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1 Isoperimetric inequality

1.1 Brunn-Minkowski inequality

1.1 Theorem. (BRUNN-MINKOWSKI, ’88) If A and B are non-empty compact sets then
for all A € [0,1] we have

vol (1 = M)A+ AB)Y™ > (1 = \)(vol A)Y™ + A(vol B)'/™. (B-M)

Note that if either A = @ or B = @, this inequality does not hold since (1-\)A+AB = @.
We can use the homogenity of volume to rewrite Brunn-Minkowski inequality in the form

vol (A + B)'™ > (vol A)V/™ 4 (vol B)/™. (1.1)
We can deduce from this inequality the isoperimetric inequality.

1.2 Theorem. Among sets with prescribed volume, the Euclidean balls are the one with
minimum surface area.

Proof. We can assume that C'is compact and vol C' = vol BY. We have

vol 0C = lim inf vol(C +eB3) — VOI(C).

e—0 g

By the Brunn-Minkowski inequality we get
vol(C' 4 eBI)Y/™ > (vol C)Y™ 4 &(vol B})Y™,

hence
vol(C' +eBy) > (1 +¢)"vol C,

SO

vol(AC') > lim inf (1 +¢e)" — 1)vol(C)

e—0 £

=nvol(C) = nvol(By) = vol(0BY).



There is an a priori weaker statement of the Brunn-Minkowski inequality. Using
A — (G mean inequality we get

(1 = XN)A+AB| > |A|" B, A€ 0,1].

Note that this inequality is valid for any compact sets A and B (the asumption that A
and B are non-empty is no longer needed). We can see that there is no appearance of
dimension in this expression.

The strong version of the Brunn-Minkowski inequality tells us that the Lebesgue
measure is a %—concave measure. The weaker statement tells us that it is a log-concave
measure.

1.3 Definition. A measure g on R” is log-concave if for all compact sets A and B we

have
p((1=NA+AB) = u(A) u(B)*, Xe(o,1].

1.4 Definition. The function f : R"™ — R is log-concave if for all x,y € R™ we have

F(L=Nz+ X y) > f(a)" ),  Aelo1].

Note that this definitions are dimension free.
The weak form of the (B-M) inequality for the Lebesgue measure is equivalent to (B-M)
inequality. It is a consequence of the homogenity of the Lebesgue measure. Indeed, if

B A(vol B)Y/
h= (1 = X)(vol A)V/» 4 X(vol B)Y/

then
ol (1—M\A+AB Y PR S
@ = Nl A)Vn + Aol B)Un ) — P st aym  Hiyvol By

A 1= B #
>vol | ———— _— = 1.
=" <<vol A)l/n) <<V013>1/n)

1.2 Functional version of Brunn-Minkowski inequality

If we take f =14, g =Ip and m = I1_yyasap then (B-M) says that

1-\ A
[r=(fs) (J)
and obviously m, f, g satisfies
m((1 =Nz +Xy) > f()' " g(y)™

We are to prove the following functional version of (B-M) inequality (which will give the
proof of (B-M) inequality).



1.5 Theorem. (PREKOPA-LEINDLER, ’88) Let f, g, m be nonnegative measerable func-
tions on R™ and let A € [0, 1]. If for all z,y € R™ we have

m((1 =Nz + Ay) > f(z) Pg(y)*,

L= (L) (L) 12

Proof. Step 1. We start with proving (B-M) inequality in dimension 1. Let A, B be
compact sets in R. Observe that the operations A — A+v;, B — B+wvy where vy,v, € R
does not change the volumes of A, B and (1 — A\)A+ AB (adding a number to one of the
sets only shifts all of this sets). Therefore we can assume that sup A = inf B = 0. But
then, since 0 € A and 0 € B, we have

then

(1-=XMNA+ABD(1-)XNAU(AB).
But (1 — A\)A and (AB)are disjoint, up to the one point 0. Therefore
[(1=XNA+AB|>|(1—-MNA|+ |AB],

hence we have proved (B-M) in dimension 1.

Step 2. Let us now justify the Prekopa-Leindler inequality in dimension 1. We can
assume, considering fI;<j; and gly<ys instead of f and g, that f, g are bounded. Note
also that this inequality possesses some homogenity. Indeed, if we multiply f, g, m by

numbers cy, ¢4, ¢, satisfying

-2\
Cm = ¢} " Cy,

then the hyphotesis and the thesis do not change. Therefore, taking ¢; = || f||2, ¢, =

lgll2} and ¢, = HfH;o(l_’\) lgll} we can assume (since we are in the situation when f
and g are bounded) that || f]|,, = ||¢g||.,, = 1. But then

[m= [ tm = st as

[r=[1=nia,
[o=[ 1to=riiar

Note also that if x € {f > r} and y € {g > r} then by the assumption of the theorem
we have (1 — XNz + Ay € {m > r}. Hence,

A=N{f=zr}+Mg=ric{m=>r}
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Moreover, the sets {f > r} and {g > r} are non-empty for r € [0,1). This is very
important since we want to use 1 dimensional (B-M) inequality! We have

[m= [Ttz [tz 10002000002 @
2(1—A)/01\{f2r}\drH/Ol!{gzr}\dr:(l—M/fH/g

=([1) (f)-

Observe that we have proved

[mza-x[r4x ]

but this inequality does not have the previous homogenity, hence it requires the assump-

tion [|fll, = llgll = 1.
Step 3 (the inductive step). Suppose our inequality in true in dimension n — 1.

We will prove it in dimension n. Suppose we have a numbers yg, 1,2 € R satisfying
Yo = (1 — N)y1 + Ay2. Define my,, fy,, 9y, : R — Ry by

myo(x) - m(y07I), fy1 <I> - f(th)? gyz(‘r) = (?/2;@,
where # € R"™!. Note that since yo = (1 — \)y; + Ay> we have

My, (1 — Nz + Az2) = m((1 — Ny + Aya, (1 — X)zy + Aag)
> flyra1) (Y2, 22)* = fyu (21) g, (a2),

hence my,, f,, and g,, satisfies the assumption of the (n — 1)-dimensional Prekopa-
Leindler inequality. Therefore we have

fomez (L) (L)

Step 4. Define new functions M, F,G : R — R,

M) = [ e Fo) = [ e G = [ o

Rn—1

We have seen (the above inequality) that when yo = (1 — A)y; + Ays then there holds

M((1= Ny + Ayo) = F(yr)' 7 G(y2)



Hence, by 1-dimensional (P-L) inequality we get

for= ([#) ()
f= oo [r= [0 fo=[ o
L= (L) (Lo)

1.3 Isoperimetric problem

so we shown that

The Brunn-Minkowski inequality yields the isoperimetric inequality for the Lebesgue
measure on R™. Indeed, suppose we have a compact set A C R™ and let B be a Euclidean
ball of the radius r4 such that |B| = |A|. Then from the Brunn-Minkowski inequality
we have

| A = |A+eBy|V" > |A]Y" + |eBy V"
= |By|nra + |By|e = |B + By = | B
It means that
|Ael > (ra+¢)"| By

and therefore

n—1

" n|l/n n=1
) — By A

4]
| B3|

o 2 ez =

Now we can state an isoperimetric problem.

Isoperimetric problem Let (€2, d) be a metric space and let u be a Borel measure on
Q. Let a > 0 and € > 0. We set

A.={z € Q]d(z,A) <e}.
What are the sets A C €2 of the measure « such that

p(Ae) = inf p(B:).

m(B)=a

This problem is very difficult in general.



1.4 Co-area formula and L; Sobolev inequality

Let (X, d) be a metric space. Define its gradient

— 1 (@) = f)l
VI

If z is isolated then we set |V f(x)| = 0. Let u be a Borel probability measure on X.
Then we have the following lemma

1.6 Lemma (co-area formula). If f : X — R is a Lipschitz function then

/X Vf(@)] dulz) > / Tutre X fla) > 1)) di

oo

Proof. We can assume that f > 0. Let A, = {z € X : f(z) >t} and define

fulx) = sup  f(y).

d(z,y)<h
Then {z € X : fu(x) >t} = Al Since
\Vf(z) > limsupM = lim sup fu(z) = f(x)7
y—x (z,9) h—0+ h
we have
/ |V f(z)| du(z / hmsupf — L dyp > limsup fh_
X h—0t h h—0%t
O (AN — (A Ay — (A
:limsup/ pAy) = p(Ay) dt > liminf/ pAy) = p(Ay) dt
+oo AP — (A +o0
> / lim inf AL = 1A ) / (A, dt.
0 h—0t+ h 0

]

1.7 Theorem. Let f : R™ — R be locally Lipschitz function with compact support with

|V f| € L1(R™). Then
1
. < T — v .
112, < g [ 191

Proof. We know that for any Borel set of finite measure we have

|A*| > n| BV Al



Observe that ||f(z)] — [f(y)|| < |f(x) — f(y)|. Therefore, taking |f| instead of f we can
assume that f is nonnegative. Hence, by co-area formula we have

+o0 400 .
/ IV /] 2/ I{f>t}*|dtz/ n|BEMM{f >t} dt.

Note that the sets {f > ¢} are of finite measure since f is compactly supported. Now it
suffices to note that

+o00 400
:/ Lo || o dt > H/ Loy dt)f = |[fll =
0 n—1 0 n

n

]

d(z,A)
€

Using this inequality with the function f.(z) = max{l — ,0} and taking ¢ — 0

we recover the classical isoperimetric inequality.

