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Abstract. We give the first ExpTime (optimal) tableau decision pro-
cedure for checking satisfiability of a knowledge base in the description
logic ALC, not based on transformation that encodes ABoxes by nom-
inals or terminology axioms. Our procedure can be implemented as an
extension of the highly optimized tableau prover TGC [12] to obtain an
efficient program for the mentioned satisfiability problem.

1 Introduction

Description logics (DLs) are a family of knowledge representation languages
which can be used to represent the terminological knowledge of an application
domain in a structured and formally well-understood way [1]. We can use them,
for example, for conceptual modeling or as ontology languages. The logical for-
malisms of OWL (Web Ontology Language), recommended by W3C, are based
on description logics.

Description logics represent the domain of interest in terms of concepts, indi-
viduals, and roles. A concept is interpreted as a set of individuals, while a role
is interpreted as a binary relation among individuals. A knowledge base in a DL
usually has two parts: a TBox consisting of terminology axioms, and an ABox
consisting of assertions about individuals. One of the basic inference problems
in DLs, which we denote by Sat, is to check satisfiability of a knowledge base.
Other inference problems in DLs are usually reducible to this problem. For ex-
ample, the problem of checking consistency of a concept w.r.t. a TBox (further
denoted by Cons) is linearly reducible to Sat.

Both problems, Sat and Cons, in the basic description logic ALC are
ExpTime-complete. The hardness of Cons, and hence also of Sat, was proved
by Schild in [17]. As shown in [17], ALC is a sub-logic of propositional dynamic
logic (PDL). Therefore, by “internalizing” the TBox, Pratt’s ExpTime algo-
rithm [15] for PDL can be used as a decision procedure for Cons. In [3], by
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encoding the ABox by “nominals” and “internalizing” the TBox, De Giacomo
showed that the complexity of checking consistency of an ABox w.r.t. a TBox
(i.e., checking satisfiability of a knowledge base) in CPDL (PDL with converse)
is ExpTime-complete. In [4], using a transformation that encodes the ABox by
terminology axioms plus a concept assertion, De Giacomo and Lenzerini showed
that the mentioned problem is also ExpTime-complete for the description logic
CIQ (an extension of CPDL).

As it was not clear how to apply optimization techniques to Pratt’s algo-
rithm, Donini and Massacci [2] gave an ExpTime tableau algorithm directly
for checking consistency of a concept w.r.t. a TBox in ALC to which different
optimization techniques can be applied. Their algorithm, however, permanently
caches “all and only unsatisfiable sets of concepts”, and temporarily caches vis-
ited nodes on the current branch, even though this means that “many potentially
satisfiable sets of concepts are discarded when passing from a branch to another
branch” [2]. In [6], Goré and Nguyen gave an ExpTime tableau decision proce-
dure based on “and-or” graphs with global caching for checking consistency of
a concept w.r.t. a TBox in ALC. The idea is similar to the one of Pratt, but
their procedure was designed with “on-the-fly” propagation of unsatisfiability,
and different optimization techniques can easily be incorporated into it [8].

Despite that the upper-bound ExpTime has been known for the complexity
of the satisfiability problem in CPDL (and ALC), implemented tableau provers
for description logics like DLP and FaCT [10] usually have non-optimal com-
plexity 2ExpTime. In the overview [1], Baader and Sattler wrote: “The point in
designing these [non-optimal] algorithms was not to prove worst-case complexity
results, but . . . to obtain ‘practical’ algorithms . . . that are easy to implement
and optimise, and which behave well on realistic knowledge bases. Nevertheless,
the fact that ‘natural’ tableau algorithms for such ExpTime-complete logics are
usually NExpTime-algorithms is an unpleasant phenomenon. . . . Attempts to
design ExpTime-tableaux for such logics (De Giacomo et al., 1996; De Giacomo
and Massacci, 1996; Donini and Massacci, 1999) usually lead to rather compli-
cated (and thus not easy to implement) algorithms, which (to the best of our
knowledge) have not been implemented yet.” [1, page 26].

