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Abstract. We propose so called clausal tableau systems for the common
modal logics K4, KD4 and S4. Basing on these systems, we give more
efficient decision procedures than those hitherto known for the considered
logics. In particular space requirements for our logics are reduced from
the previously established bound O(n?.logn) to O(n.logn).

1 Introduction

It is well known that complexity of provability for the modal logics K4, KD4
and S4 is PSPACE-complete [5]. Recently, some authors have analyzed space
requirements for modal logics [4, 10,1, 8]. In [4] Hudelmaier translates formulae
to clausal form and proposes a contraction-free sequent calculus, which is defined
only for clauses and has a decreasing measure for rules, for S4. Using the measure
he has shown that provability for S4 is decidable in O(n?.logn)-space. Basing
on labeled sequent systems, Vigano in [10] and Basin, Matthews and Vigano in
[1] have given decision procedures for the logics K4 and KD4 using O(n?.logn)-
space.

In this paper we propose so called clausal tableau systems for the common
modal logics K4, KD4 and S4. Following Hudelmaier, our systems are defined
only for clauses. This simplifies proofs of completeness and gives a good method
to estimate space bounds for modal logics. We give algorithms that for a L-
satisfiable set X of clauses, where L is K4 or KD4 or S4, construct a L-model
for X that has a frame diameter of order O(n). Analyzing the algorithms allows
us to establish a lower space bound, O(n.logn), for the considered logics.

This work is based on the work of Hudelmaier [4]. What makes our space
bounds lower than the one of Hudelmaier is that we deal with constructing
models and with saturation. The idea is that if we consider the saturating oper-
ation to be atomic then the search tree will have a depth of order O(n) instead
of O(n?). Due to the lack of space, proofs have been omitted or considerably
shortened; see [8] for details.

* In M. Kutylowski, L. Pacholski, T. Wierzbicki (Eds.): Mathematical Foundations of
Computer Science 1999, 24th International Symposium, MFCS’99, Szklarska Poreba,
Poland, September 6-10, 1999, Proceedings. LNCS 1672, pages 321-331, Springer,
1999.



2 Preliminaries

2.1 Syntax and Semantics Definition for Modal Logics

A modal formula, hereafter simply called a formula, is any sequence of these
symbols obtained from the following rules: any primitive proposition p; is a
formula, and if ¢ and ¢ are formulae then so are (—¢), (¢ V 1), and (O¢).

We use letters like p and ¢ to denote primitive propositions. We call formulae
of the forms p or —p classical literals and use letters like a, b, ¢ to denote them.
We call formulae of the forms a, Oa, or ~Oa atoms and use letters like A, B, C
to denote them. A simple clause is an atom or a disjunction of atoms. We write
[A1,..., Ak] to denote the simple clause A; V...V Ag. If ¢ is a simple clause
then O%¢p, where s > 1, is a clause. We use Greek letters like ¢, ¥,  to denote
formulae and clauses.

A Kripke frame is a triple (W, 7, R), where W is a nonempty set (of possible
worlds), 7 € W is the actual world, and R is a binary relation on W. If (w,w’) €
R then we say that the world w is reachable from the world w. A Kripke model
(resp. model graph) is a tuple (W, 7, R, h) (vesp. (W, 7, R, H)), where (W, 7, R) is
a Kripke frame, and h (resp. H) is a mapping from worlds to sets of primitive
propositions (resp. formulae); that is, h(w) (resp. H(w)) is the set of primitive
propositions (resp. formulae) which are “true” at the world w. We sometimes
treat model graphs as models with h being H restricted to the set of primitive
propositions.

A world w in a model graph M is said to be inconsistent if there is a prim-
itive proposition p such that both p and —p belong to H(w). A model graph is
consistent if it contains no inconsistent world.

Given some Kripke model M = (W, 7, R, h), and some w € W, we write
M,w E p iff p € h(w), and say that p is true at w in M. This satisfaction
relation F is then extended to more complex formulae as follows:

M,wEDp iff  pe h(w);

M,wkE —¢ iff M,wE ¢;

MwEoVvy iff MwE¢or M,wkE y;

M,wE O¢ iff  for all v € W such that R(w,v), M,v E ¢.

