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ABSTRACT. We review several topics related to the Gross’s logarithmic Sobolev
inequality. This includes connections to the concentration of measure theory, in-
formation theory, combinatorics and the theory of finite Markov chains.

1. ENTROPY AND COMBINATORICS

In the first section we study the Shannon entropy of discrete random variables and use its
properties to derive certain results in the field of combinatorics. Let €2 = be a probability
space and let X : 0 — M be a discrete random variable, meaning that the range of X is
finite. Here M could be any set. Let p(z) = P(X = x). The Shannon entropy of X is defined

via the formula
Zp ) Inp(x

Here 01n0 is interpreted as 0. Since p(z) < 1 we get H(X) > 0 with equality only when P is
a Dirac delta. Assume that the range of X has cardinality n. Then from Jensen inequality
(for concave function Inz) we get

- Y atamn () <! (zp§>:mn.

Fact 1. For a discrete random variable X we have H(X) < In|r(X)|, where r(X) is the
range of X.

Thus we have.

For a random variable (X,Y") we define the conditional probability

p(z,y)
zly) = :
(=) p(y)
Note that we have p(y) = > p(x,y). We define conditional entropy of X given ¥ =y

H(X|Y =y) Zp zly) np([y)

and the entropy of X given Y
H(X|Y)=EHX|Y =y).
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Fact 2. We have H(X|Y) = H(X,Y) — H(Y) and

H(X|Y) = pryln( ”).

p(z,y)

Proof. We have
H(X[Y) =E,H(X|Y =y) = Zp H(X|Y =y) = ZZP p(zly) Inp(z|y)

X () - X e ()

p(y)

==Y pl,y)nplz,y) + Y Y ple,y)nply) = HX,Y) - H(Y).

The relation
HX,)Y)=H(Y)+ H(XI|Y)

is called the chain rule for the entropy.

Fact 3. We have H(X|Y) < H(X). Moreover, H(X|Y) = H(X) if and only if X and Y are
independent.

Proof. Using Jensen inequality we get

H(X]Y) = Zw y 1“( << : ):;W);pﬁ) " (pﬁy;))

)

p(z,y) ply) | _ (L) =
S;p(@ hl( —~ pr) plz,y ) —;p( ) (p(fr>) 0.

The equality in the case of independent random variables follows from the fact that we
have equality in Jensen inequality if and only if p(y)/p(z,y) does not depend on y. Thus,
p(y) = h(z)p(x,y) fore some h. Summing over y give h(z) = 1/p(x) and thus the condition
p(z,y) = p(z)p(y), which means independence. O

Fact 4. We have H(X|Y,Z) < H(X|Y). In other words (using chain rule)
H(X,Y, Z) + H(Y) < H(X,Y) + H(Y, 2).

Proof. Again using Jensen inequality one gets

H(X|Y,Z) = pry, ln( xyz) pryszy, <€(y,z)))

T z
,Y,2 ., y,

p(y, 2 P(y)
< ;p(%y) In (Z @y ) Zp (p(w y))

The following fact is the so-called subadditivity of the Shannon entropy.

Fact 5. We have H(Xy,...,X,) < H(X;)+...+ H(X,). Moreover, there is equality if and
only if Xi,..., X, are independent.
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Proof. Using chain rule n — 1 times (and Fact 3) gives us

H(Xy, .. X)) = HX1| Xoy o, Xo) + H(Xy oo X)) = ...
H(X1| X X)) + H(Xo| Xa, oo X)) 4o+ H(X 1| X,) + H(X,)
< H(X))+ H(X2) + ...+ H(X,).

We are now ready to state the so-called Shearer’s lemma.

Proposition 1 (Shearer’s lemma). Let (Xi,...,X,,) be a random vector and take consider
sets S1,..., 9, C [n]. Define Xg = {X; : ¢ € S}. Assume that for any i € [n] there is at
least k sets S;,,...,S5;,, { > k that contain 7. Then

Moreover, if S is a random subset of [n] such that for every i we have P(i € S) > p then

pH(X1> B 7Xn) < ]ESH(XS)
Proof. Using chain rule we have

kH(X1,...,X,) =kH(X)) + kH(Xo| X)) 4+ ... + EH(X,| X1, ..., Xoq).
Let us list the elements of S; in an increasing order, S; = {tgj J< . < tl(j )}. Note that

H(Xs,) = HX,») + HX,»|X,0») + ... + HX,»| X0, ... X0 )

1 2 1 L 1 -1
> H(X»[ X0, X0 X0) + HX [ X0, X0 o Xa) +
+ H(th(j) |th(]:)_1, th(j)_z, .. ,Xl).

After using this estimate we are left with terms of the form H(X,| X, 1,...,X;). If we sum
those estimates up for j = 1,...,m we see that each term of this form will appear at least k
times, since each ¢ is contained in at least k sets 5.

For the probabilistic version, observe that if we set X_; = (X;_1,...,X7), then we just
observed that H(Xg) > ..o H(X;|X<;). Taking expectation gives

EsH(Xs) > Eg Y H(Xi|Xo) =Es > luesyH(Xi|Xo) = > Pli € S)H(Xi|X)

i€S i€[n] i€[n]
>p Y H(Xi|Xa)=pH(Xy,..., X,).
i€[n]

0
Example 1. If (X, X5, X3) is our random vector and Sy = {2,3}, Sy = {1,3}, S3 = {1,2}
then we can take k = 2 and thus get
2H (X1, Xo, X3) < H(X1, Xo) + H(Xa, X3) + H(X3, X1).

This can be generalized to the case of a vector (Xy,...,X,) and S; = [n|]\{j},j=1
We then get

(n—1)H(X1,..., X)) < H(X1, Xo, ., X)) HH(X1, o Xoo, Xo)+ . AH(Xo, X3, ., X,0).

Let us derive our first combinatorial statement using the above lemma.
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Proposition 2 (Loomis-Whitney inequality). Let P be a finite set of points in R". Let P;
be the projection of P onto the hyperplane {z; = 0}. Then

1Pt < TTIA-
=1

Proof. Let (Xi,...,X,) be the vector uniformly distributed on P. Thus, from Fact 1 we
have H = H(Xy,...,X,) = In|P|. Note that H; = H(X3,..., X;_1, Xi41, ..., X,) has range
of cardinality |P;|. Therefore, H; < In|P;|. Using Shearer’s lemma (actually, the example
above) we get

(n—DW[P|=(mn-1)H<Y H <Y P =h]]|p
=1 =1 =1

O
To state another application let us introduce the so-called fractional cover of graph G.

Definition 1. Let G = (V, E) be a (undirected) graph. A fractional cover of G is a function
¢ : B — [0, 1] such that for every vertex v € G we have } ., ¢(e) > 1. We also take

a*(G) = inf {Z o(e)

ecE

¢ fractional cover of G} .

Definition 2. Let T',G be two graphs. We say that ¢ : V(T') — V(G) is a graph homo-
morphism if u ~ v implies ¥ (u) ~ ¥ (v). The sets of all homomorphisms of T" into G will be
denoted by Hom(7', G).

We shell prove the following proposition.
Proposition 3. For any two graphs T, G we have | Hom(T, G)| < (2|E(G)|)* ™.

Proof. Let o : V(T) — V(G) be the random uniform homomorphism. Suppose that we
have V(T') = {v1,...,v,} and let us define the random variables X; = o(v;). Take a vector
X = (Xy,...,X,). Note that by uniformity of ¢ we get H(X) = |Hom(T,G)|. Let ¢ :
E(T) — [0,1] be the optimal fractional cover, i.e. > g @(e) = @*(T'). Choose a random
edge S (random subset S C V(T) of cardinality 2 with P(e) = ¢(e)/a*(T). For any i we
have P(v; € S) > 1/a*(T'), since ), ¢(e) > 1. Thus,

| Hom(T, G)| = H(X,,...,X,) < EsH(Xs) < In(2|E(G))).

1
a*(T) a(T)

Example 2. If T is a triangle K3 then it is easy to see that o*(T") = 3/2. Thus, we get
| Hom(K3, G)| < (2| E(G)])*/2. Is this the best possible bound (up to a universal constant in
front of the right hand side)?

O

2. ISOPERIMETRIC INEQUALITY ON THE HYPERCUBE

2.1. Influences. Let f: {—1,1}" — {—1,1}. The influence of the i-th variable is defined
as

EU?ZPU@ﬂ#ﬂm@W)Z%ﬂ@é{—LH"uﬂ@#fwx@HL



SHANNON ENTROPY AND LOGARITHMIC SOBOLEV INEQUALITIES 5

Here P is the uniform measure on the cube.

There is an one-to-one correspondence between Boolean functions and subsets of the dis-
crete cube. Namely, if f: {—1,1}" — {—1,1} then we can define Ay = {x : f(x) =1}. If
A C {—1,1}" then we also have fa(z) = 214(x) — 1. If we have sets A, B C {—1,1}" with
then we define

E(A,B)={(a,b): a€ A,be B,a~ b}|.

The quantity E(A, A°) is the so-called the edge boundary of A. We have
[E(A, A% 21E(A, A9 i Kz s fal@) # faloi(x ZI

217,—1 - on n

The influence (total influence) of a Boolean function f:{—1,1}" — {—1,1} is defined as

ZI 1B,

2n1

2.2. Examples of Boolean functions and their influences. In this section we analyse
some basis examples of Boolean functions.
e Dictator: Dict,(x1,...,2,) =2;, 1 <j <mn,
Clearly, we have

_Mma@:{éiié, I(Dict,) =1,  E(Dict,) = 0.
e Junta (k-junta): f(z1,...,2,) = g(xi,...,x;,), where g : {—1,1}* — {—1,1} and

1<k<n.
e Parity: Par,(z1,...,2,) = x1-...-z,. Note that Parity is equal to the Walsh function
of highest degree, namely wpy).

I;(Par,) =1, I(Par,) = n, E(Par,) = 0.
e Majority: Maj, (z1,...,2,) =sgn(zy + ...+ x,), n is odd,

) 1 /n—1 1 ) n (n—1
I;(Maj,,) = F( n1 ) =0 (%)’ I(Maj,,) = F( n1 ) = O(v/n),
E(Maj,) = 0.
e AND: AND,,(21,...,2,) = min(zq,...,z,),

n 1
I;,(AND,) = T I(AND,,) = — E(AND,) = -1+ o1
e OR: OR,(z1,...,2,) = max(zy,...,Z,)
1 n 1
(OR ) 2n71’ ](ORn) - F, E(ORH) =1- 2n71'

e Tribes: take n = mk and divide n variables into m groups (tribes), each of cardinality
k. The value of our function is 1 if and only if there exists a tribe which says ’yes’.
The tribe says ’yes’ if all values of spines in this tribe is 1. So the Tribes function is
OR of ANDs. We can write

Tribesg (21, ..., 2,) = OR (AND(xl, s T )y ooy AND(Z (1) 15 oo a:mk))) .
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To calculate I; observe that if x; wants to decide then others variables in its tribe
has to take value 1 and in m — 1 other tribes there must be at least 1 variable with
value 0 in each tribe. Therefore,

I;(Tribesy ) = =) (1 — ﬁ) , I(Tribesg,,) = 7T (1 — ﬁ) ,

ok
Now we would like to find the value k = k(n) for which P(Tribesy,), n ) = p. Let

"k(n)

E(Tribesy,m,) =1 —2 (1 — i) :

us take

n
k‘(n) = 10g2 (m) — IOgQ 1Og2 n.

Of course k(n) and n/k(n) should be integers, but who cares... Since for a Boolean
function f we have Ef = 2P(f = 1) — 1, therefore

1— P(Tribesk(n),ﬁ = 1) = (1 - 2k(n))

:<1+am1—mxm%n»mwm.

n

Let
n

(1 — )0z )’
Clearly, lim,,_,, |a,| = +00. Therefore lim,, (1 + i)“” = e. Moreover,
n—oo k(n)ay, — n—oo log, (ﬁ) — log, log, n

Ap =

= In(1 — p).

It follows that

lim P(Tribesyy), = = 1) =1— """ = p.

n—00 T k(n)

Let us now calculate the asymptotic behaviour of Ii(Tribesk(n)yk(r; ). We have

Z

. 1 1 n/k(n)—1
Ii(Trlbesk(n),%) = W (1 - 2_k>

1 1\ .

