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ABSTRACT.

1. MIXING VIA COUPLINGS

1.1. Discrete time finite Markov chains. Consider a finite set V' with |V| = n and a
Markov kernel (or transition matrix) P: V x V — R, i.e.,

P(x,y) >0, 2,y €V Y Plry)=1,z€V.
yev
The discrete time Markov chain associated with K with an initial distribution v is a V-valued
sequence (X)), whose law P, is given by
]PV[V; = vy, 0 S 7 S l] = V(.]?Q)P(l'o,x'l) Ca P(l‘l,l,.ﬂjl), l = O, 1, e

Consider the Markov chain started at z and set P, = Ps,. Then the law of X; is given by
P,(X; =y) = PY(z,y), where P! is defined recursively via

Plz,y)=> P (x,2)P(z,y).
zeV
The kernel P defines an operator

(Pf)(x) =Y Pz, y)f(y).

yev

Clearly, the Ith power of this operator has kernel P!(z,y).
We also set [E,, to be the expectation with respect to P, and E, to be the expectation with
respect to P,. Let us also define

1.2. Gamblers ruin. We start with a very simple example, called the gamblers ruin. Here
V ={0,1,...,n}, |V] =n+ 1 and the transition probabilities are given by

1
Pk,k+1)=P(k,k—1)= 3
We can imagine a gambler playing the following simple round game. In each round he wins
one dollar with probability % and he with the same probability he looses one dollar. The

game end when the player looses all his money, or reaches the amount of n dollars. Suppose

k=1,...,n—1 and P(0,0)= P(n,n)=1.
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2 RANDOM WALKS ON GRAPHS

our player starts the game having k dollars. Let X;, ¢t =0,1,... be the (random) amount of
money in player’s pocket after time ¢. Let 7 be the random time of ending the game, that is

r=min{t >0: X, € {0,n}}.

Suppose we start with k dollars. What is a chance of winning the game? What is the
expected playing time?

Fact 1. We have P,[X, = n] = £ and Ey[7] = k(n — k).

Proof. Let pr, = Pi[X, = n|. Clearly we have

1 1
pk:§pk—1+§pk+1a 1<k<n-—1, po=0, pn=1

Thus (pr)}_, is an arithmetic sequence with py = 0 and p,, = 1. It follows that p; = k/n.
To prove the second part let us set Ty = Eg[7]. We have Ty = T,, = 0. Moreover,

1 1 1
T, = 5(1 +Te1) + 5(1 + Tht1) = §(Tk—1 + Thq1) + 1, k=1,....,n—1.

Let S, =T +k? For 1 <k <n—1 we have

1 1 1
Sk—k* =T, = §<Tk—1+Tk+1)+1 = 5(Sk+1_(k+1)2+sk—1_(k5_1)2)+1 = E(Sk—1+5'k+1)—k2-

Thus, S;, = %(Sk_l +Sk41). Since Sy = 0 and S,, = n? we get Sy = nk. Thus T}, = nk — k? =
k(n — k). O

1.3. Coupon collecting. A collector desires a complete set of n distinct coupons. The

probability of getting a coupon k at a certain round is 1/n. Let X; be the number of different

coupons accumulated at time t. Clearly, we have the following transition probabilities,
n—=k k

k=1,...,n—1, Pkk)=—, k=1,...,n.

Pk E+1)=
(k. k+1) ko n

Take
7 =min{t >0: X; =n}.
How long will it take to collect all the coupons (starting with no coupons)?
Fact 2. We have E[r] =n)";_, 1. Here E = E,. In particular
E[r] <nlnn+n.

Proof. Let 1, be the number of coupons accumulated when the collection first contained &
distinct coupons. We have

r=(n-—-1)+(m—1)+...+ (T — Tu_1),

where 7 = 0. Note that 7, — 7,1 is a geometric random variable with success probability
Pr = n— k+1 i.e.,
Plry — i1 = 1) = pi(1 — p)™, [=1,2,....

Therefore,

d <« d 1 1 n
E[r, — 731 lekl—Pk lz—pkd—zl—pk :_pkd_mp_k:p_k:n——k—i-l'
=0
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Thus,
BN A |
7] —; [Tk — Th—1] _;—n—k—i—l —nk:1 T
Now the second part follows from the well known inequality | Y>",_, + — Inn| < 1. O

We will soon need the following tail bound for 7 in the coupon collector problem.
Fact 3. For any ¢ > 0 we have P[r > [nlnn + cn]] < e
Proof. Let

A; = {coupon i does not appear among the first [nlnn + cn| coupons}.

We have

n

U

i=1

]_ |—7thn+cn-‘ nlnn+tcn
Plr > [nInn+cn]] =P ) -

Sipw gn(l—ﬁ

1.4. Stationary measure and the total variation distance. Assume that our kernel P
is strongly irreducible, i.e., there is 7 such that P‘(x,y) > 0 for every x,y € V. This implies
the existence of the unique stationary measure 7. This means that

n(z) =) w(y)Py,x),  lim P'(z,y) =n(y).

In other words, lim; . P.[X; = y] = 7(y). One can say that long time law of the chain is
independent of the initial distribution and is given by the measure 7.

Our goal is to bound the quantity |P,[X; € A] — w(A)| for every A C V. In other words,
we would like to estimate the rate of convergence to the stationary measure 7. We need to
work with the total variation distance,

10 = Vllgy = mase (4) = v(A)].

In the sequel we will need two simple lemmas.

Lemma 1. Let p and v be probability measures on V. Then
1
= vy = 52\#(1’) —v@) = Y (ul@) - v(x).
zeV z€V: p(z)>v(z)
Proof. For the second equality note that
0=> (pa)—v(@) = > (ux)-v(x)+ (u(z) — v(z)).
z : p(x) 2y (@) @ p(x)<v(x)

Thus,

|
=
=
|
=
8
S~—
S~—
+
| —
)
=
|
=
=

3 2 o)~ i)l =
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For the first part we define B = {z : p(z) > v(z)}. We have
1(A) —v(A) < p(ANB) —v(AN B) < u(B) —v(B).
Passing to the complement of A we also get
V(A) = p(A4) < WA B) — v(AN B) < u(B) - v(B)
Thus,

w(A) = v(A)| < u(B)—v(B) = Y (ux) - v(x)),
@ p()>v(x)

with equality for A = B. O
Remark 1. From the above lemma we deduce the triangle inequality

[ = vlipy <Ml =nllpy +I1n =V
1.5. Couplings.

Definition 1. A coupling of two measures p and v on V' is a measure m on V' x V such that
m(V x {z}) = v(z) and m({z} x V) = p(z). In other words, a coupling of  and v is a pair
of random variables (X,Y") such that X ~ g and Y ~ v.

Lemma 2. We have
|\ —v|lpy =inf {PX #Y]: (X,Y) is a coupling of yz and v} .
Proof. We have

p(A) —v(A) =PX € A|-PY € A|=PXcAY ¢ A +PXcAY c A —P[Y € 4]
<PX €AY ¢ Al <P[X #Y].

Changing the roles of u and v and taking the supremum with respect to A gives
= vy <inf{P[X #Y]: (X,Y) is a coupling of 1 and v} .
To construct a coupling with || — v, = P[X # Y] take the random vector (X,Y) with
PX =Y = z] = min{u(z2),v(2)}, zeV

and

MX:@Y_MZW@—ﬁﬁ%aiMWH

To check that this is indeed a coupling we write

w@v@) v@)zuw)s T FEY.

PX=2]=) PX=1Y =y

CPX=Y=dtr Y %@;ﬂﬁmm—mwnmmﬁ
v v(y)>p(y) . VHTV

= min{p(e), v(@)} + (u(x) V() Lo = pla).
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Similarly P[Y" = y] = v(y). Moreover,

PIX #Y]=1-P[X =Y]=1- ) min{u(z),v(z)}

:1—§Z(u(x)+y() () ZW )| = —=vpy,

T

due to Lemma 1. O
We now define two crucial quantities we would like to control,
d(t) = max 1PF() =7y s ‘Z(t) = gzl%}é 1PF () = P ()l -
We now show the comparison between those two quantities.
Lemma 3. We have d(t) < d(t) < 2d(t).
Proof. We first note that
IPEC) = B Oy < IPFC) = 7(llgy +17() = Bl < 24(2).

Taking the supremum over z and y gives d(t) < 2d(t).
Now for the first inequality note that by stationarity of = we have

T(A) =Y w(y)P(y. 4), ACV.