We say that M satisfies ¢ at w iff M, w E ¢. We say that M satisfies ¢, or ¢
is satisfied in M, ifft M, T F ¢.

In this paper we will consider the common modal logics K4, KD4 and S4.
These logics require the accessibility relation to be transitive. Additionally, S4
requires the accessibility relation to be reflexive, and KD4 requires the acces-
sibility relation to satisfy the formula Vx Jy R(z,y). For L being one of the
considered logics, we call these restrictions L-frame restrictions.

We call a model M a L-model if the accessibility relation of M satisfies all
L-frame restrictions. We say that ¢ is L-satisfiable if there exists a L-model of ¢.

For L being K4 or 84, and for a binary relation R , we write Extz(R') to
denote the least extension of R that satisfies all L-frame restrictions. It is clear
that this operator is well defined.



2.2 Modal Clauses

We write ¢1; ¢2;. . .; ¢r to denote the set {¢1, P, ..., ¢k} From now on, we use
letters like X, Y, Z to denote sets of formulae or clauses. We write X; Y to denote
XUY.For X = {¢1,02,...,dr}, we write O°X to denote O°¢y; O%¢o; ... ; Oy

We define modal-depth of a formula, denoted by mdepth, as follows: mdepth(a)
= 0, mdepth(O¢) = mdepth(p)+1, mdepth(—¢) = mdepth(¢), mdepth(pV ) =
mdepth(¢; ¥) = max(mdepth(p), mdepth(t))). For a clause ¢ = 0%, where v is
a simple clause, we define restrictive length of ¢ to be the length of the clause
O, and denote it by rlength($). We define restrictive length of a set of clauses
to be the sum of restrictive lengths of its elements. Restrictive length can be
understood as length in the common sense if sequences of O° are considered to
be primitive connectives.

We call two sets of formulae X and Y equisatisfiable in a logic L iff (X is
L-satisfiable iff Y is L-satisfiable).

Lemma 1. Let p be a primitive proposition which only occurs at the indicated
positions. Then the following pairs of sets of formulae are equisatisfiable in any
normal modal logic:

X;0%¢, -] and X;0%[¢,]

X»DS[é Y V(¢ and X;0%6, 1, (]

X;0%[¢, (v V()] and X;0%¢, —p|; O [p, ~]; O [p, (]
X»DS[¢, 0] and X; 0%[¢, Op); 05 [p, ~)]
X;0%¢,—0¢]  and X;0°%¢, ~Op]; 05 [p, ~y]
X;0%¢, 1] and X;0°%[¢, p|; O°[-p, ¢]

This lemma is well known (cf. [6]) and using it we can translate any formula
¢ to a set X of clauses such that:

— X is a set of clauses of the form O%[ay,...,ax], where s > 0, k > 1, or
O%[a, B], where s > 0 and B is an atom of the form Ob or —Ob;

— ¢ and X are equisatisfiable in any normal modal logic;

— the modal-depth of X is equal to the modal-depth of ¢ and the restrictive
length of X is linearly bounded by the length of ¢ (note that X can have
quadratic length).

During translation we treat sequences of 0O° as primitive connectives, which
allows us to do the task and encode X in O(n.logn)-space.

2.3 Syntax of Clausal Modal Tableau Systems

Our formulation of tableau systems is based on the work of Hintikka [3], Rauten-
berg [9] and Goré [2], and is defined only for sets of clauses. Given a formula, we
can translate it to an equisatisfiable set of clauses to be usable by our systems.
A tableau rule R consists of a numerator N above the line and a (finite) list
of denominators Dy, Ds, ..., Dj (below the line) separated by vertical bars.

N
Dy | Dy ... | Dx




The numerator is a finite set of clauses and so is each denominator. As we shall
see later, each rule is read downwards as “if the numerator is L-satisfiable, then
so is one of the denominators”.

A tableau system (or calculus) CL is a finite set of tableau rules. A CL-tableau
is a tree with nodes carrying sets of clauses such that if z is a node carrying
X and w1, y2, ...yx are all child nodes of z that carrying Y7, Y, ...Y%, then
there exists a CL-rule R such that R has k denominators and X is an instance
of the numerator of R and Y;, 1 < i < k, is the corresponding instance of the
denominator number ¢ of R.