1.5 Cheeger inequality
We consider a triple (M, d, ). Recall that

put(A) = liminf M

h—0t h ’

where A" = {r € X : J,ca d(z,a) < h}. W say that u satisfies Cheeger inequality
with constant h > 0 if
p(A) = hmin{u(A), 1 — p(A)}.

We show that this is equivalent to

b [ 17 =ded, flan< [ 951 du

so the best constants in this inequalities are the same. Indeed, using the standard
approximation of the indicator function of a set A and applying the above inequality we
arrive at

' (A) = hmin{u(A), 1 — u(A)}

since p(A) > 3 implies Med, 14 = 1 and p(A) < & implies Med,, 14 = 0. We prove that
the Cheeger inequality implies the functional version. We can assume that Med, f = 0.



We have

(/WﬂduZ/wﬂﬁquﬂw>ﬂﬁﬂ2h/mmMU>OJ—uU>0}&

—00

0 400
:h/ 1—u(f>t)dt+h/0 u(f > 1) dt

—0o0

+o0 +oo +oo
= —t)d h dt =h d
/ W(f < —t)di + A u(f > 1) dt A u(lf] > ) dt

—n [ 171 du

Now we consider a situation when we have o product structure (M™,d,,u™), where
d2(z,y) = Y1, d(xi, y;)*>. We assume that

Vf(z Z Vo f (@

Moreover, let v be the exponential distribution on R, i.e. the measure with density
%e"””‘. Our goal is to prove the following theorem

1.8 Theorem. For a triple (M",d,, u") we have

1
han»>——=h
{7 _2\/6M

If,uzuthenwegeth,,n>+[ since h, = 1.

No we prove that h, = 1.

1.9 Theorem. If ¢(z) = Je "I, ®(z) = [*_ (s v((—o0,x]) then v(A) = ®(a)
implies v(A*) > ®(a + u).

Proof. Since A" = (Af)"~¢ we can assume that A is open. Open sets in R are the sums
of open intervals, which can be approximated by finite sums of closed intervals from
inside. We can construct a sequence of sets A,, which are finite sums of intervals such
that A D A, and v(A4,) — v(A) as n — oo. If we can prove out theorem for A,, then

v(AY) > v(Ay) > P(an, +u) = P(a+ u),

where a,, is such that v(A,) = ®(a,). Therefore we assume that A is a finite sum of
disjoint closed intervals.

The proof is based on the induction on the number n of bounded intervals in A.
If n = 0 then A can be a half line or a sum of two half lines. In the first case the
proposition is trivial. In the second case we have A = (—o0,a] U [b,00) where a < b.



We want to prove that ®(a) + 1 — ®(b) = P(c) implies ®(a +u) + 1 — P(b — u) >
®(c+u). Since 1 — &(x) = ¢(—x), we have to prove that ®(xg) + P(yo) = P(2) implies
O(zg +u) + P(yo +u) > (2 4+ u). Fix z € R and assume, without loss of generality,
that 2o < yo. If ®(x) + P(y(x)) = ®(z) and P(z0) + P(yo) = P(2) then y(xy) = yo and if

x < o then y > yg > o > x. Differentiating the constraint we arrive at ¢(y)y’ = —o(z).
Note that

d . / o _¢(x)

1 (2@ ) + Oy +u)) = oy +u)y + ¢z +u) = ¢y +u) o) T ¢(x +u)

the sign of this expression is the same as the sign of

_ e lrul—lal | —lerul-lyl

Note that if + — —oo then y — z. Therefore it is enough to show that

_elrrul—lal o p—lerul—ll 5

and hence, to show that |z + u| — |z| < |y + u| — |y|. But this is clear since x < y and
s = |s + u| — |s| is nondecreasing.

Now we consider the case when we have n + 1 bounded intervals and n > 0. Assume
that A = B U I, where I = [u,v] and B consists of at most n bounded intervals.
If B* N I* # @ then there exists an interval J such that J* N I"* # @. If we take
conv(/,J) instead of I and J then we have a set A’ with at most n bounded intervals
such that v((A")*) = v(A") and v(A’) > v(A). From the induction hypothesis we have
v(A') = &(a’) implies v((A")*) > ®(a’ + u). Therefore

V(") = v((A)") > B(d +u) > Dla+u),

since v(A’") > v(A) implies ¢’ > a.

If B*NI* = & then we show that we can move I to obtain the situation B*NI"* # @&
or to make the interval I infinite. More precisely, we show that if u + v < 0 then
we can move [ to the left (in such a way that the measure is preserved). Of course,
by symmetry, if © +v > 0 then we can move [ to the right. If is enough to show
that if v < w, v +w < 0 and v/ < v, W' < w are such that v([v,w]) = v([v',w'])
then v(jv — u,w + u]) > v([v) —w,w' + u]). Let v([z,w(z)]) = ®(w(z)) — P(z) be
constant and x + w(z) < 0. We have ¢(w(z))w'(z) = ¢(x). It suffices to show that
z+— ®(w(x) + u) — ¢(z — u) is nondecreasing. It is equivalent to

d(w(z) +u)w'(z) > ¢z — u)

and therefore, equivalent to




We are to show that
lw(z) +ul + |z| < Jw(@)] + |z — ul.

We have x < 0 and 2 —u < 0 therefore it suffices to prove |w(x) 4+ u| < |w(x)| 4 u, which
is the triangle inequality. O]

This theorem yields h, = 1. Indeed, if ¥(A) = ®(a) then we have

v(A") —v(A) ®(a+ h) — D(a)

+ 1 . . . o / _ / —1
v (A) = hhrg(l)rif > hhl’g(lﬁlf Y =d'(a) =P (7' (v(A))).
If v(A) < 1 then v(A) = ®(a) = Le® for a < 0 and therefore
(7 (v(A))) = & (D 1(D(a)) = D'(a) = %e—la = v(A).
If v(A) > L then v(A) = ®(a) =1 — e~ for a > 0 and hence

' (@1 (v(A))) =@ (27'(®(a)) = P'(a) = %e—lal =1-v(A).

We can provide a simple description of the isoperimetric constant for a general mea-
sure on the real line.

1.10 Theorem. Suppose p is a Borel measure on R which is not a Dirac delta. Let
F(z) = u((—o0,x]) and let p be a density of the absolutely continuous part of u. Set
a=inf{x: F(x) >0}, b=sup{z: F(x) < 1}. Let

K, = essinfyc o (min{p(f)(,ajl)— F(l’)}> '

Let U be a nondecreasin, left-continuous function which transports the exponential mea-

sure v onto p. Then
1

U,

Proof. For simplicity we give a proof in the case of measures with positive densities on
the real line. For Borel A we have u(A) = v(U~'(A)). Hence

hu:Ku

F(a) = p((—00,a]) = v(U((—00,a])) = v((—00, U (a)]) = F,(U ' (a)).
Therefore U(a) = F~'(F,(a)) and if V = U~! then V(a) = F,}(F(a)). We have

F(a) B p(a)
= FF(F(@)) . min{F(a), 1= Fa)} = »
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Therefore V(y) =V () > K,(y—x),s0oy—2 > K,(U(y) —U(z)). This implies |U]|,,, <
1/K,.

Now let f = goU, f' = (¢ o U)U’, hence [f'| < ||U][;,19'(U)|. Let & ~ v. Then
n = U() ~ p. When Med f(§) = 0 then E|f(£)] < E|f'(£)], because we know that
h, = 1. We have f(&) = g(n). Therefore Med g(n) = 0 implies

Elg(n)] < El(g o U)(E] < 1Ul i, Blg' (U] = Ul i, Elg' ()] < K%EQ’(T})\-

This implies K, < h,. The opposite inequality is obvious. Moreover, from E|g(n)| <
1UNlLip Elg' ()| we deduce 1/[|U]|;, < hy. Since K, = hy and ||U|;, < 1/K, the
proposition follows. [

1.6 Generalized Poincare inequality
We prove the following lemma

1.11 Lemma. Let ¥ : R — R be a Young function (even, convex, ¥(0) = 0). If h, > 0
then for all locally Lipschitz functions f : M — R with Med,, f = 0 we have

C
1 £l < 551V F Il
7

and

Bu(s) < B0 (F41971).

“w
where cy = sup, %’

I£lly =inf{A >0 : B¥(f/A) <1} < oo
and |V £y = IVFllg-

We need a simple lemma

1.12 Lemma (Hoélder type inequality). Let f, g be measurable on (2, F, u) and let W :
R — R be differentiable and convex. Assume that EN(g) < EN(f). Then EN'(f)g <
EN'(f)f, provided that this expectations exist.

Proof. We have
EN((1—£)f +tg) < (1 — )EN(f) + tEN(g).

Differentiating this inequality at ¢ = 0 we get
EN'(f)(g — ) <EN(g) —EN(f) <0.

11



1.13 Remark. If we take N(x) = |z, f = u/®V, g =, ¢ =p/(p — 1) and assume
that [ul|, = [Jv][, then we obtain Euv <1, hence we recover classical Holder inequality.

Proof of lemma. We can assume that ¥ is differentiable, ¥/(0) = 0. We can also assume
that || f||g = 1, hence E¥(f) = 1 and that f is bounded. Let f; = f1 and fo = f_, so
that f = fi — fo. We have Med,,(f1) = Med,(f2) = 0, since Med,,(f) = 0 and therefore
also Med,,(N(f1)) = Med,(N(f2)) = 0. We have

hEW(f1) <EV(f1)IV L] =EC(fDIV 10,
hEV(fo) <E(f2)|V fo] = EU(| £V f11{s<0)-

Therefore
hEV(f) <SER(|fIVf].