Y

Thus,
1PF() = 7( )l v :IAng‘}/‘:’Pt(va> —( :5{13‘}/( Z )(Fi(z, A) — Pi(y, A))
< % w(y)|P(x, A) — A)| < ZW ) max|Pi(z, A) = Pi(y, A)]
= Z MEEC) = POy < n;zzx Hljtx() = P/ (O)llpy = Ci(t)
Therefore d(t) < d(t). O

The following lemma shows monotonicity of d and d.
Lemma 4. The functions d(t) and d(t) are non-increasing.

Proof. Let us define the action of P on the space of measures,
=> uy)P
yev
Note that
luP = vPlgy <l —=vigy -
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Indeed,

1P = vPllgy =5 S nP)@) — (P)(a)| = %Z 3 ) Ply.2) = v(5) Pl
<5 plna)luty) - vly Z 1) = )] = 1=Vl

We have Pf () = pP7(-). It follows that
[P () = Pla Ol = 1PECOP = PYC) Py < IPFC) = PYC)llpy

and thus d(t) is non-increasing.
Note also that stationarity means 7P = P. Thus

H t+1 7THTV P ()P 7TP”TV <|[F() - 7THTV'

This shows that d(t) is non-increasing. O

Lemma 5. We have d(s +t) < d(s)d(t). In particular, for any integers [,¢ > 0 we have
d(It) < d(lt) < d(t)".
Proof. Fix z,y € V and set (Xj,Ys) to be the optimal coupling of P?(-) and PY(-), i.e.,
1PSC) = PIC iy = PIX, # Y3,
We have
Pz, w) = ZP z, 2)P(z,w) ZIP’ = z]Pi(z,w) = EP(X;, w).

Similarly, Psy(y,w) = EPt(YS,w). Thus,
Pii(7,w) — Poi(y, w) = E[P(X, w) — P (Y, w)].
We get

[ Pose(@, ) = Poe(y, )l gy = Z!Ept Xo,w) = A(Y;, w)]| = E[|P(X, ) = Bi(Ys, )|y

<d(t )Elxs;«éys = d()PX, # Y]
= d(®) [[Ps(x,-) = Ps(y,)lpy = d(t)d(s).
Thus d(s +t) < d(s)d(t). The second assertion follows easily. O

1.6. Mixing times. Let us define the mizing time with parameter £ > 0,
tmiz(e) = min{t > 0: d(t) <e}.
Moreover, we set
tniz = tmiz(1/4).
Note that

d(ltmis(€)) < d(ltmiz(€)) < d( miz(€))! < (2d(tnin (€)' < (2¢)",
Taking ¢ = 1/4 we get d(lt ) < 27, We have 27 < ¢ for Iy = [In(1/¢)]. Thus,

tmiz(€) < lotmiz = [In(1/€)] tmia-

Definition 2. A coupling of two Markov chains C; and C; on V' is a process (X3, Y;)t>0 where
(Xt)e>0 and (Y3)i>0 have the same distribution as C; and Cs, respectively.
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Before we proceed further, let us give one simple example of a coupling of two Markov
chains.

Claim 1. Let V' = {0,1,...,n} and consider the Gambler’s ruin chain. If 0 <z <y <n
then Py(z,n) < P(y,n).

This is an intuitive statement, but probably not so trivial to prove. Let us give a very
simple explanation using couplings.

Proof. We construct a coupling of Gambler’s ruin chains C, and C, started at z and v,
respectively, in the following fashion. Start with a vector (z,y). At each step toss a fair
coin and move both coordinates up if heads and both coordinates down if tails. The only
restriction is that if one of the coordinates gets value 0 or n, we no longer perform moves
for this particular coordinate. This is process (X, Y?);>o is clearly a coupling of C, and C,.
Moreover, by construction we always have X; <Y;. Thus

Pi(z,n) =P(X; =n) <P(Y; =n) = P(y,n).
U

If (X;,Y;) is a coupling of two Markov chains then we can define a modified coupling as
follows. Define 7. = min{t > 0: X; = Y;}. Then the chain

¢ vy ) (XoYh) t<7
(Xtam)_{ (XtaXt) tZT

is also a coupling of those two chains. We won’t prove this statement because of two reasons.
First is that it is completely obvious. The other is that writing down the proof requires some
time and board/paper space and we would like to save those resources for more explanatory
material. We will always assume that our couplings have the above form and will call them
standardized chains.

The following lemma shows the relation between couplings and mixing times.

Lemma 6. Let 7. be defined as above and consider a standardized coupling. We have
1PF(-) = PY gy < Poylre > 1.

In particular

d(t) < maxP, ,[1. > t].
@y

Proof. From Lemma 2 we have
IPE() = By < Pry[Xe # Vo] = Py [re > 1.
OJ

Now we use the above theory to upper bound mixing times for several important and basic
Markov chains.

Example 1 (Lazy random walk on a circle). Consider an n-point discrete circle (cyclic group
of cardinality n). We can identify it with the set V' = {0,...,n — 1}. The transition matrix
is the following,

Pk,k)=1/2, k=0,....n—1,  Pkk+1)=Plkk—-1)=1/4, k=0,....n—1,

where (n —1)+1=0and 0 — 1 =n — 1 (in other words + means adding modulo n).
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Let us consider the above chain C, started at x and C, started at y. We construct the
following coupling. Start X; at x and Y; at y. At each step toss a fair coin. If heads
move X, clockwise (i.e., add 1) with probability 1/2 and counter-clockwise (subtract 1) with
probability 1/2. If tails do the same for Y;. After X, and Y; meet, perform the same walk
for both chains.

Clearly, we have construct a standardized coupling of C, and C,. Let D, € {0,1,...,n}
be the clockwise distance between X; and Y;. Note that both chains meet when D; reaches
value 0 or n. It is easy to observe that D; is a Gambler’s ruin chain. Thus, from Lemma 6,
Fact 1 and Markov inequality we have

TL2

1
< - k) = —.
< mkax(k(n k)) m

max, yez, By (7

d(t) < max [1, > ] <
z,yE€Ly t

Thus, tmir < n?. One can show indeed t,,;, =~ n? up to universal constants.

Example 2 (Random walk on the hypercube). Let us consider a set V' = {0,1}" and define
the following Markov chain on V. We toss a fair coin. If heads, we do nothing. If tails, we
pick a random coordinate (with probability 1/d) and flip the bit on this direction.

Let us consider the above chain C, started at x and C, started at y. Here is our coupling.
As always, start X; at = and Y; at y. Pick a random coordinate (with probability 1/d)
and replace this coordinate with a random bit (the same random bit for both chains). One
can easily check that this is indeed a standardized coupling of C, and C,. The number of
coordinates replaced with random bits after time ¢ is a coupon collector process. Thus,

d([nlnn+cn]) <Plr >nlnn+cn] <e™°, C > 0.

Thus,
tmiz(e) < [nlnn +nlog(l/e)] < nlnn+ nlog(l/e) + 1.

Example 3 (Lazy random walk on the discrete d-torus Z2). The definition of this chain is
natural. We first choose a random coordinate and the perform a move of a discrete circle
random walk. We couple C, and C, as follows. We firs pick a random coordinate. If the
positions of X; and Y; agree on that coordinate, perform a usual step of a discrete circle
chain and move both X; and Y;. Otherwise we randomly choose one of the processes to move
and the other one to stay. It is again easy to see that we have constructed a standardized
coupling.
Let
X, =X, x, =W,y
and
7, = min{t > 0: X = Yt(i)}.

Note that if Xi,..., X, are i.i.d. random variables with mean p and if 7 is independent of
the above sequence, then
.
>_Xi
i=1

E = pEl[7].

Indeed,

Plr =n| = ZTLMP[T = n| = pE[r].
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Note that 7; has precisely the above structure, where 7 is equal to 7. of discrete circle
random walk and X,[...,X,, are waiting times for picking ¢th coordinate. Thus, each X;
has geometric distribution with mean d. Thus,

dn?

VU

Let 7. be the standard ”couple time” for our chain. We get

Ew,y [Tl] = dEm,y [Tcircle] <

Thus,

1 d*n?
d(t) < Prylre > 8] < SEayfr] < — -
For to = d*n? we get d(tg) < 1/4 and thus t,,;, < d°n?. Therefore t,,;,(¢) < d*n? [In(1/e)].
To get an optimal dependence on d we have to work a little more. Note that for any z,y

we have & .
T.
P, [ >dn? < =241 < —.
7y[T n ] — dng =4
Thus for any integer k£ > 1 we have P, [1; > kdn?] < 4% (since we can consider k periods of

length dn? of waiting for coupling the ith coordinate). We get
- d
Px,y[Tc > kdn2] S Z]P)IB,y[Ti > k,an] S E

i=1

The right hand side is smaller than 1/4 for k > (% log, d + ﬂ. From Lemma 6 we get
1
tie < [5 log, d + 1-‘ dn?.