A branch in a tableau is closed if it ends with L. A tableau is closed if all of
its branches are closed. A tableau is open if it is not closed. A set X of clauses
is said to be CL-consistent if every CL-tableau for X is open. If there is a closed
CL-tableau for X then we say that X is CL-inconsistent.

A tableau system CL is said to be sound if for any set X of clauses, if X is
L-satisfiable then X is CL-consistent. A tableau system CL is said to be complete
if for any set X of clauses, if X is CL-consistent then X is L-satisfiable.

3 Clausal Tableau Systems for K4, KD4 and S4

Tables 1 and 2 represent clausal tableau rules and calculi for the modal logics
K4, KD4 and S4. The connective [ has the following semantics: M, w F ¢
ift M,w E (O¢;¢); i.e. ¢ is a shortened form of O¢; ¢. When dealing with the
logic S4 we assume that the language does not contain the connective . The
calculi CK4 and CKD4 are built in a similar way as CS4; the rules (K4/)7 (K,),
(K4,), (K4p) and (K4,) are similar respectively to (K4), (T}.), (544), (S45) and
(54.). Note that in S4 we have 0°¢ = O¢. The proofs of soundness of the calculi
are straightforward.

3.1 Completeness of CS4

Definition 1. Let X be a CS4-consistent set of clauses. Let Y = X and repeat
the following steps until Y does not change:

— If Y is an instance of the numerator of the rule (V) then one of the cor-
responding instances of denominators of (V), lets say Z, must be CS4-
consistent. Set Y = Z.

— Let R be (S4,) or (S4p). If Y is an instance of the numerator of R and the
corresponding instance Z of the first denominator of R is CS4-consistent,
then setY = Z.

It is easily seen that this process always terminates. We call Y a first kind CS4-
saturation of X.

Definition 2. Let X be a CS4-consistent set of clauses. Let Y = X and repeat
the following steps until Y does not change:



(Tr) X),(’Di% where ¢ = [a1,...,ax]

(K4) % (54a) X; D;ﬁ;)asl[g;[ib]ﬂb}; a
(5%) = DYA;XI:;\aD\YI:;ﬂE/\'S;[g;[_(;l,:\E]Db]; 5 (54) gﬁ%{}—m
(d') Xifpig ot (kpy) XA ERY

where Y is a set of simple clauses

X;0

(K7) W& where ¢ = [au, ..., ak]
X;O[a, Ob]
(K4a) X; 00| X;U[a,00];a
(K1) X;0Y;02Z;0°U;H[a, ~0b)
Y X,0Y;02,0%U;0a | BY;52;00;Ha, ~0b]; —b

X;0Y;0Z;0%°U;0-0a

(K4e) LY, Lz, 0U;-0a; —a
where Z is a set of simple clauses
Table 1. Clausal tableau rules for K4, KD4 and S4
CL Rules

CK4  (V), (L), (Kr), (K4a), (K4b),(K4c),(K4:)
CKD4 (V), (1), (Kr), (K4a), (K4), (K4.), (K4 ), (KD4)
CS4  (V), (L), (Tr), (54a), (S4), (54), (K4)

Table 2. Clausal tableau calculi for K4, KD4 and S4



— Let R be (V) or (T,.). If Y is an instance of the numerator of R then one
of the corresponding instances of denominators of R, lets say Z, must be
CS4-consistent. Set Y = Z.

— IfY is an instance of the numerator of the rule (S4,) then setY to be the
corresponding instance of the second denominator of (S4,).

It is easily seen that this process always terminates. We call Y a second kind
CS4-saturation of X.

In the following algorithm, and in Algorithm 3 as well, we assume that we
have oracles to compute the steps 2b and 4.