]

We want to apply lemma to the functions |f| and g = %. Note that EU(f) =1

and E¥(g) = 1 by the definition of the norm ||V f||,. We arrive at

hEV(f) <ER( DIV = VIl EV(f)g
< VAl BV (DI < co [Vl BE(S).

We conclude that h, < cy ||V f]|y and since || f||g = 1 we have
Cy
£y < 191
m

To prove the second part take W, = W/a (note that ¢y = cg,)and observe that
from the first part if || f[|_ > 1 then [[cgVf/h,|ly > 1. Therefore if E¥(f) > a then
EV(cg|V f|/h,) > a. The proposition follows.

1.14 Corollary. If we takie ¥(z) = |z| then we recover the inequality
RE|f — Med, f| < E[V/].
If we take ¥(z) = 22 then we have cg = 2 and we obtain the Poincare inequality

4

E|f — Ef|* < E|f - Med, f| < —
o

E|Vf|>.

It means that the optimal constant C' in the Poincare inequality

CE|f —Ef? <E|Vf]

h

= o

satisfies C' >

=|

12



1.7 Bobkov-type inequality

1.15 Theorem. For p € [0,1] we take I(p) = 4p(1 — p) and let C = 41/6/h,. Then for
all Lipschitz functions f : M™ — [0, 1] we have

I ( IE dm) < [ VIR CIE

Note that we have

1/ n- [1n=a[na-[n-a[ra-g=va@)

Therefore Bobkov inequality implies, since va? + b? < a + b for a,b > 0, that

4Var, f < C’/ IV f| du.
Moreover, Bobkov inequality implies, by the standard approximation argument, that
4 2 . n n
(W) 7(A) > St ()1 = " (A4)) > S min{e" (4), 1 - " (A)},

which means that h,» > h,/ 2v/6. That was our goal.
In the next section we prove that Bobkov inequality possesses the tensorization prop-
erty. Therefore it suffices to prove it in dimension n = 1.

Proof in the case n = 1. Rewrite our inequality in the form

War, (1) < [ (VITP+CNIP - 1)) d
Note that 0 < I(f) <1 and u + vu? + v? — u is nonincreasing. Therefore it suffices to

prove
4 Var,(f) < / (\/1 TV - 1) du.

If m = Med,(f) then f —m has values in [—1,1]. Note that when [¢| <1 then

242
A< —— 7 142442 — 1.
T V14242 + 1

Take the Young function W(t) = /1 +t2 — 1. We have

4Varu(f)§4/(f—m)2 dp§/<\/l+24(f—m)2—1> dp
— [ w2~ m) dp

13



We compute

) ot 1 _\/1+t2+1_1+ 1
(1) VI+2 VI+2-1 V14 12 V1+12

Therefore cgy = 2 and lemma implies

/\y(@(f—m))dug/ (2\/_ ) /<\/1+C—2|Vf|2—1> dy.

]

1.16 Theorem. Let v be the exponential distribution and let ® be its distribution
function. If v"(A) = ®(a) then

V(AN > @ (a + %) .

Proof. Let a(h) be such that v"(A") = v((—o0,a(h)]). We would like to prove that
a(h) > a+ 5. We have

%u”(Ah)(h:ho = d/(ho) gov((=oc,al)| = a(ha) min{u"(A"),1 - " (4"))
Moreover, using h,» > 1/ 2v/6 we obtain
iyn(Ah)‘ - iyn(Aho+€) —— min{p"(A"), 1 — v"(A")}.
dh h=hy  de \/_
It means that a’(hg) > 1/2/6 and therefore a(h) > a + h/2v/6. O

1.8 Tensorization property of Bobkov type inequalities
1.17 Lemma. Suppose for all Lipschitz functions f : M — [0, 1] we have

I(/fcht)ﬁ/\/mdﬂ-

Then is n > 1 then for all Lipschitz functions f : M™ — [0, 1] we have

I(/Nu”) < [ VITFETIE

14



Proof. Induction. Let f: M™™ — [0,1]. For z € M™ and z,,; € M take

l’ xn+1 \/[ Z’ xn+1 + ’vmf|27 U(ajaanrl) = ‘vxn+1f’7

a(Tpi1) = / f(@, @p 1) dp™(2).

We have triangle inequality

/ \/u(as, Tni1)? +v(z, 22 ) dp"(x) >

\/ ([ e dun<x>)2 + ([ oo duﬂ(az))Q.

Therefore, by the induction hypothesis we have

J VIR st = [ [ 1) P 92+ 2 i dp(n)

> [ \/ (f e du”(%‘))2 # ([ ot dw<x>)2 Qi)
> [ \/ () + ([ ooz dun<m>)2 Aplinsr)

/ 0(@s Tapn) A (@) > [a(za)]

and (using again induction hypothesis for n = 1) we arrive at

JVIGEFNIE a2 [ @) + V.t P datenn)

> 1 ( [ atow) dutanen)) =1 ([ £ a01)

1.9 Two point Bobkov inequality

We also have

Let o(x) = \/%6*12/2, ®(z) = [*_¢(s) ds and I(z) = (@~ *(x)). In this section we
prove the following two-point Bobkov inequality
S
+ 5 I1(b)? +

1.18 Theorem. For all 0 < a,b < 1 we have

(50 < o+

a—bl?
2

a—>
2

15



We will frequently use some simple identities involving functions ¢, ® and I. We have
o(x) = p(—x) and ®(z) + ¢(—x) = 1. Moreover, we have I(1 —p) = I(p). Indeed, if we
take z = ®!(p) for some p € [0,1] then ®(x) + &(—z) = 1 implies ®(—d'(p)) =1—1p
and therefore

I(1—=p)=¢(@7 (1 - p)) = o(=27'(p)) = 6(27"(p)) = I(p)-

Let po = 3013 + $0_13. Take f: {—1,1} — [0,1]. Let us set f(—1) =a, f(1) = b. Then
two-point Bobkov inequality is equivalent to

I (/fdu> < [P+ 1972

where (Vf)(z) = L2218 Note that [(V£)(1)] = [(Vf)(=1)] = |252]. Therefore, if

2
we prove two-point Bobkov inequality then by tensorization properties of Bobkov-type

inequalities we obtain the following theorem

1.19 Theorem. Let f : {—1,1}" — [0,1] and let p = £6p1y + 36;_13. Take p" = p®".

Then we have
r([raw) < [1psivean

where
VAP = YDV = 5 ) = Fon()
Here o;((x1, ..., @i xn)) = (1,0, —Ziy oo, Ty).

Now, let 77 be the one dimensional standard Gaussian measure, namely, measure
with density ¢. Let f : R — [0, 1] be a bounded function with bounded first and second
derivatives. Define f, : {—1,1}" — [0, 1] by

folz1, .. ) :f(

Note that by Central Limit Theorem we have

1+ ... +x,
vn '

Moreover,

V£l (@) = ;112 () - (e %»

I &, (214 ...+, 24m?
:Z_lizl f( \/ﬁ ) n —I—O(l/n)
- |7 (=) oam




Therefore also

n—o0

i [ VTG HVEE du = [ VITRHIFE d
Hence we obtain
1([ran) < [ VT
for all locally Lipschitz functions (we have to use appropriate approximation). Using
again tensorization we get

1.20 Theorem. Let f : R" — [0, 1] be locally Lipschitz and let 7,, = 7§ be the standard
Gaussian measure on R”. Then we have

I(/fd’yn) < [ VIGFFIOIE d.

Now let A be a Borel set. Using standard approximation of 14 and a fact that
I(0) = I(1) = 0 we obtain the celebrated Gaussian isoperimetry in the infinitesimal
form.

1.21 Theorem. Let A be a Borel set with 7, (A) < co. Then
Y (A) 2 (1 (A)).
It means that if 7, (A) = v,((—o0, h] x R"™1) = &(h) then
T (A) = 75 (=00, Bl x R™™) = p(h) = o(27" (1(A))) = I((A))-
Therefore half spaces (—oo, h| x R"! are the extremal sets in the Gaussian isoperimetry.

In fact half spaces are optimal in the strong version of Gaussian isoperimetry.

1.22 Theorem. Let A be a Borel set in R" with ,,(A4) < oo and let Bj, = (—oo, h] x R"!
be such that v,(A) = v,(B) = ®(h). Then we have

Wn(A") Z Y (By) = @(h+u) = © (27 (7a(A)) +u) .
Proof. Let f :[0,00) — R be such that
Yn(AY) = @ (7 (7a(A)) + f(u)) .
Clearly f(0) =0. We would like to prove that f(u) > u. We have

d
L8] = o (07 (A + £(00) S ) = T (A ).
Moreover,
d u d ug+e + uQ uo
qu A = (AT = (A) = T (A™)).
It follows that f’(ug) > 1 and therefore f(u) > u+ f(0) = u. O
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1.23 Remark. Suppose J : [0, 1] — R satisfies two-point Bobkov inequality

a+b 1 S|
<z 2 - 2
J(2 )_2¢ﬂ@+— +2¢ﬂ®4—
Then we can prove (using above arguments) that v,7(A) > J(,(A)) for all Borel A C R".
Let A be a half space of Gaussian measure p. Then I(p) = v, (A4) > J(v.(A)) = J(p).

Hence I > J and therefore I is maximal among all functions satisfying two-point Bobkov
inequality.

