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ON THE BOREL INSEPARABILITY OF GAME TREE LANGUAGES
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ABSTRACT. The game tree languages can be viewed as an automata-theoretic counterpart
of parity games on graphs. They witness the strictness of the index hierarchy of alternating
tree automata, as well as the fixed-point hierarchy over binary trees.

We consider a game tree language of the first non-trivial level, where Eve can force that
0 repeats from some moment on, and its dual, where Adam can force that 1 repeats from
some moment on. Both these sets (which amount to one up to an obvious renaming) are
complete in the class of co-analytic sets. We show that they cannot be separated by any
Borel set, hence a fortiori by any weakly definable set of trees.

This settles a case left open by L.Santocanale and A.Arnold, who have thoroughly inves-
tigated the separation property within the u-calculus and the automata index hierarchies.
They showed that separability fails in general for non-deterministic automata of type X4,
starting from level n = 3, while our result settles the missing case n = 2.

Introduction

In 1970 Rabin [15] proved the following property: If a set of infinite trees can be defined
both by an existential and by a universal sentence of monadic second order logic then
it can also be defined in a weaker logic, with quantification restricted to finite sets. An
automata-theoretic counterpart of this fact [15, 12] states that if a tree language, as well as
its complement, are both recognizable by Biichi automata (called special in [15]) then they
are also recognizable by weak alternating automata. Yet another formulation, in terms of
the p-calculus [3], states that if a tree language is definable both by a II5-term (i.e., with a
pattern vu) and a 34-term (uv), then it is also definable by an alternation free term, i.e.,
one in Comp(IT{ UXY). This last formulation gives rise to a question if the equation

Nk = C’omp(l_[ﬁf1 U 2571)

holds on all levels of the fixed-point hierarchy. Santocanale and Arnold showed [17], rather
surprisingly, that it is not the case for n > 3. They exhibit a series of “ambiguous” properties,

expressible by terms in II}; and in X5, but not in Comp(IIF_; UXE ). On positive side
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however, they discover a more subtle generalization of Rabin’s result, which continues to
hold on the higher stages of the hierarchy.

Let us explain it at a more abstract level, with £ (“large”) and S (“small”) being two
classes of subsets of some universe U. Consider the following properties.

Simplification. Whenever L and its complement L are both in £, they are
also in S.

Separation. Any two disjoint sets L, M € L are separated by some set K in
S (ie, LCKCU-M).
Note that (given some £ and S) separation implies simplification, but in general not wice
versa. In topology, it is well known (see, e.g., [11]) that the separation property holds for
L = analytic (£1) subsets of a Polish space (e.g., {0,1}*),
S = Borel sets,
but fails for £ = co-analytic sets (IT1) and S as above. On the other hand both classes
enjoy the simplification property (which amounts to the Suslin Theorem).

In this setting, Rabin’s result establishes the simplification property for

L = Biichi definable tree languages (II4 in the fixed-point hierarchy),
S = weakly definable tree languages (Comp(IT} U XF)).

A closer look at the original proof reveals that a (stronger) separation property also holds
for these classes.

Santocanale and Arnold [17] showed in turn that the separation property holds for

L = tree languages recognizable by non-deterministic automata of level II},

S = tree languages definable by fixed-point terms in Comp(II/_, Ul )
for the remaining case of n > 3. On the negative side, they showed that the separation
property fails for £ consisting of tree languages recognizable by non-deterministic automata
of level ¥, for n > 3, leaving open the case of n = 2. In fact, their proof reveals that, in
the case under consideration, even a (weaker) simplification property fails (see [17], section
2.2.3). As for ¥4 however, the simplification property does hold, because of Rabin’s result!.
For this reason, the argument of Santocanale and Arnold cannot be extended to the class 3.
In the present paper, we show that the separation property fails also in this case, completing
the missing point in the classification of [17].

