Tutorial 8

1. Let X be a single observation from a distribution with density
_ 6—1
px(z) = 0x 0<z<1.

(a) Let Y = —@. Evaluate the confidence level of the interval estimator [%, Y].

(b) Find a pivotal quantity and use it to set up an interval estimator.
2. Let X1,...,X, be a sample from a N(u,o?) population, both p and ¢ unknown.

(a) Let Z1,...,Z, beiid. N(0,1) variables. The distribution of W = Z2 + ...+ Z2 is x2. Let
Z = (Z1,...,Z,)" where t denotes transpose. Let Y; = Z; — Z and let Y = (Y3,...,Y,)".
Let Y = M,Z for a symmetric matrix M,,. What is M,? Prove that Mg = M,. From
this, what do you conclude about the eigenvalues of M,,? Use the fact that the sum of the

eigenvalues is equal to the sum of the trace for symmetric matrices.

Now consider the expression M,, = PDP"' where D is diagonal and P is orthonormal. What
is the distribution of Pt*Z? Hence what is the distribution of ZthLMnZ?

Hence conclude that

(b) Show that
X1Xx-X,..,X,—-X.

3. Let Z ~ N(0,1) and let V ~ x2,. Let Z L V. Let T = —%—. Compute the density function

VV/m
for T
4. Let X1,...,X, be a random sample from a N(1,0?) population (= 1 is known). Construct a
symmetric 1 — « interval estimator for o, with as many degrees of freedom as possible.

5. Let X1,..., X, be independent N (i, o?) random variables. Using a pivot based on Z?Zl(Xj -

X)?, construct a symmetric confidence interval with confidence level 1 — « for log 2.
6. Suppose that Y7,...,Y, are independent and that
Y; ~ N(z;8,07),
where z1,...,x, are given, ¢ is known and  is an unknown parameter.

(a) Compute the least squares estimator BLS of 8.

(b) Compute a confidence interval for 8 of the form [ELS - ¢, ELS + ¢] with confidence level
1—a=0.95.
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7. Let 0
Xi:§t§+ei i=1,...,n

where ¢; are i.i.d. N(0,0?) variables, where o is known.

(a) Compute the MLE of 6.

(b) Using a pivot based on the MLE of 6, find a symmetric confidence interval for 6 with

confidence level 1 — a.

(c) Suppose the values for t; may be chosen freely subject to the constraint that 0 <¢; <1 for
each i = 1,...,n. What values of t; should be chosen to make the symmetric confidence

interval as short as possible?

8. Let Xi,..., X, beiid. N(u, 0%). Suppose a lower confidence bound X — ¢, intended to be of
confidence level 1 — av is computed under the assumption that X; ~ N (p, 0(2)). What is the actual

confidence level?

9. (a) Let X1,...,X, be a N(u,0c?) sample, where y and o2 are both unknown. Show that the

symmetric 1 — a confidence interval is given by

- S
[X + \/ﬁtn—l;a/2:|

where 5% = L > (X = X)? and t,  denotes the number such that P(T > t,,,) = «

where T ~ t,,.

(b) Suppose we want to select a sample size N such that the interval in part (a) has length at
most [ = 2d for some preassigned length. Stein’s two stage procedure (1945) is the following;:

Begin by taking a fixed number ng > 2 of observations, calculate Xg = n% Z;ﬁl X; and

S8 = 71 2272, (X — X0)?. Then take N —ng further observations where N is the smallest

no—1

integer greater than or equal to ng and greater than or equal to (Sgtno_l;(a/g)/d)?

Show that o
VN(X — p)
So

~ tnofl

where 53 = —L; 37 (X; - X)? and X = & Y210, X;. It follows that {Y + %tno_l;a /9

is a confidence interval with confidence level 1 — « for p of length at most 2d.

Hint recall that X L S? where X is the estimator of ; and S? is the estimator of o2 based on a

sample size n from a N (u,0?) distribution. Consider the definition of a t distribution.

10. Let X1,..., X, be a random sample from a Rayleigh distribution

e _ a? >0
0 z <0

where o > 0 is an unknown parameter.
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(a) Compute the maximum likelihood estimator of 2.

