Tutorial 7

1. Let Xi,...,X, be a random sample from distribution py(0) = 1 — 0, pp(1) = 6, where the
parameter 6 € (0,1). Show that X is a UMVU (uniformly minimum variance unbiased) estimator

of 6.

2. Let X ~ Binomial(n,#). In other words

n

)9””(1—9)”96 x=0,1,...,n
x

MX:@:(

X+1
n+2°

variance and their mean squared errors. Are they consistent?

Consider the estimators § = % and 0 = Compute the bias of these estimators, their

3. Let (Xq,...,X,) be asample from a Poisson distribution with unknown parameter \. To estimate

A, we estimate g(\) := P(X; = 0) = e~ and we consider two estimators g, g2 of g, where

o 1 nX
’g\lze_X7 /9\2: <1> )
n
where X is the sample average. Compute the bias of the estimators g; and gs.

4. Let (X1,...,X,) be a random sample from a Bernoulli(p) distribution (that is, P(X; = 1) = p,
P(X; =0) =1 —p). Show that there do not exist unbiased estimators of the quantities

P 1
9\p) = 77— 92\p) = —.
0= w) =
5. Let (X1, Xs,...,X,) be a random sample with unknown expected value p and known variance

a2,

(a) Show that the statistic

n

T(Xla-qun):ZaiXi iaizl
=1

i=1
is an unbiased estimator of .
(b) Compute the variance of T and show that, for unbiased estimators of this form, it is min-

imised for a; = %, i=1,...,n.
6. Let Xi,..., X, be iid. Bernoulli(p) random variables. Find the Cramer-Rao lower bound for

the variance of an unbiased estimator of g(p) = p(1 — p).

7. Let (Xi,...,X,) be a random sample from an exponential distribution Exp(\). That is, the
density function is:
F@A) = Ae M50
Show that the statistic T'(X1, ..., X,) = nX1., is an unbiased estimator of %, but that it is not

consistent.
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8. Suppose € is an unknown parameter to be estimated, and let f(X) be the estimator. Let [(0, a)
be a loss function, where the loss incurred when estimating 6 by f(X) is given by (0, f(X)).

The risk function is defined as:

Suppose that the loss function [(6,a) is strictly convex in the variable a. Suppose g(X) is an
unbiased estimator of ¢() and that T'(X) is a sufficient statistic. Let ¢*(X) = Eg [¢(X)|T(X)].
Show that R(0,g*) < R(0,9).

Hint Jensen’s inequality: if ¢ is a convex function and X a random variable then
E[p(X)] = ¢(E[X]).

9. Let X have density or probability mass function p(z,0), where § € © C R. Suppose that the
following assumptions hold:
o {z:p(z,0) > 0} is the same for all § € © and
e For any statistic T satisfying E[|T(X)|] < +oo for all € O,

/T(a:)gep(x,ﬁ)d:r = ;/T(:c)p($,c9)d$.

Suppose that h is monotone increasing and differentiable from © to h(©). Let n = h(6) and
q(x,n) = p(z, k™" (n)).

(a) Let I,(6) and I,(n) denote the Fisher information in the two parametrisations. Show that

Iq(n) = glp(hil(n))

1
(h'(h=1(n)))
(b) Let B,(#) and By(n) denote the information inequality lower bound for the two parametri-

sations. That is,

/ 2 / 2
B = By = )

where 11 (6) is the quantity to be estimated and 12(n) = 11 (h~1(n)); i.e. the same quantity

under the n-parametrisation.

Show that B,(n) = B,(h~1(n)). That is, the Fisher information lower bound is the same.
10. Let Xi,..., X, beiid. N(u,o?) where u is known.

(a) Show that

is a UMVU estimator of o2.
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(b) For parameter estimation, a decision rule d simply means assigning a decision d(X) for the
unknown parameter. A decision rule d is inadmissible if there is another decision rule d*
such that R(0,d*) < R(6,d) for all # and R(0,d*) < R(0,d) for some 6. A decision rule is
admissible if it is not inadmissible. Show that o2 is inadmissible under squared loss error
R(8,d) =Eqg [|0 — d(X)[*].

Hint Consider bias estimators of the form a,,62 where 52 is defined above.

11. Let Y1,...,Y, be independent Poisson random variables, where
E[Y;] = p; = exp{a + Bz} .

(For example, z; could be the level of a drug given to the jth patient with an infectious disease,
and Y; could denote the number of infectious microbes found in a unit of blood taken from

patient j 24 hours after the drug was administered.