We use a topological argument and show in fact a somewhat stronger result, exhibiting
two disjoint languages recognized by non-deterministic tree automata with co-Biichi con-
dition (i.e., X%), which cannot be separated by any Borel set (in a standard Cantor-like
topology on trees). The languages in question are the so-called game tree languages (of level
(0,1)), which were used in [8] (and later also in [2]) in the proof of the strictness of the
fixed-point hierarchy over binary trees. More specifically, one of these languages consists
of the trees labeled in {0,1} x {3,¥}, such that in the induced game (see definition below)
Eve has a strategy to force only 0’s from some moment on. The second is the twin copy of
the first and consists of those trees that Adam has a strategy to force only 1’s from some
moment on.

1f a set and its complement are recognized by non-deterministic co-Biichi automata then they are also
both recognized by alternating Biichi automata [5], and hence by non-deterministic Biichi automata, and
hence are weakly definable [15].
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The wording introduced above differs slightly from the standard terminology of de-
scriptive set theory, where a separation property of a class £ means our property with
S ={X:X,X €L} (see [11]). To emphasize the distinction, following [1], we will refer
to the latter as to the first separation property. In this setting, the first separation prop-
erty holds for the class of Biichi recognizable tree languages, but it fails for the co-Biichi
languages, similarly as it is the case of the analytic vs. co-analytic sets, mentioned above.
This may be read as an evidence of a strong analogy between the Biichi class and 1. In
fact, Rabin [15] early observed that the Biichi tree languages are definable by existential
sentences of monadic logic, and hence analytic. We show however that, maybe surprisingly,
the converse is not true, by exhibiting an analytic tree language, recognized by a parity
(Rabin) automaton, but not by any Biichi automaton.

Note. The fixed-point hierarchy discussed above provides an obvious context of our
results, but in the paper we do not rely on the u-calculus concepts or methods. For definitions
of relevant concepts, we refer an interested reader to the work by Santocanale and Arnold [17]
or, e.g., to [4].

1. Basic concepts

Throughout the paper, w stands for the set of natural numbers.

Metrics on trees. A full binary tree over a finite alphabet 3 (or shortly a tree, if confusion
does not arise) is represented as a mapping ¢ : {1,2}* — 3.
We consider the classical topology a la Cantor on Ty induced by the metric
0 if t1 =19

d(t1,t2) = { 27" with n = min{|w| : t;(w) # t2(w)}  otherwise (1.1)
It is well-known and easy to see that if ¥ has at least two elements then Ty with this
topology is homeomorphic to the Cantor discontinuum {0,1}*. Indeed, it is enough to fix
a bijection a : w — {1,2}*, and a mapping (code) C : ¥ — {0,1}*, such that C(X) forms
a maximal antichain w.r.t. the prefix ordering. Then Ty, 3 t — Cotoa € {0,1}¥ is a
desired homeomorphism. We assume that the reader is familiar with the basic concepts of
set-theoretic topology (see, e.g., [11]). The Borel sets over Tx constitute the least family
containing open sets and closed under complement and countable union. The Borel relations
are defined similarly, starting with open relations (i.e., open subsets of Ty, for some n,
considered with product topology). The analytic (or 1) sets are those representable by

L={t: 3)R(1t)}

where R C Ts, x Tk is a Borel relation. The co-analytic (or TI}) sets are the complements
of analytic sets. A continuous mapping f : Ty, — T% reduces a tree language A C T to
B C Ty if f~YB) = A. As in complexity theory, a set L € K is complete in class K if all
sets in this class reduce to it.
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Non-deterministic automata. A non-deterministic tree automaton over trees in Tx, with a
parity acceptance condition? is presented as A = (X, Q, qr, Tr, rank), where Q is a finite set
of states with an initial state qr, Tr C Q x X X Q X Q) is a set of transitions, and rank : QQ — w
is the ranking function. A transition (g, o, p1, p2) is usually written ¢ = p1, pa.

A run of A on a tree t € Ty, is itself a Q-valued tree p : {1,2}* — @ such that

p(e) = qr, and, for each w € dom (p), p(w) ") p(wl), p(w2) is a transition in Tr. A path
P = pop1 ... € {1,2}* in p is accepting if the highest rank occurring infinitely often along
it is even, i.e., limsup,,_, . rank(p(pop1...pn)) is even. A run is accepting if so are all its
paths. A tree language T'(A) recognized by A consists of those trees in T which admit an
accepting run.