Example 4 (Metropolis chain on graph colourings). Let G be a graph with maximal degree
A. Suppose we have a list of ¢ colors and we want to colour the vertex set of our graph
according to the rule that any two neighbours must have different color. We call such a
colouring proper. Now we run a Markov chain on the set of all proper colourings. We first
choose a vertex v uniformly at random. Then we choose one of the ¢ colors at random and
we update the color of v if this leads to a proper colouring.

Note that it is easy to verify that this chain satisfies the detailed balance condition with 7
being the uniform measure on proper colourings. Note also that in order to have this chain
transitive we need to assume that ¢ > A + 1.

We shall prove the following theorem.

Theorem 1. Let G be a graph with n vertices and maximal degree A. If ¢ > 3A we have

1 1
q

Proof. Let C, be random walks started at any colourings = (not necessarily proper). However,
we keep the updating rule unchanged. We construct X; as follows. We choose a vertex v
uniformly at random and then one of the g colors uniformly at random. We update X;
whenever our color is admissible. The main point of this procedure is that we use the same
vertex an color for every starting colouring x. This is called the grand coupling.
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For a colouring x let z(v) be the color of the vertex v. Let us introduce the following
distance,

D(z,y) = {v: x(v) # y(v)}.

Let X be the Markov chain started at colouring y. Note that X* = X, and X*) = V.
We first consider the case when D(z,y) = 1, that is, the colourings differ at only one vertex
vo. Let N be the set of colors appearing in the neighbourhood of vy in x (equivalently, in y).
We want to compute the probability that after one step the chains will meet. Note that in
order for this to happen we have to choose vertex vy and a colour outside of /. Thus,

1a-Wl a-A

n q nq

Unfortunately, D can go up to 2. For this to happen we have to choose one of the neighbours
of o and we have to choose one of the colors from the set { X (vo), X (vo)}. Thus,

P(D(XT, X{) = 0) =

A2
P(D(X?, X)) =2)< — . —.
(D -2 <2
It follows that
2A —A —3A
ED(XI XV <1+ —=-1"=2_;_1 € (0,1).
ng ng ng
Suppose now z,y are colouring with D(z,y) =r > 1. Let * = 29, 21, ..., 2. = y be a path
between colourings (again, not necessarily proper), that is, D(zx_1,2x) = 1, k = 1,...,7.

Since D is a metric, we get

- z z —3A — 3A
ED(X?, X}) < S ED(X{* ), X (%) <7 (1_ = ) — D(z,y) (1_ = )
k=1

Similarly,
E[D(X7, XY) | Xy = w1, Xiy =y ] = E[D(X7 X))

—3A
< D(%—l,yt—l) (1 1 ) .
ng

In other words,

B [DOXG X! | X, X2 < D0, xe) (1- 1522,

Taking expectation,

E[D(X?, X?)] < ED(X? ,, X7.)) (1 4 ?’A) .
nq

Iterating we get

BIDC X)) < Dl (1- 122

Thus, by Markov inequality

B(XF # X¥) = P(D(XF, XY) > 1) < ED(XE, X?) < D(x,y) (1 -
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The last expression is smaller than e for

1 1
q

This holds for all colourings, in particular for proper colourings. 0

2. EXPANDER GRAPHS

Definition 3. Let G = (V, E) be a graph. Define

['S)={veV\S|JueSuv~u}
We say that G is a (n,d, c)-expander when |V| = n, G is d-regular and for any S C V with
|S] < n/2 we have |['(S)| > ¢|S].

Fact 4. Any two vertices x,y in a (n, d, ¢)-expander can be connected with a path of length

at most {2 (loch (%) + 1>-‘
Proof. Let

Ni(z) ={z eV | d(z, 2z) < k}.
Clearly, Ny(z) = d+1 for any x € V. Moreover, No(z) > d+1+4c¢(d+1) = (1+¢)(d+1). By
induction we get Ni(z) > (14d)(1+c)**. Thus, Ni(z) > n/2if kg > 1+log, . <ﬁ) As
a consequence, there is a vertex z in the intersection Ny, (z) N Ng,(y). The assertion follows
by triangle inequality d(x,y) < d(z,2) + d(z,y). O

Let A be the adjacency matrix of G, that is

- 1 u~vw
“ 1 0 otherwise -

Let
e(S,T) = {(u,v) | ue S,veT}.
Assume that SNT = (). Then e(S,T) < |S]-|T].

Fact 5. Let G = (V, E) be a d-regular graph on n vertices. Let Ay be the second largest
eigenvalue of its adjacency matrix A. Then for every partition V =S UT we have

d— Xy

n

e(5,T) = -|S]- [T

Proof. If 1 = (1,...,1) then A1 = d1 (this is due to the fact that G is d-regular). The matrix
A is symmetric, thus it has eigenvalues A\; > Ay > ... > A\,. We claim that \; = d. Indeed,
for any vector z € R" we have

27 (dl — A)x = defj -2 Z Tyly = Z (24 — 1,)* > 0.
veV {uv}eFE {uv}eFE

Here the notation {u,v} € E means that the edge (u,v) is the same as (v, u) and is counted
once. It follows that all the eigenvalues of A are not greater than d. Note also that from the
above inequality it follows that G is connected if and only if A\ < d.

For any x 1 1 we have 27 Az < \y|z|?. Take z = 15 — |ni|1. We have

(d=Xo)|z]> <a"(dl — Az = Y (2, —x,)" =e(S,T).

{uv}eFE
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To finish the proof it suffices to observe that

S S S ISP 1
o = (o) = (16 = Bl1,00 - Bla) g - 2L L By s,

O

Fact 6. Let Ay be the second eigenvalue of the adjacency matrix A of a regular graph G.
Then G is a (n d, = ’\) expander.

»"2d
Proof. Note that for d—regular graphs |e(S, S¢)| < d|T'(S)|. Thus, for |S| < n/2 we have
. d—\ d A
TSI = d’ e(5, 5] > 2ISI( =150 = 2ISI
O
Fact 7. Let P be the transition matrix of a reversible Markov chain. Let 7, = mingcq 7(z).
Then
1\ 1
tmm( ) < log < ) )
ETx ) Va
where

v = 1 —max {|\| | A — eigenvalue of P with \ # 1}.
Proof. Note that (\/7(z)).ev is an eigenvector of P with eigenvalue 1. Indeed,

Z“ P(z,y)/7(y) = /7(x)

Let D, be a diagonal matrix with D, (x,z) = w(z). Take A = DY*PD;?. Note that A is

symmetric. Indeed,

which is true due to the detailed balance cond1t1on m(x (y)P(y,x). Let (o), be
the orthonormal basis formed by eigenvectors (u,), of A. Take fm = D;Y ®,. Note that

Pf,=PD;"?p, = DY*(DY*PD**) ¢, = D;V?Ap, = D 1,0, = s fo

Moreover,

{0y ipy) = (DY2f, DY2fN = (fo, £) -

Thus, the vectors (f;), form an orthonormal basis with respect to the scalar product (-,-). .
Moreover, they are eigenvectors for the matrix P.

Take d,(x) = 1,—,. We have

52/ = Z 5ya fz Zfz
=> fy)P(x,y)
r) = 3 6,(:)P(e.2) = Plr.y).

Recall that

Thus,
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Also,
Py(z,y) = P'(d <Zfz ) Zfz y)P'(f.) (x)
—Zfz () f ().

Let us order the vectors (f,), such that fi(z) = /7(x) is the eigenvector with eigenvalue 1.
We have f; = \/7_51@1 = 1. Define A, =1 — v,. Then

" . n 1/2
'PW(( ) ‘ ng <Z|fj YA <AL (ij E;fj<y>2) .
Note that
() = (0, 0u), = <ng x)fj»ij(fB)W(x)fj>
x)? ZJ‘E(IV > 7(x)? Z fi(x)?
We get
‘Pt(w,y) _1' o N (A=)t et
™(y) m(r)m(y) T T T
Therefore,
P'(z,y)
[P, ) =7l = Y. (@) -Pley)= > 7wy (1-—>=
v Pt(rg)<n(y) v Pt(rg)<n(y) ( () )
_ Pley)| e
=TT ‘— —

O

Remark 2. For a lazy version of a random walk, i.e., P = %P + %I , all the eigenvalues

N\ = %)\i + % are non-negative. Indeed, it suffices to show that I 4+ P is positive semi-definite.
To show this we observe that under the detailed-balance condition we have

(I+P)f, [)x Zlf y)I*P(z,y)m(w).