Recently, the first author has implemented a tableau prover called TGC
(Tableaux with Global Caching) [12] for checking consistency of a concept w.r.t.
a TBox in ALC. The prover is based on the decision procedure developed by
himself and Goré [6] that was mentioned above. He has developed and imple-
mented for TGC a special set of optimizations that co-operates very well with
global caching and various search strategies on search spaces of the form of “and-
or” graphs. The test results of TGC on the sets T98-sat and T98-kb of DL’98
Systems Comparison are comparable with the test results of the best systems
DLP-98 and FaCT-98 that took part in that comparison (see [12]). One can say
that the mentioned test sets are not representative for practical applications,
but the comparison at least shows that optimization techniques can be applied
together with global caching to obtain decision procedures that are both efficient
in practice and optimal w.r.t. complexity.
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In this paper, we extend the mentioned decision procedure by Goré and
Nguyen [6] to give the first ExpTime (optimal) tableau decision procedure for
checking satisfiability of a knowledge base in ALC, not based on transformation.
Extending TGC [12] with this procedure would result in an efficient program for
checking satisfiability of a knowledge base in ALC.

The rest of this paper is structured as follows. In Section 2, we introduce
notation and semantics of ALC. In Section 3, we give a tableau calculus for
the considered problem. In Section 4, we prove its soundness and completeness.
In Section 5, we present our decision procedure, which is based on the calculus.
Optimizations for the procedure are discussed in Section 6. Conclusions are given
in Section 7.

2 Notation and Semantics of ALC
We use A and B to denote concept names, R and S for role names, and a and
b for individual names. (We refer to A and B also as atomic concepts, to R and
S as roles, and to a and b as individuals.) We use C and D to denote arbitrary
concepts.

Concepts in ALC are formed using the following BNF grammar:

C, D ::= � | ⊥ | A | ¬C | C � D | C � D | ∀R.C | ∃R.C

A TBox is a finite set of axioms of the form C � D or C
.= D. An ABox is

a finite set of assertions of the form a : C (concept assertion) or R(a, b) (role
assertion). A knowledge base in ALC is a pair (T ,A), where T is a TBox and A
is an ABox. A formula is defined to be either a concept or an ABox assertion.

An interpretation I = 〈ΔI , ·I〉 consists of a non-empty set ΔI , the domain of
I, and a function ·I , the interpretation function of I, that maps every concept
name A to a subset AI of ΔI , maps every role name R to a binary relation
RI on ΔI , and maps every individual name a to an element aI ∈ ΔI . The
interpretation function is extended to complex concepts as follows.

�I = ΔI ⊥I = ∅ (¬C)I = ΔI \ CI

(C � D)I = CI ∩ DI (C � D)I = CI ∪ DI

(∀R.C)I =
{
x ∈ ΔI | ∀y

[
(x, y) ∈ RI implies y ∈ CI]}

(∃R.C)I =
{
x ∈ ΔI | ∃y

[
(x, y) ∈ RI and y ∈ CI]}

An interpretation I satisfies a concept C if CI �= ∅, and validates a concept C
if CI = ΔI . Clearly, I validates a concept C iff it does not satisfy ¬C.

An interpretation I is a model of a TBox T if for every axiom C � D (resp.
C

.= D) of T , we have that CI ⊆ DI (resp. CI = DI).
An interpretation I is a model of an ABox A if for every assertion a :C (resp.

R(a, b)) of A, we have that aI ∈ CI (resp. (aI , bI) ∈ RI).
An interpretation I is a model of a knowledge base (T ,A) if I is a model of

both T and A. A knowledge base (T ,A) is satisfiable if it has a model.
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We say that an interpretation I satisfies a set X of concepts if there exists
x ∈ ΔI such that x ∈ CI for all C ∈ X . We say that a set X of concepts is
satisfiable w.r.t. a TBox T if there exists a model of T that satisfies X . For
X = Y ∪ A, where Y is a set of concepts and A is an ABox, we say that X is
satisfiable w.r.t. a TBox T if there exists a model of T and A that satisfies X .