(a) Write the model for Yi,...,Y,, in two-parameter canonical exponential form and give the

sufficient statistic.

(b) Let 8 = (o, 8). Compute I(6), the information matrix for the model and find the lower

bound on the variances of unbiased estimators @ and B of o and S3.
(c) Let 2z = log (#_1), i =1,...,n. Compute lim, 4 %1(9) and give the limit of n times
the lower bound on the variances of @ and B\ .

Hint Use integral approximations for the sums.
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Short Answers

1. Firstly,

Eg [m :]Eg[Xﬂ:OX (1—9)+1X9:9
so the estimator is unbiased.

Secondly: there are several ways to show it is UMVU.

DXy Xn (T1, o T3 0) = 62 Yi(1— 9)”7ZJ % = exp {nmlog (&) + nlog(l — 9)}

This is an exponential family; take X as the sufficient statistic and n := nlog (%) as the

canonical parameter. Hence, by the result in lectures, X is the UMVU estimator of its expected

value, which is Ey[X] = 6.

Alternatively, we can compute the Cramér-Rao lower bound directly. The estimator has variance

0(1 — 0)

Vi (%) = -V () = 21

Now to show that this achieves the C-R lower bound, compute I(6) = nl;(#), the information in

the sample.
d 1 d 1
@logpg(O) ="1-¢ @b log py(1) = ]
d 2 1 1 1
1 =E —1 X =1-0)——= —- ==
1(9) 0 <d9 ng@( )> ] ( 9)(1_9)2 +992 6(1—9)
hence the information from a sample size n is:
n
I0) = —
() 6(1 —0)
and the C-R lower bound is
I 0(1-0)
I0) n
hence estimator is UMV U.
2. ) )
E[f] = —E[X] = —nf =0
n n
so this estimator is unbiased.
~ 1 1 6(1 —0) 1
V(0) nzV( ) n2n9( 0) - < n
i 0(1 -6 1
P(0— 0] >¢) < (1—6) fmara)
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hence uniformly consistent.

For 6 01 .
~ no + n
IE[6]_n+2 n+2  n+2
% 1 1-—20
n _
Bi
ias(0) n+29+n+2 2
~ 6(1—0)
V(6
(©) (n+2)

so that the mean squared error is:

~ o1 (1-20)2 nf(1—0) 1+ (n—4)0+ 36
Eﬁe—m}_(n+%2 122 ~ (mt2?

Yes - the estimator is uniformly consistent; for n > 4,

1+ (n—4)0(1-60) 14+ (n—4)/4 nstoo
€2(n + 2)? = €2(n + 2)? -

P10 — 0] > ¢) <

.Y =nX =371 X; ~ Poiss(n)) so that

E[§1] -F |:67Y/n] _ Z (/\n) 7n)\ (z/n) _ Z ()\ne 1/n)z efn)\ _ efn)\(lfe_l/")

x!
=0

SO
Bias(/g\l) _ e—)\ (e—)\(n(l—efl/n)_l) _ 1) )

so that g is unbiased.

. An unbiased estimator of g;(p) is a function of the n binary variables T'(X7, ..., X)) satisfying

E[T(X17 .. aXn)] - Z T(.’El, Ce 7$n>pk(1 —p)n_k = %
{o,1}~

where k denotes the number of 1s in the sequence (z1,...,2,).

so that

0= Z T(z1,...,2)p" L1 —p)"FH — 1,
{o,13»

This holds for all p, which is a contradiction, since the equation is a polynomial of degree n + 1

and hence has at most n + 1 distinct roots. Similarly for gs.
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n — 1 free variables; a, =1 — Z?:_ll a; so that

0
ﬁaiV(T) =20%(a; — an) =0
so that a1 = ... = a,. With constraint that Z?Zl a; = 1, it follows that a; = % for each

j=1...,n.

P(z) = p®(1 — p)'™% = logP(z) = zlogp + (1 — z)log(1 — p) z € {0,1}

C;;logIP’(x) = ddplogP(x) = (; - (iﬁ)) - <p(1$—p) - 11?)

)=V, ((Zjlogm(X))— Ve =

The Cramér lower bound is therefore:

For n observations, I,(g) = ﬁ-

(g'(®)* _ (1=2p)°p(1—p)

g
In.(g) n

7. minj X; ~ Exp(nA) hence
1 1
E [nm'ian} =n— = —.
n

J AA
1 1
. ) o
\% <nmj1an> =" e = 2

Also, nminj X; ~ Exp(\), hence P (Jnmin; X; — A| > €) 4 0 as n — +o0.