2

—b
a4 , a,bel0,1].

2

a—>b

1.24 Remark. For a,b > 0 we have va? + b? < a + b. Hence, we have the weaker form
of Gaussian Bobkov inequality

I( / fd%> - [1tp < [ 19510

This inequality also implies Gaussian isoperimetry.

1.25 Remark. We can try to deduce Gaussian Bobkov inequality in dimension n from
the inequality 7,7, ;(A) > I(yn41(A)) in dimension n + 1. However, it is not clear if
argument that we will give is rigorous enough to deduce Bobkov inequality for all smooth
functions.

For a function f: R"™ — R take

A={(z,y): zeR"yeR, &y < f(z)}

Let g = ® o f. We have

9(z)
@ = [ [ @ an@ = [ o) du@ = [ 1.

R"

Moreover,
/ VIGPE+ VIE dy, = / VI@(@) T Vo) dy, = / Vo@ + T(G)VaP dy,
— [l VITTVIF dvu = [ ula)olala) I+ VP ds

= 7:-4-1 (A)

Hence 7,7, (A) > I(7y+1(A)) implies

I(/M%) < [ VI VTP
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It means that the inequality v, (A) > I(y,(A)) is essentially two dimensional. If we
can prove it for n = 2 the we can deduce one dimensional Bobkov inequality and then
tensorizing it, obtain general Gaussian Bobkov inequality. Then ~(A) > I(7,(A))
follows for all n > 1.

Proof of two-point Bobkov inequality. Let x = aT_Z’, c= “TH’ Hence,a=z+c¢, b=c—x.

Now a,b € [0, 1] means that 0 < z4+c¢ < 1and 0 < c—xz < 1. Tt is equivalent to —¢ < z <
1—c¢, —14¢ < x < c and therefore equivalent to x € A, = (—min{¢, 1 —c}, min{c, 1 —c}).
Take g(z) = I(z + ¢)? + z%. We can rewrite our inequality in the following form,

Vol0) < Vo) + 5/ol=0), v e AL

Squaring we obtain

49(0) = (9(2) + 9(=2)) = 2v/g(x)g(~2).
Squaring this inequality again we can see that it is enough to prove
169(0)* + (9(z) — g(—=))* < 89(0)(g(x) + g(—x)).
Let h(z) = g(x) — ¢g(0). Rewriting the above inequality i terms of h we obtain
(h(x) — h(~2))? < 89(0)2(h(x) + h(—=)) = SI(c)(h(x) + h(~2)).

We need a lemma
1.26 Lemma. We have

a) [-1"=—1,

b) (I)? is convex on (0, 1),

¢) R(z) = h(x)+ h(—x) — 2I'(c)*x? is convex on A..
Proof. a) We have I = ¢ o ®~!. Therefore

1 1
_ -1 _ -1 -1 _ -1
=t goga =" ot g g ="
Hence " = —ﬁ == —%
b) We have (I'?) =2I' - I" = —2I'/I, hence
ny _ g2 2
qry_ QPITR_204T)

I? I?
¢) Recall that h(x) = I(x + ¢)* + 2* — I(c)?, hence

R(x) = I(z +¢)* + [(—x + ¢)* + 22° — 2I'(c)*x* — 2I(c)?,
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R(z)=2I(x+c)'(x+c)—2[(—x +c)I'(—x +¢) + 4z — 4I'(c)*x

and
R'(z) =2I'(x +c)® + 2I'(—x + ¢)* + 21 (z + )" (z + ¢)
+2I(—x +c)I"(—x +c) — 4I'(c)?
! 2 1(__ 2
:4<‘[($+C) +2I( I+C) _I/<C)2>ZO,
since (I')? is convex. O

We continue the proof. The function R is even and convex. Therefore R(x) > R(0) =
2h(0) = 0. We get
h(z) 4 h(—x) > 2I'(c)*2”.

Clearly,
(h(z) = h(==))* < 81(c)*(h(z) + h(—x))

will follow from the inequality
(h(x) + h(~2))? < 161(c)I'(c)%?,

which is equivalent to

and therefore, to

‘[(x+c)2 — I(—x +¢)?

< 4|7
Note that I(c) = I(1 —c¢), I'(c) = —=I'(1 — ¢). It follows that
‘](m+(1—c))Q—](—x+(1—c))2| = {I(—m+c)2—l(x+c)2{.

We also have A, = A;_.. We conclude that the above inequality does not change when
we replace ¢ by 1 — c. We can therefore assume that ¢ € [0,1/2]. Then A, = (—¢,¢).
Observe that the left hand side is an even function of x € A,.. We can therefore assume
that 0 < x < ¢ < 1/2. Since [ is increasing on [0, 1/2] and decreasing on [1/2,1] and
symmetric around 1/2 we have I(c + x) > I(c — ). Therefore we have to prove

I(x+c¢)* = I(—z+c)?

< A4I(c)|I'(c)].
Consider a function u(z) = I(z + ¢)? — I[(—z + ¢)*>. WE have
u(x) =2I(x+c)'(x+c)+ 2[(—x + ) '(—x + ¢)
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and
u'(z) = 2I'(x + ¢)? = 2I'(—x + ¢)*

The function I? is convex and symmetric around 1/2. Tt follows that I'(c + z)* <
I'(c — x)%. Therefore u”(x) < 0. We have u(0) = 0 and u is concave on [0, c|]. Hence
u(x)/x) is nonincreasing on [0, ¢]. To prove the inequality u(z)/x < 41(c)|I’(c)]| it suffices
to prove it in the limit z — 07. We have

Iz +¢)* = I(c)*> + 2I(c)I'(c)x + o(x)

and therefore
uw(z) =4I(c)I'(c)x + o(x).

It follows that
lim —= =41I(c)I'(c).

z—0t I

1.10 Log-Sobolev inequalities

Let u be a Borel probability measure on a metric space (X, d). For a positive function
g on X define the entropy

Entu(f)z/xflnfdu— (/fdu) In (/fdu).

We say that measure p satisfies log-Sobolev inequality with constant C' if

But, (1) < € [ VP dg

To prove tensorization property for the log-Sobolev inequality we need a simple lemma

1.27 Lemma. We have

Ent,u(f):sup{/fgd,u: /egd,ugl}.

Proof. One can easily check that for A > 0 we have Ent,(Af) = AEnt,(f). Therefore,
by the homogenity we can assume that [ f du = 1. Then Ent,(f) = [ fIn f du. Note
that for v > 0 and v € R we have

w < ulnu —u+ e’.

Indeed, the function v +— e’ — wov attains its minimum in the point v = Inu (compute
the derivative). If [ dp <1 we get

[toaus [fmr-srerans [smp-sorau= [ finfdu=Em,(),

21



Hence
Ent p(f) :sup{/fgdu: /69 dp < 1}.
To obtain the converse it suffices to take g = In f. m
Now we can prove the subadditivity of the entropy.

1.28 Lemma. Let puq, ..., u, be probability measures on X, ..., X,,. Take the measure
p=1®... uyon X =Xy x...x X,. For f: X — (0,00) we have

Btu(f) < 3 / Ent, (f) du.

Here Ent,, (f) is the entropy of the function X; > z; — f(x1,...,2,...,2,) where
variables other than x; are fixed.

Proof. Let g : X — R be such that fXg dp < 1. Take

; feg(xl ~~~~~ xn)d#l(zl)"'d#ifl(zifl)
g (z1,...,2,) =In :

We have .
Zgi =In(e?) — In </ ed d,u) > g.
i=1
Note that [ esd 1
; e co.ody,
gld ;= H1 /Mfld 221
/e s /fegddm...dm s
Hence,

/fgduég/fgi du:g//fgi dp; duﬁg/Entm(f) du.

We finish the proof taking supremum over all functions g with [ e du < 1. O

1.29 Theorem. Take (X;,d;, fti)iz1,.m, X = Xa X ... x Xp), p = 11 ® ... @ p,, and
assume that for f : X — R we have |Vf|? = > ||V, f|®. Suppose p; satisfies log-
Sobolev inequality with constant C;. Then the measure p on X satisfies log-Sobolev
inequality with constant C' = maxj<;<,, C;.

Proof. We have

Bue, (1) < Y [ But (P du< Y0 [ [ 9P dwauz e (952 ap
=1 i=1
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Now we prove log-Sobolev inequality for the discrete cube {—1,1}".

1.30 Theorem. Let f : {—1,1}" — (0,00). Let |Vf[> = 13", (f(z) — f(oi(x)))%.
Take n= (%(5{_1} -+ %5{1})@)71' Then

Eut, (%) <2 [ |91 d.

Proof. Because of the tensorization property of log-Sobolev inequality it suffices to prove
the theorem in the case n = 1. By homogenity we can assume that [ f* dp = (f(1)* +
f(=1)%)/2 = 1. Clearly, there exists ¢t € [—1,1] such that f(1)2=1+t¢, f(—-1)*=1—t.
We have ||f(1)| —[f(=D)|| <|f(1)— f(—=1)|, therefore we can assume that f > 0. Hence

1 2 1 1
2_ - _ _ - - _ - _ 12
VP =1 <\/1 T VI t) S —5VI-?.
We also have L4t 13
Ent,(f?) = 5 In(1+1t)+ In(1 —t).

We would like to prove

1+t 1—
1—\/1—t22%1n(1+t)+

P — 1),

Define

1 1 -
a(t):l—‘/l—tz—%tln(1+t>_ 2t1n(1—t).