Example 2.1. Consider the domain of web pages. Let

T = {perfect � interesting � ∀link .perfect}
A = {a :perfect , link(a, b)}

It can be shown that b is an instance of the concept ∀link .interesting w.r.t.
the knowledge base (T ,A), i.e., for every model I of (T ,A), we have that bI ∈
(∀link .interesting)I . To prove this one can show that the knowledge base (T ,A′),
where A′ = A ∪ {b :∃link .¬interesting}, is unsatisfiable. �

3 A Tableau Calculus for ALC
Let (T ,A) be a knowledge base in ALC. In this section, we present a tableau
calculus for the problem of checking satisfiability of (T ,A).

We assume that concepts and ABox assertions are represented in negation
normal form (NNF), where ¬ occurs only directly before atomic concepts1. We
denote the NNF of ¬C by C. For simplicity, we treat axioms of T as concepts
representing global assumptions: an axiom C � D is treated as C � D, while
an axiom C

.= D is treated as (C � D) � (D � C). That is, we assume that
T consists of concepts in NNF. Thus, an interpretation I is a model of T iff
I validates every concept C ∈ T . As this way of handling the TBox is not
efficient in practice, in Section 6 we present an optimization technique called
“absorption” for improving the performance of our algorithm.

Tableau rules are written downwards, with a set of formulas above the line
as the premise and a number of sets of formulas below the line as the (possible)
conclusions. A k-ary tableau rule has k possible conclusions. A tableau rule
is either an “or”-rule or an “and”-rule. Possible conclusions of an “or”-rule
are separated by ‘|’, while conclusions of an “and”-rule are separated/specified
using ‘&’. If a rule is a unary rule or an “and”-rule then its conclusions are “firm”
and we ignore the word “possible”. An “or”-rule has the meaning that, if the
premise is satisfiable w.r.t. the TBox T then some of the possible conclusions is
also satisfiable w.r.t. T . On the other hand, an “and”-rule has the meaning that,
if the premise is satisfiable w.r.t. T then all of the conclusions are also satisfiable
w.r.t. T .

If X is a set of formulas and ϕ is a formula then we write X, ϕ to denote the
set X ∪ {ϕ}. Define tableau calculus CALC w.r.t. a TBox T to be the set of
the tableau rules given in Table 1, in which X denotes a set of concepts, and Y
denotes a set of ABox assertions. Note that, for each of the rules (�′), (�′), (∀′),
the premise is a subset of each of the possible conclusions. We assume that the
1 Every formula can be transformed to an equivalent formula in NNF.
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Table 1. Rules of the tableau calculus CALC

(⊥0)
X,⊥
⊥ (⊥)

X, A,¬A

⊥ (�)
X, C � D

X, C, D
(�)

X, C � D

X, C | X, D

(trans)
X

&{ ({C} ∪ {D s.t. ∀R.D ∈ X} ∪ T ) s.t. ∃R.C ∈ X }

(⊥′
0)

Y, a :⊥
⊥ (⊥′)

Y, a :A, a :¬A

⊥ (∀′)
Y, a :∀R.C, R(a, b)

Y, a :∀R.C, R(a, b), b :C

(�′)
Y, a : (C � D)

Y, a : (C � D), a :C, a :D
(�′)

Y, a : (C � D)

Y, a : (C � D), a :C | Y, a : (C � D), a :D

(trans′)
Y

&{ ({C} ∪ {D s.t. (a :∀R.D) ∈ Y } ∪ T ) s.t. (a :∃R.C) ∈ Y }

rules (�′), (�′), (∀′) are applicable only when the premise is a proper subset of
each of the possible conclusions2.

