Tutorial 2

Identities for Estimating Moments

1. Let X1,...,X, be a random sample, with sample average X = % 2?21 X; and sample variance
S? =k > o1 (Xj = X)?2. Show that

2 1 g g 2
S :mZZ(Xi_XJ)

i=1 j=1
You may use:
n 1 n
Zyj = o Z (Y5 + k)
j=1 7,k=1
and 22 +y? = (z — y)? + 2zy.
2. Assume that E[X}] < +o0 and set §; = E[X;], §; = E[(X; —61)7] for j = 2,3,4. Let Y; = X; — 6,
Y=13" Viand Y2=21%" V2
(a) Compute IE[74] and E[Wz] and E[W?Z] in terms of 61, 02, 3 and 6.
(b) Show that

1 n—3
Var(S?) = — (04 — 05 ) .
ar(57) n ( T 2)
(c) Let Xi,...,X, be a random sample from a N(u,c?) population.

i. Find expressions for 0y, 05,03, 0, in terms of y and o2,

ii. Hence compute Var(S?) for a N(u,0?) random sample.

3. Establish the following recursion relations for means and variances. Let X, and S2 be the mean

and variance respectively of Xi,..., X,,. Suppose another observation X,,;; becomes available.
Show that
(a) _
~ Xn+1 + an
X =
n+1 n+1
(b)

n __
w8t = (=082 + () (e - X2

Parametric Families: Identifiability Let {Py : § € ©} be a family of probability distributions.
The parametrisation 6 is said to be identifiable if 6, # 0o = Py, # Pp,. For example, let § = (u,0?)

and Py denote the N (u,0?) distribution. The parameterisation is identifiable since

(11,07) # (42, 03) = 3A € B(R) : Py, (A) # Py, (A)
where B(R) denotes the Borel subsets of R.

On the other hand, the parametrisation 6 = (u, v, 0?) where Py is N(u — v,02) is not identifiable,
since 01 = (u,v,0) and 03 = (u + a,v + a, ) give the same distribution.
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4. (a) Let Xy; : i = 1,...,p;5 = 1,...,b be independent with X;; ~ N(u;;,02). Let u;j; =
v+ a;+ By Let 0 = (ax,...,ap,B1,..., B, v,0%) and Py the distribution of Xiq, ..., Xpp.

Is the parametrisation identifiable? Prove or disprove.

(b) Now suppose that (a1,...,ap) and (Bi,...,3) are restricted to the sets > 7 _; o = 0 and
Z?:l B; = 0. Is the parametrisation identifiable? Prove or disprove.

5. A measuring instrument is being used to obtain n independent determinations of a physical
constant p. Suppose that the measuring instrument is known to be biased by a positive constant
# units, where 6 is unknown and that the errors are otherwise identically distributed normal

random variables with known variance o2. Is the parametrisation identifiable? Prove or disprove.

6. The number of eggs laid by an insect follows a Poisson distribution with unknown mean p. Once
laid, each egg has an unknown chance p of hatching, independently of the others. An entomologist
studies a set of n such insects, observing only the number of eggs hatching for each nest. Is the

parametrisation identifiable?

Hazard and Survival

7. Let T1,...,T,, and T7,...,T) be random samples with parent variables T' and 7" respectively,
which are the survival times of two groups of patients receiving treatments A and B respectively.
The group survival for the two groups is defined as X = minj—y,__,,7j; and ¥ = minj— . T](
respectively. Let Sx(t) = P(X > t) and Sy(t) = P(Y > t) denote the group survival func-
tions. Assume that the groups are independent of each other and that T and T” have the same

distribution.

(a) Show that Sy (t) = S%¥/™(t).
(b) Extending from rationals to § € (0, +oc) gives the Lehmann model: Sy (t) = S%(t). Equiv-

md

alently, Sy (t) = Sp°(t) and Sx(t) = SF(t) for some survival function Sp. Suppose that
X is a non negative continuous random variable with survival function Sx () = SF(t).

Compute the distribution function of X’ := —log So(X).