The function « is even, therefore it suffices to prove a(t) > 0 for t > 0. Note that
f(0) = 0. Tt suffices to prove that

t
o (t) =
(t) —

Again f'(0) = 0 and it suffices to observe that
_ v 1 -8+ \/fj 11 1 1

1 1
— 5+ + 51 —1) >0

1
t — i
o (t) 1—¢2 21+t 21—t
1 t? 1 t? t?
_ VTP -1) = g (- ) =0
1—252(\/1—752 1= \V1-1 1+v1-t2)

]

Using Central Limit Theorem we can deduce, like in the case of Gaussian Bobkov
inequality, the log-Sobolev inequality for the Gaussian measure.

1.31 Theorem. Let 7, be a standard Gaussian measure on R". Then for Lipschitz
function f : R™ — (0, 00) we have

Ent,, (/) < 2 / V12 do.

23



2 Semigroups approach

2.1 Discrete cube

Consider a triple (3,, P(3,), u"), where u" = (36, + %5,1)@1 and P(X,) is a o-algebra
of all subsets of ¥,,. The set X2, is called a discrete cube. Clearly our triple is a probability
space, therefore for a function f : ¥, — R we have expectation

Efz/z Fapr =2 % fa).

xEEn

We also set || f, = (E[f")"” and || ]|, = sup,ex, |f(2)]-
We can equip ¥,, with the Hamming metric

day) = i€ ) 2wl = 3 o=yl

where ||z]|; = >0, |zi]- Let [n] ={1,2,...,n}.
We can also consider a Hilbert space H,(3,) = Hn (X, P(X,), ") of all functions
f 2, — R with a scalar product

(f.g) =Efg=2" Z f(@)g().

For z € 3, take a function 1, : 3,, — R given by 1,(y) = d,, (Kronecker delta). Clearly,
the collection (1,)ex, forms a basis in H,,(3,,) and dim H,, = 2".

The discrete cube possesses also a group structure (X, V), where (z,y) € V if and
only if d(z,y) = 1. Note also that X, is a locally compact group with multiplication
given by

Ty = (T1Y1, ., TnYn).

The measure pu" is a Haar measure on a group .

2.2 The Gaussian space

Take a probability space (R, B(R™),~,), where B(R") is a o-algebra of all Borel sets in
R"™. Here 7, is a standard Gaussian measure R", which is the product of standard normal
distributions, i.e. measures with density p(z) = \/%exp(—ﬁ /2). For f:R" — R we
also have an expectation

1 —||x]|5/2
Ef— fdﬁyn:W/Rne lella/2 4

R”
2 : o
where ||z]|; = Y1, 22, Of course we assume that this expression is well-defined.

=1
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Clearly, R™ has a standard Euclidean metric structure. It possesses also a group
structure (R™, +), but it is the Lebesgue measure that is the Haar measure on this
group, not the measure -,

We introduce the Hilbert structure L*(R", B(R",,)) with a scalar product

(f,9) =Efg = . f(@)g(z) dya(z).

2.3 Walsh functions
We introduce a set of functions (wg)gcp), ws @ Xn — {—1,1}, given by
wg(x) = Hxi, wy = 1.
i€S

The functions (r;)i-,, 7; = wy; are called the Rademacher functions. Since r; are defined
on the probability space, they form a sequence of random variables. One can check that
these random variables are independent.

Clearly, Ewg = 0 when S # () and Ewy = 1. Moreover, for S,T C [n] we have

(IUS'wT)(JU):H!EinT: H T H x; = H mi:wSAT(fE)a

i€S €T 1€ESAT  ieSNT 1€SAT

hence wg - wr = wgar. Therefore
(wg, wr) = Ewgwy = Ewgar = dg,7.

We have proved that (wg)scp, is an orthonormal sequence of functions in L*(%,,). Since
it is a subset of cardinality 2", it forms a basis in L?(%,). It follows that a function
f 3, — R admits an unique expansion

f="Y (fws)ws.

ScC[n]

It can be also seen by an elementary argument. Indeed, we have

n

L) = [[ =25 = 0 3 ws(a)ws ().

i=1 ScC[n]

Hence,

f(z) = Z fy)1y(z) =27" Z (Z f(y)ws(y)> ws(z) = Z (f,ws) ws(z).

YEX, SC[n] \y€Xn SC[n]
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Clearly, wg : ¥, — {—1,1} is a homomorphism and therefore it is a character on %,,.
Let 3, be the dual group of ¥, namely the group of all characters on ¢,,. One can prove

that 3, = (wg) scp) and o, is isomorphic to ¥, by the isomorphism
reX,—S={i€n|: z=-1}

We also have the Fourier transform

~

7(8) = Flws) = / ws(@)f(z) (@) = (f, ws)

n

Note also that we have
Ef =Ef-1=Ef-wy=(f,wy) = f(0)

and

Ef* = (f,f) = <Z F(Sws, > f(T)w > > FS)F(T) (ws, wr)

SC[n] TC[n] S,TC[n]

2.4 Hermite polynomials in the Gaussian space

The sequence of polynomials (H,,)m>o obtained by the Gram-Schmidt process involv-
ing the monomials (z™),,>o and the scalar product of the space Lo(R,~;) is called the

sequence of Hermite polynomials. That is,

HO = 1,
m—1
i=0 t

There are other equivalent definitions. For instance,

n _x? d" —z2
Hy,(7) = (—1)"e /2@(6 /2,

or via the generating function

pot—12/2 _ Z Hm(x)tm_

m!
m>0

This one is particularly useful for deriving the coefficients of H,,. Indeed,
xt—t2/2 ﬁ m COS(mTF/Q)tm
€ o (Z m!t ) (Z om/2(m [2)! |
m>0 m>0
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Thus

m—2k

" cos(km/2) a7k (—1F 2
Hin() = m! ]; 202 () " 0<kz<;n/2 oy %Y

What makes the Hermite polynomials significant is the fact that they form a basis of

Ly(R, m).
For m € N" we define H,, : R® — R by

n

H,(2) = [ [ Hon, ().

=1

One can prove that the collection (H,,)mens forms an orthonormal basis for L?(R™, ).

2.5 Poisson parity process and continuous time random walk

Let N(t)tcpo,00) be the standard Poisson process. It is an iteger-valued Markov process
with independent Poissonian increments, namely

N(0)=0, N(t)—N(s)~ N(t—s)~ Pois (t — s).
Recall that if Y ~ Pois (¢t — s), then

(t—s) (t — S)k

P(Y =k)=e" 1

With probability one the trajectories of the process ¢ — N(t) are non-decreasing integer-
valued functions. Define X (t) = (—=1)V/?) . One can prove that (X (t))se(0,00) is also a
Markov process. Taket > s > 0. Using the fact that the Poisson process has independent
increments we compute

P(X(t) =1X(s)=1)=P(X(t) = —1|X(s) = —1)
=P (N(t/2) — N(s/2) is even |N(s/2) is even )
=P (N(t/2) — N(s/2) is even) =P (N((t — s)/2) is even)

t—s
)({0,2,4,...})
(t=9)/2 4 o—(t=9)/2

e (t= S)Z t_s _ o (t=9)2C
2

=(1+e <H>)/2.

= Pois(

Also
P(X(H) =-1X(s)=1) =P (X () = 1|X(s) = 1) = (1 —e 79 J2.
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The process (X (f))icjo,00) Is time and space homogenous. It can be constructed via
abstract argument by checking that the transition probabilities

Prs(2,y) = pi—s(T, )

that we have just computed satisfy the Chapman-Kolmogorov equations

pufs(*xa Z) = Z ptfs<x7 y)puft(y7 Z)

ye{flzl}

forallu >t >s>0and z,z € {-1,1}.

Now we can construct a continuous time random walk on 3,. Let (Xi(%)):e(0,00),
(Xa(t))teo,00) - - -+ (Xn(t))ielo,00) be independent copies of the process (X (t))tejo,o0)- For
a given v € X,, we set

XY(t) = (11 X1(t), vaXa(t), ..., v, X, (¢)) .

Clearly we have X"(0) = v and therefore v is a starting point of this process.
For a given f : ¥, — R define a family of linear operators

(Pef)(w) = BF(XV() = Y pelv,2) £(

TEX,
We have the following properties
e P,1 =1 (it is called the invariance of " on %, ),
e f >0 a.s. implies P.f > 0 a.s. (positivity preserving),
o Pis="P oPs Py=1d.

The third property indicates that the family (P;):>o is a semigroup of operators. A
semigroup, indexed by a time parameter ¢ € [0,00), of linear operators satisfying the
above three conditions is called Markovian.

Having a Markovian semigroup (P;) of operators on L*(), 1) one can try to define a
Markov process reproducing this semigroup. We do not want to give precise formulations
here. The idea is to take ¢.(z,y) = (P;1,)(z) and, using the semigroup property, to prove
that ¢;(x,y) satisfies Chapman-Kolmogrov equations.

Now we want to look at the action of our semigroup on the Walsh functions. We
have

(Paws)(v) = Bws(X*(t)) = E [ JviXi(t) = [ Jvi - [JEX:(t)

i€S €8 i€S

l+et 1—et\" 3
=ws(v>( > T3 ) = e lwg(v).
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_ - IsIt

Hence Pywg = wg. Therefore, if f = ZSCM aswg then

Puf = Z e ¥l gwg.

SC[n]

Now one can see that indeed Py s = P;oP,. Note also that P; is a multiplier is a Fourier
representation.