Algorithm 1 Let X be a CS4-consistent set of clauses. We construct a consis-
tent S4-model graph M = (W, 1, R, H) that satisfies X as follows:

1. Set W ={1}, Ho(t) = X, Ry = Ry =0, and mark T as unsolved.
2. (a) Take an unsolved world w from W.
(b) Let Hy(w) be a first kind CS4-saturation of Ho(w).
(c) For every atom —Oa from Hy(w):
— Crreate a new world wg, add it to W and mark it as unsolved.
— Set RO = Ro U{(w,wa)}.
~ Set Ho(wq) = {~a} U{DY[OY € H, (w)}.
(d) For every clause ¢ € Hy(w) such that ¢ = 0%, where s > 1 and
(b = a,~08] or v = ~0Ob):
— LetY ={-b}U {0Z | 0Z € Hy(w)}.
— If there exists a world wy € W such that wy = w or Rj(we,w), and
Y C Hy(wy), then set R1 = Ry |J {(w,wy)};
— else
o Create a new world wg, add it to W and mark it as unsolved.
o Set Ry = Ro U{(w,we)}, and Ho(wy) =Y.
(e) Mark w as resolved.
While there are unsolved worlds, repeat the step 2.
For every w € W, let H(w) be a second kind CS4-saturation of Hy(w).
Set R = E$t54(Ro U Rl)

AR

In the step 2d, we use R to denote the transitive closure of Ry. The step
2¢ corresponds to the rule (K4), the step 2d to the rules (S4;) and (S4.). It is
easily seen that the number of possible contents of nodes is finitely bounded. It
follows that this algorithm always terminates.

Lemma 2. Let M be the model graph constructed by Algorithm 1. Then M is
a consistent S4-model graph and for any w € W and ¢ € H(w), M,w F ¢.

Proof. Tt is clear that M is consistent and R satisfies all S4-frame restrictions.
Suppose that ¢ € H(w), we show that M, w E ¢.

It is easily seen that ¢ cannot be of the form [A;,..., A] with k& > 1.

Case ¢ = —Oa : We have Ry(w,w,) A (—a) € Hy(w,). Hence M, w E ¢.



Case ¢ = O%[ay,...,a], where s > 1 : We claim that for any u € W such
that ¢ € H;(u) the following assertions hold:

M,uwE [ay,...,a;]

Yo Ro(u,v) — ¢ € H1(v)

Yo Ry(u,v) — ¢ € Hy(v)

Yo R(u,v) — (M,v F [a1,...,ax])

It follows that Vu € W ¢ € Hi(u) — (M,u F ¢). Since ¢ € H(w), it is easily
seen that ¢ € Hy(w). Therefore M, w F ¢.

Case ¢ = O%[a, 0b], where s > 1 : We claim that for any v € W such that
¢ € Hp(u) the following assertions hold:

0Obe H(u)Va e H(u)
Yo Ro(u,v) — ¢ € Ho(v) v Ob € H(v)
Vv Ri(u,v) — ¢ € Hy(v) vV Ob € H(v)

It follows that Yu € W ¢ € Hy(u) — (M,u F ¢). Since ¢ € H(w), it is easily
seen that ¢ € Hy(w). Therefore M, w F ¢.

Case ¢ = O%[a, ~0b], where s > 1 : We claim that for any u € W such that
¢ € Hy(u) the following assertions hold:

Jv R(u,v) A (—b) € H(v)
Yv Ro(u,v) — ¢ € Hy(v) vV Oa € Hy(v)
Yo Ry(u,v) — ¢ € Hy(v)

It follows that Yu € W ¢ € Hy(u) — M,u E ¢. Since ¢ € H(w), it is easily seen
that ¢ € Hy(w). Therefore M, w E ¢.
Case ¢ = 0°—0a, where s > 1, is similar to the preceding case.

Corollary 1. Let X be a CS4-consistent set of clauses. Let M be the model
graph constructed by Algorithm 1 for the input X. Then M is a S4-model of X .

Proof. By Lemma 2, M is a consistent S4-model graph and M F H (7). Since
H(7) is a second kind CS4-saturation of H;(7), which is a first kind CS4-
saturation of X, we conclude that M F X.

We arrive at

Theorem 2. The calculus CS4 is sound and complete.

