❝❤ ✐s st❛t✐♦♥❛r②✳

✶✳✺✳✶ ❚r❡♥❞ ❛♥❞ ❙❡❛s♦♥❛❧✐t②

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ♠♦❞❡❧ ✇✐t❤ ❛ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t✿

Xt = µt + st + Yt,

✇❤❡r❡ E[Yt] = 0✱ st+d = st ❛♥❞
∑d

k=1 sk = 0✳ ❋♦r s✐♠♣❧✐❝✐t② ✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✱ ❛ss✉♠❡ t❤❛t n/d ✐s

❛♥ ✐♥t❡❣❡r❀ ✐♥ ❛♥② r❡❛s♦♥❛❜❧❡ ♠♦❞❡❧❧✐♥❣ s✐t✉❛t✐♦♥✱ n ❛♥❞ d ✇✐❧❧ ❜❡ ❝❤♦s❡♥ s♦ t❤❛t n/d ✐s ❛♥ ✐♥t❡❣❡r✳

■♥ ♠♦❞❡❧s ✇✐t❤ ❛ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t✱ t❤❡ ❞❛t❛ ✐s ♦❢t❡♥ ✐♥❞❡①❡❞ ❜② ♣❡r✐♦❞ ❛♥❞ t✐♠❡✲✉♥✐t❀

xj,k = xk+d(j−1), k = 1, . . . , d, j = 1, . . . ,
n

d
.

■♥ t❤✐s ♥♦t❛t✐♦♥✱ xj,k ✐s t❤❡ ♦❜s❡r✈❛t✐♦♥ ❛t t❤❡ k✿t❤ t✐♠❡✲✉♥✐t ♦❢ t❤❡ j✿t❤ ♣❡r✐♦❞✳

❚❤r❡❡ ♠❡t❤♦❞s ❢♦r ❞❡❛❧✐♥❣ ✇✐t❤ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥ts ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞❀ t❤❡ s♠❛❧❧ tr❡♥❞ ♠❡t❤♦❞✱

t❤❡ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝✐♥❣ ❛t ❧❛❣ d ♠❡t❤♦❞✳

✽



▼❡t❤♦❞ ❙✶✿ ❙♠❛❧❧ tr❡♥❞s ■❢ t❤❡ tr❡♥❞ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❝♦♥st❛♥t ❞✉r✐♥❣ ❡❛❝❤ ♣❡r✐♦❞✱ t❤❡ ♠♦❞❡❧

♠❛② ❜❡ ✇r✐tt❡♥ ❛s✿

Xj,k = µj + sk + Yj,k.

❆ ♥❛t✉r❛❧ ✇❛② t♦ ❡st✐♠❛t❡ t❤❡ tr❡♥❞ ✐s✿

µ̂j =
1

d

d∑

k=1

xj,k

❛♥❞ ❛ ♥❛t✉r❛❧ ♠❡t❤♦❞ ❢♦r t❤❡ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t ✐s✿

ŝk =
d

n

n/d∑

j=1

(xj,k − µ̂j).

▼❡t❤♦❞ ❙✷✿ ▼♦✈✐♥❣ ❛✈❡r❛❣❡ ❡st✐♠❛t✐♦♥ ❋♦r ❛ ❦♥♦✇♥ ♣❡r✐♦❞ d✱ t❤❡ tr❡♥❞ ✐s ❡st✐♠❛t❡❞ ❜②

❛♣♣❧②✐♥❣ ❛ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t ❛♥❞ t♦ r❡❞✉❝❡ t❤❡ ♥♦✐s❡✳ ❋♦r d ❡✈❡♥

s❡t q = d/2✳ ❚❤❡ tr❡♥❞ ✐s ❡st✐♠❛t❡❞ ❜②✿

µ̂t =
0.5xt−q + xt−q+1 + · · ·+ xt+q−1 + 0.5xt+q

d
.