2.1 Remark. The continuous time random walk on ¥, can be constructed in an-
other way that through the Poisson parity process. For A € (0,1/2] we can consider
a lazy random walk (Y})keny on X, started from the point v € 3, namely a Markov
chain with the transition probabilities P (Y;1; = z|Yy = y) = A/n when d(z,y) = 1 and
P (Yii1 = 2|V =) = 1 — . Of course Y}, = ¥;"*. Let fu(z) = P(Yy = z). Take an

operator
(K - > fly

Yda:y) 1

One can see that fri; = (AK + (1 — \)Id) fx. Hence,
fo= 2= OK + (1 =N 1d)kf.
Define a discrete semigroup
(Puf)(v) = EF(Yy™) = %: P (Y = 2|Yy = v) f(z) = 223 fr(@)f(x)

Note that
Kwg = (n —|S|)ws — |S|ws,

hence

n

()\K+(1—)\)Id)w5:(1—)\)w5+)\( —¥> ws = (1_ 2A‘S|>w5.

We have

Hence

fulz) = AK + (1= N1 fo = 27"(AK + (1 = N ID)* [ Y ws(v)ws(z)

=27 ) " wg(v )(1—%5') wg(z).

SC[n]
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If f = ZSc[n} aswg then

(Pf)w) =D as Y filz =27 > Y agws(v)wr(z)ws(z) (1 - 2>\7LS|)

SCln]  z€Zn STCln] €S

B 2\ 9] B 2)15\"*

= Z as ( - T) (wg, wrywg(v) = Z as <1 - wg(v)
S,TC[n] Scn]

Now observe that

: _ _|S|t
Algggr Protjon f = S%:] ase” " wg.

Therefore our lazy random walk converges, as A — 0 (and after appropriate time
scaling), to the continuous time random walk.

2.6 Ornstein-Uhlenbeck process
Consider a one dimensional stochastic equation
dX, = =X, dt +V2dW,, X, = .

where (W;);>0 is a standard Wiener process on R. The solution of this equation

t
X, = xoe ' + \/5/ es~t AW,
0

can we written in the form
Xt = xoe_t + e_tWe%,l.

Clearly,
X, = X ~ xpet + V1 — e g,

where g is the standard normal random variable. The process is stationary, Gaussian, and
Markovian. In fact it is the only nontrivial process that satisfies these three conditions,
up to linear transformations of the space and time variables. Its transition kernel has

the form
(z,y) ! e ( v = xe_t)Q)
Y) = xp| ———+ |-
Pty 27 (1 — e™2) P 2(1 —e™2)
If we consider independent processes
(X1())ez0, (X2(8))z0, - - -+ (Xn(t))e=0

starting from points x1,...,z, € R then for a function f : R®™ — R of moderate growth
and x = (z1,...,x,) € R" we can define

(Pf)(x) = EF(XF) = / Flaet + VI— e Fy) dyaly).

30



This is co-called Ornstein-Uhlenbeck semigroup of operators. One can check that it
possesses the properties

[ J Pt]_ - 1,
e />0 a.s. implies P,f >0 a.s.,
[ J ,Pt+8:’PtO,P57 P(]:Id

Therefore it is a Markov semigroup of linear operators.

2.7 Generators

Having a Markov semigroup (P;):>o we can define its generator

Lf = lim Pt de :

t—0+ t - & ! t=0

for functions for which this derivative exists. Note that L1 = 0, since Py = Id.
We remember that in the case of discrete cube we had Pawg = e~ ¥ltwg, therefore

d
&'thS = —|S’€7‘S|tw;§ = —|S"th5

and
ng = —|S’U}S.

Hence, since L is linear, we have

L Z aswg = — Z |S]a3w5.

Scln] SC[n]

It also follows that q
E,Ptf = Lptf = Pth

The operators P; and L clearly commute since they are both multipliers. The above
identity is general and follows from the semigroup property. Indeed,

d d d
E’Ptf = £Pt+sf T &Ps(]th) o LP.f
and d d d d
aptf = &Pt-i-sf -0 - &Pt(,Psf) 50 = Pt (&P&f sO) = Pth
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For f =% scy asws we also have

. . — S
Jim Pof = Jim > ase” g = apuy = ag = .
ScCn]

Define an operator

y:d(z,y)=1

We check that Lwg = —|S|wg and therefore L = L.
By writing the Fourier expansion of f, g : ¥, — R one can see that the operators P;
and L are symmetric in the sense that

E(fP:g) = E(gP:f), E(fLg) =E(gLf).

Using the scalar product in L*(%,,) we can write

(fs;Peg) = (Puf,g), (f:Lg)=(Lf,g).

If a Markov semigroup possesses these properties, it is called symmetric.

Now we would like to find a generator for the Ornstein-Uhlenbeck semigroup. We
have

G =5 [ 5 VT oy
= /n Z g—i <e_t$ + V1 - e*2ty> (—e_tasi +
- iR

—2t

\/ﬁ )d%( )

Hence
(L)) = (Af)(x) = (Vf(z)) -z

Now we would like to investigate how the operator L and P; act on Hermite polynomials.
2.1 Proposition. In one dimensional case we have

(i) H, =mH,,_1 form >1,
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(ii) LH,, = —mH,, form >0,

(iii) PiH,, = e "™H,, for m > 0.

Moreover, in multidimensional case for any m € N"
(iv) LH,, = —|m|H,,
(v) PH,, =e'"™H,.

Proof. (i) It follows by formula (2.4) that the leading monomial in H,, is equal to z™.
It implies that H) — mH,, 1 is a polynomial of degree m — 2. Therefore it suffices to
check that for every i < m — 2 we have (H, —mH,,_1, H) = 0. Integrating by parts we
obtain

(H —mH,, 1, H)=(H, H)= /H' (:E)Hi(x)e_xQ/Q%

= — /Hm(x)(Hl'(x) —zH;(x))dy =0,

as the polynomial H/(x) — xH;(x) is of degree i +1 < m — 1.
(1) Since the polynomial LH,, + mH,, = H! — xH] + mH,, is of degree m — 1 we
conclude observing that for any i« < m — 1
(LH,, + mH,,,H) = (LH,,, H) = (H,,, LH) = 0,
as LH; is of degree 1. O]
(74i) Note that point (7i) yields
LPHy, = P.LHy = —mPHp,

so that P.H,, is an eigenvector of L. As a consequence there is a number A(¢) such that

P,H,, = \(t)H,,. We get
N(t)H,y, = 0, PH,y, = LPH,, = —mA(t) Hy.

Moreover,
H,, = PhH,, = \(0)H,,.

Thus )\ solves the Cauchy problem
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(iv) Since H,(z) = [[;_; Hm,(x;) we have

AL =Y o (H Hmj<xj>) =3 o) [T o o)

i=1 Jj=1 JAi
2 VHy(x) = 20, (H H,p, (xj)> => H,, (x;) [[ Hm, (z)),
i=1 j=1 i=1 j#i

thus, by the one dimensional result concerning L,

n

LHy = (A= -N)Hy =Y (Hy, (x:) — a5}, () [ ] Him, (2))

i=1 i
= —miHy(x) = —|m|H,,
i=1
(v) The second formula follows by its one dimensional counterpart applied to H,,,(z;)

as the operator P, acts on each coordinate x; independently because the Gaussian mea-
sure is a product measure.

2.8 Contractivity

Suppose we have a symmetric Markov semigroup. Then
EP.f =E1(P.f) =E(P1)f =E1f =Ef

for every t > 0. Therefore the semigroup preserves expectation.
Now we prove that the semigroup (P;):>o is contactive in L, for every p > 1, i.e.

1Pefll, < IfIl,» t=0,p=1.
2.2 Lemma. Let ¢ : R — R be a convex function. Then for every t > 0 we have
EQ(P.f) <E®(f).
Taking ®(z) = [z|P for p > 1 we obtain [|P.f[|, < [|f],-
Proof. Every convex function is a supremum of its supporting affine functions, i.e.

O (z) = sup(ant + ba)

for some real numbers (a4 )acr, (ba)acr. Note that f > g implies Py(f—g) = Prf —Pig >
0 (positivity preserving). Thus,

PUP(f)) > Pilaaf + ba) = aoPrf + bq.
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Therefore, taking supremum of the right hand side,

Pi(@(f)) = S(Pef).

Using the fact that our semigroup preserves expectation we obtain

E(I)(f) = ]EPt(CI)(f)) > E(I)(Ptf)

Note also that if —m < f < m for some real number m then
—m = Pt(—m) S Ptf S Ptm =m,

thus || Pef| o < |1l

2.9 Dirichlet forms and integration by parts

Consider the case of a discrete cube ¥, and a semigroup of a continuous time random
walk. Take a bilinear form

E(f,9) =Ef(=L)g.

Note that because of the symmetry of the semigroup we have £(f,g) = E(g, f). We
prove that the bilinear form £ is nonnegative, i.e. we have the following lemma

2.3 Lemma. We have £(f, f) > 0.
Proof. Take U(t) = E(P;f)?. We have

¥(0) = 28 ((Puf) 7S ) = ZE(P)LPS)

Hence,
U'(0%) =2E(fLf) = —2E(f, ).
Because of the contraction we have
U(t) = ||Pfll; < I£15 = IPofll3 = P(0).
Thus ¥'(0%) < 0 and therefore E(f, f) > 0. O

The same proof works for a large class of symmetric Markov processes, for example
in the case of the Ornstein-Uhlenbeck semigroup for appropriate class of functions. In
our examples we can show the above fact by a direct calculation.
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(a) discrete cube

In this case we have

Therefore

E(f,9)=-EfLg=—-2""">" > f)gy) - g(x))

€Yy y: d(z,y)=

=270 Y (fla)gle) — f@)9(y)).