The Rabin—Mostowski indez of an automaton A is the pair (min(rank(Q)), max(rank(Q)));
without loss of generality, we may assume that min(rank(Q)) € {0,1}.

An automaton with the Rabin—Mostowski indez (1,2) is called a Biichi automaton. Note
that a Biichi automaton accepts a tree ¢ if, on each path, some state of rank 2 occurs infinitely
often. We refer to the tree languages recognizable by Biichi automata as to Biichi (tree)
languages. The co-Biichi languages are the complements of Biichi languages. It is known
that if a tree language is recognized by a non-deterministic automaton of index (0,1) then
it is co-Biichi®; the converse is not true in general (see the languages M; 1, in Example 1.1
below).

Example 1.1. Let
L ={t € Ty,y : (3P) limsupt(pops - ..pn) = 1}
n—oo

This set is recognized by a Biichi automaton with transitions

(0/1)
—

0 1
q/p — q,T; q/p — p,T; T T,T;

0 1
a/p—=Tyq  q/p—=Tp;
with rank(q) = 1 and rank(p) = rank(T) = 2. Rabin [15] showed that its complement L can-

not be recognized by any Biichi automaton, but it is recognizable by an (even deterministic)
automaton of index (0, 1)

0/1 3 0,0; 0/1 51, 1; rank(i) = i;  for i=0,1.
This last set can be generalized to the so-called parity languages (with i € {0, 1})
M ={t € Tys,.. 1y : (VP) limsupt(pops - .. pn) is even}
n—oo
which are all co-Biichi but require arbitrary high indices [13]. It can also be showed that all
languages M; i, (except for (i, k) = (0,0), (1,1),(1,2)) are complete in the class of co-analytic
sets IT1 (see, e.g., [14]).

The class of languages which are simultaneously Biichi and co-Biichi has numerous
characterizations mentioned in the introduction; all these characterizations easily imply
that such sets are Borel (even of finite Borel rank).

2Currently most frequently used in the literature, these automata are well-known to be equivalent to
historically previous automata with the Muller or Rabin conditions [18].

31t follows, in particular, from the equivalence of the non-deterministic and alternating Biichi automata [5],
mentioned in footnote 1.
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Example 1.2. Consider the set L = My,1 of Example 1.1, and its twin copy obtained by
the renaming 0 < 1,

My, =A{t € To,1y : (VP) liminft(popy ... pn) = 1},

The sets Moy ; and M(’],1 are disjoint, co-Biichi and, as we have already noted, IT} complete.
They can be separated by a set K of trees*, such that on the rightmost branch, there are
only finitely many 1’s

K = {t € Typ,1; : limsup¢(22...2) = 0}

n—0o0
n

(e, Moy € K C Tyo1y — M(']’l). The set K can be presented as a countable union of closed
sets
g N > “e ==
K=|J{teTpy: (vn>m)t22...2) =0}
m n

so it is on the level 39 (i.e., F,) of the Borel hierarchy. The membership in the Borel
hierarchy can also be seen trough an automata-theoretic argument by showing that K is
simultaneously Biichi and co-Biichi. Indeed it can be recognized by an (even deterministic)
automaton with co-Biichi condition

0/1 > T,0; 0/1 5 T,1; YT T vank(i) =i, for i =0,1, rank(T) =0,
as well as by a (non-deterministic) Biichi automaton
« D Ty ST TDT rank(q) =1 rank(p) = rank(T) = 2.

We will see in the next section that a Borel separation of co-Biichi languages is not
always possible.

2. Inseparable pair

Let
¥ ={3,v} x{0,1},
we denote by m; the projection on the ith component of . With each t € Tx,, we associate
a game G(t), played by two players, Fve and Adam. The positions of Eve are those nodes
v, for which 71 (¢(v)) = 3, the remaining nodes are positions of Adam. For each position v,
it is possible to move to one of its successors, vl or v2. The players start in the root and
then move down the tree, thus forming an infinite path P = (pop1p2...). The successor is
selected by Eve or Adam depending on who is the owner of the position pgp; ...pn—1. The
play is won by Eve if
limsup 72 (¢t(pop1 - - - pn)) =0

n—oo
i.e., 1 occurs only finitely often, otherwise Adam is the winner. A strategy for Eve selects a
move for each of her positions; it is winning if any play consistent with the strategy is won
by Eve. We say that Eve wins the game G(t) if she has a winning strategy. The analogous
concepts for Adam are defined similarly.
A reader familiar with the parity games ([10], see also [18]) has noticed of course that
the games G(t) are a special case of these (with the index (0,1)).