(¢) Suppose that T and Y are two non-negative continuous random variables with survival
functions Sp(t) and Sy (t) respectively and densities fr(t) and fy(t) respectively. Their
hazard functions are defined as ap(t) = g((?) and ay (t) = g‘;((?) respectively. Show that

ay = cor if and only if Sy = S%. Such a model is known as the Cox proportional hazard

model.

Order Statistics and Glivenko-Cantelli Lemma

8. Let Xy,...,X, be iid. random variables, with c.d.f. F and density f. The ordered vector
X1 < Xoy < ... < Xy, which is an ordering of X1, ..., X,, from lowest to highest is the vector

of order statistics.

(a) Find the c.d.f. and density of Xk.,.
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(b) Hence, if X1,..., X, be arandom sample from a U (0, 1) distribution (uniform on the interval
(0,1)), show that the density function for the jth order statistic Xj., is

(@) = j (’;) # Y1 —2)" 7 zeo,1]

(c) Hence prove (again for a U(0, 1) random sample) that for positive integer p,

E [Xﬁn} iy <Z> I(j I:(I;)i(;; i’)+ o)

You may assume the Beta integral:

Lo - [(a)I'(B)
21— 2)P e = .
femas e =2l

9. Let F be a continuous cumulative distribution function, X1,..., X, a random sample generated
from F and F), the empirical distribution function. Let D, = SUP_ poczetoo [F(2) — F,(z)].
Prove that for any € > 0,

lim ]P( sup  |F(z) — F,(z)| > e) =0.

n—>+00 —o0<T<+00

You may use the result from the previous tutorial that the distribution of D,, does not depend

on the underlying F' (and hence assume that the random sample is U(0, 1)).
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Short Answers

n

= niIZ(Xj—Y)Z
J

—

ST e DA )

1

— LS - X 20 - DX - )

2n(n —1) e

1 n
= —F X; — Xp)?
2n(n —1) jgl( J k)

because (X, — X) =0.

2. (a)

—4 1 -
BV =y Y BNl =gt s (5 )6

We're using E[Yf] = 04 and noting there are n such terms, for j # k IE[YjQY,f] = IE[YjQ]2 = 02

and noting there are n

E[Y}] = 0.

J1,J2,93:34=1

2

1
62,

1 - n
2 2
TT 2: YJlYJQ - 7044_
J1,92=1
1 n—1 4

1 2
E[Y?Y] =3 Z EY; Y5 Yi] = 501+ —563
1.2

(b) E [?2] — % and [W] = 0. For j # k, E[(Y; — Y3,)?] = 20,. Since

1 — =2
52—%(”1)%(1/ i) :72(1/ Y)? 1<Y2—Y>
n2 2
Var(§2) = oV (Y Y )
n?

S(E [V2 + 7" - 2V27?| —E[VZ? - B2 + 2B[VIE[Y”))

n? 1 n—1, 1 n—1Y\ o
o (e )« (e (757) )

1 n—1, , 02 202

n? n—1)2 o(n—=1)(n -3
(e )
% 04—”_‘;’93)
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(c) i 61 =up, 0= 0%, 03 =0, 64 = 30%. The only one that may cause problems is the last
one:

1 2 2 o 1 2 2
9:/4 e_y/Q"d:2/ 4 eV /2
4 y\/ﬂa Y ) Y Y

V2mo
substitute (for example) z = % de = 7%?’
4ot [ 40T (5/2
04 = 0/ B2 2dy = 222202 6/2) _ 30
™ Jo \/E

ii.

n—1 n—1
(a) 1
n+ n
1 1 1 n
n+1 ’rl-i-l; Jj = 1],le]+ 1 n+1 1 nt +1Xn+1
(b)
n+1 o n - o o o
nSr2z+1 = Z(Xj - Xn+1>2 = Z(Xj - Xn)2 +n(Xn — Xn+1)2 + (Xn41 — Xn+1)2
J=1 j=1
( 1)S2+ 1 1 2+( n n 7)2
= (n n — "
n n+1°" pg1mt P e
1
- (n_1>sg+?<++1’;§<xn Xpi1)?=(n—1)S2 4+ —— (Xp — Xni1)