Then 7, = 1 — M.
2.1. Ramanujan graphs. Let A be a adjacency matrix of a graph G and let Ay > Ay >
. > A\, be the eigenvalues of A. Note that
o7 (dl + A)x = Z (2, £ x,)* > 0.
{uv}eFE

It follows that for every i = 1,...,n we have \; € [—d,d]. We already know that A\; = d.
Moreover, from the above identity we see that A\, = —d when G is bipartite. Indeed, then



14 RANDOM WALKS ON GRAPHS

G = SUT and setting z, = 1 for u € S and z, = —1 for u € T gives 27 (dI + A)x = 0, that

is
xT Ax 2T Ax

TR S TER R T

d =
Thus A\, = —d. For bipartite graphs d and —d will be called trivial eigenvalues.

Fact 8. The adjacency matrix of a bipartite graph GG has symmetric spectrum.

Proof. Suppose that G = SUT and |S| = k, |T| = [. The matrix A can be written in the

form
0 B
A_|:BT O:|7

where B is a k x [ matrix. Suppose that a vector [u,v] € R¥ x R! is an eigenvector of A with

eigenvalues A,
0 B ] U Bv U
Lot )=o) =[]

that is, Bv = Au, BTu = M. We the have

R EAREE]

Thus, the vector [u, —v] is an eigenvector with eigenvalue —\. 0

A bipartite graph G is a good expander if all non-trivial eigenvalues are contained in a
small symmetric interval around 0. The following theorem shows that, for big graphs, this
interval cannot be much smaller than 2/d — 1.

Theorem 2 (Alon-Boppana, 1986). For every € > 0 there exists IV such that any d-regular
graph on N vertices has a non-trivial eigenvalue A with |[A\| > 2v/d — 1 —¢.

So, for an infinite family of graphs, having all the non-trivial eigenvalues in the inter-
val [=2v/d — 1,2v/d — 1] is the best what we could hope for. This motivates the following
definition.

Definition 4. A d-regular graph having all the non-trivial eigenvalues in the symmetric
interval [—2v/d — 1,2v/d — 1] is called Ramanujan. Infinite family of d-regular Ramanujan
graphs is called Ramanujan family.

We are not going to prove the above theorem. Our goal is to show the existence of
Ramanujan families of d-regular bipartite graphs.

We now introduce the concept of 2-lifts. For a graph G = (V| E) we define the 2-lift Gj,
where s € {£1}#] as follows. Take two copies of G, G of G and set V(G,) = V(G1)UV (Gs).
Assume that e = (a,b) is an edge in G. Let ay,b; and ay, by be corresponding vertices in G
and Gy. If s(e) = 1 then we add to E(G5) the edges (a1, b1) and (ag,bs). If s(e) = 1 then we
add to E(Gy) the edges (aq,by) and (ag,by).

There are 217! lifts and for every 2-lift we have deg(a) = degq_ (a1) = degg, (a2). It is
easy to see that the following is true.

Fact 9. Suppose that G is a bipartite d-regular graph. Then for every s the graph G, is
d-regular and bipartite.
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Let A be an adjacency matrix and let s be a signing. We define the signed adjacency
matrix Ay as follows. For every edge e = (u,v) multiply the entry a,, by the corresponding

sign s(e).
Fact 10 (Bilu-Linial, 2006). For ant s the eigenvalues of A(G;) are the union of the set of
eigenvalues of A and the eigenvalues of Aj.

Proof. We have
A A
G| i 1.

where A; is the adjacency matrix of V/(G) with edges corresponding to positive lifts and Ay
corresponds to edges going form G to Gbs.
Clearly A = A; + As and A, = Ay — A,. Let v be an eigenvector of A with eigenvalue .

Then,

Ay Ao v Aw+ A || Av ]

Ay Ay v| | Ayv+Av | | Av | v |’
So, (v,v) is an eigenvector of A(Gy) with eigenvalues A\. Moreover, if u is an eigenvector of
A, with eigenvalue p then

A A ouw | Awu—Aou | | Asu | U

Ay A —u | | Ayu— A | | —Au | el T
Thus, (u, —u) is an eigenvector of A(Gy) with eigenvalue u. Let vy, ..., v, be orthonormal
eigenvectors of A and wy,...,u, be orthonormal eigenvectors of A(Gy). Since (v;,v;) L

(uj, —u;j), we produced 2n orthonormal eigenvector. Thus, these is a complete basis of
eigenvectors of A(Gj). O

Example 5. Show that the complete bipartite graph K;4 has all non-trivial eigenvalues
equal 0.

To construct a Ramanujan family it is enough to prove the following theorem.

Theorem 3. For every d-regular bipartite graph G there is a signing s such that all the
eigenvalues of A, are not greater than 2v/d — 1.

We then run our construction as follows:

1. Take GY = K, 4.

2. Having a bipartite graph G with all the eigenvalues in the interval [-2v/d — 1,2/d — 1],
choose (using Theorem 3) a signing s such that A,(G®) has all the eigenvalues not
greater than 2v/d — 1. Then by Fact 10 we get that all the eigenvalues of A(Gg))
are not greater than 2v/d — 1. From Fact 8 we know that the spectrum of GY is
symmetric. From Fact 9 we know that GY is bipartite. Thus, the spectrum of GY
is contained in [—2v/d — 1,2v/d — 1].

3. Take G0+D = GY) and iterate the procedure.

Let M be a symmetric matrix with eigenvalues A1,...,\,. We define the characteristic
polynomial

xum(x) =det(xl — M) = H(x — ).

i
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Let A be the adjacency matrix of graph G. For k < m and t € {£1}* define

pi(w) = 2,3_k Z Xa, ().

st §1=t1,...,Sp =tk

Note that for t € {£1}" we have p; = x4,. We also define

o) =5 S xal)

se{x1}m

We would like to find ¢ € {£1}"™ such that the roots of p, are not greater than 2v/d — 1.
We will start slowly by showing that this is true for py.

2.2. Properties of py.
Fact 11. For any graph G we have

po(z) = ZCC"_%(—l)imm

where m; is the number of matchings (subsets of E that touch each vertex at most once) in
G of size i. Here mg = 1.

Proof. Recall that
det(A) = Z (=) a1 51y a2,0(2) - - - Ay

o—permutation

where |o| is the parity of o.
Note that

1. Permutations that hit any off-diagonal non-edge do not contribute to the above sum.

2. permutation that hit a;; but not a;; cancel in expectation.

3. We are left with permutations with n — 2i entries on the diagonal (contributing x
and 7 terms of the form a;;-a;; with a;; = a;; = 1 (this corresponds to 7 element match-
ings; we have m; such matchings). These contributions correspond to permutations
of parity (—1)?, since each pair (i,0(i)), (0(i),4) contribute one transposition.

n—2i)

U
Fact 12. Let G be a graph. Then the polynomial pug(x) = Y, 2" % (—1)"m; is real rooted.

Proof. We consider a more general setting where the edges of a complete graph have weights
Wi(e) > 0. We first assume W(e) > 0 for all e € E. Let M; be the set of all matchings
having i edges. Take
mi(G) =m"(G)= Y [[W(e)
MeM; eeM
We have
mi(G) = my(G\ {v}) + D W(u,v)m; 1 (G\ {u,v}).

u~v

Take
pg(x) = ,ug;w) () = Zx”_%(—l)imgw)((}).



RANDOM WALKS ON GRAPHS 17

Using the recurrence relations gives

pa(r) = spe (@) = > W (U, v)ie e ().
We show by induction that pg has n different real roots a; < as ... < a,, and for every v the
roots by < ... < b,_1 of pg\ (o) satisfy

ap < by <ag<by<...<bp1<ay,.

The base of the induction is trivial. In this case we take n = 2 and then ug(z) = 22 — W,
where W is the weight on the only edge of G. For v € G we have pc o) (x) = 22, so the
assertion holds.

To do the induction step fix v and assume that for every u the zeroes of e fu,v} interlace
the zeroes of pue fy). By Darboux principle the zeroes ¢; < ... < ¢,_5 of the sum

s(z) = Z W (u, v) e fu,vy ()
also interlaces the zeroes by < ... < b,_1 of pug\(vy. Consider the sign of the right hand side
for x =by,...,b,_1. We get

uG(bnfl) < 07 :uG(ban) > 07

However, lim,_, pig(x) = 00, so there is a zero of i to the right of b,_1. Assume p,(by) > 0,
that is s(b;) < 0. Note that s is a monic polynomial of degree N —2 and we have determined all
the zeroes of s. If follows that N is odd. Since the degree of g is odd, lim, ;o pg(z) = —00
and thus there is a zero of g to the left of b;. The same holds when j1,4(b;) < 0. Thus, there
we have found N zeroes of ug: N — 1 interlace the numbers b;, plus two additional zeroes.
So, the zeroes of p¢ interlace the numbers b;.