4This argument is due to Pawel Milewski.
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Now let
Wo1 ={t: Eve wins G(t)}
We also define a set W671 C Tx. — W)y 1, consisting of those trees ¢, where Adam has a strategy
which guarantees him not only to win in G(t), but also to force a stronger condition, namely

lim inf 79 (t(pop1 - .. pn)) = 1.
n—0o0

It should be clear that W6,1 can be obtained from W ; by applying (independently on each
component) a renaming 0 «<» 1, 3 < V. Thus, the sets Wy ; and W6,1 are disjoint, but have
identical topological and automata-theoretic properties.

Let us see that the set Wy 1 can be recognized by a non-deterministic automaton of
index (0,1); it is enough to take the states {0,1} U{T'}, with rank(T) = 0, and rank(¢) = ¢,
for ¢ € {0,1}, the initial state 0, and transitions

L () m,m; L Q) m, T} L Qm) T, m; T @) T,T,
with m € {0,1}, and @ € {3,V}. Hence, the sets Wy 1 and Wy, are co-Biichi (c.f. the
remark before Example 1.1).
We are ready to state the main result of this paper.

Theorem 2.1. The sets Wy 1 and W671 cannot be separated by any Borel set.
Proof. The proof relies on the following.

Lemma 2.2. For any Borel set B C Ty, there is a continuous function fg : T, — Tx, such

that
ueB = fp(u) e Wy,

Proof. Note that fp is required to reduce simultaneously B to Wy and Ty, — B to W671.
We proceed by induction on the complexity of the set B.

Note first that if B is clopen (simultaneously closed and open) then it is enough to fix
two trees ¢ € Wy 1 and ¢ € W ;, and define fp by

ueB = fpu)=t
ugB = fplu)=1t

Also note that, by symmetry of the sets Wy and W671, the claim for B readily implies the
claim for the complement Ts — B. (Specifically, fps is obtained by composing fp with a
suitable renaming.)

Finally note that the space Tx, ~ {0, 1}* has a countable basis consisting of clopen sets.

Then, in order to complete the proof, it remains to settle the induction step for B =
Un<w Bn- Assume that we have already the reductions fp, satisfying the claim, for n < w.
Given u € Ty, we construct a tree fg(u), by labeling the rightmost path by (3,1), and
letting a subtree in the node 2™1 be fp, (u) (see Figure 1). In symbols,

fBw)(2*) = (3,1)

fe(w)(2"1v) = fp, (u)(v), for n<w, ve{l,2}*.
Since all the functions fp, are continuous, the resulting fp is continuous as well. Now, if
u € By, for some m, then Eve has an obvious winning strategy: follow the rightmost path
and turn left in 2 then use the winning strategy on the subtree fp,_ (u), which exists, by
induction hypothesis.
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Figure 1: Induction step for |, By.

If, however, (Vn)u ¢ B, then Adam can win the game with the stronger winning
criterion, required in the definition of W6,1- Indeed, he can do so as soon as Eve enters any
of the subtrees fp, (u) (by induction hypothesis), but he also wins if Eve remains forever on
the rightmost path.

This proves the claim for fg, and thus completes the proof of the lemma. [

We are ready to complete the proof of the theorem. Suppose that there is a Borel set
C, such that Wy CC C Ty — WO/,l' The claim of the lemma immediately implies that

ueB = fpu) el
u¢B = fB(u)GTz;—C.

Thus any Borel set B over T%; is reducible to C, but this is clearly impossible, as it would
contradict the strictness of the Borel rank hierarchy in the Cantor discontinuum {0, 1}* (see,
e.g., [11]). L]

Since the sets Wy 1 and W, are recognizable by non-deterministic automata of index
(0,1), Theorem 2.1 settles the case of n = 2, missing in Section 2.2.3 of [17], devoted to
the failure of separation property for non-deterministic automata of type X4 and the class
Comp(IIF_, UXE ).

n—1
In the terminology introduced at the end of introduction, we can state the following.

