Tutorial 3

1. Let Xy,..., X, be a random sample from a Poiss(#) population where 6 > 0.

(a) Show directly that » 7, X; is sufficient for 6.

(b) Establish the same result using the Factorisation Theorem.
2. Suppose that X, ..., X, is a random sample from a population with the following density:

faz* texp{—6z%} >0, >0, a>0
p(z,0) = { { J

0 otherwise

where a is fixed. This is known as the Weibull density. Find a real-valued sufficient statistic for

6.

3. Let X be a random variable with state space X = {v1,...,vx} and probability distribution
Po(X = v;) = 60; for i € {1,...,k} (so that 33  6; = 1) and suppose that 6; € (0,1) for each
i=1,...,k Let Xq,...,X, be a random sample from X. Let

n
Nj =D L) (X,
i=1
(the number of trials such that X; = v;).

(a) What is the distribution of (Ny,..., Ng)?
(b) Show that N = (Ny,..., Ng) is sufficient for 6 = (0y,...,60%).

4. Let X1,...,X, be arandom sample from a population with density p(z, ) where:

p(a,6) = %exp {— <m - “) } 1), 400 ().

Here 0 = (p,0), © = (—00,400) x (0, 400).

(a) Show that min(Xy,...,X,) is sufficient for u when o is fixed.
Note: you cannot use the factorisation theorem for this part since the support of the density
depends on p.

(b) Find a one-dimensional sufficient statistic for o when p is fixed.

(c¢) Find a two-dimensional sufficient statistic for § = (u, o).

5. Let X1,...,X, be a random sample from a distribution F. Treating I’ as a parameter, show
that the order statistic (X(y),..., X(y)) is sufficient for F.

6. Let X1,...,X,, be arandom sample from f(t—#0),0 € R. Show that the order statistic is minimal
sufficient for f when f is the Cauchy density

1

= teR.
(1 +t?)

ft)
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7. Let X1,...,Xm;Y1,...,Y, be independent and distributed according to N(u,c?) and N(n, 72)
respectively. Find minimal sufficient statistics in the following three cases, where (u,n,0,7) €
RxRxRy xR,:

(a) w,m,o, T arbitrary.
(b) o =7, p,n, o arbitrary.
(¢) w=mn, u,o, T arbitrary.

8. Let Y = (Y1,...,Y,)! be a multivariate Gaussian random vector with distribution

Y ~ N(XB,0%)

where X is an n X p design matrix (values are given) and 8 = (f31, ..., 5,)" is a parameter vector.
Compute a p + 1 dimensional sufficient statistic for (3, 02).
9. Let Y1,...,Y, be independent Bernoulli trials, where

1
1 + exp {— Zi:l X]k,Bk}

Compute a p dimensional sufficient statistic for 5.

P(Y; =1)=
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Short Answers
1. (a) Let T'=}7"_, X;. Note: T'~ Poiss(nf). For x1 +... + 1z, =1

Po((X1,...,Xn) = (z1,...,2p))

Po((X1,..., Xn) = (x1,...,20)[T=1) =

P(T = t)
B Hijl T H?:l ée—ne B (Z] .CU])'
Gt%e—”e H?Zl z;!
which does not depend on 6.
(b)
Po((Xi... %) = D= L ()
0 1yee9yAn) =\T1y..-yTn)) = =n 7 EXP1—N
H?:1 ;!
This factorises as g(3_7_, zj,0)h(z) where g(t,0) = 0te=™ and h(z) = ﬁ
j=1%j"

a—1
Fan a0 =4 T (H}ll %‘) exp {—0 S x;-‘} 2150, . an>0
0 other

Set t(z1,...,m,) = >_7_; 2§ then

flxy, ... xn;0) = g(t(xy, ... xn),0)h(2z1,. .., 20)

where
a—1

n
g(ta 0) = eneieta h(xl, s 7$n) = an1{$1>0,...,1’n>0} H Lj
j=1

Hence t(X1,...,X,) is sufficient for 6.
(Nl, R ,Nk> ~ mult(n;@l, ... ,Hk)

Py ((X1,...,Xn) = (Vay,---,0a,)) = 07" ... 00"
where n; =" 1(a; = j). This is in the required form from the factorisation theorem.