1 1 log, n
ST (1-p)=2(1—p)ln (1—19) :

Q

Therefore,

I \1
I;(Tribesy(yy, . ») = 2(1 — p)In (—) M, n — 0o,

k(n)

—_
|
S

1
Ii(Tribesg(, ) = 2(1 — p) In (—) logyn, n — oo.

"k(n)
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If p < 1/2 then we have

) log, n
Ii(Trlbesk(n)ﬁﬁ) <Cp -

2.3. Isoperimetric inequality on the cube. We would like to make a connection between
Loomis-Whitney inequality and the isoperimetric inequality on the discrete cube. We are
going to prove the following proposition.

Proposition 4. Let A C {—1,1}". Then

]E(A,AFM;z2”un@4)h1<un?A)).

Proof. Fix i and consider 2"~ ! pairs
(:Ela'--7xi—1a_1axi+17"'axn)a(‘le"7$i—1717$i+17"'7xn)'

Suppose a is the number of pairs such that both points are not contained in A, b is the
number of pair such that both points are contained in A and let ¢ be the number of pairs
such that one point is contained in A and the other one is not. We have

b c c
pnlA) = g e L= L) = 5o IP(A) =btc
Therefore
[Pi(A)] L . I; .
ST = pn(A) 2+Iz—pm(A)+2, i=1,...,n.
From the Loomis-Whitney inequality we have
n— |‘/4|ni1 1 I In
(A" = S < G A P = () + 5 ) - () + 5
thus
L (14 4 ) <1+ L >
pin(A) ~ 2un(A)) 2410 (A)

and therefore

m(E%B)Sm(“*wum

It follows that

I, Lit.. . +L I
O*mmm9<: (D) 2l A)

L 10 2 2y (5 )
O

Recall that on the discrete cube we have a natural graph structure with the set of edges
given by £ = {(z,y) : dg(x,y) = 1}, where dg(z,y) = |{i : x; # vyi}|. Also, for a set
S C {0,1}% we define its boundary S = {(z,y) € E : z € S,y ¢ S}. On {0,1}? we can
define the lexicographical order induced by 1 > 0. Let Lg4[n| be the set of first n vertices
according to this order.

Theorem 1 (Harper’s theorem). We have [0S| > |0L4[|S|]|, i.e., the set of size n minimizing
the edge boundary is Lg[n].
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Proof. We proceed by induction on d. For d = 1 the assertion is trivial. Suppose d > 2 and
the theorem holds for d — 1.
Let us first introduce an order on the set of subsets of {0,1}¢. Each such subset can be

identified with a vector in {0,1}2" (since there are 2¢ subsets of {0,1}%). Here the order of
coordinates corresponds to the lexicographical order on {0, 1}%.

Example 3. For d = 3 we have the following order on {0, 1}¢,
(000) < (001) < (010) < (011) < (100) < (101) < (110) < (111).
Thus, e.g., the vector (01101001) € {0,1}* corresponds to the following subset of {0, 1}3.

{(001), (010), (100), (111)}.
The order < on {0,1}2* (and thus the order on subsets of {0,1}%) is defined to be the
reverse lexicographical order. It is the usual order (where 1 > 0) but the order of reading

the coordinates is reversed.
By the construction we have the following fact.

Fact 6. If 7,y € {0,1}¢, y € T C {0,1}? and = < y then ((T'\ {y}) U {x}) < T.

We now define the compression of S. Take T' C {0, 1}¢. For every coordinate i € [d] we can
decompose T into two subsets Tj—g, Ti—; C {0, 1}¢7! according to the value of ith coordinate.
Formally

T—. ={x c {0,137 : (zy,... 2 1,6, %1, ..., 20) €T}, e € {0,1}.
Let C;(T) be the set obtained by replacing T;—o with Ly 1[|Ti=o|] and T;— with L4 1[|Ti=1]].
Of course |Cy(T)| = |T).
Fact 7. We have |0C;(T)| < |0T|.
Proof. Note that
|0Ci(T)| = |0La-1[|Ti=ol] + [0La-1[|Tiza [} + | La—1[|Tizol] A La—1[|Tiz|]]
= |0Lg1[|Ti=ol] + |0Lar[|Ti=1l] + | Ti=o| — | Ti=1]
< |0Ti=o| + [0Ti=1| + |Tizo A Tiza| = [T
Here the inequalities
|0Lg-1(|Ti=ol] < |0Ti=0l, |0Lg1[|Ti=1|] < |0Ti=|

follow from the induction assumption and the inequality ||Ti—o| — |Ti=1|| < |Ti=o A Ti=1| is a
general bound |AAB| > ||A| — | B|| valid for any finite sets A, B. O

We continue the proof of Harper’s theorem. From Fact 6 we see that C;(T) < T. Let us
apply C1,...,C, in a cyclic fashion,

S — Cl<5) — CQCl(S) — ... CdCd,1 .. Cl(S) — C’lCdC’d,l .. Cl(S) — ...

Since in this sequence the (linear) order < in non-increasing, we eventually reach a fixed
point T" of all Cy,...,CYy.

Let us define a new order < on {0,1}? (compressibility order). If all compressed sets
containing y € {0,1}% also contain z € {0,1}¢ then we write x < y. O

Fact 8. We have z < y implies x < y unless x = 01...1 and y = 10...0.
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Proof. We first consider the case when x; # y; = € for some i = 1,...,d, ¢ € {0,1}. Let T
be compressed. Suppose y € T and x < y. We are to show that x € T. We have C;(T) =T.
Clearly « is in T since Tj—. = Lg_1[|Ti=c|].

We now consider the case when x; # y; for all i = 1,...,d. Since z < y we get 1 = 0 and
y; = 1. Assume that x,y are not equal to x = 01...1 and y = 10...0. Thus, there is i > 1
such that z; = 0 and y; = 1. Therefore, x, y have the form z = (0a0b) and y = (1alb), where
a =1—a. Take z = (0alb). We have x < z and x; = z;. Thus, from the previous case,
x < z. Moreover, z < y and z; = ;. Thus, z < y. We get * < z < y and therefore z < y.

Let L ={z:2<0l..1} and R = {x : 2 > 10...0}. On L and H the orders < and < are
the same. The only non-comparable points are x = 01...1 and y = 10...0. To see that they
are indeed non-comparable, we take T' = {(0a) : a € {0,1}471} U (10...0) \ (01...1). Then T
is compressed and contains y but it does not contain x. On the other hand 7' = {0a : a €
{0,1}971} is compressed and it contains x but does not contain y. Thus z and y are not
comparable in <.

Take our compressed set 7. If TN H # () then there is a unique maximal point z in 7.
Since z € T we get that © < z implies x € T for any x. Thus, in this case T is a prefix in <.

Let us now assume that TN H = (. If TN{(01...1), (10...0)} = @ then in the same way we
get the same conclusion. If 7N {(01...1), (10...0)} # 0 then we proceed similarly if the cases

TN {(01...1), (10...0)} = {(01...1), (10...0)}, TN {(01...1),(10..0)} = {(0L...1)}.

The only non-trivial case is T = L U {(10...0)}. In this case we compute the size of edge
boundary explicitly,

07| = 271 =24 2(d — 1) > 2 = |9Ly 1 [1T]]].

3. HARMONIC ANALYSIS ON THE HYPERCUBE

3.1. Walsh-Fourier system. For S C [n] consider a function wg : {—1,1}" — R defined
by wg(x) = [[,cgxi. Here we use a convention wy(z) = 1. Let E denote the expectation

with respect to u,. Note that
Euwg — { 0 S#0 .

1 S=0
Clearly,
ws(x)wr(v) = Ha:ZH:vj = H T H T} = H x; = wgar(x).
ies  jer {€SAT  ieSNT i€SAT

Since wswr = wgar, we get
0 S#T
EwaT = { 1 S=T -

This means that (wg)gc[, is an orthonormal system in Ly ({—1,1}", j1,). Since the dimension
of is equal to the number of function wg (both are equal to 2"), we get that (wg)scp is an
orthonormal basis. It follows that a function f : X, — R admits an unique expansion

= (frws)ws,

Scn]
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where (f,g) = Efg. It can be also seen by an elementary argument. Indeed, we have

n

L(y) = [[ 2222 — 0 3 ws(wyuws(y)

i=1 SC[n]

Hence,

f@) =3 fyn,@) =273 (Z f(y)ws(y)> ws(x) = S (f, ws) ws(x).

yezn SC[TL] yezn SC[n}

The coefficients ag = (f, wg) are called the spectrum of f. Note that we have Ef = ay and
by orthogonality

2
Ef?=E (Z a5w5> = Z asarBEwgwr = Z a%.
ST

s s
This is the so-called Parseval’s identity.

Example 4. Let us prove that f : X, toR satisfies the following Poincaré inequality,

Var,, (f) < /2 IV Pdp.

To this end consider the Walsh-Fourier expansion of f, namely f = ) sasws. From the
Parseval identity we get

Var, (f) =Ef* = (Ef)* = ) _ a.
|S|>0
We now observe that |V f|> = Y7 |[V.f|*>. Let us compute the Walsh-Fourier expansion of
vif7

@) = LDIOED) 5 ).

S:eS
This is because
Jws i ¢S
Viws { 0 ieS
Thus,
/ VP = / VifPdpn =Y Y ag = |Slag > > af = Var,,(f).
Sn i=1 7 En i=1 S:es s 15]>0

Example 5. It is easy to see that for f: {—1,1}" — {—1,1} the following two conditions
are equivalent:

(1) flz-y) = f(x)f(y), v,y € {-1,1}",

(2) for some S C [n] we have f = wg.
Indeed,(2) clearly implies (1). On the other hand, if we assume (1) then we have

flon, ) =[] FQL a1,

Since f(1) = f(1-1) = f(1)? implies f(1) = 1 we get that each f(1,...,z;,...,1) is either
identically 1 or is equal to x;.
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Suppose now that we want to consider approximately multiplicative functions. We can

define this notion either through point (1) or using (2). The definition (2’) reads as follows:

(2) f: {-1,1}" — {—=1,1} is e close to being multiplicative if there is wg such that
P.(f(z) # g(x)) < e, where z is uniform on {—1,1}".

The definition (1) can be rewritten using the so called Blum-Luby-Rubinfeld test. In BLR
test we consider two independent random inputs z,y € ¥, and accept f if f(x-y) = f(x)f(y).
Thus, this test uses only three queries.

(1’) We say that f is € BLR-close to being multiplicative if P(f(xz-y) = f(x)f(y)) = 1—¢,
where z, y are independent and uniform in {—1,1}". In other words, BLR test excepts
f with probability 1 — ¢.
We show that both definitions are equivalent. First, if f is € close to certain wg then BLR
test accepts f with probability at least 1 — 3¢,

P(f(x-y) # f(2)f(y) <P(f(x) # ws(x) or f(z) # ws(y) or f(z-y) # ws(z-y))
P(f(x) # ws(@)) + P(f(y) # ws(y)) + P(f(z - y) # ws(x - y))
= 3P(f(z) # ws(x)) < 3e.
What is non-trivial is that we have the reverse implication.

Fact 9. If BLR test accepts f with probability 1 — ¢ then f is € close to certain wg.
Proof. Take f:{—1,1}" — {—1,1}. Let h(z) = E, f(y)f(z -y). If f =) aswg then

h(z) =E, (Z asws(y)) (Z aswg(x)ws(y)) =

S S

ZaSaTwS( JE,ws(y)wr(y Zasws

S, T

using orthogonality of the Walsh system. We have

1 1 1 x = f(x-
5+ 5@ ={ o g

(- y)
Thus,
1 1 1 1 1 1
l-e=E (5 + §f(:v)f(y)f(:x : ?J)) =3t éExf(fE)Eyf(y)f(x y) = 5T §Ezf(l”)h(93)
We get
1-2e=E,f(z)h(x) = zs: ai < (msé}xag) zs: a% = Max as.