❋♦r ❢♦r d ♦❞❞✱ s❡t q = (d− 1)/2✳ ❚❤❡ tr❡♥❞ ✐s ❡st✐♠❛t❡❞ ❜②✿

µ̂t =
xt−q + xt−q+1 + · · ·+ xt+q−1 + xt+q

d
,

❢♦r q + 1 ≤ t ≤ n− q✳

❚❤❡ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t sk ✐s t❤❡♥ ❡st✐♠❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❙❡t

wk =
1

♥✉♠❜❡r ♦❢ s✉♠♠❛♥❞s

∑

q−k

d
<j≤n−q−k

d

(xk+jd − µ̂k+jd).

❚❤❡ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t s❛t✐s✜❡s
∑d

k=1 ŝk = 0 ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❡st✐♠❛t❡s ❛r❡✿

ŝk = wk −
1

d

d∑

i=1

wi, k = 1, . . . , d.

▼❡t❤♦❞ ❙✸✿ ❉✐✛❡r❡♥❝✐♥❣ ❛t ❧❛❣ d ❉❡✜♥❡ t❤❡ ❧❛❣✲d ❞✐✛❡r❡♥❝❡ ♦♣❡r❛t♦r ∇d ❜②

∇dXt = Xt −Xt−d = (1−Bd)Xt.

❚❤❡♥

∇dXt = ∇dµt +∇dYt.

❚❤✐s ❤❛s ♥♦ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t ❛♥❞ t❤❡ ♠❡t❤♦❞s ❢♦r ❞❡❛❧✐♥❣ ✇✐t❤ t✐♠❡ s❡r✐❡s ✇✐t❤♦✉t ❛ s❡❛s♦♥❛❧

❝♦♠♣♦♥❡♥t ♠❛② ❜❡ ❛♣♣❧✐❡❞✳

✾



✶✳✻ ❆✉t♦❝♦✈❛r✐❛♥❝❡ ❛♥❞ ❙♣❡❝tr❛❧ ❉❡♥s✐t② ♦❢ ❛ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s

❘❡❝❛❧❧ ❉❡✜♥✐t✐♦♥ ✶✳✺ ♦❢ ❛ ✇❡❛❦❧② st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s✳ ■t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ t❤❛t✿





γ(0) ≥ 0,

|γ(h)| ≤ γ(0) ❢♦r ❛❧❧ h ∈ Z,

γ(h) = γ(−h) ❢♦r ❛❧❧ h ∈ Z.

✭✶✳✻✮

❆♥ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐s ❝❧❡❛r❧② ♥♦♥✲♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✱ s✐♥❝❡
∑n

j=1

∑n
k=1 ajakγ(tj − tk) ✐s t❤❡

✈❛r✐❛♥❝❡ ♦❢
∑n

j=1 ajXtj ✳

❉❡✜♥✐t✐♦♥ ✶✳✶✶✳ ❆ ❢✉♥❝t✐♦♥ κ : Z → R ✐s s❛✐❞ t♦ ❜❡ ♥♦♥✲♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✱ ♦r ♣♦s✐t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡✱

✐❢
n∑

i,j=1

aiajκ(ti − tj) ≥ 0

❢♦r ❛❧❧ n ❛♥❞ ❛❧❧ ✈❡❝t♦rs a ∈ R
n ❛♥❞ t ∈ Z

n✳

❚❤❡♦r❡♠ ✶✳✶✷✳ ❚❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ❛ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s ✐s ❛ r❡❛❧ ✈❛❧✉❡❞✱ ❡✈❡♥ ♥♦♥

♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ Z✳ ❋♦r ❛♥② r❡❛❧ ✈❛❧✉❡❞ ❡✈❡♥ ♥♦♥ ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡ ❢✉♥❝t✐♦♥ κ

❞❡✜♥❡❞ ♦♥ Z ❛♥❞ ❢♦r ❛♥② N ≥ 1✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (X−N , . . . , XN ) s✉❝❤ t❤❛t

❈♦✈(Xi, Xj) = κ(i− j)✳

Pr♦♦❢ ▲❡t γ(·) ❜❡ t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡sXt✳ ❚❤❡♥ ❢♦r ❛♥② (t1, . . . , tn)

❛♥❞ ❛♥② (a1, . . . , an)✱

0 ≤ ❱❛r




n∑

j=1

ajXtj


 =

∑

j,k

ajakγ(tj − tk).