The rules (trans) and (trans′) are the only “and”-rules and the only transi-
tional rules. Instantiating, for example, (trans) to X = {∃R.C1, ∃R.C2, ∃S.C3,
∀R.C4, ∀R.C5, ∀S.C6} and T = {C7} we get three conclusions: {C1, C4, C5, C7},
{C2, C4, C5, C7}, and {C3, C6, C7}. The other rules of CALC are “or”-rules,
which are also called static rules3. Notice that the transitional rules deal with
“realization” of formulas of the form ∃R.C or a : ∃R.C. Note also that the conclu-
sions of the rule (trans′) consist of only concepts (but not ABox assertions). For
any static rule of CALC, the distinguished formulas of the premise are called the
principal formulas of the rule. The principal formulas of the rule (trans) (resp.
(trans′)) are the formulas of the form ∃R.C (resp. a : ∃R.C) of the premise.

We assume the following preferences for the rules of CALC: the rules (⊥0),
(⊥), (⊥′

0), and (⊥′) have the highest priority; unary static rules have a higher
priority than non-unary static rules; all the static rules have a higher priority
than the transitional rules.

An “and-or” graph for (T ,A), also called a tableau for (T ,A), is an “and-
or” graph defined as follows. The graph will contain nodes of two kinds: complex
nodes and simple nodes. The label of a complex node consists of ABox assertions,
while the label of a simple node consists of concepts. The root of the graph is
a complex node with label A∪ {(a :C) | C ∈ T and a is an individual occurring
in A}. Complex nodes are expanded using the “prime” rules of CALC (i.e. (⊥′

0),
(⊥′), (�′), (�′), (∀′), (trans′)), while simple nodes are expanded using the other

2 This guarantees that sequences of applications of (�′), (�′), (∀′) are always finite.
3 As it can be seen later, it does not matter whether a unary static rule is treated as

an “and”-rule or as an “or”-rule.
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rules of CALC4. The graph will never contain edges from a simple node to
a complex node. For every node v of the graph, if a k-ary rule δ is applicable to
(the label of) v in the sense that an instance of δ has the label of v as the premise
and Z1, . . . , Zk as the possible conclusions, then choose such a rule accordingly
to the preference and apply it to v to make v have k successors w1, . . . , wk with
labels Z1, . . . , Zk, respectively.5. If the graph already contains a node w′

i with
label Zi then instead of creating a new node wi with label Zi as a successor of
v we just connect v to w′

i and assume wi = w′
i. If the applied rule is (trans)

or (trans′) then we label the edge (v, wi) by the principal formula (of the form
∃R.C or a :∃R.C) that corresponds to the successor wi. If the rule applied to v
is an “or”-rule then v is an “or”-node, else v is an “and”-node. The information
about which rule is applied to v is recorded for later uses. If no rule is applicable
to v then v is an end node. Note that each node is “expanded” only once (using
one rule). Also note that the graph is constructed using global caching [15,7,9]
and its nodes have unique labels.

A marking of an “and-or” graph G is a subgraph G′ of G such that:

– the root of G is the root of G′.
– if v is a node of G′ and is an “or”-node of G then there exists at least one

edge (v, w) of G that is an edge of G′.
– if v is a node of G′ and is an “and”-node of G then every edge (v, w) of G is

an edge of G′.
– if (v, w) is an edge of G′ then v and w are nodes of G′.

A marking G′ of an “and-or” graph G for (T ,A) is consistent if it does not
contain any node with label {⊥}.

Theorem 3.1 (Soundness and Completeness of CALC). Let (T ,A) be
a knowledge base in negation normal form in the logic ALC, and let G be an
“and-or” graph for (T ,A). Then (T ,A) is satisfiable iff G has a consistent
marking. �

The “only if” direction means soundness of CALC, while the “if” direction means
completeness of CALC. See Section 4 for the proof of this theorem.