Therefore, there exists wg such that 1 —2e < Efwg =1 — 2P, (f(x) # wg(x)). Thus, fis e
close to wg. OJ

3.2. Noise semigroup on the cube. We now compute the action of our semigroup P,(f) =
e’ f on the Walsh functions wg. We have L = K — I and thus

(Lws)(x) = (Kws)(x) — Z ws(oi(x)) — ws(x)

=%PWW%@+O%%&WA@%%%@%: 2 ().
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o oyl
This gives e'*wg = e 2= wg. Thus,

[S]
P <Z a5w5> = Zage_thwS.
S s
To simplify notation in what follows we rescale our operator P, and define

Pt(f) = Pnt/Q(f) = Zase_twws‘

S

The new generator £f = $P;(f) ‘ o = 3 Lf. Therefore the inequality discrete LSI

Ent,, (/%) <2- 5 (—Lf). f)

now reads

Enty, (f*) < 2((=Lf), f) = 2Ec(f, f)-

3.3. Arrow’s theorem. Suppose we have three candidates a, b, c and we want to elect one
using some voting procedure. Assume we have n voters and each voter has his own ranking
of candidates. In other words for each pair (a,b), (b,c), (¢,d) a voter gives a number in
{—1,1}, with 1 meaning that he prefers the first candidate. Thus, each voter V; delivers a
triple (x;, i, 2;) € {—1,1}3. Note that only six triples are allowed. Indeed, the triples (1,1,1)
and (—1,—1,—1) are not allowed because a voter can not prefer a than b, b than ¢ and ¢
than a (nor the opposite cycle). So, for each voter we have the following allowed rankings

(=1,-1,1),(=1,1,-1),(-1,1,1), (1, -1, -1), (1, -1,1), (1,1, -1).

Now suppose we use some function f : {—1,1}" — {—1,1} to decide whether the society
prefers a than b, etc. by considering f(z) = f(x1,...,2,), f(y) = f(y1,...,yn) and f(2) =
f(z1,...,2,). For example f(xi,...,x,) = 1 means that the society prefers a than b. In
other words, w consider all three pairwise elections.

We say that there is a Condorcet winner if there is a candidate who wins all the pairwise
elections he participated in. So, there is a Condorcet winner if

(f(l’), f(y)v f(Z)) € {(_L _L 1)7 <_17 1’ _1)’ (_1’ 17 1)7 (17 _17 _1)7 (17 _17 1)’ (1’ 17 _1)}'

Here is an example of a voting with Condorcet winner.

(Vi Va| V5] f
a(+)vs. b(=) |+ |+ | — |+
b(+)vs. c(=)| — |+ | —|—
c(+H)vs.a(=) |+ |- |- |-

TABLE 1. Voting with n = 3 voters using f(z) = sgn(z; + z2 + z3). Here we
get the ranking (1, —1, —1) which means ¢ > a > b and thus c is the winner.

However, the following voting shows that there may not be a Condorcet winner. This is
called the Condorcet paradox.

We show that essentially the only voting scheme free from the Condorcet paradox is dic-
tatorship.
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Vi Ve | Vs f
a(+) vs. b(—=) [+ [+ | — |+
b(+) vs.c(=) |+ | — |+ |+
c(+)vs.a(=) | — |+ |+ |+
TABLE 2. Voting with n = 3 voters using f(z) = sgn(zy + x2 + x3). Here

we get the ranking (1,1, 1) which means a > b, b > ¢ and ¢ > a and thus we
cannot choose a winner.

Theorem 2 (Arrow’s Theorem). Let f: {—1,1}" — {—1,1} be unanimous (i.e., f(1) =
and f(—1) = —1) voting rule used in three candidate Condorcet elections. If there is always
a Condorcet winner, then f(z) = zj for some k € [n].

Proof. Let us do a random election. Each voter chooses one of the 6 possible rankings
uniformly at random. We compute the probability of Condorcet winner. For this we need a
function o : {—1,1}®> — {0,1} which is equal to 1 if and only if the argument (z,y, z) does
not belong to the set {(—1,—1,—1),(1,1,1)}. Tt is easy to see that

(@1, ) = % - %(:vy +yz+ 2a).
Thus,
P(3 Condorcet winner) = Eo(f(z), f(y), f(2))
=2 @) + T0)F() + [ @) = 5 — SELf@)f)]
Recall that (2, 4:), i = 1, ..., n are independent. Moreover, the distribution of each (x;, y;, i)

is uniform over all 6 admissible rankings. Therefore, it is easy to see that Ex; = Ey; = 0 and
Ex;y; = —%. Let f =Y gasws. We get

ZaSaT]E ws ZCLSE wS )]
= Zas [z19:1])S! = Zas (—1/3)‘5‘ .

S

We arrive at

g_ggay 1/3)5—2—2§ka (-1/3) <2 - gzw[ J(—1/3)""
3 3 %+1 _ 3 3
:Z+ZZWQk+1[f](1/3) §Z+Z< 27kz>0W2k+1 )
§Z+%(% 1] %( _Wl[f])>:g+§wl > oy
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Thus,
P(3 Cond i < 1L 2%
(3 Condorcet winner) < 5 + 9 Z Alpy-
k=1

The quantity Yy, afy, < > gad =1 can be equal to 1 only if f(x) =3 p_, agyzy. Taking
= sgn(a;) we get >, |agy| = 1. Together with > 7, {k} = 1 this gives the existence of [
such that |agy| = 1 and agy = 0 for all k& # [. Thus P(3 Condorcet winner) implies that f

is a dictator.
O

4. HYPERCONTRACTIVITY

4.1. Uniform convexity in L,. For a given normed space (V.| -||) and € > 0 let us define
the quantity
5y () = inf{l _ “;”

Our goal in to lower bound dy for L, with 1 < p < 2. First, note that the case of L, is easy.
Indeed for f,g € Ly we have the parallelogram identity

il = ol = 1, u— o] > 25}.

f+g +g f g I1A15 + llglls

=T

If || fll, = llgll, = 1, we get (by using \/1 —x § 1-— %x, r < —1)
2\ 1/2 2

_ 1 _
Fra| _({_|/l-9 <1t f—g
2 |, 2 |, 2|2 |,

Thus, 072(e) > 2.
Let us now consider a more general, but still simple, case p > 2. For numbers x,y > 0 we

have - y
2 2 p p
(2? + )P < (2 + )2, (“ ‘QH’ > < (“ ;bp)

Thus, for all a,b we get

1/2
a+b” |a—bl 1/p< at+b]? la—b]2\" N 1/2< lal? + |pP\ M*
2 2 - 2 2 B 2 - 2
We get
a+bl’ a—bp<|a|p+|b|p
2 2 - 2 .
Taking a = f(x), b = g(x) and integrating yields
‘ f+g|” Hf gl I+ l|9l|p
- 2

Again, if || f][, = lgll, = 1, we get (by using Bernoulli inequality (1—2)Y? < 1—x/p, x < —1)

1/p
—all? 1 —
(1_Hu > Sl__Hu
2 P 2
P p

p

f+yg
2

p
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This yields 670(g) > 21e
We now prove the following theorem.

Theorem 3. Let 1 < p < 2. Then for every f,g € L, we have

'f+g Hf g ||f|| +||9||
2

p

In particular, §7,(g) > e,

Proof. We will prove the complex case. It is enough to consider only step functions of the

form
f:szlAj, g:ijlAj.
J J

Then
fHtg =" (2 +tw)la,.
J

Moreover, we can assume that z; +tw; # 0 for all real ¢, my imposing the condition z;w; ¢ R.
As a consequence f(z) + tg(x) # 0 and we avoid problems with differentiating in the next
step.

Consider the function Y (t) = ||f + tg[, and let ¢ = p/2. We have || f +tg||,2 = Y ()27 =
Y (t)Y/4. Thus,

1 1 1_9 2 1 R P 1 O
f+t __(__1)Ytq YV 4+ Y Y'>-Ye Y
dtQ 1 +tgll, \3 ()= (Y") . .
Now, our goal is to show that
M Y'(0) 2 p(p - 1) [ 17+ tol gl

It is enough to show that for every complex numbers a,b € C, such that a +tb # 0, t € R,
we have

|a +tb|P > p(p — 1)|a + tb[P~2|b|>.

de?
Let a = a; + zaQ, b — by +iby. Then |a + tb]? = (a1 + th)* + (ag + tby)?. Moreover,
E\a +tb]* = 2[(ay + tby)by + (ag + thy)by] @Ia + tb]? = 2|b]%.
We get
P d 2\%
dt21a+tby = dtQ(\athb\ )2
= (5 =1) Stla+ 1652 4[(ar + th)br + (a2 + tha)ba]” + S (Ja+10[2) 5200

= p(p — 2)|a + tb|P~ [(ay + tby)by + (ag + thy)bo]” + pla + tb|P~2|b|?.
Note that by Cauchy-Schwarz
(a1 + thy)by + (ag + thy)by]* < |a + tb|?[b]%.
This, together with the fact that p — 2 <0, yields

e Ia +0" > [p(p — 2) + pl la + " *[b]* = p(p — 1)]a + b2 [b]*.
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We arrive at (1). Note that for u,v we have the reverse Holder inequality,

1/r 1/s 1 1
/\uv\duZ(/]u\’") </|fu\3) , -+-=1, 0<r<l.
s T

We use it with r = ¢, s = q%l = z%’ u=|g|* and v = | f + tg|?72,

Y%wzp@—4>(/u+ammokﬁ(/mww&izmp—nywka(/mmm)i

1

1.1 1 _1
G 7 10l 2 SV Y = Syl = DY (' gl =20~ 1) ol

Let ¥(t) = ||f —i—tng and take ¢ = (p — 1) ||g||; Then ¢”(t) > 2c¢ and thus the function
o(t) = ¥(t) + ct(1 —t) is convex. This gives ¢(1/2) < 2(¢(0) 4 ¢(1)), or equivalently

502+ € < MO

The latter is

2 2
g p=1, e Ml +1f+gl,

< < .
Hf+2p+ 7 llall, < 5

Taking f = u and g = v — u yields

u—+v 2
2

U —v
2

2 2 2
o Nl + [1oll,

+(—-1) < 5

p

p

O
4.2. Holder and Pinsker inequalities. Let us show one particular application of Theorem

3 proved in the previous section.

Theorem 4 (Holder inequality with reminder). Let 1 < p < 2 and define ¢ through the
relation ]lo + % = 1. Assume that || f[|, = |lg|l, = 1. Let 6 be such that e [ fgdu is positive.
Then

'/fgdﬂ‘ <1- 1%1 1Dy(f) = g,

where L
Dy(f) = £l 1£172 f ().
Proof. Note that [ D,(f)fdu = ||f[l, = 1. Thus

1+ ‘/fgdu‘ =1 +6“’/fgdu = /f (Dy(f) +€?g) dp < ||Dy(f) + gl -

Using the fact that |Dy(f)||, = 1, we get, by strong convexity,

—+ ‘/fgdu' H f)2+6 g p—1 HDq(f)z— e’y

2

<1-
) 2

Rewriting gives the desired inequality. O
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Example 6. Let us consider probability densities p,o. Take f = p'/? and g = o'/? Wlth
1/p+1/qg=1and 1 <p <2. We have ||f||, = [lg]l, = 1. Moreover, D,(f) = f*! = fri=

p'/?. We get
_1 2
/p1 Papdu<1—pT

1 1
pr —op

p

2
< / (a - pl—%a%) dp = /0 (1 - (p/g)l—%> dy,
p
2 1
< 1 /O’ <1 - (p/a)l_%> du.
P Tp
Taking p — 11 we get

o=l <=2 [a/aran = [owioo) = [omio/s) = Dlolo)

This is the so-called Pinsker inequality

1
ﬂM—ﬂﬁSD@W)

In fact the optimal constant is 1/2, not 1/4. We leave this improvement as an exercise.

This is equivalent to
p—14 1 1
‘ pr —op

4

which is

4.3. Gross’s two-point inequality. If we take u = f+g and v = f—g we get an equivalent
form of the inequality from Theorem 3,
2 2
[u+ vl + [Ju—vl|,
5 .
We need the following strengthening of this inequality.

2 2
[ull, + (p = 1) vl

Theorem 5. Let 1 < p < 2. Then for every f,g € L, we have

+p+_p%
Wﬁ+@—nmmg<w mu;u mﬂ

Proof. We use Theorem 3 on (Q x {—1,1}, n ® p1), where p1 = 36_; + 16, is the symmetric
Bernoulli measure. Let f(z,y) = f(z) and §(z,y) = yg(x). We get

H f /!f iyg( )Pdp(z)dp (y /!f+g\pd,u+ /|f glPdu

= 5 If +9Hp+ B 1f=all,-
Moreover, || ||, = | £1l, and [|g]l, = llgl|,,- Thus,

If+all2+11f - gl12
2

£1l,+ e =D llglly = 117+ (0 = 1) 19, <

2/p
B (Hf +glly+ 1 - gHﬁ)
N 2

=|1f+3l
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If we restric the above inequality to two point space {—1, 1} and take f(z) = a, g(x) = bz,
we get the so-called two-point Gross’s inequality

p _ hlp 1/p
&) B e )

4.4. Gross’s hypercontractivity.
Theorem 6. Let 1 < p < 2. Then

T<Vp-1 = [Phlly < Rl -

More generally, if 1 < p < ¢ < oo then
et <y /— = [Pehll, < I,

We now prove only the first part.