If W(e) are non-negative but not necessarily positive, then by passing to the limit we
deduce that

ap <by<ay<b<...<b,1 < ay

and that all the zeroes of g are real. U

Fact 13. Let G be a graph with maximum degree A. Then the polynomial pg(z) =
S a2 (—=1)"'m; satisfy ue(y) > 0 for y > 2¢/A — 1.

Proof. Given a connected graph G we construct a set Eg (not necessarily unique) of pairs
(G',G"\ {v}), where G’ is a vertices induced subgraph of G, in the following way:
1. Fix vp € G. A pair (G \ {vo}, G \ {vo,u}) is a member of & if u ~ vy. Since G is
connected, there is at least one element in £; of this type.
2. If (H, H\{v}) € & then (H\ {u}, H\{v,u}) € & whenever u ~ v and u € H \ {v}.
3. If (H,H \ {v}) € & but v is isolated, then choose any vertex u € H \ {v} such that
u had some neighbour in G not belonging to H \ {v} and choose (H \ {u}, H \ {v,u})
to be a member of &;.

We prove the following lemma.

Lemma 7. Let G be a connected graph of maximal degree A. Then for every (H, H\ {v}) €

Eq and z > 24/A — 1 we have
pn ()

————>VA-1 and  pg(x) > 0.
pr\{} ()
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Proof. We prove this fact by induction over £;. It is easy to verify the base of induction, i.e.,
graphs H with |H| = 1. For the induction step we use the identity

pr(@) = opmpy (@) = D i fu (2)-
u~v, ueH\{v}

This is the same as

() = Tpm o} (%) — > JE {0} ().

u~v: (H\{v},H\{u,v})€€c
Now, the cardinality of the set u ~wv: (H\ {v}, H\ {u,v}) € &; is at most A — 1. This is
because according to steps 1. and 2. above, the vertex v has been removed because either v
was a neighbour of a removed point (and the the degree of v decreased by 1) or v has been
removed as a result of step 3, i.e., there was some other vertex w that has been remover even
earlier with w ~ v and thus the degree of v is also at most A — 1. We get, by induction
hypothesis,

pu(r) . Z [ fu,0} (7)

fn o} () s (N T wopeee (@)
1 1
>r—(A—=1)- >2VA—-1—-—(A—-1)- =vA-1.
>x—( ) 7 2V ( ) T
Clearly py(z) > 0. O

We can assume that G is connected. If not, observe that if G has two components S, T
then the matrix A has two blocks By, Cs,, where s = (s1, s2) and

doxae) =Y xm, (@xe, (@) =) xs., (@) ) xe, (@),

51,52

so we can consider the roots of Y xp, () and )  xc,, () separately.
If G is connected and A = 1 then the assertion holds trivially. Assume that A > 2 and

z > 2v/A — 1. Then
_Hel®) 3 16\ () (%)

HeiuH() e (o (unhyee POV ()
Se-A L _soATTo S 872 .
- VA -1 VA=—1T VA-17""
where we have used the Lemma. Since pa vo}(2) > 0, it follows that ug(x) > 0. O

2.3. From py to p;. We know that py has all its roots not greater than 2v/d — 1. Suppose
we know such a thing for some p; with ¢t € {pm1}*, k < m. Now,

1 1

pe(z) = 5Pt,+($) + §Pt,—($)-

Let M(p) be the maximal root of a polynomial p. We are going to use the following fact.
Lemma 8. Let p, ¢ be monic real-rooted polynomials of the same degree. Suppose that for

every t € [0,1] the polynomial ¢p + (1 — t)q is also real rooted. Then for every A € [0, 1] the
root M((1 — X)p+ Aq) lies between M (p) and M (q).
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Proof. Assume without loss of generality that M(p) < M(q). Our goal is to show that
M(p) < M((1—=N)p+ Ag) < M(q). Since p > 0 to the right of M(p) and ¢ > 0 to the right
of M(q), we get that (1 — A)p + Ag > 0 to the right of M(q), so M((1 — XN)p+ A\q) < M(q).
Suppose our assertion fails, that is, (1 — A)p 4+ A¢ has no root in [M(p), M(q)]. This means
that (1 —A)p+ Ag > 0 on [M(p), M(q)]. In particular ¢(M(p)) > 0. As a consequence ¢ has
at least 2 zeroes in [M (p), M (q)] (counting multiplicities). Let F'(q) be the smallest of those
zZeroes.

Note that for small ¢ the polynomial p, = (1 — ¢)p + tq has no zeroes to the right of
M (p). To see this take Iy = [M(p), F(q)], I = [F(q), M(q)] and Iy = (M(q),00). On I, the
combination p; is strictly positive. Since g(M(p)) > 0 we see that p; > 0 on [M(p), F(q)).
The same holds true at the point F'(q), due to the positivity of p. Thus p, > 0 on 1. Now,
on I; we have p > ¢ for some £ > 0. Thus, for sufficiently small £ we have p, > 0 there.

Changing t from ¢t ~ 0 to t = 1 we see that the number of roots of p, in the interval
(M(p), o0) increases from 0 to at least 2. Let us consider the open set U = {Rez > M(p)} C
C. Since py(z) are real rooted, the number of roots of p;(z) in U has a discontinuity (jumps
from 0 to more than 0). This contradicts Hurwitz theorem. 0J

From this fact it follows that if Ap;+ + (1 — A)p — is real rooted for every ¢ € [0, 1], then
either M(py+) < M(3pe+ + 3pe—) = M(ps), or M(p:—) < M(p;). So, there is a sign sy
such that M(p;,,,) < 2vd — 1. Iterating gives s € {£1}™ with M(p,) < 2vd — 1.

To finish the proof it suffices to show the following lemma.

Lemma 9. For any \ € [0,1] and ¢t € {£1}* the polynomial Ap; , + (1 —\)p; _ is real rooted.

Note that
ps(z —d) = xa,(x —d) = det(x] — (dI + Ay))
and

dI+ A, = > (6 =6;)(6 =) + > (6i+6;)(6: + ;)"

8(i,)=—1 8(i,)=—1

Thus,

Z H 0, H (1 —=0;)ps(x — d) = Edet (ZE] — Zueuz> ,

se{x1}m si=+1 s;=—1 ecE

where for e = e, = (i, j) we have

Ue = 61_5j Wpl—Qk ’

Note that this covers the case of Ap; 4 + (1 — A)p;—. It suffices to take 6, € {0,1} for
edges corresponding to the coordinates of ¢, §; = A for the edge corresponding to (+, —) and
0, = 1/2 for other edges.

We shell prove the following theorem.

Theorem 4. For any independent random vectors uq,...,u,, the expected characteristic

polynomial
det (a:] — Z uzulT>
i=1

is real rooted.
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3. REAL STABLE POLYNOMIALS
We would like to prove the following fact.

Proposition 1. Let A;,..., A, be d x d rank 1 matrices. Take A = A; + ...+ A,,. Then
the characteristic polynomial p4(z) = det(zI — A) can be written in the form

o) =TI (1 _ a%) det (ﬂ + f; z,-Ai>

=1

z1:...:zm:0'
Let us also define

UlAL . An(2) = ﬁ (1 - a%-) det (z[ + gmi)

i=1

21:...:zm:O.
We need the following lemma.

Lemma 10. Let A, B be d x d matrices and assume that A is rank 1. Then the function
t — det(B + tA) is affine linear.

Proof. Sylvester identity. Suppose X is a m x n matrix and Y is a n x m matrix. Then
det(I,, + XY) = det(I, + YX).

To prove this, let us first observe that we have the identity

L, =Y\ (L. Y\ _ (I 0

X I, 0 I, )] \ X XY+1I, )
We have

I, -Y L Y \\ I, 0 B
(% ) (5 L)) maa( % gty ) ~aaver s

Since det(AB) = det(BA), the left hand side is the same as

L, Y L =Y\ _ L+YX 0 _
(5 7Y (% 7)) (P8 camnev

We have proved the Sylvester identity.
To prove the lemma it suffices to consider the case when B is invertible. Then

det(B +tA) = det(B) det(I +tB'A).