Example 3.2. Reconsider Example 2.1. As abbreviations, let I = interesting,
P = perfect , L = link , and ϕ = ¬P � (I � ∀L.P ). We have A′ = {a :P , L(a, b),
b :∃L.¬I}, and in NNF, T = {ϕ}. In Figure 1, we present an “and-or” graph for
(T ,A′). As the graph does not have any consistent marking, by Theorem 3.1,
the knowledge base (T ,A′) is unsatisfiable. �

4 Proofs of Soundness and Completeness of CALC
Lemma 4.1 (Soundness of CALC). Let (T ,A) be a knowledge base in nega-
tion normal form in the logic ALC, and let G be an “and-or” graph for (T ,A).
Suppose that (T ,A) is satisfiable. Then G has a consistent marking.
4 Only the “prime” rules may be applicable to a complex node, and only the remaining

rules may be applicable to a simple node.
5 If there are several applicable rules of the same priority, choose any one of them.
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(1): (�′), or

a :P , L(a, b),
b :∃L.¬I,
a :ϕ, b :ϕ

��

��

(2): (⊥′)

a :P , a :¬P ,
. . .

�� (4)

⊥

(3): (�′)

a :P , L(a, b),
b :∃L.¬I,
a :ϕ, b :ϕ,

a :I � ∀L.P

��

(5): (∀′)

a :P , L(a, b),
b :∃L.¬I,
a :ϕ, b :ϕ,

a :I � ∀L.P ,
a :I, a :∀L.P

��

(6): (�′), or

a :P , L(a, b),
b :∃L.¬I,
a :ϕ, b :ϕ,

a :I � ∀L.P ,
a :I, a :∀L.P ,

b :P

��

���
��

��
��

�

(7): (⊥′)

b :¬P , b :P ,
. . .

�����������������

(11): (⊥)

¬I, P , ¬P

��

(10): (�), or

¬I, P , ϕ
��

���
��

��
��

��
��

��
��

(9): (trans′)

a :P , L(a, b),
b :∃L.¬I,
a :ϕ, b :ϕ,

a :I � ∀L.P ,
a :I, a :∀L.P ,

b :P ,
b :I � ∀L.P ,
b :I, b :∀L.P

��

(8): (�′)

a :P , L(a, b),
b :∃L.¬I,
a :ϕ, b :ϕ,

a :I � ∀L.P ,
a :I, a :∀L.P ,

b :P ,
b :I � ∀L.P

��

(4)

⊥

(13): (⊥)

¬I, P ,
I, ∀L.P

��
(12): (�)

¬I, P ,
I � ∀L.P

��

Fig. 1. An “and-or” graph for the knowledge base ({ϕ}, {a : P , L(a, b), b : ∃L.¬I}),
where ϕ = ¬P � (I � ∀L.P ). The edge ((9), (10)) is labeled by b :∃L.¬I .

Proof. We construct a consistent marking G′ of G as follows. At the beginning,
G′ contains only the root of G. Then, for every node v of G′ and for every
successor w of v in G, if the label of w is satisfiable w.r.t. T , then add w and
the edge (v, w) to G′. It is easy to check that G′ is a consistent marking of G. �

We prove completeness of CALC via model graphs. The technique has been used
in [16,5,13] for other logics. A model graph is a tuple 〈Δ, C, E〉, where:
– Δ is a finite set, which contains (amongst others) all individual names (oc-

curring in the considered ABox);
– C is a function that maps each element of Δ to a set of concepts;
– E is a function that maps each role name to a binary relation on Δ.

A model graph 〈Δ, C, E〉 is saturated if every x ∈ Δ satisfies:
(1) if C � D ∈ C(x) then {C, D} ⊆ C(x)
(2) if C � D ∈ C(x) then C ∈ C(x) or D ∈ C(x)
(3) if ∀R.C ∈ C(x) and (x, y) ∈ E(R) then C ∈ C(y)
(4) if ∃R.C ∈ C(x) then there exists y ∈ Δ s.t. (x, y) ∈ E(R) and C ∈ C(y).
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A saturated model graph 〈Δ, C, E〉 is consistent if no x ∈ Δ has C(x) containing
⊥ or containing a pair A, ¬A for some atomic concept A.

Given a model graph M = 〈Δ, C, E〉, the interpretation corresponding to M is
the interpretation I = 〈Δ, ·I〉 where AI = {x ∈ Δ | A ∈ C(x)} for every concept
name A, RI = E(R) for every role name R, and aI = a for every individual
name a.