Proof. For n = 1 we have h(x) = a+ bx Thus, h = f + g, where f(z) = a and g(z) = bx. We
have P;(h) = a + e *zb. Clearly, we have
1f +glly +1f = gll;

5 .

121l =
Moreover,
2 0P
1Pyl = a® + (™Y =a®+ (p— DB* = || fII2+ (p— 1) ||gl[>-

Thus, in this case [|P;hl|, < ||h]], is equivalent to the assertion of Theorem 5.

Let us not provide an induction step. Let us consider h : {—1,1}" — R. There is a unique
decomposition h = f + ,g. Note that P,h = P.f + e 'z, P,g. Let e =p—1, f = P.f and
g = x,P;g. Then by Theorem 5 we get

1Pehll; = 1P + (0 = 1) [ Puglls < Il + (2= 1) llgll,

2
If+gllb+11f—gllb\”
< < L 5 2= a2

Thus, [[P.hlly < [|A]],- N

4.5. Kahn-Kalai-Linial theorem. We first prove the following theorem due to Talagrand.
Theorem 7. Let f: {—1,1}" — {—1,1} and let u(f) =P(f =1). Then
. L(f 4
D > L - ).
1
=1 10g <Ii(f))

— 15
=0 and 1/log(1) = +00. We begin with a lemma.

We adopt the notation " (1 70)

Lemma 1. Let g : {—1,1}" — R with ||g||;, # ||gll,, which is equivalent to [g| being not

constant. Then )
ZQ ||gH2
e \S| 21og(ugu /Nglle)
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Proof. Using the inequality
1T59l2 < llgllyys
with §? = 1/2 we obtain
S as? <2 Y Sga(s)? =2 |7
S: |S|=k S
Now take m > 0. We have

2 & 9
<2 gl

m2k

Hgllg/g Z g(S)

ol a2 2
4-27 lglls/s + llgll;
m+1

where we have used the inequality

2T S

k
k=1

which can be easily proved by induction.

Now we take
m 2 2
m = max{m > 0 [ 2" [|g|l3,, < [lgll5}-

Then 2 [lg]2,, > [lg]3. Hence,
m+ 1> 2log m .
||9||3/2

ZQ S)? 5||9||§<§ ||9||§
S IS0 T 2908 (g, /gl

We arrive at

O

Proof of Talagrand’s theorem. Suppose I;(f) € (0,1). Let g(x) = f(z) — f(z"). It follows
that |g| is not constant. We have

loll, _ 25(5)"”
lolls — 2L(1)?P

=L(f)7°.
From the lemma we obtain

as lglls _b AL L)
Z Z !S\ 21og(||g||/||g||3/2) 2 log(Li(£)=%)  ~log(rp)

!SI

The inequality

I 0),

S: eS8 ’S‘ - 10g<ﬁ>
is also true when [;(f) € {0,1}. We obtain
16u(f)(1 = u(f)) = 4 Var,(f) = Y 4f Z s Y | 5| < Z ;_)
Sned i=1 S: i€S =1 Li(f)
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The assertion follows. O

We are ready to give state and prove the following celebrated theorem of Kahn, Kalai and
Linial.

Theorem 8 (KKL theorem). Let f: {—1,1}" — {—1,1} be a Boolean function. Then

4 logn
max I;(f) 2 —p(f)(1 = p(f)——
? 15 n
Proof. We show that Talagrand result implies KKL Theorem. Let us first observe that if
a € (0,1) and oati7a = ¢ > 0 then a > sclog(1/c). Since (0,1) 3 a — Tog(i7ay 18 increasing,

it suffices to assume that —%-— = c¢. Then we are to prove
g(1/a)

g (e (2)

Taking x = 1/a > 1 we see that this inequality is equivalent to

1 1 1
log(z) > 5 log(zlog(x)) = 5 log z + 3 log log .
Thus we are to prove x > log z. It follows from Bernoulli inequality
2=1+1)">142z>u=z.

From Talagrand’s inequality we know that there exists ¢ such that

LU S L 2 o= ).

15
log (L‘(lf)) "

Now take -
a=1I(f), c= ~ 1—5u(f)(1 —u(f))
We have
1 =n - E 1 > 15n
c 4 p(H)A=p(f) =
We obtain

LA — u(F) log(15m) = 2 u(F)(1 — () 28"

1 1
L(f) > ~clog(1/¢) > ~ -
(f) 2 gelog(l/e) = =+ 45 15 n

5. FINITE SPACE MARKOV CHAINS

5.1. Discrete time Markov chains. Consider a finite set V' with |[V| = n and a Markov
kernel (or transition matrix) K : V x V — R, i.e,,

K(z,y) >0, 2,y eV ZK(fﬂ,y)zl,wGV-
yeVv
The discrete time Markov chain associated with K with an initial distribution v is a V-valued

sequence (X)), whose law P, is given by

P,(Vi=wv;, 0<i<I)=wv(xo)K(xo,21) ...  K(x1-1,71), l=0,1,...
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Consider the Markov chain started at z and set P, = Ps_. Then the law of X; is given by
P.(X; =y) = K'(z,y), where K' is defined recursively via

K'(z,y) =Y K" \(z,2)K(z,y).
zeV
The kernel K defines an operator

(Kf)(x) =Y K(z.9)f ().

yeVv

Clearly, the [th power of this operator has kernel K'(z,y).

5.2. Continuous time Markov chains. In the continuous time Markov chain associated
with K (and starting from ) the moves are those of the discrete time Markov chain, however
the jumps occur after independent Exp(1) waiting times. Thus, the number of jumps after
time ¢ is given by the Poisson process. Therefore, the probability that there have been exactly
i jumps until time ¢ is equal to e~*¢*/i!. It follows that the probability to be at point y after
i jumps is equal to e 't" /il K'(z,y). Let Pi(x,y) = PF(y) = P.(X; = y) We get

_ -t 7 -
Pt(x7y) =e E_OK(x’y)Z'
This is a kernel of an operator P, defined by

(3) Pf=e'y —K'f=e'10F.
[z
1=0

Note that
B(f)(x) = Ef(Xy).

The operators (P;):>o have the following three properties:

e P, preserves positivity, i.e. f > 0 implies P,(f) >0

o P(1) =1

e P, = P, o P, (semigroup property)
Thus, (P;)i>0 is a Markov semigroup. The so-called generator L of P, is given by Lf =
§iFiflizo = (K = D)f. |

Assume that our kernel K is strongly irreducible, i.e., there is ¢ such that K'(z,y) > 0 for

every x,y € V. This implies the existence of the unique stationary measure 7. This means
that

(@) =) wy)K@y,e),  lim K'(z,y) =7(y).
yeVv
Similar convergence holds for P,

lim Py(x,y) = m(y).
l—00
Let us set
Bly) _ Blx,y)
m(y) m(y)
Definition 3. We say that a Markov chain with a transition matrix K and a positive

stationary measure 7 is reversible (or, in other words, satisfies the detailed balance condition)
it we have

pi(y) = pe(z,y) =

m(2)K(z,y) = 7(y) K(y, ).
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Let us define the scalar product

9) = f@)g@)r(z),  E(f.9)=((-L)f.9).

zeV
We would like to compute the adjoint K* of K. We have

(k) = 3 0K alte) = 5 (Z w()”)) ().
Thus,
() = Y "),

It follows that the kernel of K™* is equal to
m(y) K(y, x)
m(x)

We see that K satisfies the detailed balance condition if and only if K* = K. We have also
Pr = e tU=K") The kernel of P} is equal to

K*(x,y) =

m(y) P (y, fv)'

Pl (z,y) = ()

Moreover, p;(x,y) = pi(y, x). Let us set
=) flo)n()
The operator K acts on measures, 4 — (K, namely
=> pyK
Yy
Thus,

= uy)K(y,x)f(x).

The operator P,o P, has kernel (P,oPy)(z,y) = >, P/(x,2)Ps(z,y). Thus, since P,oP; = P,
we have a chain rule

P s(z,y) = ZPtxz Y).

Equivalently,
Prts (T, y) Zptxzpszy 7(2).

5.3. Dirichlet form and spectral gap. Define the Dirichlet form,

Lemma 2. We have

et =((1- "5 ) 11y = Z /(@) = F)PE (@ g)n(o).
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Moreover, if (K, ) is reversible then

E(f.9)= %Z(f(x) — fW)(g(z) — g(y) K (z,y)m(x).

z,yY

Proof. Observe that

((1-555) 1) = 50U = KIFf) 4 (0= K1),
To prove the first inequality it suffices to show that
(I =K, [y ={U-K).f)

Indeed, we have

For the second equality write

5 S IF) — FO)PE @ y)m(e)

1 Z F@P + )P ~ F@F ) + @) FE)K (. y)m(x)

— IS f@r ) + 2 S )R Z% K@, y)m(x)
2 2
= S ORF@ @)K (2, y)m().

In the second inequality we have used Y  w(z)K(z,y) = w(y) (stationarity of m) and
>, K(z,y) = 1. Now it suffices to observe that

and
(Kf.f)= Zf Jy)m(e).
For the second part note that
E(f,9) = (I - K)f,qg) Zf () = Y K(z,y)f(y)g(x)r().
Moreover, b

LS (@) — F) 0(x) — g@)K (. )w(x) = £ 3 Pl (o) (,y)(o) -
=S H@e K (wy)(n) — 5 3 FWa() K y)ale) + 5 3 F)ow)K (. y)(o)

Now it suffices to observe that by stationarity of = we have

> WKz, y)w(x) = fW)ey)n(y)
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and

@) gWE (@, y)m(e) = f@)g) Ky, 2)m(y) =Y fy)g(a) K (2, y)7(z).

O

Remark 1. The Dirichlet forms related to P, P and S; = exp (—t([ — %)) are the
same.

Lemma 3. We have
0
S|P 1B = —2E(P. P

Proof. We have

0

O VB = 2 (PABf) = (LS. Bf) + (BSLES) = 2R (LES.Pf)

:2§R<<(K_[>F)tfaptf>) :_2%(<(1_K)Ptf7-Ptf>) = _25(Ptf7ptf)~

We define the spectral gap A = \(K).

Lemma 4. The following definitions are equivalent.

(a) A= min{v‘ga(r]:{}) : Var (f) #0,f:V — C},

(a”) )\:min{ ELD) - Var, (f) #O,f:V—HR},

Varr(f)
(b) A=ALE(f, )= | fll=1,7(f) =0},

(c) A is the second smallest eigenvalue of I — K

2
The constant A will be called the spectral gap of K or the Poincaré constant of K.

Proof. The equivalence of (a) and (b) follows from the fact that the quantity E(f, f)/ Var,(f)
is invariant under shifting and rescaling, f — af + b, a,b € C.

For the equivalence of (a) and (a’) let us observe that Ag > Ac. On the other hand, for
f =u+ v, where u,v are real, we get

Ar Var,(f) = Ar Var(u) + A\g Var,(v) < E(u,u) + E(v,v) = E(f, f).

ThIlS, )\R < )\(C.
We show the equivalence between (a’) and (c). Note that I — ££EZ s self adjoint and
therefore it has real eigenvalues A\g < Ay < Ay < ... Since

et =((1- "5 ) 11) = o S 1) F0)PK . 0)r(e),

we get that Ay > 0. In fact \g = 0 since for a constant function f = 1 we get E(f, f) = 0.
Moreover, E(f, f) = 0 if and only if f is constant on every irreducible component of our
state space V. Since we assume that our chain is itself irreducible, we get that the only
eigenfunction with eigenvalue 0 is a constant function. Thus, in fact \; > 0 and it is the
spectral gap between first two eigenvalues. However, A; can be degenerate (have multiplicity
bigger that 1). Let fi be the (real) eigenfunction with eigenvalue A\y. We assume that fj
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are orthonormal with respect to (-,-) = (-,-),. Take f: V — R. It has a unique expansion

=72 ksoanfr. We get
- Za"fﬂ(f’“) = Zak (fr, 1) = ao.

k>0 k>0
Thus,
Var,(f) = > ap,  E(f.f) =D Maz=> Maj.
k>1 k>0 k>1
Clearly A; is the best constant A in the inequality A Var,(f) < E(f, f). O

Lemma 5. Let A be the spectral gap of (K, 7). Then for any f we have
Varr(Pf) = | Pof = 7(£)ll; < e Vare(§).
Moreover, || P, — 7[,_,, < e .