Note that B71A is rank 1, so it suffices to consider the case B = I. Any rank 1 matrix can
be written in the form A = - vT. Then

det(I +tA) = det(Iy + tuwv™) = det(I; + tv*u) = 1 + tv*u.

Proof of Proposition 1. From the above lemma we have

p(z1y. .., 2m) = det(z] + Z ziA;) = Z iy iy iy - - - Zigs
i=1

11 <t2...<ij

Now, any affine multi-linear polynomial p : R™ — R satisfies

e 0
p(th‘"atm) = H (]——i_tZaZZ)p(Zla?Zm)

=1

z21=...=2m=0
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It suffices to use this fact for ¢t; = ... =1¢,, = —1. O
We now need the following crucial definition.

Definition 5. We say that a polynomial pC™ — C is stable if it has no zeroes in the set
{Imz >0,...,Imz, > 0}. If additionally p has real coefficients then it is called real stable.

Remark 3. Note that p : C — C is real stable if and only if it has real coefficients and is
real rooted.

Fact 14. Let Ay, ..., A, be positive semi-definite Hermitian matrices. Then
p(z, 21,y 2m) = det(2] + Z 2 A;)
i=1

is real stable.

Proof. For real inputs the values of this polynomial are real (the determinant of a Hermitian

matrix is real). Suppose p has a root (z,21,...,2,). This means that the corresponding
matrix is singular and therefore there is a vector v such that (214> ", z;A;)v = 0. Suppose
2,21, ..., 2%m have positive imaginary parts. Then

0=1Im <<(z[ + ZziAi)v,v>> = (Im 2)|v]* + Z(Imzi) (Ajv,v) >0,

i=1
since the first term is strictly positive and other terms are non-negative (because A; are
positive semi-definite). This is a contradiction. O

Fact 15. Suppose that p(z1,..., z,) is real stable. Then
(a) for any ¢ € R the polynomial ¢(z1,...,2mn_1) = p(21,...,2m_1,t) is real stable (or
identically zero),
(b) if t € R then (1 + t%)p(zl, ..., Zm) is real stable,
(c) if o is a permutation then p(2,(1),. .., 2s(n)) is real stable.

Proof. (a) Let Q@ = {Imz > 0,...,Im z,,_; > 0}. For any ¢ > 0 the function p.(21, ..., 2m-1) =
p(21, .-, Zm_1,t + ie) has no roots on 2. Since p. — py when ¢ — 0, the function py cannot
have roots in 2 by Hurwitz theorem (or py is identically zero).
(b) Fix z1,..., 2,1 and define ¢(2) = p(z1, ..., 2m-1,2). fImz; >0fori=1,... m—1
: : . d
then ¢ is stable. Our goal is to prove that ¢ + t¢' is also stable. Let ¢(2) = c[[;_,(z — w;).

Then .
q(2) +td'(2) = q(2) <1 - Z . _tw> .

Note that Imw; < 0. If Imz > 0 then

1 Z — w; 1
Im =Im — = Im(z — w;) < 0.
z—w; |z — w;|? |z — w;|?
In particular, the number 1_}_2?:1 ﬁ has non-zero imaginary part and therefore is non-zero.

Thus, z is not a root of q(z) + t¢'(z2).
Part (c) is trivial. O

Corollary 1. From the Fact 14 and Fact 15 we see that for any positive semi-definite Hermit-
ian matrices Ay, ..., A, the polynomial u[Ay, ..., Anl(2) is real stable and thus real rooted.
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To finish the construction of Ramanuja family it suffices to show the following proposition.
Proposition 2. Let Ay,..., A,, be independent rank one matrices. Then
EulAq, ..., An] = p[EA, ... EA,,].
We need a lemma.

Lemma 11. Let A be invertible n X n matrix.
(a) If u,v € C" then

det(A + uv*) = det(A)(1 +v* A ).
(b) If B is a n X n matrix then
Oy det(A +tB)|,_, = det(A) Tr(A™'B).
Proof. For (a) note that due to Sylvester identity we have
det(A + uv*) = det(A) det(I,, + A" uv*) = det(A) det(I; + v* A u) = det(A)(1 + v* A ).
For (b) we again write
det(A +tB) = det(A) det(I +tA™'B),
so it suffices to show that 0; det(I 4 tA)|—o = Tr(A), which is obvious. O

Lemma 12. For every deterministic square n x n matrix A and every random vector v € C"
we have

Edet(A — vv*) = (1 — ;) det(A + tEov*)

=0
Proof. From Lemma 12(a) we have
Edet(A — vv*) = Edet(A)(1 — v*A ") = Edet(A)(1 — Tr A ov*)
= det(A) — det(A)E Tr(A  vv*) = det(A) — det(A) Tr(A ' Evv*).

Also,

(1 —0y) det(A+tEvv™) = det(A) — 0, det(A + tEvv™) = det(A) — det(A) Tr(A™'Evv*),
t= t=

by Lemma 12(b). O

We are ready to give a proof of Proposition 2.

Proof of Proposition 2. We show by induction on k that for every matrix M we have

k k m

=1

21=...=2;=0
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To pass from k — 1 to k we observe that
k k—1
E det (M - Z vw?) =E, . v, Ey det (M - Z vl — v;w,j)
i=1 =1

k-1
=E,  u_,(1—0,)det (M — Z vvf + ZkE’Uk’U;;>

i=1 =0
k—1
=(1-0,)E, 4, det [ M + zEvpvp — Z (o
i=1 =0

k-1 k-1
=(1-0,,) <H(1 - 821.)) det (M + zEvgup + Z z,-Ivaf)

i=1 i—1 2, =0
k m
= (iﬂl(l - @i)) det (M + Z; ziAi) N
OJ
4. TOWARDS KADISON-SINGER CONJECTURE
4.1. M-S-S Theorem. Our first goal is to prove the following theorem.
Theorem 5 (Marcus, Spielman, Srivastava). Let m,d > 1 and let vy,..., vy € C¢ be inde-

pendent random vector (finitely supported). Assume that E (7", v;07) = I and Eljv;||* < e.
Then |37, vivf]l,, < (1++/2)? with positive probability.

Equivalently,

Theorem 6 (Marcus, Spielman, Srivastava). Let m,d > 1 and let Ay, ..., A,, be independent
Hermitian positive semi-definite rank 1 random matrices (finitely supported). Take A =
Ay + ...+ A, and assume that EA = [ and ETrA; < e. Then [|A4],, < (1 + VE)? with
positive probability.

The above theorem is an easy consequence of the following two propositions.

Proposition 3. Let A;,...,A,, be independent rank 1 Hermitian matrices. Take A =
Ai+ ...+ Ay Then M(pa) < M(Epa) with positive probability.

Proposition 4. Let Aq,..., A,, be independent rank 1 positive semi-definite Hermitian
matrices. Let A = A; + ...+ A,, and assume that EA = [ and ETr A, < . Then

M(Epa) < (1++2)%
Proof of Proposition 3. We have
plAr, .. A EA; L EAL =Ea, o, pAL . A
=Equ[Ar, ... A5, A EA L, EA]

Here A,, ..., Aj_; are deterministic, but are treated as random with Dirac delta distributions.
Thus, the polynomial
P = ,u[Al, PN ,Aj_l,EAj, PN ,]EAm]

is a convex combination of polynomials

p(w) = /L[Al, ce ,Aj_l,Aj(W),EAj+1, ce ,]EAm]
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Thus, p = >, Mw)p(w). All such combinations ) v(w)p(w) are real stable, because they
are of the form
,u[Al, PN ,Aj_l,EVAj,EAj+1, ce ,EAm]
Iterating The Lemma 8 it is easy to show that

Z AMw)p(w)) € conv((M(p(w)))w).

Thus,
M(p[Ay, ..., A EA; ... EA,)) S M(u[Ay, ..., A1, EA; .. EA,))
with positive probability. Iterating gives
M(plAq, ... Ay)) < M(u[EA;, ... EA,])
with positive probability. This is M (pa) < M(Epa) with positive probability. OJ
4.2. Proof of Proposition 4.

Definition 6. Let p(zi,...,2,) be a real stable polynomial. We say that a point x =
(x1,...,2,m) € R™ lies above the roots of p if p has no roots in the octant {(y1,...,ym) €
R™ | y; > xi=1,...,m}.

We will prove the following proposition.