3.2 Completeness of CK4 and CKD4

In this subsection we use L to denote K4 or KD4, and we write CL to de-
note the corresponding calculus. We define the first and the second kind of
CL-saturation in the same way as for CS4 as in Definitions 1 and 2, with (54,),
(S4p) and (T;) replaced by (K4,), (K4;) and (K), respectively. We will use
Create AN ewW orldFrom(w, z) to denote the following:



— Let z be a new world, add it to W and mark it as unsolved.
— Set Rp = RoU {(w, z)}.

Algorithm 3 Let X be a CL-consistent set of clauses not containing the con-
nective 1. We construct a consistent CL-model graph M = (W,7,R, H) that
satisfies X as follows:

1.
2.

AR

Set W = {7}, Ho(1) = X, Ro = R1 = 0, and mark T as unsolved.
(a) Take an unsolved world w from W.
(b) Let Hy(w) be a first kind CL-saturation of Ho(w).
(c) For every atom —Oa from Hq(w):
— CreateANewWorldFrom(w, w, ).
~ Set Ho(wa) = {~a} U{0Z | 027 € Hy(w)} U
U {BY | OY € H(w) and Y is a set of simple clauses}
(d) If the connective O occurs in Hy(w) then:
For every clause ¢ € Hy(w) such that ¢ = [, where s > 1 and (¢ =
[a, —~0Ob] or ¢ = —0b):
— CreateANewWorldFrom(w,ws ).
— Set Ho(w¢) = {"b}U {DU | 02U € Hl(w)}U
{DY | LY € Hl(w) v ay e Hl(w)
and Y is a set of simple clauses}.
(e) If the connective O does not occur in Hy(w) then:
For every clause ¢ € Hy(w) such that ¢ = [, where s > 1 and (¢ =
[a,—0b] or ¢» = =0b):
— LetY ={-b}U{EZ | B Z € Hy(w)}.
— If there exists a world wy € W such that wy = w or Rj(we,w), and
Y C Hi(wy), then set R1 = Ry |J {(w,wy)};
— else
o CreateANewWorldFrom(w, wg).
o Set Ho(w¢) =Y.
(f) If L is KD4 and there is no u such that Ro(w,u) or Ri(w,u) then
— If the connective O occurs in Hy(w) then
e CreateANewWorldFrom(w,w ).
e Set Hy(w') = {0Z | 02Z € Hy(w)}
{DY | LY € H1(w) v aYy e Hl(w)
and'Y is a set of simple clauses}.
— else set Ry = RolJ {(w,w)}.
(9) Mark w as resolved.
While there are unsolved worlds, repeat the step 2.
For every w € W, let H(w) be a second kind C L-saturation of Hy(w).
Set R = E.Z‘tK4(Ro URl)

The step 2¢ corresponds to the rule (K 4,)7 the steps 2d and 2e to the rules

(K4p) and (K4.), and the step 2f to the rule (K'D4). Let [ = rlength(X) and
s = mdepth(X). On any path of the tree Ry, there is at most one world created
at the step 2¢ (with w = 7), and at most [ worlds created at the steps 2d or 2f,
with depths greater than s. Moreover, the number of possible contents of nodes
is finitely bounded. It follows that this algorithm always terminates.



Lemma 3. Let X be a CL-consistent set of clauses not containing the connective
L. Let M be the model graph constructed by Algorithm 8 for X. Then M is a
L-model of X.

The proof of this lemma is similar to the proof of Lemma 2 and Corollary 1, so
we omit it. We arrive at

Theorem 4. The calculi CK4 and CKD4 are sound and complete.

4 Space Bounds for the Logics

Lemma 4. Let X be a CS4-consistent set of clauses, with rlength(X) = n. Let
Ry be the relation computed by Algorithm 1 for X. Then Ry is a tree with a
depth bounded by n.

Proof. Suppose that the depth of Ry is greater than n. It is easily seen that there
exist two different worlds w, w such that: R{(7, w) ARy (w,w), Hy(w) = {-b} Y,
Hy(u) = {-b}JZ, for some b, Y, Z such that Y # Z and Y and Z contain
only clauses of the form O°¢, where s > 1. Since Y # Z, either the rule (54,) or
(54;) must be applied on the path from w to u. Observe that if O%¢ € Hy(w),
where s > 1, then:

— If ¢ is of the form [ay,...,ax] then O%¢ € Hy(u).
— If ¢ is of the form [a, Ob] then either O°¢ or Ob belongs to Hy(u).
— If ¢ is of the form [a, —-Ob] then either O°¢ or Oa belongs to Hi(u).