Proof. We have
ZK z,y)f Zf m(f)-

Thus also (P, f) = w(f). Thus, we get the first equahty. To show the inequality let us define
u(t) = Varg (P f) = |Pi(f — n(f))||5- From the Lemma 3 we get
u'(t) = 26(B(f —m(f), B(f — m(f))) < —2Au(t).
Thus, u(t) < e 2u(0) = e=2* Var, (f).
To prove the second part it suffices to observe that
|Pf = 7 (H)ll; < €7 Vara(f) < e | ]Iy

Proposition 5. Let (K, 7) be a Markov chain with spectral gap A. Then

Ipf =1y < V1/m(@)e™,  |Pla,y) —n(y)] < Valy)/m(z)e™
Corollary 1. Let (K, m) be a Markov chain with spectral gap \. Then

1 1
T < - )
llpy — 1|, <e for t = T\ (1 ( ($)) + 2C)+

Bley) -7l <€ Jor  i= 2&(1n(ﬁgig)+zc)+.

Proof of Proposition 5. Let P} be the adjoint Markov chain with the spectral gap A\(K*) =
A(K). Define 0,(y) = (1/7(x))1,=,. We have
Pt(l‘,y) P* y,
pi(y) = Py, 2 Pro,
o) - -3 = (P,
We have 7(P}d,) = m(6,) = n(x)/7(x ) = 1. Thus,

and

1
I = 115 = 1770, = (7003 = Vare (P8.) < N, () = (o~ 1) e

We arrive at

I#f — 1l < VIR —Te ™ < VIR
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For the second part observe that

S (ol 2) — el ) — V()
= Zpt/Q (7, 2)py2(2,y)7 Zpt/Q (7, 2) Zpt/2 (z,y)m(2) + Z

z

= pi(x,y) — Z Mw(z) — Z %W(Z) +1=npi(z,y) — 1L

—~ (2 . ()
Thus,
1
z,y) — 1] < |[p¥, — 1 Yy < ———e™M,
pe(w,y) = 1| < ||pfe — 1|, llp7fy = 12 < o
Multiplying by 7(y) give the result. O

5.4. Log-Sobolev inequalities.

Lemma 6 (Stroock-Varopoulos inequality). If (K, ) is reversible and f > 0 then for any
p > 1 we have
Alp—1)

o EUTE P S EGT.
Proof. Take a > b > 0. By Cauchy-Schwarz we have

p/2 _ pp/2 2 a 2 2 a 2 p—1 _ 1p—1
a bP _ b / w/2-1 44 < p / P24 — b a b? .
a—>b 2(a—0) J, 4(a—b) J, 4p—1) a-—b
We get

(apfl . bpfl)(a —b) > 4(19}; 1) (ap/2 . bp/2)2.
Thus, from Lemma 2 we get
4(p — 4(p —
Mo Degor, oty = L2155 972) = 2P K o)
Y

DTN @) = ) (@) = F) K (@ y)m(e) = EF, 77

J"?y

1
2
UJ

Lemma 7. Let ¢ be convex. Then ¢(P.f) < Pi(¢(f)). Moreover, Ep(P.f) < Ep(f). In
particular, | P f||, < [If]l,, p = 1.

Proof. Any convex function is a supremum of a certain family of convex functions ¢(z) =
sup, (@ + by). We have aof + by < ¢(f). Applying P, and using the fact that it is linear
and preserves positivity, we get a,P.f + b, < Pi(¢(f)). Taking supremum over o we get
©(P.f) < P(¢(f)). To get the second assertion we apply expectation and use the fact that
P, preserves expectation. 0
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Definition 4. For a Markov chain (K, ) the log-Sobolev constant a = a(K) is defined via
a =min ¢ ————: Ent.(|f 0.
iy - Eee11 7

Proposition 6. For any Markov chain (K, 7) we have 2o < .

Proof. 1t suffices to take f = 1 4 g in the above definition (with ¢ real) and observe that
E(f, f) = €%(g, g) and (by easy Taylor expansion) Ent,(|f]?) = 2¢? Var,(g) + O(g?). One
gets the result by taking ¢ — 0. O

We prove that Log-Sobolev inequality is equivalent to the hypercontractivity property.

Theorem 9. For a reversible chain with a generator L the following statements are equiva-
lent,

(i) (Log-Sobolev inequality) for every f : 2 — R satisfying suitable technical assumptions

E(f*In f?) — (Ef*) In(Ef?) < CE(f(-L)/f),
(ii) (hypercontractivity) for every p > g > 1 and f: Q — R we have

1Pl < 1171
C 1, o=l
for t > 7 In 571 )
Proof. Assume that we have (7). Take ¢, : [¢,00) — R given by

1
¢q(p) =In Hpt(p)pr = D

where ¢(p) = £ In 2’%1. It suffices to show that H’Pt(p)pr < |[fll,- Indeed, if ¢t > t(p) then we

obtain
1Pefll, = [|Peoy+e—t fIL, < (| Pesin I, < 151

since P;_y(p) 18 a contraction in L7

To prove that HPt(p) f ||p < || f[l, we can assume that f i nonnegative. Indeed, the inequality
—If] < f < |f] implies (positivity preserving) that —P;|f| < Pif < Py|f|, hence |Pif| <
Pt|f| Therefore HPt(P)pr S H'Pt(p)|f|Hp.

Take a nonnegative f. Since t(q) = 0, the inequality ||Py)f Hp < || fll, is equivalent to
dq(p) < ¢4(q). Hence, it suffices to show that the function [g, 00) 3 p — ¢,(p) is nonincreas-
ing. Set Pyp) [ = fp. We have

d 1EG (D)

1 P
G0 =Ry B

and

d o, d — iephl(Pt(p)f) = ePn(Pen ) (ln(Pt(P)f) +

LP, f) dt(p)
a P t(p) .

P dp( /) dp PPt dp
1

p—1

= fPInf,+ f2='p(L fp)% In
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Thus,
d 1 Efflnf, C 1 Efe~'Lf, 1 )
@gf)q(p)_z_flﬁl—f}? Zp—l. /7 —ElnEfp
1 C _
- (@ - EWER) + R L)

1 Cp
= ——— | Ent(f?) + ———=E(f*'Lf,) | .
g (P00 + 5, B 24
We would like to prove

D Cp2 p—1
Ent(f}) < mE(fp (—=L) fp)-

Taking f = ff/ % in the Log-Sobolev inequality and using Stroock-Varopoulos inequality we
obtain o2
p _
Ent(f7) < CE((~0)f}") < o2 BUE (<L),
To prove that (i) implies (i) observe that for a nonnegative function f the inequality
||73t(p)pr < ||f||q implies that dip ||73t(p)pr ‘p:q < 0, which is equivalent to
Cq¢?
Ent(f?) < ———E(f"(=L)f).
(1) < e BU -0
Now it suffices to take ¢ = 2 to obtain Log-Sobolev inequality for nonnegative functions. If
f is not necessarily nonnegative then we have

Ent(f?) = Ent(|f|*) < CE|f|(—L)|f| < CEf(~L)f
because of the energy stability lemma. O

Since the continuous time random walk on ¥, satisfy Log-Sobolev inequality with constant
2, we have proved the following theorem.

Theorem 10. Let (P;):>o be the continuous time random walk on ¥,. Then for every
p>q>1andt2%ln§%i we have

1PN, < A1, -
As an application of the hypercontractivity we prove the following proposition.

Proposition 7 (Khinchin-Kahane inequality). Let (F, ||-||) be a normed space and let vy, ..., v, €

F. Then for p > ¢ > 1 we have
1/p = 1/q
S\Veo1

n n
E E T;0; E T;0;
i=1 i=1

Proof. Let H(z) = [|> 7, zvs||, H : £, — [0,00). We have proved that (—L)H < H. Hence,

d
a7DtH = LP,H=—-P,LH > —P,H.

Therefore P,H > e "PyH = ¢ 'H. Take t = %ln %. By the hypercontractivity of P, we
obtain

qg—1 N
\/E IHI|, =" | H|, < [|PH|, < |H],-
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[
Proposition 8. For all ¢, s > 0 we have
Ipess = 1l < ()" e,
Moreover, we have
1 1 C
T -C
||pT — 1||2 S 61 s fOI' T = E ln+ hl (m) + X
and
1 1 1 C
— 1 < e ¢ fi T=—|In In[— In,In | — —.
|pT(I7y) | >e€ ) or Aoy <n+ n <7T(ZE)) + n4 n (ﬂ_(y))) + A\
Lemma 8. Let 1 < p,7 < oo. Then for any linear operator K we have || K[|, _,, = [|[K*[,._,,,
where 7/, p’ are the Holder conjugate to r and p.
Proof. We use a well known fact that
1fIl, = sup |{f,9)]
gl <1
Thus,
K], = sup [[Kf[l,= sup sup [(Kf,g)|= sup sup |[(K"g,f)|
[fll,<1 1£1,<1 llgll,» <1 gl <1Ifll,<1
= sup_ HK*gll =K1,y -
llgll,
[

Proof. Take q(s) = 1+ €. By Theorem 9 we have || P, 25y < 1. By Lemma 8 and the
fact that L3 = Ly and Ly = L, with 1/q(s) + 1/p(s) = 1 we have ||P}|,, ., < 1. Take
0. (y) = ﬁly:x. In the proof of Proposition 5 we showed that p;(z,y) = (P/d,)(y). Thus
Prvs(@,y) = 1= ((Plhy = m)0)(y) = (PI(F) = m)d)(y),
since Pf(Py —m) = P, —m. We get
[Ere = 1|, = [[(Phs = m)dal|, = 1P5(F = m)dally < [1P80ully 1P = 7l
< 102l 1ES 1B =7y
First, recall that || P;||

p(s)—2 ’

()= , < 1. Moreover,

1 O] 1/p(s)
H(SfﬂHp(s) = ((@) W(JI)) = w(g;)ﬁfl = ﬁ(x)*q(s)'

Finally, by Lemma 5 applied for P} we have ||P} — 7|,_,, < 1.
To prove that the second part take

~ L (- I
T T m(x) )’ DY

The third part follows from the second and |pi(z,y) — 1| < |[pf), — lHQHp:}/Q — 1|2 (see the
proof of Proposition 5). i
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5.5. Example: continuous time random walk on the cube. Let us consider a contin-
uous time random walk on the cube {—1,1}". For this walk we have

1
K(z,y) = { 0 therwise '

Here dy(x,y) = {1 <i <n: x; # y;}| is the so-called Hamming distance. If dg(z,y) =1
then we will say that z and y are neighbours and we will write z ~ y. This relation induces
the standard graph structure on the cube. Let us compute the generator Lf = (K — I)f.
We get

(L) = (Z f(y)> 1= S - f@).

Yy~ Yy~
Note that the uniform measure 7(z) = 27" satisfies the condition
@)= Y 7Ky,
yE{—l,l}”

However, it does not satisfy the condition lim; ,., K'(x,y) = m(y), because, K*(z,y) = 0
when dy(z,y) is odd. However, as we will see later, this problem disappears when we pass
to P;. Thus, m = p,. The Dirichlet form is equal to,

1

E(f,9) ={(-L)f.9) =5 xzy(f(x) — fW)(g(x) — 9) K (2, y)m(x)
= 3 (@)~ fW)e) - o))
Thus, o
£ 1) = g PR S Py (P10 22 [rospap,

We have seen the Poincaré inequality on the cube,

Var,, (f) < / 1V P, = DE(T £

We get that the spectral gap is equal to A = 2/n.

We have seen that Lwg = —Q%ws, where wg is the Walsh-Fourier function.

Recall that the discrete LSI says that

Ent,,,(f?) < 2 / 1V Pdu, = né(f, f).