Lemma 4.2. If I is the interpretation corresponding to a consistent saturated
model graph 〈Δ, C, E〉, then for every x ∈ Δ and C ∈ C(x) we have x ∈ CI .

Proof. By induction on the structure of C. �

Let G be an “and-or” graph for (T ,A) with a consistent marking G′ and let v
be a node of G′. A saturation path of v w.r.t. G′ is a finite sequence v0 = v,
v1, . . . , vk of nodes of G′, with k ≥ 0, such that, for every 0 ≤ i < k, vi is an
“or”-node and (vi, vi+1) is an edge of G′, and vk is an “and”-node. Note that
each node v of G′ has a saturation path.

Remark 4.3. If a sequence v0, v1, . . . , vk is a saturation path of v0 w.r.t. a con-
sistent marking then:

– if v0 is a complex node then the label of each vi is a subset of the label of vk,
– if v0 is a simple node then all concepts of the form ∀R.C or ∃R.C of the

label of each vi belong to the label of vk. �

Lemma 4.4 (Completeness of CALC). Let (T ,A) be a knowledge base in
negation normal form in the logic ALC, and let G be an “and-or” graph for
(T ,A). Suppose that G has a consistent marking G′. Then (T ,A) is satisfiable.

Proof. We construct a model graph M = 〈Δ, C, E〉 as follows:

1. Let v0 be the root of G′ and let v0, . . . , vk be a saturation path of v0 w.r.t.
G′. Let Δ0 be the set of all individuals occurring in A and set Δ := Δ0.
For each a ∈ Δ0, set C(a) to the set of all concepts C such that a : C
belongs to the label of vk, and mark a as unresolved. (Each node of M will
be marked either as unresolved or as resolved.) For each role name R, set
E(R) := {(a, b) | R(a, b) ∈ A}.

2. While Δ contains unresolved nodes, take one unresolved node x and do:
(a) For every concept ∃R.C ∈ C(x) do:

i. If x ∈ Δ0 then:
– Let u = vk.
– Let w0 be the node of G′ such that the edge (u, w0) is labeled

by (x :∃R.C). (Note that C belongs to the label of w0.)
ii. Else:

– Let u = f(x). (f is a constructed mapping that maps each node
of M not belonging to Δ0 to an “and”-node of G′. As a main-
tained property of f , ∃R.C belongs to the label of u.)

– Let w0 be the node of G′ such that the edge (u, w0) is labeled
by ∃R.C. (Note that C belongs to the label of w0.)
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iii. Let w0, . . . , wh be a saturation path of w0 w.r.t. G′ and let X be
the sum of the labels of the nodes w0, . . . , wh.

iv. If there does not exist y ∈ Δ such that C(y) = X then: add a new
node y to Δ, set C(y) = X , mark y as unresolved, and set f(y) = wh.
(One can consider y as the result of sticking together the nodes
w0, . . . , wh of a maximal saturation path of G′. The above mentioned
property of f follows from Remark 4.3.)

v. Add the pair (x, y) to E(R).
(b) Mark x as resolved.

The above construction terminates and results in a finite model graph because:
for every x, x′ ∈ Δ \ Δ0, x �= x′ implies C(x) �= C(x′), and for every x ∈ Δ, C(x)
is a subset of the set of concepts occurring in (T ,A).

Clearly, M is a consistent model graph.
We show that M satisfies all Conditions (1)-(4) of being a saturated model

graph. M satisfies Conditions (1) and (2) because at Step 1 (of the construction
of M), the sequence v0, . . . , vk is a saturation path of v0, and at Step 2a, the
sequence w0, . . . , wh is a saturation path of w0. M satisfies Condition (4) because:
at Step 2a, C belongs to the label of w0 and hence also to C(y). For Condition (3),
assume x ∈ Δ, ∀R.D ∈ C(x), and (x, y) ∈ E(R). We show that D ∈ C(y).