This contradicts the fact that Hy(w) is a first kind CS4-saturation of Ho(w).

Consider the nondeterministic algorithm obtained from Algorithm 1 by delet-
ing the steps 4 and 5, ignoring computing W and R;, and replacing the step 2b
by:

“Nondeterministically choose a candidate for first kind CS4-saturation of
Hy(w) and assign it to Hy(w). If all candidates for second kind CS4-saturation
of Hy(w) are inconsistent in the sense that they contain both p and —p for
some p, or if the depth of w in the tree Ry is greater than n, then reject the
computation.”

It is easily seen that for any set X of clauses, X is S4-satisfiable iff the new
algorithm has an unrejected computation for X. We can simulate the mentioned
algorithm by a deterministic one, denoted by A;, by backtracking. During com-
putation of A; for X we only need to keep information about the current path
from the root 7 to the current world.

We will treat sequences of O° as primitive connectives. Let n be the restrictive
length of X. For each world on the current path, we need O(logn)-space to keep
information about “and” branching from its parent to it, i.e. to keep the position
either of the atom —Oa, in the case of the step 2c, or of the clause ¢, in the case
of the step 2d, in the sequential display of X. For each formula ¢ of the form
O%[a, 3b] (resp. O°[a, —0b]), where s > 1, we need O(logn)-space to keep the



depth at which it is replaced by Ob (resp. Oa) as a result of applying the rule
(S4,) (resp. (S4p)), i-e. to keep information about “or” branching caused by the
formula. Note that formulae of the form [Ay,..., Ag], where k£ > 1, can occur
only in the root 7.

We do not keep the sets Hyo(w) and Hy(w), except for w being the current
node or the root node. For any node w on the current path, from the content
of the root node and the information about and-or branching (on whole of the
path) we can reconstruct the sets Ho(w) and Hy(w) using O(n.logn)-space. For
this, it suffices to show that for any worlds w and u on the current path such
that Ro(w,u), having H;(w) and the information about and-or branching we
can construct Hy(u) and H;(u) using O(n.logn)-space. It is clear that having
H; (w) and the information about “and” branching from w to u we can construct
Hy(u) using O(n.logn)-space. Let k be the depth of u in the tree Ry. We have
1 < k < n. The set H;(u) is obtained from Hy(u) by replacing every clause of
the form O%[a,0b] (resp. O%[a, —~0b]) for which there is information that it is
replaced by Ob (resp. Oa) at the depth k& by Ob (resp. Oa). It is clear that the
task can be done in O(n.logn)-space.

For the two special worlds, the root and the current, we can use O(n.logn)-
space to keep information about them, and to test consistency of candidates
for second kind CS4-saturation of the current world. Since every path has a
depth bounded by n, we conclude that the algorithm A; can be computed in
O(n.log n)-space.

Theorem 5. The logic S4 is decidable in O(n.logn)-space.

Proof. Just recall that using O(n.logn)-space we can translate any formula @
to a S4-equisatisfiable set X of clauses such that the restrictive length of X is
linearly bounded by the length of @.

Lemma 5. Let L be K4 or KDJ. Let X be a CL-consistent set of clauses,
with rlength(X) = | and mdepth(X) = s. Let Ry be the relation computed by
Algorithm 8 for X. Then Ry is a tree with a depth bounded by 21 + s.

The proof of this lemma is similar to the proof of Lemma 4. Reasoning similarly
as for CS4, we arrive at

Theorem 6. The logics K4 and KD/ are decidable in O(n.logn)-space.

5 Conclusion

We have presented clausal tableau systems for the modal logics K4, KD4 and
S4, and have shown that these logics are decidable in O(n.logn)-space. This
space bound is lower than those hitherto known. The method used in this paper
is applicable for other modal logics, including K, KD, T, KB, KDB and B;
see [7] for details.
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