Corollary 2.3. The class of co-Biichi tree languages does not have the first separation
property. ]

This may be contrasted with the positive result of [15]. As we have mentioned in the
introduction, Rabin’s original proof essentially shows this property for the class of Biichi tree
languages, although it is not explicitly stated there. For the sake of completeness, we sketch
the argument below, following closely the p-calculus version of [3] (based on the original
proof of [15]).

Theorem 2.4 (Rabin). The class of Biichi tree languages has the first separation property.

Proof. Let A and B be two non-deterministic Biichi automata, such that T'(A) NT(B) = {.
We will refer to the states of rank 2 as to accepting states (of the corresponding automaton).
A cut (of a tree) is a finite maximal antichain in {1,2}* with respect to the prefix ordering
<. For two cuts X,Y we let Y > X if Y lies below X, ie,, (Vy € Y)(Fz € X)y > z. It
is easy to see that a run p of a Biichi automaton is accepting if, for each cut X, there is a
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cut Y > X, labeled by the accepting states (i.e., (Vy € Y) rank(p(y)) = 2). We inductively
define a sequence of tree languages K, for each state g of A, and n > 0.

The set Kg consists of all trees ¢t which admit some run (not necessarily accepting) of
A starting from ¢ (¢g-run, for short). The set Kg”rl comprises those trees ¢, which admit
a g-run p, such that, for each cut X, there exists a cut X’ > X, and a run p/, with the
following properties:

e o/ agrees with p until the cut X,

e all states in p/(X’) are accepting,

e (Yv € X'), the subtree of ¢ rooted in v (in symbols t.v) belongs to K, where

p=p'(v).
It follows by induction on n that T'(A) C K, where g; is the initial state of A. Now let
n4 and np be the numbers of states of A and B, respectively, and let M = 2"4"8 + 1. We
claim that K/ separates T'(A) and T'(B). We already know that T'(A) € K. For the sake
of contradiction, suppose that ¢ € Ké\l/[ NT(B), and let p’ be an accepting run of B on t.
Using the inductive definition of K é‘l/f , we can construct a sequence of cuts X; < X| <

... < Xy < X}, and arun p of A on t, such that

o (Vi < M) all states in p(X;) are accepting,

o (Vi< M, YveX;)tve K"

(v) 7
o (Vi < M) all states in p/(X]) are accepting.

(2

By the choice of M, there exist 1 < k < ¢ < M, such that

{(p(w), ' (u)) : u € Xi} = {(p(v),p'(v)) s v € X¢}
Note that, by construction,
Xp < Xp < X
with all states in p'(X}) accepting. Hence, by a standard tree-pumping argument, we
can construct a new tree along with two accepting runs: by A and by B, contradicting
T(A)NT(B) = 1.

It remains to show that the language Ké\l/[ is both Biichi and co-Biichi. A direct con-
struction of two Biichi automata would be somewhat cumbersome, but one can use here
any of the characterizations of this intersection class mentioned above. In the proof given
in [3], it is shown that the sets K are definable in the alternation-free p-calculus. A reader
familiar with monadic second-order logic can easily see that these languages are definable
in its weak fragment, i.e., with quantifiers restricted to finite sets. This is enough as well,
according to the characterization given by Rabin [15]. [

3. Broken analogy

A reader familiar with descriptive set theory may think of another inseparable pair of
recognizable tree languages, induced by a classical example ([11], section 33.A). We will
explain why it would not be useful for our purpose. Let us now consider non-labeled trees,
i.e., subsets T" C w* closed under initial segments. They can be viewed as elements of the
Cantor discontinuum {0, 1}* by fixing a bijection ¢ : w — w* and identifying a tree T with
its characteristic function, given by fr(n) = 1 iff «(n) € T. In particular, we can discuss
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topological properties of sets of such trees. As before, P € w*“ is a path in a tree T if all
finite prefixes of P are in T'. Let