(b) Compute a symmetric confidence interval, confidence level 1 — o of the form

o~

cn0? L, an'QML]
for o2. Express your answer in terms of quantiles of an appropriate x? distribution.
11. Let X1,..., X, be a N(u, 0?) random sample where o is known. Show that the interval of
shortest length of confidence 1 — « of the form

g

ﬁ}

[XUZQI,X+ a1 +ag =«

NG

is obtained by taking a1 = ag = 3.
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Answers
1. (a) Coverage probability is:

Py (12/ <0< Y) = P(O<Y <20) =P(e V0 < X < e V(20

o—1/(20)

= 9/ 2/ My = e 12— L,
o—1/0
(b) X has c.d.f.
Tz <0
Py X <z)=1¢ 2/ 0<z<1
1 z>1

Let Z = —flog X then:

1—e? 220

Py(Z < 2) = By(~blog X < z) = P(X > exp{—2}) = { 0 2 <0,

Hence Z = —f0log X ~ Exp(1) is a natural pivot variable (its distribution does not depend
on ). Then

PZ<z)=a1=>1—-e =a; =2z =log

1—0(1
. 1
P(Z > 2z)=ay =€ "2 =ay = 20 = log —
%)

so that

1 1
1— (a1 +a) =Py <log1_oé1 < —flog X < loga2>

giving

P %<0< logO% _1_(a _|_a)
o —logX = — —logX | ! 2

An interval estimator with coverage probability 1 — (a1 + aw) is:

log(1 — aq) log s
logX ’"logX |’

For a symmetric interval with coverage probabiltiy 1 — «, take a1 = ag = 5.

Alternatively, from the c.d.f. for X, another pivot is: W = X? which has U(0, 1) distribution
(which does not depend on 6).

Using X% ~ U(0,1), for any 0 < a < b < 1,
Pla<X’<b)=b—a
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log b 1
baz]P’(logaﬁ@logXﬁlogb):]P’(Og <0< oga>

logX = 7 logX
an interval estimator with confidence level b — a is

logb loga
log X log X |

If we want a symmetric confidence interval with confidence level 1 — «;, then a = § and

b=1- g; interval is:

[log(l —«/2) log(a/Z)}
logX 7 logX |’

Let I, denote the n x n identity matrix and let 1,, denote a column vector, length n, with
each entry 1. Then 1,1f is the n x n matrix with each ehtry 1. Then
1 t
M, =1,——-1,1;.
n
It follows that

1
M2 = (I, — ~1,1
n

n

2 1
Y=1I, - 51n1}lt + $1n1g1n13 =M,

t
n

using the fact that 11, = n.

M, is symmetric, hence has decomposition M, = PDP! where D is diagonal and P is

orthonormal. So M2 = M,, implies
M? = PDP'PDP! = PD*P' = PDP' = M,, = D* =D

hence all the eigenvalues are 0 or 1. Using the fact that the sum of eigenvalues is equal
to the trace, the sum of eigenvalues is n — 1. Hence 1 has multiplicity n — 1 and 0 has
multiplicity 1.

Use: If X ~ N(u, ) then AX +b~ N(Au+ b, AXA"). Then

Y := P'Z ~ N(P'0,0?P'IP) = N(0,0%])

since P is orthonormal (so that P'P = T).
Take the columns of P such that D = diag(1,...,1,0) (the 0 in the nth position). It follows
that

n—1
Z' MM Z =Y'DY =y YP ~x; .
7j=1

Let ©(X) = 2] denote the covariance matrix of X. Clearly, Y := (X7 — X,....X, —

X, X)! = AX is a normal random vector, since it is a linear transformation of X. Let »®)
denote the covariance matrix of Y. Here A;; = —% forj#i,i=1,...,n, Ay =1— %,
i=1,...,n, Apy1; = %,j: 1,...,n. Use:
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) = An Al = 5244
FOl"j 7'5 n -+ 1, (AAt)n+17j = ZZ:l An+1,kAj,k = %22:1 Aj,k = 0 hence C(Y, Xj —Y) =0.

3. Density of x2, is

1 m/2)—1_—v/2
pv(v) = mv( 21—/ 1[074_00)(1))
SO
1 00 t\/v/im 1 )
P(T <t)=P(Z <t\V, _— d _ -z*/24 (m/2)—1_,—v/2
( fm) = 2m/20(m/2) /o ’ (/oo Vo Z) ! ‘

Density of T is

d 1 ~ ?
(12~ (1402 /m)(0/2)
prit) = GPT <0 = s gt DT (m 2) /0 G )

Now make the substitution z = (1 + %)(’U/Q) to get:

1 1 r(mH)

— (m—-1)/2 _—=z _
pr(t) m1271/2T (m/2) (1+t2/m)(m+1)/2/0 z dz m 220 () (1 + £2 ) (D2

Z?:l(xj_1)2
0'2 ~

4. Here x2. The interval estimator is

l \/z] : \/2 ]
K (a/2) kni—(a/2)

where k;, o is the value such that P(V > k;, o) =, V ~ Xn

and this is the pivot variable. Using tail probabilities P(V > ky, o) = a for V ~ x2,