Proposition 5. Let Ay,..., A,, be Hermitian deterministic positive semi-definite d x d ma-
trices and let Ay + ...+ A,, = I;. Assume that Tr A; < ¢ for every i = 1,...,m and some
e > 0. Define

p(z1,. .., 2m) = det (Z ziAi> .
i=1

Then ((1++/2)%,..., (1 ++/&)?) lies above the roots of (]2, (1 — 85,)) p.
We first show that Proposition 5 implies Proposition 4.

Proposition 5 implies Proposition 4. We have

Epa(z) = H(l —0,,) | det | 21+ Zl ziEAi> N
- ﬁ(l o azz) det zm:(z + ZZ)EAZ> ;
=1 i=1 Z1=...=Zm=
- ﬁ(l - aZi) det i ZiEAi>
=1 i=1 21=...=Zm=2

Let A; = EA;. Note that A; satisfy the assumptions of Proposition 5. Thus, if real z satisfy
z > (1 + /€), then Epa(z) # 0 because ((1 + /€)%, ..., (1 + /€)?) lies above the roots of

(T (1 = 02) det (27, 2:4;). Thus M(Epa) < (1+ AR
0J
Lemma 13. Let p(z) be a real stable polynomial of one variable. Define ®, = p//p = (logp)’.

Then
(=1)*o® (z) > 0, for = > M(p).
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Proof. 1f y; < ... <y, are the roots of p then ®,(z) =
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Lemma 14. Let p(z1,...,2,) be a real stable polynomial and take 1 < i,j < m. Define
<I>I<f) = % log p. Then

j
for x = (z1,...,x,) above the roots of p.

Proof. The cases i = j or k = 0 follow from Lemma 13. We can therefore take i # j and
k > 1. Without loss of generality we can assume i = 1 and j = m = 2. Let x = (21, x2) be
above the roots of p(z1, z2). We have

i o
(_1)kax_’?q)1(”)(x) = (_1)k@a_xllogp — B [( 1) o k logp| -
J

It is therefore enough to show that (—1)k% log p is non-decreasing in x; € R.

Fix z; and consider p,,(x2) = p(x1, z2), which has roots y;(z1), ..., y4(x1). Thus,
d
plarzz) = (@) [ J (22 = piar).
i=1
For a generic xy the number d is constant and the functions y;(x1), ..., y4(z1) are smooth in

a neighbourhood of z;. Then

Yi\T1

(—1)k%logp =—(k—1)! ; m

Note that x5 > y;(z1) for any i, since (x1, z2) lies above the roots of p. It is therefore enough
to show that 1 — y;(x1) is non-increasing.

Suppose by contradiction that there is a generic z and i such that y}(xy) = o > 0. Since
(20, yi(z0)) is a root of p, for small € > 0 the is a root of p of the form z. = (z¢+-¢i, y;(zo+£i)),
where the function y;(x¢ + €i) is smooth. We have y;(zo + €i) ~ y;(xo) + eai. This implies
that Im(zg + €7) > 0 and Im(y;(xo + €2)) > 0, for € > 0. Thus, the root z. lies in {Im 2z, >
0,Im 2z, > 0}, contradicting the real stability of p. O

Lemma 15. Let g(z1, ..., 2y) be a real stable polynomial and let z = (1, ...,z,,) be above
the roots of ¢. Assume that for some 1 < j < m we have ®/(z) < 1. Let y = (y1,...,ym) be
such that y; > x4, for any 1 <k <m. Then y is above the roots of ¢ — 9;q.

Proof. Clearly, y is above the roots of ¢. By monotonicity of (Dg above the roots of ¢ (Lemma
14) we get ®7(y) < ®J(x) < 1. Thus

q(y) — 9;q(y) = qly) (1 — ®I(y)) # 0.
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Lemma 16. Let g(z1,..., z,) be a real stable polynomial and let x = (z1, ..., x,,) be above
the roots of ¢g. Assume that for some 1 < 7 < m and § > 0 we have (Pg(x) + % < 1. Then
x + de; is above the roots of ¢ — 0;¢q and

(1) o,

g-0,q(T +0€5) < P! (), 1<i<m.

Proof. Since @g < 1, we can apply the above lemma with y = x +de; and deduce that =+ de;
is above the roots of ¢ — 9;q.
For the second part observe that ¢ — 0;q = ¢(1 — <I>g) and thus

log(lg — 05]) = log(|al) +log(|1 — ®7|).

This implies

Therefore (1) is equivalent with
B 0; @I (x + de;)
1 — ®%(x + dey)

< @ﬁl(a:) — @ (x + de;).

Since t — @ (z + te;) is convex (Lemma 14) we get
®! (x) — @} (x + dej) > —60;D(x + de;) = —(581-(I>Z(:r + de;).

By Lemma 14 we have —00;®J(z + de;) > 0. Thus it is enough to show

1
. <.
1 — ®(z + dey)

But this is evident since ®(z) <1 — 1/4 implies

1 1
. < .
1 —®)(x + dej) ~ 1 — PY(x)

O

The above lemma is strong enough to apply it inductively and obtain the following corol-
lary.

Corollary 2. Let q(z1, ..., zn) be a real stable polynomial and let x = (xy, ..., x,,) be above
the roots of q. Assume that for some § > 0 and every 1 < j < m we have @g(x) +% < 1
Then x + (6,...,98) is above the roots of [[;-,(1 — i)q.

Proof of Theorem 5. Note that for any ¢ > 0 the point (¢,...,t) is above the roots of p.
Indeed, if 1, ..., 2, >t then > " x;A; is non-singular since

m

=1

=1

is positive semi-definite.
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Now, for zy,...,z, > 0 we have (using Lemma 11)

, o m
QI (21,0 W) = a_y log det <; ;A + ij) ’yO

det (Y71 Ai +yA;) Tr (A4 (S0 w:di) )
B det (327 A+ yA;)

m -1
i=1

Thus,

-1
: = 1 Tr A,
i=1

| M

To apply Corollary 2 we want to find § such that £+ < 1. Then (¢ +6,...,t + §) will
lie above the roots of [[,(1 — 9;)p. Thus, we are to optimize t + § under the constrain
%—1—%§1. Take %+%:1. Then

t
t+0=1t+
t—e¢

with equality for t = € + /e. O

=@—f%+;i—+f+122v€+s+1=(r+¢a%
— &

4.3. Weaver-type bounds. In this section we are going to prove the following theorem.

Theorem 7 (Generalized Weaver bound). Let m,r,d > 1 be integers and let wy, ..., w,, in
C? be such that |w;|?> < A. Suppose that for any unit vector v in C? we have

> [{u,wy) | = B.
=1

Then there is a partition of {1,...,m} into sets Si,...,S, such that for any unit vector in
C? we have )

> Hww) P < (VA+VB/r) .

iGSj

Taking A =1 and B = 18 we deduce the following theorem.

Theorem 8 (KS, Weaver conjecture). For any r > 2 and any vectors wy, ..., w,, such that
lw;| <1 and

> [(uw) P =18,  |ul=1ueC
=1

there is a partition {Si,...,S,.} of {1,...,m} with

> | {u,ws) [P < 16.
iGSj
The following fact gives several equivalent conditions for the so-called B-tight frames.

Fact 16. Let w1, ..., w,, be vectors in C? and let B > 0. Then the following conditions are
equivalent,
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1|<uwz>| = B for any u € C? with |u| = 1,
|| (w,w;) |> = Blu|? for any u € CY,

| (u,w;) (w;, v) = B (u,v) for any u,v € C4
M

1

(
(e

Proof. Clearly (a) and (b) are equivalent. The equivalence between (b) and (c) follows from
polarization principle (note that (w;,v) = (v,w;)). The equivalence of (c¢) and (d) is clear.
The equivalence between (d) and (e) follows from the fact that wfu = (u, wy). O

(a
(b
c
(d uwz) w; = Bu for any u € C4,
ZU)Z = B[d

NINgINglNglng

ﬁ3ﬁ3ﬁ3ﬁ3ﬂ3

— — N

Remark 4. From (d) it follows that a B-tight frame is a basis of C?. Thus, we always have
m > d.

Example 6. Let w; = (cos(2mj/m),sin(27j/m)), j = 1,...,m, be vectors in C ~ R* C C?.
We show that this system is a (m/2)-tight frame in C%. Tt is easy to check that for u =
(z,y) € C? we have

S =35 e (32) vt (2)) o (32) o (22)

7j=1

_m 9 2y _ 2

Example 7. Let e1,...,e, € C™ be the standard basis. Let d < m and let H be a d-
dimensional subspace of C™. Let Py : C™ — H be the orthogonal projection. Consider the

vectors Pgey, ..., Pyey, in H ~ C%. Since Icm = > 1" e;ef we get u =Y " {(u,e;) e;. Now,
if w € H then
m m m
u = Pyu = Z (u,e;) Pye; = Z (Pgu,e;) Pge; = Z (u, Pye;) Pye;,
i=1 i=1 i=1

which means that Iy = > _"  (Pe;)(Pe;)*. This means that Pye, ..., Pye,, is a 1-tight frame
on H.