WF = {T:T has no infinite path }
UB = {T:T has ezactly one infinite path }

Both sets are known to be IT}-complete, although the membership of UB in II} is not
obvious, and is the subject of one of Lusin’s theorems (Theorem 18.11 in [11]). WF and UB
are also known to be inseparable by Borel sets ([11], section 35, see also [6]). Now, it is not
difficult to “encode” these sets as languages of labeled binary trees, which turn out to be
recognizable by parity automata. In [14] a continuous reduction of WF to My was used to
show that the latter set is complete in II} (Example 1.1 above). Let

UBpin = {t €T, : thereis exactly one path P
with limsup,, . t(pop1-..pn) =1}
It is easy to construct a non-deterministic automaton accepting this language; one can also
assure that this automaton is non-ambiguous, i.e., for each accepted tree, has exactly one

accepting run. From considerations above, one can deduce that the sets T ;1 and UBy;, are
inseparable by Borel languages. However, the language UBy;, is not co-Biichi.

Proposition 3.1. The language UBy;, is recognizable and analytic, but not Biichi.

Proof. Let us call a path with infinitely many 1’s bad. So the above language consists of
trees that have either none or at least two bad paths. Rabin [15] shows that the language
To,1 (no bad paths) cannot be recognized by a Biichi automaton, by constructing a correct
tree which by pumping argument can be transformed to a tree with exactly one bad path
(mistakingly accepted by the hypothetical automaton). So this classical argument applies
to the language UBy;, without any changes. [

As we have argued in the introduction, this example somehow breaks the analogy be-
tween the class of Biichi recognizable tree languages and that of analytic sets. It turns out
that the topological complexity, and the automata-theoretic complexity, although closely
related, do not always coincide.

4. Conclusion

The automata-theoretic hierarchies, in particular the index hierarchies for non-determi-
nistic and alternating tree automata, are studied because of the issues of expressibility and
complexity. Typically, the higher the level in the hierarchy, the higher the expressive power
of automata, but also the complexity of the related algorithmic problems (like emptiness
or inclusion). Once the strictness of the hierarchy is established [7, 8], the next important
problem is an effective simplification, i.e., determining the exact level of an object (e.g.,
a tree language) in the hierarchy. The problem is generally unsolved (see [9] for a recent
development in this direction). One may expect that a better understanding of structural
properties of the hierarchy can bring a progress also in this problem. We believe that ideas
coming from descriptive set theory, like separation and reduction properties, uniformization,
or completeness, can be helpful here.

The inseparable pairs of co-analytic sets are common in mathematics. Natural examples
include the set of all continuous real-valued functions on the unit interval [0, 1] which are
everywhere differentiable together with the set of all continuous real-valued functions on
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the unit interval [0, 1] which are not differentiable in exactly one point, but as in this case,
other examples usually reflect the same pattern of WF vs. UB (c.f. [6]). In contrast, our
pair presented in Section 2 is very symmetric: the two sets are copies of each other up to a
symbolic renaming. Recently, Saint Raymond [16] established that the pair WF vs. UB is
complete (in the sense of Wadge) with respect to all coanalytic pairs in the Cantor set. In
the proof he uses an interesting example of another complete coanalytic pair, which exhibits
certain symmetric properties. Building on his results, in subsequent work, we show that the
pair Wo 1, W671, has an analogous completeness property.

Our example shows that the first separation property fails for the co-Biichi class (X4 in
the fixed-point hierarchy) while, by Rabin results [15], it holds for the Biichi class (I1}). By
this we have also settled a missing case in a classification by Santocanale and Arnold [17].
However, these authors were interested in the relative separation property (as explained in
our introduction), as they primarily wanted to find if the ambiguous class II, N ¥} can
be effectively captured by Comp(ITh _; UX! ). As this coincidence turned out to fail for

n—1
n > 3, it is meaningful to ask if the status of the first separation property established for
the Biichi/co-Biichi classes, continues to hold for the higher-level classes I1}, /%4 That is, if
two disjoint sets definable in II}, can always be separated by a set in IT;, N X5. (A similar
question for ¥}, with expected answer negative.) In our opinion, it is an interesting problem,
which may challenge for a better understanding of the topological structure of recognizable
languages above IT{ U 21.
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