As a consequence, the log-Sobolev constant for the continuous time random walk equals 1/n.
Thus, the eigenvalues of (—=L) = [ — K are equal to A\, = 2%, each with multiplicity (Z)
Note that Ag =0 and A = A\; = 2/n.

Let us compute the action of P, on a function f =) 4 agws. We get

151

Pf = g age 2w wg.
S
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Previously we mentioned (and proved for ¢ = 2) that the operator Puy satisfies the following
hypercontractivity property

-1
et < P

_— n <
“Vg-1 Hpith— Hf“p
From Theorem 9 we get that
n p—1
in(P) = AL,

Clearly those two conditions are the same.
Proposition 5 yields

lpf =12 <e®  for t= %(nan +20),,

which is (say, for C' = 1) roughly n?22 1n2 . As we will see, the log-Sobolev constant give better

bound. Indeed, from Proposition 8 We get
Cn

Ir—1l, < for  t= Zln(nan) + 5

For fixed C' this is roughly 7 Inn. Let us see that this is in fact the correct order. We have

n ZTT L zzyz
0o (y) = 2"y =2 H Zws v)ws(y

i=1

Therefore,
Pt6 = Z e % Wgs
and
2 ny\ _4uk _at\ "
I = 115 = Var (78 = 3 (1 )e % = (14 %) -1
k>0
Thus we have ||pf — 1|5 = €272 for t = —21n ((1 + e2720)% — 1) ~ ZInn. To see the last
asymptotics it suffices to note that for any a > 1 we have lim,_,.(In(ax —1)/Inn) = —1.

5.6. Some spectral graph theory. Let us recall some properties of symmetric matrices.

Suppose M is a symmetric n x n matrix. Then M has real eigenvalues \; < Xy < ... < A,
with orthonormal eigenvectors xq, s, ..., Ty, i.e., Mz = A\pxg, k= 1,...,n. Moreover,
, T Max
AL = min

I¢0,$L$1,...,$L1‘k_1 ZL‘T.CC '
Moreover, any minimizer is an eigenvector with eigenvalue \;. In particular,
oMz
A1 = min T
z#A0 T X

Let x1 be the minimizer in the above expression, thus the eigenvector of M with eigenvalue
)\1. Then

. T Mz
Ay = min )
x#0,zLlxq ;L’TJZ
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We also have the following min-max principle,

. ' Mz
A = min max -
V —subspace of R*, dimV=k x€V,z#0 I* X

Consider a simple random walk on d regular graph, i.e., let us take
1

K@ ={ 8 120

Ty
Thus, (-L) =1 — éA, where A is the adjacency matrix of G,
1 z~y
A ={ 5 170

We prove the following proposition.
Proposition 9. Let G be a d regular graph on n vertices. Let \; < ... <\, be eigenvalues
of L= —L. Then

(a) )\1 = O,

(b) Ax = 0 if and only if G has at least k connected components,

(¢) A\ <2 and A\, =2 if and only if at least one connected component of G is bipartite.

Proof. (a) From Proposition 2 we get
1
o' Lo = pi Z (T4 — T0)%,
{uv}eE

where the notation {u,v} € E means that every edge is counted ones. As for general Markov
chains we get

T )2
xr ﬁx U L, Ly
A1 = min = min Z{ : }€E< ) > 0.
o£0 xlx z#0 dy, 2
Moreover, a constant vector z = (1,...,1) gives \; = 0 and this vector is an eigenvector of
L with eigenvalue 0.
(b) Assume A\, = 0. Since
. "Mz
AL = min max ,

N V —subspace of R*, dim V=k €V, 2#0 2Ty
we see that there is a k dimensional subspace S such that for every z € S we have ¢, 1o g(Tu—

z,)> = 0. But this means that x has to be constant on every connected component of G.
Thus, the dimension of S is at most the number of connected components of G. Thus, G has
at least k£ connected components.

Conversely, if G has at least k& connected components then we can take S to be a subspace
of vectors constant on each component of G. We have dim(S) > k. For every element of
x € S we have } (2 — 7,)? = 0. This gives A\, = 0 by the min-max principle.

(c) Let us recall that

2T Lx
A, = max -
z#£0 T X
We have
1 2 1
v Lo = E{ g}EE(xu —x,)? = |z|* — 7 E Ty Ty = 2|7]* — 7 E (2o + 1,)°

{uv}er {uw}eFr
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Thus,

A, = max = max
w0 alx 270

v Lu (2 1 Z{u,v}EE(‘TU + ZEU)2)

Moreover, if A, = 2 then there must be a non-zero vector x such that
> (wu+ 1)’ =0.
{uv}eFE
Let vy be a vertex with z,, = a # 0. Define
A={v: z, =a}, B={v: z,=—a}, R={v: |z,| # a}.

We see that AU B is disconnected from the rest of the graph R. Otherwise any edge {u,v}
from R to AU B would give (z, + x,)* > 0. Moreover, for the same reason if v € A and
{u,v} € FE then u € B. Thus, A and B gives a bipartition of A U B, which is a sum of
connected bipartite components of G. O

5.7. Maximal Cut. Let us define the maximal cut for the graph G = (V, E),

E(S,V\S
MaxCut(G) = max M
Scv |E|
Note that MaxCut(G) < 1 and MaxCut(G) = 1 if and only if G is bipartite. Observe that
Ty — Ty)? AE E
max Z{U’U}GE( ) = max M = 2max w = 2MaxCut(G).
ze{-1,1}" dy., a2 Scv dn Scv |E|
We get

2MaxCut(G) < A,.
5.8. Cheeger inequality. Recall that

. Z{u,v}eE(‘ru - ‘TU)Q
Ay = min
r#0, x 11 d Zv {E%

For x 1 1 we have

2
Z (2 — 20)% = Qanfj —Qquxv = Qan?} -2 (Zwv> = Qnsz

u,veV
Thus,
N> — min Z{u,v}GE($U - $U>2 o min Z{u,v}eE(aju - xv)2
? z#£0, 211 % Zu7vev(xu — xv)Q z—non-constant % Zu,UEV(xU _ xv)2
1 2
. nd/2 Z{u,v}eE('xU - xU) . E{u,v}EE(xu — l‘v)Q
= min 1 2 = min E 2 ,
x—non-constant pour) Zu’ve‘/(g(;u — xv) x—non-constant u,’uGV(xu — gj,u)

where Ey, ,1ep is the expectation with respect to the uniform distribution on £ and E,, ,, refers
to independent uniform choice of u and v. The above minimization problem is a relaxation
of uniform sparsest cut problem,

n . E(S,V\S) . Efupyer(Tu — T)°

USC(G) = —min —————— = min :
d scv [S[- [V \ S z — non-constant  Buwev (Zu — 2y)?

re{-1,1}"
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Clearly we have USC(G) > Xs.

Definition 5. Let S C V. We define the conductance of S and the conductance of graph G,
_E(S,V\S)

Let us observe that USC(G) < 2¢(G). Indeed,
n . E(S,V\S) n : E(S,V\S)
USC(G) = = — < — _l
=T SIS = doalihe JST VA S
E(S,V\S5)
< kA Ve ,
=2 i d|S| 2(G)

Theorem 11. We have Ay < USC(G) < 2¢(G) < +/8)s.

Proof. The only non-trivial inequality is ¢(G) < v/2X,. Given a solution x of the minimiza-
tion problem for Ay we are to find a good Boolean approximation (set S). We do this in
several steps.

Step 1. Given a solution x with L 1 it is enough to construct a vector y € R" such that
Yy >0, {v:y, >0} <n/2, max,y, =1 and

u — Yv w Ty — Ty 2
Z{u,U}GEky Yol <9 Z{ ; }eE( . ) _ 2\/>\—2.
d Zv |yv‘ d EU xv
Indeed, having such a vector y we construct the set S C V' (in fact we will find S C {v : y, >
0} and thus we will get |S| < |V]/2) as follows. Take a random threshold ¢ ~ Unif[0, max, y,]
and define S = {v:y, > t}. We have
EE(S7 Vv \ S) o Z{u,v}eE ]P)(‘{U, U} N S| = 1) . Z{u,v}EE |yu - yv’
dE|S]| dy  Pves) dy . |yl '

Now it suffices to observe that

E(S,V\S) _ EE(S,V\S)

min
o<ls|<ivie  d|S| - dE|S]
This is due to the general and easy inequality min (i/—() < % valid for any positive real

random variable X, Y. Indeed, the inequality é > % leads to XEEY > YEX which is, after
taking expectation of both sides, a contradiction.
Step 2a. Take z, = x — Med(z). Observe that

Z{u,v}EE(zu — 2)? < Z{u,v}eE(% —x,)?
Ay, % - dy-, 2
This follows from the fact that
|2|* = |z — Med(2)1]* = |z|* — Med(X) (z,1) + nMed(X)? = |z|* + n Med(X)? > |z|>.
Step 2b. Define

- 0 2z <0 = 0 2y, <0
U 2y 2 >0 v =z, 2 <0
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Thus, z = 2" — 2~ and 2% L 2. Note that |z, — 2,|* > |27 — 2> + |z, — 2, |* Therefore,

Z{u,fu}GE(ZU - ZU>2 > Z{u,v}EE('ZiJLr - 23)2 + Z{U,U}EE(Z; - Z;)2

Ao >
T Ay, % - Ay, (z5)? +d 2, (%)
We get that
ot )2 )2
Ay > Z{u,v}€E< u v) or Ay > Z{u,v}eE(Z{u,v}eE( u v)

T A, (=) Ay, ()
Note that since z has median 0, we have [{v : 2z} > 0} < n/2 and |[{v : z; > 0} < n/2.

Moreover sz > 0.
Step 2c. We have constructed a vector w such that w, >0, |v: w, > 0] < n/2 and

Z{u,v}GE(wu - ’U)v)2
dy, wy

Take y, = w?. Clearly y, >0, |v:y, > 0| <n/2. We have

Yool —wl= Y fwe —wllw, +w,

Ag >

{u,v}eFE {uv}eE
1/2 1/2
< Z [w, — w,|? Z [w,, + w,|?
{uv}eFE {uw}ek
Moreover,
Z [wy + w,|? < 2 Z (w? +w?) = 2d2w3.
{u,v}eFE {uv}eFE v

We arrive at

= Yo w? — w? Wy, — Wyl?
Z{u,u}eE |y Y ‘ _ Z{u,v}eE’ U v’ < Z{u,v}eE’ ‘ < )\2.

dZv |y’U| dsz’?} N dva’?) N

6. GAUSSIAN LOG-SOBOLEV INEQUALITY

6.1. Tensorization of general LSI. We say that a probability measure ;2 on a metric space
X satisfies the LSI with constant C' if for any Lipschitz f : R — R we have

(@ Ent, () <C | V]

where V is some notion of gradient. We have already seen that -, satisfies (4) with constant
C = 2 and with the standard Euclidean gradient. We will provide a certain generalization of
this fact. Before that, we prove a tensorization property of LSI.

Lemma 9. Let (X;,d;, fti)i=1,..» be metric probability spaces equipped with some notions
of gradient Vy,...,V,. Take X = X7 x ... x X,,, p = 1 ® ... ® u,, and assume that X is
equipped with a gradient |V f|? = Y7 | [Vif|*>. Suppose p; satisfies log-Sobolev inequality
with constant C;. Then the measure p on X satisfies log-Sobolev inequality with constant
C= maxj<i<n Cz

To prove Lemma 9 we need the following sub-additivity property of the entropy.
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Lemma 10. Let pq, ..., 1, be probability measures on Xy, ..., X,,. Take the measure y =
1@ ... @y on X = X; x ... x X,. Then for f: X — (0,00) we have

Ent,(f) < Z / Ent,, (f) du.

Here Ent,, (f) is the entropy of the function X; 3 z; — f(x1,...,2;,...,2,), where variables
other than z; are fixed.