Z?:1(Xj - Y)2

P (kn—l,l—(a/Q) < < kn—l,(a/2)> =l-«

n n
log Z(Xj — X)? —logkp_1,(a/2) <logo® <log Z(Xj = X)? —logkn_11-(ay2) | =«
; =

A symmetric interval for o with coverage probability 1 — « is therefore:

1 n o n -
0 €5 |log Z(Xj — X)? —10g kn_1,(a/2), log Z(Xj — X)? —log ky_11—(a/2)
‘ =
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6. (a) Least squares estimator minimises % > (Yi— z;3)? since E[Y;] = 2;8 and Var(Y;) = o2

for each 7. It follows that
BLs = i
Zz 1 sz

(b) Since E [Zl 1I;§} = Z%Hff = and

i=1""q i=1"1

o2

Var (BLS) = W
1= 2
2

BLS ~ N (57 Z£1 xf)

giving a 1 — « confidence interval of

~ o
BE |BrLs* ﬁza/2

D i1 T

where z, denotes the value such that P(Z > z,) = a for Z ~ N(0,1). Here § = 0.025 and

20.025 = 1.96 so interval is:

Be |Brs+1.96————z,/
> e 1%2

7. (a) Xi~ N(§5t7,07).

1 1 < 0 ,\>
=1

Maximum ) )
"t ~ 230 5 X
J 2\ _ S Lay=1"0
2( —t)—Oé@ML Zn t4
j=1 =173
(b)
A 402
QML ~ N (97 H) .
2.j=11)
2 t2X; -0
7= 2= %ﬂl] ~ N(0,1)
200/ 771t
2 t2X; 2
I = Z] L) + o Z(X/Q

Z
EJ 1t; Z?Zl t?
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8. ¢c=

. Let 1 — v denote the actual confidence level, og the assumed value of ¢ and oy the

_o_
Vit

true value. Then

9. (
(b

7=]P’<M<X—\J/%za> :p<\/ﬁ(fl—,u) - Ug?) 1 <002a>

a) Follows directly from % ~tn_1

) N depends only on (Xi,...,X,,) and does so only through Sp.  Sp is independent of
YO = nio Zgil Xj and also of (Xn0+j)j21~

¥ — noXo + 27" Xng+
B N

For n > ng+1, let
Vil X0 Xj) = 1)

o

7 —

Then for any borel set A € B(R),

P(*/N(X_“) 6A|N:n,50> =P (Z, € AN =n,Sy) = P(Z, € A).
g

The conditioning may removed, because Z,, depends on X7, ..., X,, only through X, hence

is independent of Sy hence is independent of N. From this, it follows that

VN(X — VN(X —

VNEX —p) N(0,1), VNX —p) 1S
o o

Since M X2 ,—1 and independent of @, it follows that

VN(X — p)
So

~ tno—l*

10. (a)

n

n
1
log L(o;21,...,2n) = —2nlogo + Zlong ~ 5,2 Zx?
j=1 7=1

Take derivative with respect to o and set to 0 for ML (convexity gives that the result is the
MLE)

n

If there is at least one z; > 0, then log likelihood function is strictly concave, — —oo for
o — 0 and ¢ — 400 hence maximum. If all x; = 0, then likelihood maximised at ¢ = 0 as

required.
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(b) Distribution of o2y let Y = f—; then

PY >y = P<§>y>—P(X>U\/§)

® 2 /942 > 1 1 1
= e gy = —e *%dz = exp{—=y} Y ~ Exp(=)
2 2 2 2
oy 9 Y

- d
so X2 ~ Exp(%) and %Z?:l XJ2 ~ [(n, %) = X3, Let W ~ x3, then 02y, @ g—iW SO

0-2
that W 5 5 5
(0% n n n
=P’ <o’ ) =P(W>")=>"—=k n=T——.
5 (0% < cpo 2n) (W > Cn) = o on,(a)2) = C Fomora)
dy = — 2"
kon,1—(a/2)

Kon« denotes the value such that P(W > ko, o) = a for W ~ x3,.

11. length is ﬁ(za2 + 2o, ) so the aim is to find a; € [0, ] that maximises

“ay + Ra—ajq -

* 1 2 dze 1 2 dz 2
R M L . S S V- BN LG oY
« e z =1 e = 2me
/za V2m do /27 da
d
T(Za—al + Zal) =V (ezgl/Q — €Z(2’_°’1/2> =0= 2oy = 20—, > Q1 = Q@ — Q1 = %
aq
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