(z,y): d(z,y)=1

Replacing indexes x and y we obtain also

Efg)=2"" > (fWely) — fy)g(x)) .

((E,y): d(wuy):l

Thus, adding these two equalities together we obtain

Ef)=2"" Y (flx)glx) - f@)gy) + fW)gy) — fy)g(x))

(xvy): d(x7y):1

—on Y <f($);f(y))(g(w);g(y)).

(m,y): d(x,y):l

If we take Vf = (Vif,...,V,.f), where

f(z) = f(oi(x))

(Vi) (o) = DE=20E

Oi(T1, Ty Tp) = (T1y ooy =Ty Ty,

then we obtain

e(f.g)= [ VF- Vo
Moreover,
Ef.f)=[ IVfPdu">0.

Zn

The equality
/f@@ﬂz—/vawmn

can be interpreted as an integration by parts formula. The operator L is often
called the discrete Laplace operator.
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(b) Gaussian space

In this case we have

(Lf)(z) = Af(z) —2- Vf(z).
Thus,

(.9 = = [ ILa @ == [ 1) (Agla) — - Vg(a) drn(a)

- (2;)3 o F(@) (Ag(z) — o - Vg(z)) e Io15/2 4
o (271); /" v (f(x)e—HxH%/z) Vg des - f(z) (z - Vg(z)) dy,(x)

—— [V Voan— [ f@) Vo) dule)+ [ 10 Vo) dnta)
z—/Vf-ngyn.
Thus
[ tradn =~ [vi-vaan.

This formula is called the Gaussian integration by parts. Clearly we have
e.0)= [ 1917 a0

The quantity E(f, f) is sometimes called the energy functional since it is analogous to
the kinetic energy in classical mechanics. We adopt the notation E(f) = E(f, f).
The following lemma states that energy is sable under Lipschitz maps.

2.4 Lemma. Let ¥ : R — R be C-Lipschitz. Then for a symmetric Markov semigroup
we have E(U(f)) < CE(f). In particular, if ¥(a) = |a| then we obtain

EIfI(=D)IfI=&(f) <€) =Ef(=L)f.
Proof. Let X*(-) be a process associated with our semigroup. Applying the inequality
(P(a) = ¥(b))* < C*(a—b)*
with a = f and b = f(X*(¢)), t > 0 we obtain

U(f(x))* = 20(f(2))W(f(X7(1))) + W(f(X7()))*
< C* (f(2)” = 2f () f(X7(1) + F(X7(1)?) -
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By taking expectation of both sides we obtain
W(f)? = 20(f)P(W(Sf)) + Pu(P(f)?) < C* <f2 —2fPif + Pt(fQ)) :
Again, we take expectation and arrive at

0> aft) = E¥(f)* = 2E(¥(f)PU(f)) + EP.(¥(f)?)
— C*Ef? 4+ 2C°E(fP.f) — C*EP,(f?)
— 9EV(f)? — 2E(V()PU(f)) — 2C°Ef + 2C°E(f Py ).

Since Py = Id we have a(0) = 0 and therefore o/(07) < 0, namely

—2RW(f)LU(f) 4+ 2C°EfLf < 0.

2.10 Poincare inequality

2.5 Definition. We say that a probability Borel measure v on R” satisfies Poincare
inequality with constant C' if for every C! function f : R™ — R such that fRn fdr < oo

we have )
2 dv — (/ fdu) <O | |Vf?dv
Rn n R"

Var, (f) < C/ IV £|? dv,

It means that

therefore it is also called the variance-energy inequality.

In the case on the discrete cube one can take the energy functional E(f, f) = Ef(—L)f
instead on |V f|? or adopt the notation of the discrete gradient. We prove the following
theorem

2.6 Theorem. Let f : 3, — R. Then
Ef? — (Ef)* < —E(fLf).

Moreover, if f is even, i.e. f(—x) = f(x) for all z € 3,,, then

Ef? — (Ef)* < 5 —E(fLf).

N | —
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Proof. Expand a given function f : ¥, — R in the Fourier series f = ZSC[n] asWg.

Recall that
Lf:—Z]Smsws, Ef? = Za?, Ef = ay.
SCn] SCn]

Thus,

Ef?—(Ef)*= Y  ai< > |Sla2= ) |Slal=-E(fLf).

SC[n],S#0 SC[n],S#0 SC[n]

To prove the second assertion, note that if f is even then for all S C [n] with |S| odd
the function wg is odd and we have

as = (f,ws) = E(fws) = 0.
In particular ag;y = 0 for all 4 € [n]. Thus

Eff—(Ef)?= Y al= < Y S
Scn],|S|>2

Sc[n],S#0 Scln],|S|>2

_ 152 _ _1
= > = —5E(LY).

ScC[n],S#0
]

We can give the same proof in the Gaussian case by replacing Walsh functions by
Hermite polynomials and using the fact that for the generator of the Ornstein-Uhlenbeck
semigroup we have LH,, = —|m|H,,, where m € N". Therefore we can state the following
theorem

2.7 Theorem. For every C! function f : R™ — R such that fR" f dv, < oo we have

Var, (5 < [ 94 a3,
Moreover, if f is even then
1 2
Var,, () < 5 [ IV da.

Poincare inequalities are also called spectral gap inequalities. As we have seen in the
above proof, they hold because there is a gap in the spectrum of o(—L) between 0 and

o(=L|s.gf=0)-
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2.11 Khinchine-Kahane inequality

Consider a sequence of independent symmetric Bernoulli random variables ry,ry, ..., 7,
and a sequence of real numbers aq, as, ..., a,. The classical Khinchine inequality states
that for p, ¢ > 0 there exists a constant C), ; independent of n and of a choice of ay, ..., a,
such that

n n a\ 1/aq
E a;T; E a;T; .
i=1 =1

It was shown by Khinchine in (7). One would like to find the optimal constants )

p\ 1/p

in this inequality. Clearly, if 0 < p < ¢ then C';(,,I;) = 1. However, the case 0 < g < p
is nontrivial. Khinchine himself found the constants Cz()g) for p even. In 1960 Whittle

found C’Igg) for all p > 3. In 1976 Szarek proved that Cgf) = /2. Finally, U. Haagerup

found ngg) for p > 2 and 6’2(5) for 0 < ¢ < 2.

Tp

For p > 2 we always have C]gg) = 22, where v, = ||g]l, = (E|g|?)*/”

, where ¢ is the

standard normal random variable. In the case of constants Céf;) there exists py € (1,2)
such that

[

= 1
2 2072 0<q<po

and pg is the solution of the equation v2/7,, = 2%_%.
The constants v,/v2 for p > 2 and 7,/7, for py < ¢ < 2 are achieved asymptotically
by taking a; = ay = ... = a, = 1/+4/n and letting n — oo. This follows from the Central

Limit Theorem. On the other hand, the constant 92377 is achieved when ap = ay =1
and a; = 0 for ¢ > 3.
Recently it was shown, see (7), that C},g) = v,/7, for all even p > ¢ > 0. Moreover,

for p > ¢ > 1 we have Cf,g) <\ /S:—}. Later on we will obtain this result by using some

hypercontractivity arguments. Note also that by CLT we always have O;,’;) > Yo/ Vg

Since v, &~ /p for large values of p, the constant , /Z%} is asymptotically of good order.
One can consider a general case of Khinchine inequality in an arbitrary normed space.
Let (F,||-||) be a normed space and let vy, vy, ...,v, € F. J.P. Kahane proved that for

p > q > 0 there exists a constant C),, such that
q> 1/q

p\ 1/p
(E ) < Cpy (E

The constant (), , is independent of a space F', the number n and vy, vy, ..., v,. This is

n

E riv;

i=1

n

E riU;

=1

so called Khinchine-Kahane inequality. Let us denote by C,gng) the optimal constant in
this inequality. The optimal constants are not known in general. It is also not known if
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they coincide with the constants C’éfé). Clearly we have C’Ig,};_K) > C;,(,,I;) even for a fixed
normed space, since we can take v; = a;v, where v € F' is fixed vector. In this chapter
we prove the following theorems

2.8 Theorem. We have C’gl(_K) = C'Q(ﬁ() =2
2.9 Theorem. We have Cing) = ng) = /3.

In the proofs we use the fact that functions wg;y : 3, — {—1,1} forms a sequence of
independent symmetric Bernoulli random variables. Hence, for a function f : ¥, — R
we have

Ef(ri,...,rn) = g f(z) du™(z).

Proof of Theorem 2.8. Consider a function H : 3, — R given by

n
E XTiU;
i=1

Note that clearly H > 0 and H is even, i.e. H(—z) = H(z) for all z € ¥,. By the
triangle inequality we have

H(z) =

Z H(y) = ||—z1v1 + 209 + . .. + T + ||2101 — Zov2 + ... + 200, |
y: d(z,y)=1
+ .ot ||zvr + xove L — Ty
> (n—2)||z1v1 + o9 + ... + T, -

Thus

(~DH@) =5 > (H(x)-H(y) < SH) -

y: d(z,y)=1

1
2
Therefore, using Poincare inequality for even functions we obtain

1

EH? — (EH)* < ~E(H(—L)H) < §EH2.