❋♦r t❤❡ ♦t❤❡r ✇❛②✱ ▲❡t Z = (Z−N , . . . , ZN ) ❜❡ ❛ ✈❡❝t♦r ♦❢ ✐✳✐✳❞✳ N(0, 1) ✈❛r✐❛❜❧❡s✳ ▲❡t K ❞❡♥♦t❡ t❤❡

2N + 1 × 2N + 1 ♠❛tr✐① ✇✐t❤ ❡♥tr✐❡s Ki,j = κ(i − j)✳ ❚❤❡♥ K ✐s ❛ ♥♦♥ ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐①✳

■t ❢♦❧❧♦✇s t❤❛t K ❤❛s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ PΛP t ✇❤❡r❡ P ✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ♠❛tr✐① ❛♥❞ Λ ✐s ❛ ❞✐❛❣♦♥❛❧

♠❛tr✐① ✇❤♦s❡ ❡♥tr✐❡s ❛r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✳ ▲❡t K1/2 = PΛ1/2P t✱ t❤❡♥ (K1/2)2 = K✳ ▲❡t X = K1/2Z✱

t❤❡♥ X ✐s ❛ r❛♥❞♦♠ ✈❡❝t♦r ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ K ❛s r❡q✉✐r❡❞✳

✶✳✼ ❍♦❧t ❲✐♥t❡rs ❋✐❧t❡r✐♥❣

◆♦ tr❡♥❞✱ ♥♦ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t ●✐✈❡♥ ♦❜s❡r✈❛t✐♦♥s X1, X2, . . . , Xn ❢r♦♠ t❤❡ ♠♦❞❡❧✿

Xt = µ+ Zt {Zt} ∼ ❲◆(0, σ2)

✇❤❡r❡ µ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❛♣♣r♦①✐♠❛t❡❧② ❝♦♥st❛♥t✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ ❡①♣♦♥❡♥t✐❛❧ s♠♦♦t❤✐♥❣ ✐s t♦

❝♦♠♣✉t❡ ❛ s♠♦♦t❤❡❞ s❡r✐❡s✿

X̃t = λXt + (1− λ)X̃t−1 λ ∈ (0, 1) ✭✶✳✼✮

✶✵



✇❤❡r❡ λ ✐s t❤❡ s♠♦♦t❤✐♥❣ ♣❛r❛♠❡t❡r✳ ❚❤❡ ❢♦r❡❝❛st ❢♦r t✐♠❡ t+ h ❣✐✈❡♥ t❤❡ s❡r✐❡s ✉♣ t♦ t✐♠❡ t ✐s

X̂t+h|t = X̃t.

❚❤❡ q✉❛♥t✐t② X̃t ✐s t❤❡ ❡st✐♠❛t❡ ♦❢ µ ❛t t✐♠❡ t❀ t❤❡ ❛ss✉♠♣t✐♦♥ ✐s t❤❛t t❤❡ ✉♥❞❡r❧②✐♥❣ ✈❛❧✉❡ ♦❢ µ ✇✐❧❧

♥♦t ❝❤❛♥❣❡ ❜❡t✇❡❡♥ t ❛♥❞ t+ h✳

▲✐♥❡❛r tr❡♥❞✱ ♥♦ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t ❍♦❧t ❛♥❞ ❲✐♥t❡rs ✐♥❞❡♣❡♥❞❡♥t❧② ❡①t❡♥❞❡❞ t❤✐s ✐❞❡❛