4. (a) The joint density is:

1 - T;— [
p(xla"'a:rn>0):0_7nexp _Z< JO_ ) 1{minj$j2#}'

j=1

The factorisation theorem cannot be used, since the support of the density depends on pu.
We therefore show that the conditional density p(z1,...,2,|min; X; = y), for y = min; z;,

does not depend on .
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Since X — p ~ Exp(%), therefore (minje{lw.’n} Xj) — i ~ Exp(2) so that the density of
Y = min; Xj is:
n n(y —p)
=—expy———— 1
Py () anp{ o } {y>u}
and therefore, for min; x; = y,

n

) p(x1,...,xp) 1 1 )
p(x1, ..., oyl HllelXj =y) = o = s S o e Z(x] - Hlilnl’z‘)

j=1
which does not depend on p, hence min; X; is sufficient for y when o is fixed.
(b) From the factorisation theorem, it follows that » 7, Xj is sufficient for o when y is fixed.

(c) From the factorisation theorem, applied to the conditional density py(z1, ..., 2,| min; X; =
Y), 2?21 X is sufficient for o, conditioned on min; X; = y for any y.
Hence, for min;z; = vy, p(x1,...,2x] Zj xzj = z,minjz; = y) depends neither on p
nor on o (definition of sufficiency applied to the one-parameter conditional distribution
Po(x1,...,2n|min; X; =y) ), hence from the definition of sufficiency (applied to full distri-
bution), (min; X;, >, X;) is sufficient for 6 = (u, o).

5. Once the order statistics z(y),...,x(,) are given, the problem is then the random assignment
(without replacement) of x1, ..., x, to T(1),---,T(n). There are n! permutations, each with equal
probability. Suppose that there are m groups, group j contains n; so that n; + ... + n,, = n,
and the order statistics are equal within each group. Then

]P((Xl, ce ,Xn) = (371, ce ,LL‘n)|J}(1), ce ,l‘(n)) =
which does not depend on F.
6. We use the Dynkin Lehman Scheffe lemma; a statistic 7" is minimal sufficient if éEZ’B does not
depend on @ for T'(z) = T(y) and does depend on 6 for T'(x) # T(y).

1 n
LO;zq,...,2n) = —
7-(-1’1,

B
(1+ (z; — 0)?)

Jj=1

L(;z) 11 (1+(y;—0)?)
L(6;y) ]1;[1 (L+ (zj —0)?)
L(0z)

=1.
L(6;y)
To see that this is minimal, the function does not depend on 6 only if the roots of the numerators

Firstly, L(x1,...,2n;0) = L(x(1), - - ., T(y); 0) so that if y is a permutation of z, then

and denominators are the same (considering as functions of ¢), These are: 6 = y; £ for j =
1,...,n (for the numerator) and § = x;+i for j = 1,...,n for the denominator (where i = v/—1).
These are the same if and only if (yq1),---,Ym)) = (Ta), - T(n))-
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. We use the Dynkin Lehman Scheffe lemma,; a statistic 7' is minimal sufficient if igg";g does not

depend on 6 for T'(x) = T'(y) and does depend on € for T'(x) # T'(y). This is equivalent to these
properties holding for the log likelihood; log L(0; z) — log L(6; y).

The log likelihood function is:

(n+m)
2

1 G 2 ¢ 2 1 . 2 % 2
—ooz | 2w~ w | = o D oui =2 i+
j=1 j=1 j=1 j=1

log L(p,n; 0, 752,y) = — log(27) — mlogo —nlogT

Write out
1 m m M m m
2 2
log L(0; 21, y,) — log L(0; 25, y,) = 552 > al =D a3 t3 D wy— Y wy
Jj=1 Jj=1 j=1 j=1
1 n n n n
2 2
Sl DT DU N DR TTED BNy
7j=1 j=1 7j=1 j=1
and obtain:

(a) Z;nﬂ Xj, ZT:I ngv Z?:l Y, Z;’L:I Yj2'
(b) D20y X5, > Yy, 200 ng +200 Y]‘2~
(€) 227y X5y 2051 Yy, 200y X5, Yo7, Y7 (same as part (a)).

. Density is:

1

f(yl,u-,yn)zm

1
exp {—M(yty —2y' X6+ ﬁtXtXB)}
so, by the factorisation theorem, a p + 1 dimensional sufficient statistic is (y* X, y'y).

. For an outcome (Y7,...,Y,) = (y1,...,Yn) where (y1,...,y,) is a vector of 0’s and 1’s, we have

e W) = TS )

The sufficient statistic is therefore (3°7_; y; X5 : k= 1,...,p).
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