Consider the case x ∈ Δ0. Since ∀R.D ∈ C(x), by Remark 4.3, (x : ∀R.D)
belongs to the label of vk. If y ∈ Δ0, then R(x, y) ∈ A (since (x, y) ∈ E(R)),
and hence (y : D) belongs to the label of vk (due to the tableau rule (∀′) and
Remark 4.3), and hence D ∈ C(y). Assume that y /∈ Δ0 and that y is created at
Step 2(a)iv. Since (x :∀R.D) belongs to the label of u = vk, by the tableau rule
(trans′), D belongs to the label of w0 and hence also to C(y).

Consider the case x /∈ Δ0 and Step 2a at which the pair (x, y) is added to
E(R). Because ∀R.D ∈ C(x) and the label of x is the sum of the labels of nodes
of a saturation path that ends at u, by Remark 4.3, we have that ∀R.D belongs
to the label of u. By the tableau rule (trans), it follows that D belongs to the
label of w0 and hence also to C(y).

Therefore M is a consistent saturated model graph.
By the definition of “and-or” graphs for (T ,A) and the construction of M : if

(a :C) ∈ A then C ∈ C(a); if R(a, b) ∈ A then (a, b) ∈ E(R); and T ⊆ C(a) for all
a ∈ Δ0. We also have that T ⊆ C(x) for all x ∈ Δ \ Δ0. Hence, by Lemma 4.2,
the interpretation corresponding to M is a model of (T ,A). �

5 A Simple ExpTime Decision Procedure for ALC

Algorithm 1 given in Figure 2 is a simple algorithm for checking satisfiability
of a knowledge base in ALC. Optimizations for it will be discussed in the next
section. Here is our main theorem:

Theorem 5.1. Algorithm 1 is an ExpTime (optimal) decision procedure for
checking satisfiability of a knowledge base in ALC.
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Algorithm 1
Input: a knowledge base (T ,A) in NNF.
Output: true if (T ,A) is satisfiable, and false otherwise.

1. construct an “and-or” graph G with root v0 for (T ,A);
2. UnsatNodes := ∅;
3. if G contains a node v⊥ with label {⊥} then

(a) V := {v⊥};
(b) while V is not empty do:

i. take out a node v from V ;
ii. for every father node u of v, if u /∈ UnsatNodes and either u is an

“and”-node or u is an “or”-node and all the successor nodes of u belong
to UnsatNodes then add u to both UnsatNodes and V ;

4. return false if v0 ∈ UnsatNodes, and true otherwise.

Fig. 2. Algorithm for checking satisfiability of a knowledge base in ALC

To prove this theorem we need some definitions and a lemma.
For a formula ϕ, by sc(ϕ) we denote the set of all subconcepts of ϕ, including

ϕ if it is a concept. For a set X of formulas, define

sc(X) = {C | C ∈ sc(ϕ) for some ϕ ∈ X}
sf (X) = {C, (a :C) | C ∈ sc(ϕ) for some ϕ ∈ X , and a occurs in X}.

Define the length of a formula to be the number of its symbols, and the size of
a finite set of formulas to be the length of the conjunction of its formulas.

Lemma 5.2. Let (T ,A) be a knowledge base in NNF, n be the size of T ∪ A,
and G be an “and-or” graph for (T ,A). Then G has 2O(n2) nodes and the label
of each node v of G is a subset of sf (T ∪ A), which consists of at most O(n)
concepts if v is a simple node, and consists of at most O(n2) assertions if v is
a complex node.

Proof. The label of each simple node of G is a subset of sc(T ∪A) and therefore
consists of at most O(n) concepts. Since the labels of simple nodes are unique,
G has 2O(n) simple nodes. The label of each complex node of G is a subset of
sf (T ∪ A) and therefore consists of at most O(n2) assertions. It can be seen
that each path of complex nodes in G has length of rank O(n2) (the rank of the
cardinality of sf (T ∪ A)). Hence G contains 2O(n2) complex nodes. �

Proof (of Theorem 5.1). It is easy to see that the “and-or” graph G with root v0

for (T ,A) has a consistent marking iff v0 /∈ UnsatNodes. Hence, by Theorem 3.1,
Algorithm 1 is a decision procedure for checking satisfiability of (T ,A). By
Lemma 5.2, G can be constructed in 2O(n2) steps. The set UnsatNodes can be
computed in polynomial time in the size of G. Hence the algorithm runs in 2O(n2)

steps. �
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6 Optimizations

Treating axioms of the TBox as concepts representing global assumptions is not
efficient because it generates too many expansions of the kind “or”. A solution
for this problem is to use absorption techniques. A basic kind of absorption is
lazy unfolding for acyclic TBoxes6. For the case the TBox is acyclic and consists
of only concept definitions of the form A

.= C, by using lazy unfolding, A is
treated as a reference to C and will be “unfolded” only when necessary. Using
this technique, TGC runs on the test set DL’98 T98-kb equally well as on the test
set DL’98 T98-sat. For the case the TBox is acyclic and contains also concept
inclusions of the form A � C, a simple solution can be adopted: treat A � C
as A

.= (C � A′) for a new atomic concept A′. For the case the TBox is cyclic,
one can try to divide the TBox into two parts T1 and T2, where T1 is a maximal
acyclic sub-TBox “not depending” on the concepts defined in T2, then one can
apply the mentioned “replacing” and “lazy unfolding” techniques for T1.

Observe that Algorithm 1 first constructs an “and-or” graph and then checks
whether the graph contains a consistent marking. To speed up the performance
these two tasks can be done concurrently. For this we update the set UnsatNodes
mentioned in the algorithm and check the condition v0 ∈ UnsatNodes “on-the-
fly” during the construction of G.

During the construction of the “and-or” graph G, if a subgraph of G has been
fully expanded (in the sense that all of its nodes and their descendants have
been expanded) then each node of the subgraph can be determined to be unsat
(unsatisfiable w.r.t. T ) or sat (satisfiable w.r.t. T ) regardlessly of the rest of G:
if a node of the subgraph could not have been determined to be unsat then we
can set its status to sat.

For further optimizations techniques, we refer the reader to [12,10,2].

7 Conclusions

Recall that, in [3] the ABox is encoded by nominals, while in [4] the ABox is
encoded by terminology axioms plus a concept assertion. These approaches are
not efficient in practice: in the well-known tutorial [11], Horrocks and Sattler
wrote “direct algorithm/implementation instead of encodings” and “even simple
domain encoding is disastrous with large numbers of roles”.

In this work we have given the first ExpTime (optimal) tableau decision
procedure not based on transformation for checking satisfiability of a knowledge
base in the description logic ALC. Our procedure can be implemented as an
extension of the highly optimized tableau prover TGC [12] to obtain an efficient
program for the mentioned satisfiability problem.

As new methods, apart from incorporating individuals into (non-prefixed)
tableaux, we defined tableaux directly as “and-or” graphs with global caching,
6 If A is defined by A

.
= C or A 
 C, and B occurs in C, then A directly depends

on B. Let binary relation “depend” be the transitive closure of “directly depend”. If
in a TBox T no atomic concept depends on itself, then T is acyclic. For simplicity,
we assume that each atomic concept is defined at most once.
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while in [6,7,9] Goré and Nguyen used tree-like tableaux and formulated global
caching separately. Consequently, we do not have to prove soundness of global
caching when having soundness and completeness of the calculus, while Goré
and Nguyen [6,7,9] had to prove soundness of global caching separately after
having completeness of their calculi.

We have recently extended our methods for PDL [14]. We intend to extend
our methods also for other modal and description logics.
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6. Goré, R., Nguyen, L.A.: ExpTime tableaux for ALC using sound global caching.
In: Calvanese, D., et al. (eds.) Proc. of DL 2007, pp. 299–306 (2007)
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8. Goré, R., Nguyen, L.A.: Optimised ExpTime tableaux for ALC using sound global
caching, propagation and cutoffs. Manuscript (2007),
http://www.mimuw.edu.pl/~nguyen/papers.html
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