✭❍♦❧t ✭✶✾✺✾✮ ❛♥❞ ❲✐♥t❡rs ✭✶✾✻✵✮✮ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ♠♦❞❡❧

Xt = µt + Zt {Zt} ∼ ❲◆(0, σ2)

✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ tr❡♥❞ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❧✐♥❡❛r✳ ▲❡t mt = µt −µt−1✳ ❚❤❡♥ t❤❡ ❡q✉❛t✐♦♥s

s✉❣❣❡st❡❞ ❜② ❍♦❧t ❛♥❞ ❲✐♥t❡rs ❛r❡✿





X̃t = λ1Xt + (1− λ1)
(
X̃t−1 + m̃t−1

)

m̃t = λ2

(
X̃t − X̃t−1

)
+ (1− λ2)m̃t−1

✭✶✳✽✮

✇❤❡r❡ m̃t ✐s t❤❡ ❡st✐♠❛t❡ ♦❢ mt ❛t t✐♠❡ t✳ ❚❤❡ h✲st❡♣ ❛❤❡❛❞ ❢♦r❡❝❛sts ❛r❡ t❤❡♥ ❣✐✈❡♥ ❜②✿

X̂t+h|t = X̃t + hm̃t.

❍♦❧t ❲✐♥t❡rs ✇✐t❤ ❧✐♥❡❛r tr❡♥❞ ❛♥❞ ❛❞❞✐t✐✈❡ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t ◆♦✇ s✉♣♣♦s❡ t❤❛t {Xt} ✐s

❛ t✐♠❡ s❡r✐❡s ✇✐t❤ ❜♦t❤ tr❡♥❞ ❛♥❞ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t ✇❤❡r❡ t❤❡ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t {st} ❤❛s ♣❡r✐♦❞

d✿

Xt = µt + st + Zt {Zt} ∼ ❲◆(0, σ2)

❚❤❡ ❍♦❧t✲❲✐♥t❡rs ❛❧❣♦r✐t❤♠ ❛❝❝♦♠♠♦❞❛t❡s t❤❡ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ❧❡t Yt =

Xt − st✱ t❤❡♥ Ỹt ✐s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ µt ❛♥❞





Ỹt = λ1(Xt − s̃t−d) + (1− λ1)(Ỹt−1 + m̃t−1)

m̃t = λ2(Ỹt − Ỹt−1) + (1− λ2)m̃t−1

s̃t = λ3(Xt − Ỹt) + (1− λ3)s̃t−d

❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡✿





Ỹd+1 = Xd+1

m̃d+1 =
1
d(Xd+1 −X1)

s̃i = Xi − (X1 + m̃d+1(i− 1)) i = 1, . . . , d+ 1

❚❤❡ ♣r❡❞✐❝t♦rs ❛r❡✿

X̂t+h|t = Ỹt + hm̃t + s̃t+h h = 1, 2, . . .

✶✶



❚❤❡ ♣❛r❛♠❡t❡rs λ1, λ2, λ3 ∈ (0, 1) ♠❛② ❜❡ ❝❤♦s❡♥ ❜② ♠✐♥✐♠✐s✐♥❣ t❤❡ s✉♠ ♦❢ sq✉❛r❡s ♦❢ t❤❡ ♦♥❡✲st❡♣

♣r❡❞✐❝t✐♦♥ ❡rr♦r ♦♥ ❞❛t❛ t❤❛t ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ♦❜s❡r✈❡❞✿

n∑

i=d+2

(
Xi − X̂i|i−1

)2

❍♦❧t ❲✐♥t❡rs ❙❡❛s♦♥❛❧ ▼✉❧t✐♣❧✐❝❛t✐✈❡ ❚❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♠♦❞❡❧ ✐s s✐♠♣❧②✿ Xt = exp{µt+st+ǫt}

s♦ t❤❛t

logXt = µt + st + ǫt {ǫt} ∼ WN(0, σ2).