(a) Not identifiable: for example,

Py 02,01, 081,80 = P0,02,01+av,....cp+amr+(1—a),....8p+(1—a)v
for any a € R.
(b) Yes - it is identifiable. Joint density is

1 ) 2
@2m2gr TPy T 252 Z(%‘—V—ai_gj)
2]

1 1 ) 2
:WGXP _@ Zﬂﬁj_Z$ij(l/+06i+ﬁj)+2(y+o¢i+ﬁj)
) 4] ij

If it is not identifiable, then different (v, a, 8) yield the same v + «; + ; for each (i,7). If
vi+ay+ By =ve+ g + By V(i ])

plus zero sum conditions, then v1 = vy. Again, sum over j gives a1; = «a; for each i and

summing over ¢ gives 31 = (2. Hence it is identifiable.
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5. Not identifiable; P, o, ,2 = P,, g, ,2 for all (u1,61), (2, 02) such that py + 01 = pz + Oo.

6. The parametrisation is (u,p). Let X denote number of eggs laid, ¥ the number that hatch. Then

PY =ylX =2)= G)py(l —p)"Y P(X =a)= e

a! Y Ry
P(Y:%sz):mp (1-p) P x>y
so that
Yp¥ (1 — p)T—Y =Y y
]P)(Y _ y) _ efp,:u p Z ( p) H _ (,LLp) e HP
v = (@—y)! y!

No not identifiable.

7. (a)
Sy (t) = P(min(Ty,...,T,) > t) =P(T >t)"  Sx({t)=P(T >t)™
from which the result follows directly.
(b)
Fx/(z) = P(X'<z)=P(-logSy(X) <t)

P(So(X) > e7") = P(Sx(X) = e™™)
= P(Fx(X)<1—e ™) =1—¢ ™t

d d
aT(t) = —$ log ST(t) ay (t) = —$ log Sy (t)

d d d d
ay = cap & ——log Sp(t) = —C log Sy (t) < % log S7(t) = —— log Sy-(t)

dt dt
Now using S7(0) = Sy (0) = 1 gives:

Sr(t) = SS(t) V> 1.

]P)(an S T < Xk+1n) = FXk:n ("E) - FXk+l:n (m)

and

FXk:n (‘/’E) - FXk+1:n (x)

(Z)P(XlSJ,‘,...,Xka,Xk_H>I‘,...,Xn>33)
— (") F@)F0 - F(a)"*
= ()P - P

To compute F,,  (z), we need Fx,  (x), but this is easy:



Therefore:
n

Fx,., (@) = (7>F(w)’“(1 — F(x))" "

=k N

To compute the density, take a derivative:

n

fo@) = 3 (j) (PP~ (1 = F(2))" — (n— j)F(y (1 — F@))™ ) f(2)

i=k

B e T .

j=k

o} 2 )@t - P )
so that:

n!
P ®) = i =
(b) For U(0,1), F(x) == for 0 <z <1 and f(z) = 1)91j(z) so that:

F(a)" (1 = F(2)" " f(2).

Prn@) =n(p 1 )02 o)

as required.

- () [ e ()

Using I'(n + 1) = n!, it follows that

Blx? ] = j— (G+p—Dn—j)! _ Hg;éu +h)
jl(n —j)! (n+p)! [Tii(n + k)

9. First, for fixed €, we consider the following grid: x; = inf{z : F((2) > €}, z; = inf{z > z;_; :
F(z) — F(xzj—1) > €, define M as the smallest integer such that 1 > F(zp) > 1 —e. Since F is
continuous, F(x;) — F(xzj_1) =efor j=2,..., M.

Now, if |Fy(x;) — F(z;)| < e and |F\n(acj+1) — F(xj41)] < €, then it is straightforward that
SUPsez; )41 |Fy(2) — F(z)| < 2¢. Therefore

P <sup|ﬁn(x) — F(z)| > e> < IP’( max | F,(z;) — F(z;)] > )
z€R je{1,..., 2
M -~
< P (IFuey) — Flay)| > )
j=1
< Mx % X sup Fl@)(1 = Flz)) < % 2500
€ x n ne

using the fact that E[F,(z)] = F(z) and Var(F},(z)) = w < £+
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