Proof. Let g : X — R be such that fX gdp < 1. Take

] J" eg(Il ..... xn)dl"l(zl)"'d“ifl(l‘ifl)
i
g (z1,...,2,) =1In :

We have
Zgz =In(e) — In (/eg du) > g
=1
Note that
i f egdm e dM'—l
g d i — : d i — 1.
/e H [esdd,, ...d, "
Hence,
[roausy [adan=3 [ [15 dan<y [Bun, () an
i=1 i=1 i=1
We finish the proof by taking supremum over all functions g with [ e’ du < 1. O

Proof of Lemma 9. We have

But, (%) < 3 [ But () dn <3G [ [ 1937 dpsan < € [ 1957
=1 =1
]

6.2. LSI on the discrete cube. Consider the discrete cube {—1,1}" equipped with the
product measure p, = (36;_1} + %5{1})®n. For x = (z1,...,2,) € {—1,1}" take o;(x) =
(X1, ..., Ti—1, =T, Tiv1, - - -, Tn). And define the ith gradient by

(Vi) = L= L))

Then the full gradient is defined via |V f|> = > | |V, f|?>. We now prove the LSI for the
discrete cube {—1,1}".

Theorem 12. Let f: {—1,1}" — (0,00). Then

Ent,, (/%) <2 / VP dp.
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Proof. Because of the tensorization property of log-Sobolev inequality it suffices to prove
the theorem in the case n = 1. By homogenity we can assume that [ f2 du = (f(1)* +
f(=1)?)/2 = 1. Clearly, there exists t € [—1,1] such that f(1)2>=1+¢, f(—-1)>=1—1t. We

have [|f(1)] — |f(=D)|| < |f(1) — f(=1)|, therefore we can assume that f > 0. Hence

1 2 1 1
2 = — 1 — 1 — [ 1 _ 2_
VP =1 (\/ Yt—/ t) S5V
We also have Loy -
Ent,(f?) = + In(14t)+ ——In(1—1t).

We would like to prove

141 1t
—VIi—Z> _2|_1n(1+t)+ —n(1 - 1)

Define

1+t 1-—t
alt) =1 - vV1— £ - ;m(ut)— a1 - 1)

The function « is even, therefore it suffices to prove a(t) > 0 for t > 0. Note that f(0) = 0.

It suffices to prove that
t 1
a(t) = —In(1+1¢)+ 3 In(1—1¢) > 0.

Vi 2

Again f’(0) = 0 and it suffices to observe that
2
VI-P+ 2= 11 11

—_

"
t) = — _Z
o’ (t) 1_¢ 21+t 21—t
1 2 1 t? 2
— —\/1—t2—1>: ( — )>0'
1—t2<\/1—t2 1-2\V1i-2 1+V1-¢)

6.3. From the cube to Gaussian space. We show that Theorem 12 indeed generalizes the
Gaussian LSI. Let v; be the one dimensional standard Gaussian measure and let f : R — R
be a bounded function with bounded first and second derivatives. Define f,, : {—1,1}" - R

by

falzy, . cyzn) = f <%) )

Note that by the Central Limit Theorem we have

Moreover,

IV faf? ) = iZ () o (e %»2

1 x| 4
-3 f< o ) oG /m)
-|r () oarm
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Therefore,

lim ]an|2dun:/]f’\2d%.
R

Thus, passing to the limit in Ent,, (f?) < 2 [ |Vf|* du, we get LSI for »;. Tensorization
yields LSI for ;.

6.4. Gaussian concentration of measure.

7. INFORMATION THEORY

7.1. ... The logarithmic Sobolev inequality (LSI) has been introduced [1] by L. Gross. It
states that the standard Gaussian measure 7, on R", i.e. the probability measure with
density ¢, (x) = (27) 72 exp(—|z|?/2), where || - || is the standard Euclidean norm, satisfies
the inequality

5) [ - ([ po)w( [ ran) <2 [ vk,

for every function f : R™ with [p, f2In*(f?) < co. Here we adopt the standard notation
g7 = max{g,0}. One can write (5) using the notion of entropy,

(6) u(f) = [ fin(f)dn - ( / fdu) In ( L fdu) |

Thus, the log-Sobolev inequality read as
(7) Ent,, (f*) <2 [ |[V/f[dy.
]Rn

This inequality has several equivalent formulations. An easy equivalence is a consequence of
the homogeneity of both sides under scaling g — A\g. Indeed, it is easy to see that for any
probability measure p we have Ent,(Ag) = AEnt,(g). Therefore, in the above inequality we
can always assume that [ f?dy, = 1. Then g = f? is the density of a certain probability
measure. We have |Vg|? = 4f2|V f|?. As a consequence (7) is implied by

1 V|2
(8) /glngd%§§/ |gg| dyn, g >0, /gd%zl-

On the other hand it is easy to show that (7) implies (8). Indeed, it suffices to assume that
g > 0 and take f = /g.

The aim of our next section is to get read of the measure v, in the above formulations and
thus express the log-Sobolev inequality in terms of the so-called Shannon entropy and Fisher
information. These are the main quantities studied in the information theory.

7.2. From LSI to information theory. Let us come back to the inequality (7) and take
F(x)? = 2m)"2e* g (az), with a > 0, g > 0, /g(x)d:p = 1.

Note that
f@)dyn(x) = glaz)dz,  2f(2)Vf(x) = (2r)" " (aVg(az) + zg(ax)).
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Therefore,
1 (2n)e** (aVg(az) + zg(az))? 1 e
Vf(@)Pdyn(e) = 7 - e g (as) G 2P /2 4
_ 1(aVg(azx) + zg(ax))?
— g(az) dz.

As a consequence, (7) is equivalent with

Changing variables (y = ax) we get

L ((27T)”/26'y‘2/2“29(y)) dy — (in/g(y)dy)
<

am” a

Multiplying both sides by a” and using [ g(y)dy =1 gives
2
In((2m)"?) + /g(y)Mdy + /g(x) Ing(z)dz +nlna <

2a?
1 QWQ(y)P \y|2
5/ (a —g(y) +y- Cg(y) +g(y)_2a2) dy.

Let us define the Shannon entropy, Fisher information and entropy power of a prob-
ability density g,

S(g) = —/g(y) ng(y)dy,  Z(g) = / %dy Ng) = ﬁexp (%S(m) :
Integrating by parts we get that
/y-Vg(y)dyz /V(%!y\z%w(y)dy: —/A(%W)g(y) = —n.
Thus, we can further rewrite the above inequality in the form of
In((27)"?) = S(g) + nlna < %QQI(Q) —n.
Equivalently,
gln(%r) —S(g9) < i%f (%aQI(g) —n— nlna) = —g — gln (%) :

After multiplying by 2/n and taking the exponent one gets

2 exp (-%5(9)) <129

This is
(9) N(9)Z(g) > n.

Thus, we have written the log-Sobolev inequality in terms of information theoretic quantities.
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7.3. Heat semigroup. Up to now we did not yet prove the Gross log-Sobolev inequality.
Before we do this we need to introduce the notion of heat semigroup of operators (P;);>o,

Puf)fa) = [ £ (o uvE) dly).

We leave the following easy fact as an exercise for the reader.

Fact 10. The family (P;):>0 is a Markov semigroup of operators, namely

o P(1)=1,t>0,
® f Z 0as. — Pt(f) Z 07 a.s.,
@ Pris=PoPs, Po= Id.
ou

Moreover, P;(f) solves the heat equation 4% = 1Aw with an initial condition ug = f. In

other words, we have 2P;(f) = 1A(Pi(f)) = sP.(AS).
We prove the following lemma.

Lemma 11. Let (P;):>0 be the heat semigroup. Then

P ) =P = [ 2 (B a

Proof. We have

PSS = PUNWPU) = [ 5 PP PP s

~ [ G 1P P 0P| )
4oL P (P (WP Jas
_ % /0 P (A (Pro(f) In(Prs(f)))] ds + /0 P [% (PreslF) In(Pres(f )))] .
Note that
A(glng) = Z(g N g)sz; = Z(g:vi(l +1ng))e, = (Ag)(1+1Ing) + Z %

2
= (Ag)(1 +1Ing) + %

Applying this with g = P,_4(f) we get

P(FInf) ~ P ) In(Puf)) = 5 / P, [Am_S(f))u FI(Pra(f)) + —'Vg{gsg’ ] s

_% /0 Pu (14 In(Pry () A(Pe—(f))] ds

(e
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7.4. First proof of LSI. Let us first prove that |Ps(Vf)| < Ps(|Vf|), where we adopt the
notation Ps(Vf) = (Ps(fay),-- -, Ps(fz,)). Indeed, for any vector a € R™ with |a|] = 1 we
have (a, Vf) < |Vf|. Thus, (a,Ps(Vf)) =Ps((a, Vf)) < Ps|Vf|. Now it suffices to use the
fact that sup,_, (a, Ps(V f)) = [Ps(V f)].

Note that from the Cauchy-Schwarz inequality we get (Ps(fg))?* < Ps(f*)Ps(g?). Thus,

2
VPu(f) = [Ps VP < PaIVF) < Prosalf) - Pre (Wj | ) |

We arrive at

Pt f) =P e = [ (PR )

L VIR ot (19
%/OW”( / )ds‘ipt( / )

This is a poinwise inequality valid for every x € R® and ¢ > 0. Taking ¢t = 1 and x = 0 one

gets
B 1 VP
[ ingan, (/nfdvn>ln<4nfdvn) ssz L,

since P1(9)(0) = [gn 9d7n. Assuming [o, fdv, =1, we get (8).
7.5. Reverse LSI. Observe that
PULE = PP < PO [P

Summing over i we get

PV < PUPa())]- [Ps (

)]

st

Thus, using Lemma 11, we get

P fIn f) = P ) m(P(f)) = %/0 P, (%) i
S L HPVOR PP
—2J)o RS 2 Puf)

Again taking x = 0, t = 1 and assuming fR" fdvy, =1, one gets

1 Jon VP
10 fln fdy, > ==&~ 7
( ) R 2 fRn fd’yn
This is called the reverse log-Sobolev inequality.
Using the ideas from the Section 7.2 one can show that the reverse LSI is equivalent with
the inequality

Ng) < TrK(g)

, gz(),/ g(x)dx =1,
n n

which is further equivalent with

(11) N(g) < K@V, (K(g)); = / ziz;9(x)de,
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where | - | denotes the determinant. The matrix K(g) is called the covariance matrix of a
random variable X with density g.
Let us give a direct proof of (11). We need the following lemma

Lemma 12. Let K be a symmetric positive definite matrix. Then

1 1

- - _ o Tg—-1

is the Gaussian density with covariance matrix K. Moreover,
1 n n
S(pr) = 5 (@2me)"|K]),  Nlex) = K|

Proof. The first part is standard. Let us only compute the entropy,

1
S(px) = — / prc Inprc = (22K + 2 / oKz,

Let (Xi,...,X,) be the random vector with density ¢x. We have

/gonTK_lx =EXTK'X = ZEXi(K_l)inj = Z Kz‘j(K_l)ij

0,

= Z Kj(K™)i; = Z(KK‘l)jj =n.
We get
Sliew) = In((2m) 21K 12) + % = " in (2mel K%)=
Thus,

1 2
N(SOK) = %GXP ( 3(@}()) = |K|1/n~

To prove the inequality 11 it suffices to establish the following fact.

Fact 11. Let g be a probability density and let ¢, be the Gaussian density with K(g) =
K(ipg). Then S(g) < S(eg).

Proof. Let us define the Kulback-Liebre dirergence (or, in other word, the relative entropy)

for the probability densities f, g,
f
ol = [ 1 (L),

We first prove that D(f|lg) > 0. Recall the famous inequality In(1 + z) < x, x > —1. This

R n(E) = fon(®) < [1(2-10)= [ [0

The inequality D(gl|¢,) > 0 gives

5(9)2—/91n9§ —/glnsogz—/soglnsong(sog)'
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7.6. de Bruijn’s identity.

Proposition 10. Let X be a random vector in R™ and let G be a standard Gaussian in R™.
Then

Lsix + vig) = SI(X 4 Vi2)

dt
In other words the evolution P;(f), where f is the density of X, satisfies
d 1
— =-7 .
SS(PA) = ST(PS))

Proof. Note that Py(f) satisfies TP, (f) = APy(f). Thus,

S =- i P = - [ a i)

/Pt ——/Apt lnPt )

VPN

0

7.7. Entropy power inequality. We are now ready to state and prove three equivalent
formulation of the famous entropy power inequality.