■❢ P ❞❡♥♦t❡s t❤❡ ♣❡r✐♦❞✱ t❤❡♥ t❤❡ ❢♦r❡❝❛st✐♥❣ ♠♦❞❡❧ ❢♦r t✐♠❡ t+ τ ✇✐t❤ ❢♦r❡❝❛st✐♥❣ ♦r✐❣✐♥ t ✐s✿

x̂t,t+τ = (ât + τ b̂t)Ŝt+τ−P

✇❤❡r❡✿





ât = λ1

(
xt

Ŝt−P

)
+ (1− λ1)

(
ât−1 + b̂t−1

)

b̂t = λ2(ât − ât−1) + (1− λ2)̂bt−1

Ŝt = λ3

(
xt

ât

)
+ (1− λ3)Ŝt−P .

❚❤❡ ❥✉st✐✜❝❛t✐♦♥ ♦❢ t❤✐s ✐s ❧❡❢t ❛s ❛♥ ❡①❡r❝✐s❡✳

✶✳✽ ❚✐♠❡ ❙❡r✐❡s ✐♥ ❘

✶✳✽✳✶ ❊①tr❛❝t✐♥❣ t❤❡ ❚r❡♥❞✱ ❙❡❛s♦♥❛❧ ❈♦♠♣♦♥❡♥t ❛♥❞ ◆♦✐s❡ ✐♥ ❘

❚❤❡ st❧ ❝♦♠♠❛♥❞ ♠❛② ❜❡ ✉s❡❞ t♦ ❞❡❝♦♠♣♦s❡ ❛ t✐♠❡ s❡r✐❡s ✐♥t♦ tr❡♥❞✱ s❡❛s♦♥❛❧ ❝♦♠♣♦♥❡♥t ❛♥❞ ♥♦✐s❡✳

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❵tr❡♥❞✬ ✐s ❜❛s❡❞ ♦♥ ♠♦✈✐♥❣ ❛✈❡r❛❣❡✳ ❋♦r ✐❧❧✉str❛t✐♦♥✱ ❝♦♥s✐❞❡r t❤❡ ❝❛r❜♦♥ ❞✐♦①✐❞❡

❞❛t❛ ❢r♦♠ ▼❛✉♥❛ ▲♦❛ ✐♥ t❤❡ ✜❧❡ ❛t♠♦s♣❤❡r✐❝✲❝❛r❜♦♥✲❞✐♦①✐❞❡✲r❡❝♦r✳❝s✈ ✳

❃ ✇✇✇ ❂

✧❤tt♣s✿✴✴✇✇✇✳♠✐♠✉✇✳❡❞✉✳♣❧✴⑦♥♦❜❧❡✴❝♦✉rs❡s✴❚✐♠❡❙❡r✐❡s✴❞❛t❛✴❛t♠♦s♣❤❡r✐❝✲

❝❛r❜♦♥✲❞✐♦①✐❞❡✲r❡❝♦r✳❝s✈✧

❃ ❝❛r❜♦♥ ❂ r❡❛❞✳❝s✈✭✇✇✇✮

❉❡❧❡t❡ ♦❜s❡r✈❛t✐♦♥ 611 ✇❤✐❝❤ ✐s ❵♥❛✬✿

❃ ❝❛r❜♦♥ ❂ ❝❛r❜♦♥❬✲✻✶✶✱❪

✭t❤✐s ❞❡❧❡t❡s t❤❡ ❧❛st r♦✇✱ ✇❤✐❝❤ ✐s ❵♥❛✬✮✳

❃ ② ❂ ❝❛r❜♦♥✩▼❛✉♥❛▲♦❛❈❖✷

❃ ▼❛✉♥▲♦❛❈♦✷ ❂ ts✭❞❛t❛ ❂ ②✱ ❢r❡q✉❡♥❝② ❂ ✶✷✮
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