Proof of Theorem 7. Fori=1,...,mand k =1,...,r we define w; ; by

w; Od Od
Od W; Od
w; 1 = . , Wil = : )
Od Od w;
Let vy, ..., v, be independent random vectors such that each v; is distributed uniformly on

the r-element set {w; ;+/7/B}}_;. Clearly,

wywr 04 pdxd
1 Od><d Ww* 0d><d
. wr
Elvvf] = ] : : ' .
gdxd gdxd w;w;
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By our assumption Y 1", E[v;vf] = Icra. Also, E|v;|* = L|w;|> < 2. From Theorem 6 we

know that with positive probability
2
< (14
J— B .

m
E VU
i=1

Fix such a realization of vy, ..., v,,. Define Sy = {1 <i <m: v; = w,; ;/r/B}. We have

> (Z %wivkw2k>

op

m

E vUr

i=1 op k=1 \i€S op
Thus,
2 T
A B > * _ *
VA+A\— | =2 W pW; = max W; W, || = max w;wW;
r k=1,...r k=1,...,r
k=1 \i€Sk 1€Sk 1€Sk

op op op

O

4.4. Paving conjecture.

Theorem 9. Let r,m > 1 be integers and let P = (p;;)i';—; be an orthogonal projection
m X m matrix, that is P2 = P and P* = P, such that p;; < e (it will be justified in the proof
that p;; is a non-negative real number). Then there is a partition I = Q1 + ... + @Q,., where
each matrix (); is diagonal of the form

&1 0

Q]: ) 517"'7Em€{0a1}a
0 Em

such that [|Q;PQ;ll,, < <\/§+ \%)2
Proof. Let V = im(P). We have

|Pe;|> = (Pe;, Pe;) = (e;, P*Pe;) = (e;, Pe;) = (e;, Pe;) = py; < e.
Now, forv e V

m m m

Dol Pe) =3 [{Poe P =) [{v.e) P = o]

=1 =1 =1

Applying Theorem 7 with B =1, A = ¢ and w; = Pe; (on the space V') we get a partition
{S1,..., S} of {1,...,m} such that

m 1 2
| (v, Pe;) |* < <\/E+ —) lv|?, velV.

Define @; be the matrix of Proj.s;. For any u € C™ and any j we get

@pul < (VE+ ) 1Pul < (VE+ 2 )l
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Thus, [|QiPll,, < VE+ \/i; To finish the proof it suffices to observe that

2
1Q,PQ,l,, = 1 PPQ,, = [0, P@,P) ], = 10, PI, < (ﬁ " %) |

since for any square matrix A we have [[AA*||, = ||A||§p. Recall also that in fact always
* o 2 * (|2
||"4‘/4 ||op - ||A||op - ||A ||op'
O

Theorem 10. Let »,m > 1 be integers and let P = (pij>?,j:1 be an orthogonal projection
m X m matrix, such that p; < ¢ and ]|P||Op < A. Then there is a partition I = Q1 +...+ Q.

2
into diagonal projection matrices such that |[Q;PQ;,, < <\/§ + \%) :

Proof. By homogeneity we can assume that A = 1. We then write P = > " Au,u}, where
Ai € [0,1] and w; form an orthonormal basis for C™. We consider the embedding C™ —
Cm™ @ CM, where M > 0. If M > M(m,¢), one can find orthonormal vectors vy, ..., v, in

CM with disjoint support, such that each of the r; have coefficients of magnitude at most
/2. Define

ﬂi:\/)\iui@ 1—)\ﬂ)i, Z:L,TTL
This is an orthonormal system in CM+™. Define also

m
/o ~ o~
P = E uuy,
i=1

which is an orthogonal projection on C™ & CM. The matrix P’ is an (m + M) x (m + M)
matrix whose top left m x m minor is equal to P. The bottom right minor of P’ is equal
to > (1 — A;)vw} and, since v; have disjoint supports, has a block structure with blocks
corresponding to v;vy. Thus, the diagonal entries of this M x M minor are squares of entries
of vectors v; and so are not greater than €. Since the diagonal entries of P are by assumption
not greater than e, we have P/, < ¢ for every i = 1,...,m + M.

We are now is a position to apply Theorem 9. Thus, there is a partition Icmgen =
Q) + ... Q. onto diagonal projections ), ..., Q.. such that

2
|Q5P'Qy|,, < (\/E+%> . j=1,...7

Let Q; be the top left m x m minor of Q}. Then Icm = @1 + ...+ Q, and

2
1Q;PQsl,, < (\/E+ %) T

since Q;PQ; is the top left corner of Q@ P'Q’;. Indeed, if we write

/ i1 0 y Pl A
a-[418). r-[F])

o - { Q,PQ; | QAD ]
i~ |'DA*Q; | DBD |

then
QP
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Theorem 11. Let 7,m > 1 be integers and let P = (p;;);;_; be a Hermitian m x m matrix
with p;; = 0, whose eigenvectors lie in -4, B], A, B > 0. and [|P||,, < A. Then there is a
partition I = @1 + ... + @, into diagonal projection matrices such that the eigenvalues of
Q;PQ; lie in [~A, Z-\/A(A + B) + #2F].
Proof. We use Theorem 10 with P = P+AI, A= A+ B and e = A. There is a partition Igm =
1+ ...+ Q, such that the eigenvalues of Q;(P+ AI)Q; lie in [0, A+ \/% A(A+ B)+ 48],
Suppose now that A is an eigenvalues of ();PQ);, that is, there is a vector u such that
Q;PQju = Au. In particular u is in the image of (); and thus there is v such that Q;u =
Q;Q;v = Qv = u. We have

Q;(P+ANQ,u=Q,;PQju+ AQ?U =Q;PQju+ Au= A+ A)u.
Thus spec(Q;(P + AI)Q;) = A+ spec(Q;PQ;). The assertion follows. O

Lemma 17. If Q) is a diagonal projection and P is a Hermitian matrix with spec(P) € [a, 0]
for some a, b, then spec(QPQ) C [a,b].

Proof. Let Apax(P) be the maximal eigenvalue of P. Then
Amax(QPQ) = sup  (u,Q;PQju) = sup (Qu, PQu).

u#0: |u|<1 u#0: |u|<1
Note that |Qu| < |u| <1, so
sup  (Qu, PQu) < sup (v, Pv) = Apax(P).

u#0: |u|<1 v |v|<1

Considering —P instead of P we prove that that the minimal eigenvalue of P satisfies

Theorem 12. Let 7,m > 1 be integers and let P = (p;;);;—; be a Hermitian m x m matrix
with p;; =0,i=1,...,m and ||A|]Op < A. Then there is a partition I = Q1 + ...+ Q,2 into
diagonal projection matrices such that [|Q;PQ;l|,, < A(2V2r 12 4 2r 7,

Proof. According to Theorem 11 there is a partition I = @)y, ..., @, such that the spectrum

of Q;PQ); is contained in [—A, MT%«A + %] From Lemma 17 the spectrum of this matrix is

also contained in [—A, A]. Now we can apply Theorem 11 again to the matrix —Q; PQ; (note

that it has zero diagonal) and thus for any j get a partition I = Qj; + ... + Qj, such that
the spectrum of —Q;;,Q;PQ;Q; is contained in [—A, MTiA + %4] Thus, again using Lemma
17,

2V/2A 24

2v2A 2A
_7A L+_
T

N r

—A
\/F J

spec(QxQ; PQ;Qj1) € [—

As a consequence

2V2A4 24

(QkQ; PQ;Qijkll,, < NG -

We can therefore use the partition I =377, | Q;zQ;-. O

Theorem 13. Let P be a m X m matrix with vanishing diagonal and [[P||,, < A. Then
there is a partition I = Q1 + ...+ Qu such that [|Q;PQ;ll,, < (4v2r~ '/ +4r 1A,
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Proof. We apply Theorem 12 to Hermitian matrices £ (P+ P*) and 3i(P — P*) (with operator
norm bounded by A). This gives partitions {Q]}gil and {Q;};; such that

P+ P

HQ] Q| <@evreahal

op

Using Lemma 17 we get

P+ P

‘Q;Q] Q,Qi| < @v2r 24 2r A

op
The assertion follows by triangle inequality. O
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