8. This follows immediately from the definition and Jensen:

R(0,97) Eq [1(0, " (X))] = Eq [1(0, Eg[g(X)|T(X)])]

< Eg [Bo [1(0, 9(X))|T(X)]] = Eq [1(0, 9(X))] = R(0, 9).

Note that we do not need T' to be a sufficient statistic.

110



9. (a)

10. (a)

This follows simply from the definition: let n = h(6), then

d 1 d
—1 S —— 0

d 2 1 d 2 1 .
(5 toxaten)) } ~ et | (45 os0t@.0)) } - T )

Consider a quantity ¢(0) = Eg[T'(X)], so that T'(X) is an unbiased estimator of ¢(f). The

lower bound using parameter 6 is:

(¥'(6))
I(0)
while with parameter n:
-1
o) = vt P,

so that the lower bound is:

Unbiased is clear:

The variance is:

n 4 . 2 ol
v 2 ()

while the Fisher information is I(0?) = nli(0?);

1 (z—p)2

d
i | 2y
d(c?) og p(w; ) 202 204

Let I,,(0?) denote the information in a sample of size n, then I,,(02) = nl;(0?) and:

N(0%) =V, ((d(ialogp(mjaz)>2> = ﬁvtf? ((X;M>2>

2
and now use V = (X_“) ~ x? so that V(V) = 2. Then

g

Hence the Cramér-Rao lower bound is %, which is V2(5?).

so that I(0?) = 507 giving a lower bound of %, hence 72 is an UMVU estimator.
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(b) For an unbiased estimator, this risk function is simply the variance since 52 is UMVU, it
follows that any estimator with smaller risk must be biased. Try estimators of the form

ano?. Then

By [|and? = 0**] = Bope||an(® — 0?) + (an — 1)o?’]
= a’V,2(6%) + ((an — 1)02)2
= a2 20" 27 1 (an —1)%"

Minimising gives: a,, = ;5. This gives estimator o2 = n+2 > i=1(X; —p)? and R(0?%,5?%) =

—2_5% which is smaller than the UMVU estimator.

n+2
11. (a)
1
P(YL, - yni 0, ) = o exp aZngrﬂZym ZeXp{aJrBz]}
]:1
Sufficient statistic: T(Y) = (T1(Y"), T2(Y')) where
T(Y)=>Y; and  Tp(Y) =) 2]
j=1 j=1
(b)

D) n n 92 n
0 logp = Zyj — Zea+5zj = 9o logp = Ze‘”ﬁzi
=1 =1 i=1

0?
logp Zy]z] Zz] athz o _ a5 logp = ¢ ZzZeﬁZJ

Jj=1

0? - 3
_ o Bz
_80565 logp=ce ;zje

SO
n

0 — 5.
Ia,a<9) = —Ey [W 10gp<X,Oé,ﬁ):| = Zﬂ'j = eaZ€BZJ
j=1 j=1

82
I35(0) = [652 log p(X; v, B) } =e ZZQGBZJ
7j=1

I,5(0) = —Ey {8385 logp(X;a, 8 ] =e sz

j=1

We have to invert the information matrix:

e ( Soajei =zt )
(Z e,sz) <Z Z?@BZJ') _ (Z Zjeﬁzj)Q _ Z Zjeﬁzj Z Bz
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2.eP7%i)2

PN . BZ]')2
> o 2 _Bzj\ _ (Z zj€
v(3)=e {@Z]e n- Lo
Note If the information matrix is singular, then the results are correct but useless; they

give variances greater than or equal to 0.

1 1
/xﬁdm—
0 1+p

s o d [t 4 1
z” lo xdx:/e %% 1o xda::/xdx:—
/0 8 0 & dg Jo (1+3)2

/1 2P (log x)?dx = d—Z /1 2P (log z)?dx = 2
0 ag? Jo (1+p)?

(c) Integrals are straightforward :

In the limit,

1 15 L 2
«@ 1+ 1+8

2
- 1+p? (4B

nI-L(6) = ¢ ( 21+ 8) (L+5)” )

(1+8)* (1+5)°
Lower bounds: 2(1 + 8)e~® and (1 + B)3e~® respectively for a and .
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