DN | —

We arrive at EH? < 2(EH)? which is exactly
o\ 1/2

E <V2.E

n
E TiU;
i=1

n
g TiU;
i=1

The constant v/2 is achieved in the case when v; = v, # 0 and v; =0 for ¢ > 3. O
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To prove Theorem 2.9 we need the following proposition.

2.10 Proposition. [Stroock-Varopoulos inequality] For any p > 1 and f : 3,, — [0, 00)

there is )

E(f7P00) £ o =B (P 0.

The same inequality holds for any generator of a symmetric Markov semigroup (under
some technical assumptions on the function f).

We need a simple lemma.
2.11 Lemma. For any p > 1 and a,b > 0 the following inequality holds
(p —2)%(aP 4+ bP) — p*(aP b + abP™) + 8(p — 1)a?/?bP/? > 0.

Proof of Lemma 2.11. Because of the homogenity and symmetry in ¢ and b we can as-
sume that a > 1 and b = 1. Thus it suffices to prove that

u(t) = (p—2)° —p*t " +8(p— NP2 —p*t+ (p—2)2 >0, t>1.

We have
u(l)=(p—272—p"+8(p—1)—p*+(p—2)*=0.

Therefore it suffices to prove the inequality
W) =pp—2)2 P —pP(p— D 2+ 4plp— D5 —p2 >0, t>1.
Again

W(1)=plp—2°-pp—D)+4plp—-1)—p*=p((p—2°—pp—1)+4(p—1) —p)
:p(p2—4p+4—p2+p+4p—4—p) = 0.

Thus, it suffices to prove that
u(8) =plp—1)(p =2 =p*(p— 1) (p— 2" + 2p(p — 1) (p — 2)t2

=2p(p —1)(2 —p)t"* (ﬂ + By té’)

2 2
2 2

:pQ(p— D(p— 2)#’*2 <p + 2P g ) )
p p

If p > 2 then by the inequality aa + (1 — a)b > a®b'~, a € [0, 1], a,b > 0 (concavity of
In) we have
p—2 1+2t P2 > 1% (7 h) =L
p
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Therefore in this case

-2 2
u'(t) = p*(p — 1)(p — 2)tP 2 (p_ 4+ 22 t‘l) > 0.
p p

If p € (1,2) it suffices to show that

2—p p,, -z
At i >0
> 2 =
We have )
—gp 1+ gt_l > 15"t = ¢

]

Proof of Stroock-Varopoulos inequality. Take a nonnegative f : >, — R. From the
Lemma 2.11 we have

(p—2*(@” + f7) = p*(@" ' f +af*") +8(p — D)a"2 72 > 0.
Since P, preserves positivity, we have
(p = 2)%(a? + Pu(f7) = P ("' Pulf) + aPo(f771)) + 8(p = 1)a”*Py(7/?) > 0.
Setting a = f and taking expectation we obtain
(p=2)* Bf? + EP(f7))—p* (B(f*'Pof) + E(fP(f*1))) +8(p—1)E (f7*P.(f71%)) > 0.

Note that
EP.(f7) =Ef?,  EfP(fF") =EPS) "

Hence
B(t) = 2(p — 2)’Ef” — 2p°E(f7"'Pof) + 8(p — DE (f7*Pu(f7%)) > 0.
Since P_f = f, we have
B(0) = (2(p —2)* = 2p° +8(p — 1)) Ef = 0.
Thus #'(0%) > 0. But P, f = Lf and therefore
B(0%) = =2p"B(f*'Lf) +8(p — DE (f°Lf*?) > 0.

We arrive at )

p/2 p/2 p p—1
E (=D))< o E W E0).
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Note that it the case of Ornstein-Uhlenbeck semigroup there is equality in the Stroock-
Varopoulos inequality. Indeed, we have [ fLgdy, = — [ V[ Vgdy,, hence we obtain

E (fp/2<_L>(fp/2)) _ EV(fp/Q) . V(fp/2> _ %]Efpf2|Vf|2

and
2 2

2
p -1 p ~1 p -2 2
E(fF Y -L)f) = L Emv(rY.vi=LEp2vrp
Proof of Theorem 2.9. As in the proof of Theorem 2.8 we take H(z) = ||>_7_, z;v;]|. The
function H? is even, therefore

1
EH* — (EH?)? < —5E (H?L(H?)) .
Taking p =4 and f = H in the Stroock-Varopoulos inequality we obtain
2 2 4 3 4o
—E (H L(H )) < gE(H LH) < gEH ,
since —LH < H. Hence

EH* — (EH?)? < EH*.

N | —
Q| =~

Thus sEH* < (EH?)?, i.e.
A\ 1/4 o\ 1/2

E < \4/§ E Zrivi
i=1

n
E TiU;
i=1

2.12 Hypercontractivity and Log-Sobolev inequalities
We begin this paragraph with a definition.

2.12 Definition. We say that a Markov semigroup with an invariant measure y an a
generator L satisfies Log-Sobolev inequality with a constant C' if

E.(f*Inf?) — (E.f*) In(Epf?)) < CEL(f(=L)]),

namely

Ent,(f*) < CE(f. f).
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We have already proved that the Ornstein-Uhlenbeck semigroup and the continuous
time random walk on ¥, satisfy Log-Sobolev inequality with constant 2. Note that this
is because in these two cases we have

E(f. f) = / VI dp.

We prove that Log-Sobolev inequality is equivalent to the so-called contractivity property.

2.13 Theorem. For a symmetric semigroup with a generator L the following statements
are equivalent

(i) (Log-Sobolev inequality) for every f :  — R satisfying suitable technical assump-
tions

E(f*In f*) — (Ef*) In(Ef*) < CE(f(=L)f),
(ii) (hypercontractivity) for every p > ¢ > 1 and f: Q — R we have

IPfIl, < WA,
for t > anp%} )
Proof. Assume that we have (i). Take ¢, : [¢,00) — R given by
$q(p) = In || Py fH = —ln]E|77t :

where t(p) = £ In 5%}. It suffices to show that HPt(p)pr < [|fll,- Indeed, if ¢ > ¢(p) then
we obtain
1PfIl, = [|Pewy+e—eo) fI|, < [ Pe-en fI|, < I1F11, s

since P;_y(p) 18 a contraction in L7

To prove that HPt(p)f”p < [[fll, we can assume that f i nonnegative. Indeed, the
inequality —|f| < f < |f| implies (positivity preserving) that —P|f] < Pif < Pl f],
hence |P;f| < Pyl f|. Therefore HPt(p)pr < HPt(p)|f\Hp.

Take a nonnegative f. Since t(q) = 0, the inequality ||73t(p) f Hp < |Ifll, is equivalent

to ¢4(p) < ¢4(q). Hence, it suffices to show that the function [g,00) 3 p — ¢y(p) is
nonincreasing. Set Py, f = f,. We have

E4(fp
iqﬁq(p) — 1 dp<'£.p> — %lnEfg
dp p Efp p
and
d d LPypy f\ di(p)
—fp — P = opn(Pepyf) — P (P f) (m Pyn f) +p tr) ) :
C 1
-1
= fInf, + f§ p(pr)Zlnp_ T
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Thus,

1 Efrl 1 Efr-1L 1
4 q(p):—-—fp r;f”+€ R pfp——lnIEfp
dp p Efp 4p—1 Efp p? P

_; Pn( fP) — ") In P & -
~ PPEfE ((]Efpl (fp) (Efp)l (Efp)) + T 1)]E(fp pr))

= —1 p & P—
= ZE (Ent( )+ - 1)IB:(fp 1pr)).

We would like to prove

Cp?

) = 4 )

E(f; 7 (=L)fy)-

Taking f = f}f/ ? in the Log-Sobolev inequality and using Stroock-Varopoulos inequality
we obtain

C 2
But(f7) < CE (R (=D))< 30 B0 (=0,

(r—
To prove that (i) implies (i) observe that for a nonnegative function f the inequality
HPt(p)pr < || f]l, implies that dip HPt(p)pr ‘ < 0, which is equivalent to
p=q

o< O
Ent(f%) < Alg—1)

Now it suffices to take ¢ = 2 to obtain Log-Sobolev inequality for nonnegative functions.
If f is not necessarily nonnegative then we have

Ent(f*) = Ent(|f*) < CE[f|(-L)If| < CEf(-L)f

E(f*7H(=L)f).

because of the energy stability lemma. O

Since the Ornstein-Uhlenbeck semigroup and the continuous time random walk on ¥,
satisfy Log-Sobolev inequality with constant 2, we have proved the following theorem.

2.14 Theorem. Let (P;):>0 be the Ornstein-Uhlenbeck semigroup or the continuous
time random walk on »,,. Then for every p > ¢ > 1 and t > %ln Z%l we have

1
1P, < WA, -
As an application of the hypercontractivity we prove the following theorem.

2.15 Theorem (Khinchin-Kahane inequality). Let (F,||-||) be a normed space and let
v1,...,v, € F. Then for p > ¢ > 1 we have
) 1/q

1/p T
q—1

n

E TiU;

=1

n

g TiU;

i=1

VAN




Proof. Let H(z) = ||> i v, H : 3, — [0,00). We have proved that (—L)H < H.
Hence,

d

&PtH = LP,H=—-P,LH > —P,H.

Therefore P;H > e '"PoH = e 'H. Take t = %ln 2%. By the hypercontractivity of P;

q—1 N
\/F IH||, = e |H|, < |PH|, <|H]I|, -

we obtain
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