Proposition 11. Let X, Y be independent random vectors on R™. The following conditions
are equivalent

(a) We have N (X +Y) > N(Gx+Gy), where Gy, Gy are independent Gaussian random
vectors with proportional covariance matrices and S(X) = S(Gx), S(Y) =
S(Gy),

(b) M(X +Y) > N(X) +N(Y),

Proof. We first show that (a) implies (b). Note that K(Gx +Gy) = K(Gx)+ K(Gy). Since
the matrices K(Gx) and K(Gy) are proportional (say, K(Gy) = aK(Gx)), we have

[K(Gx + Gy)|"" = |K(Gx) + K(Gy)|'" = (1 + a) K(Gx)|"" = (1 + a)| K (Gx)['/"
= |K(Gx)|"" + [ak (Gx) V" = [K(Gx)|"" + | K (Gy)[''".
Thus, from Lemma 12 we get
N(X+Y) > N(Gx + Gy) = |K(Gx + Gy)|'" = |K(Gx)|"" + | K(Gy)|'"
= N(Gx) + N(Gy) = N(X) + N(Y).
Similarly, (b) implies (a) since
NX+Y) 2 NX)+N(Y) =N (Gx + Gy).
O

To prove the entropy power inequality it suffices to establish the following proposition.

Proposition 12. For any pair of independent random vectors X, Y on R"™ and any A € [0, 1]
we have

S(VAX + VI =XY) > AS(X) + (1 — NS(Y).
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We first show that Proposition 12 implies inequality (b) from the Proposition 11. Note
that

S(X+Y):S<\/X-%+\/1—/\-\/1L__A) zxs(%>+(1—x)s< 1Y_A)
= AS(X) + (1= N)S(Y) —g[)\ln)\—l—(l—)\) In(1 - \)].

We have used the fact that

S(aX)=8(X)+nla.
The optimal choice of A is A = N (X)/(N(X) + N (Y)). This gives

SX+Y) 2 frr vy [V S + N S(Y)
n exp(Z exp(%S(Y))
B §N(X) n (exp(%S(X)) + exp %S ) §N (GXP(%S(X)) - eXp(%S(Y»)
n 1 2 2
= N LN (N(X)+N(Y))In (exp (ES(X)> + exp (ES(Y)» :
Equivalently,

%g(x +Y) > (eXp (%5()()) +exp (%5(3/))) |

Taking exponent of both sides gives N'(X +Y) > N (X) + N(Y).
To prove Proposition 12 we need a corresponding fact for Fisher information, called the
Blachman-Stam inequality.

Proposition 13. Let X, Y be independent random vectors and let A € [0, 1]. Then

(12) Z(X +Y) < NI(X) + (1 = N)2Z(Y).
Moreover,
(13) SR S

I(X+Y) " I(X) I(Y)
We postpone its proof till the next section and show how it implies Proposition 12.

Proof of Proposition 12. Let Gx and Gy be two independent standard Gaussian random
vectors in R™. Let us define

= VIX+V1I—tGx, Y,=+VtY +V1—1tGy.
Moreover, let us take
Vi = VAX; + V1 - MY,
Note that
Vi = VI(VAX + V1= XY) + V1 = t(VAGx + V1 = \Gy) = ViVi + V1 — 1V},
Take
U(t) = S(Vi) — AS(Xe) — (1 = A)S(Yy).
We have X; = X, Y, =Y and V| = VX + V1=)Y. Thus, our goal is to prove that

Y(1) > 0. Since Xg = Gy, Yo = Gy and Vy = VAGx + \/TGY ~ Gx, we get ¥(0) =
As a consequence, we are to prove that ¥ (1) > 1(0).
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To this end we show that ¢’(¢) > 0 on [0, 1]. Due to the scaling S(aX) = S(X) +nln(|al),
we have

W):S(%ﬂ/ %)—AS(XH—M Xo> (1— S<Y1+ 1;%).

From de Bruijn’s identity we get

—2t2¢'(t)zz(vl+,/1t_t%>— (Xlﬂ/ X0> (1— A I(Y1+ 1;%).

Using Z(aX) = a?Z(X) we get
2 (1) = —Z(VIVi + VI — tVo) + AT(VIX1 + VI — 1X0) + (1 — NI(VEY, + V1 — tYy)
—Z(Vy) + AZ(Xy) + (1 = M)Z(YY)
—I(VAX; + V1 = \Y) + AZ(X,) + (1 = MI(Y)).
Let X; = vV AX; and V; = v/1 — \Y;. Then
2 (t) = —T(X; + Y3) + N2Z(X,) + (1 — N)*Z(Y;) > 0

due to Proposition 13. U

7.8. Blachman-Stam inequality. For a random vector X with density f let us introduce
the notion of score function

Note that the Fisher information satisfies

2
X):/Wj}ﬂ :EX|/0X|27

where we set Exg to be the expectation of g with respect to X having density f. Note that
for any a € R and b € R" we have

(14) S(aX +0b) = S(X) +nln(|a|), Z(aX +b) = a *I(X), N(aX +b) = >N (X).

Let us prove one simple lemma.

Lemma 13. Let X, Y be independent random vectors in R". Consider Z = X + Y and let
Px, Py, Pz be the corresponding score functions. Then

pz(2) = Elpx(X)|Z = 2] = E[py (Y)|Z = z].
Proof. Let fx, fy, fz be the densities of X,Y, Z, respectively. Recall that!

E[h(X,Y)|Z = 2] = /h(fc, o lx@r =)

7202) dz.

IThose who are not familiar with conditional expectation can treat this equality as a definition of the right
hand side.
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We have
V120 = - ([ fxtolstc = 0)ie) = [ Fe@)Vofytc - )i
—/fx(x)vxfy(z—x)dx:/szx(x)fy(z—x)dx.

Thus,
(Viz)(z) _ [ Vafx(z) [fx(@)fy(z—x)
fz(2) fx(x) z(2)
The second equality follows by symmetry.

da = Elpx(X)|Z = 2]

We are ready to prove the Blachman-Stam inequality.

Proof of Proposition 13. By Lemma 13 we have
pz(2) = E[Apx(X) + (1 = A)py(Y)|Z = 2], A€ 0,1].
Thus,
I(X +Y) = Ezlpz(2)]> = Ez [E Dpx(X) + (1= Npy (V)| Z = 2]°]

<Ez [E[(Oox(X) + (1= Npyr(Y)*|Z = 2]

=E (Apx(X) + (1 = N)py (Y))*

= NZ(X) + (1 = \’Z(Y) + 2A(1 = NE[px (X) - py (Y)].
Here we have used the inequality

E[h(X,Y)|Z = 2]* <E[h(X,Y)*Z = 2],
which follows from the Cauchy-Schwarz inequality and the very easy equality
Ez [E[h(X,Y)|Z = z]] = Eh(X,Y).

Due to independence we have

Elpx (X)oy (V)] = Elpx (X)] - Elpy (Y)] = / V- / Vfy —0-0=0.

We thus get
T(X +Y) < NI(X) + (1= N2Z(Y).

Y) )
Z(X)+Z(Y)

Z(Y) 2 Z(X) 2 Z(X)Z(Y)
TX+Y) < (I(X) n I(Y)) X0+ (I<X> T zm) )= 23y v z0v)

Optimizing with respect to A € [0, 1] one gets (by taking A =

which is exactly
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8. ENTROPIC CENTRAL LIMIT THEOREM

The simplest version of the Central Limit Theorem (CLT) states that for any sequence of
i.i.d. random variables X4, ...,X,, with mean zero and variance 1 the sequence

Xi+...+X,
Vn
converges in distribution to the standard Gaussian random variable GG. Since the random
variable Y, has variance 1, one has S(Y,,) < S(G), due to Fact 11. From the EPI we deduce
628(X1+X2) Z €2S(X1) + €2S(X2) — 2628(X1).

Y, =

Taking the logarithm, we get
This gives
X4 +X2>
SY))=8X;)<S|——=) =8(V,).
o) = st <5 (5 %)

It is therefore natural to conjecture, that the sequence S(Y;,) is non-decreasing. This is indeed
true, due to the celebrated theorem of S. Artstein, K. Ball, F. Barthe and A. Naor.

Theorem 13. Let Xi,..., X, be a sequence of i.i.d. random variables with mean zero and
variance 1. Take Y,, = (X1 + ...+ X,,)/+/n. Then the sequence S(Y,,) is non-decreasing.

Before we prove this theorem, we need to develop several useful tools.
8.1. ANOVA decomposition. Here we prove the following lemma.

Lemma 14. Let 1 = j; ® ... ® p,, be a product measure on R™ and let L? = L?(R", u). For
S C [n] let us define linear subspaces

He = {¢ e 12| [ ola)di(ay) = ola)yes Vi € [n]} |

Then L? is the orthogonal direct sum of Hg. In particular, every ¢ € L? can be written in
the form ¢ = 5, s, where ¢ € Hs.

Proof. For S C [n] let us define linear operators Eg by

Eg¢ = /cb(xl, ) [ ] ().

jes
Moreover, let us set E; = Ey;;. Clearly, Eq,...,[E, are commuting projection operators in

L?. We have
o=1]E+T-E)o= > []E]]UI-E)o= D ¢s,
Jj=1 SCln] j¢S JeES SC[n]

where B B
Vs =Es [[(-E))¢ =Es¢, Es:=Es [[(I -E;).
jeS jeSs
We show that ¢g € Hg. Indeed, let jo € S. Then
Ej¢s =Ese [] (I-E)E;(I-E;)¢=0

j€S,j7éjO
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since E;(I —E;) = E; —E; = E; —E; = 0. If jo ¢ 5, then EjEge = Ege and therefore
Ejo¢s = ¢s.

Finally, we prove that Hg are orthogonal. Suppose S,T" C [n] are such that S # T and
let f € Hg, g € Hp. There is j € [n] such that j € SAT, for example j € S, 7 ¢ T. Thus,
E;f =0and E;g = g. We arrive at

Efg = EE;(fg) = EE;(fE;g) = E(E,gE; f) = 0.

8.2. Variance drop lemma. We prove the following lemma.

Lemma 15. Let ¢ : R® — R and let p = 11 ®...® i, be a product measure on R™. Suppose

that for every j € [n] the function ¢;(x) = ¢(z1,...,2;-1,Tj41,...,%,) has mean 0. Then
" 2
E (Zcbj) <(n—1) E¢}.
J=1 J€[n]

Proof. Let Eg be operators defined in the previous section. Then

:ZES¢j, j=1,...,n.

SCln]

Moreover, Eg¢; € Hg. If j € S then we have Egp; = EsE;¢; = E;Es¢; = 0, where the first
equality follows from the fact that ¢; does not depend on j and the second from the fact
that Eg € Hs. We get

2 2
E{Y ¢ | =E|> > Esp;| =E ZZES% = > ) E(Es[é;]Er(ex])
J€E[n] SC[n] j€[n] SC[n] j¢S S, TC[n] j,k¢S
2
= > ) E(Es[o;]Es(o]) Z E (> Es¢
ScCln] k¢S JES

In the last sum we can ignore S = {), since Ey¢; = E¢; = 0, due to our assumption. Thus,

2 2

Yol £ > E|D Eso;

Jj€[n] SCn],S#0 Jj¢S

For S # () the set {j : j ¢ S} has cardinality at most n — 1. Thus, by Cauchy-Schwarz
inequality we get
2

Y Esp;| <(n—1)) (Ess))”.

J¢s J¢s
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We arrive at
2

Dol <=1 Y EDY (Esd)’=(n—-1) ) ED (Esg))’
J€n] 5C[nl,5#0  j¢S SCln]  jeln]
2

=(n-1)) E| > Esg, (n—1)> E¢?.
J€ln] Scln] j€ln]
O
8.3. Monotonicity of Fisher information. Using the techniques developed in the last
two chapters, we prove the monotonicity of Fisher information in CLT), i.e. the inequality
Z(Y,) <Z(Yn_1).
This will allow us to deduce (in the next section) the corresponding result for the Shannon

entropy.
Let us define

V= X, VU=3Xx, YU=

i€[n) i#j %#J

Note that pax(2) = 2px(z/a). Thus, pax(aX) = Lpx(X). Using this principle twice we get,
forany j=1,...,n,

Py, (Ya) = Vv, (Vi) = ViElpy o) (V) |V,] =

n

"By (YO)|V,]

n .
= E[py(]-)(Y(J))|Yn].
n—1

Here the second equality follows from Lemma 13 applied to X = VU Y = X;. From the
linearity of conditional expectation we get

Py, (Yn) = m Z Elpyo (Y)|Yo] = m Z Py (Y

Let pj = py () (YY), From the Cauchy-Schwarz inequality for the conditional expectation we

e

Zpy

T(Y,) = Elpw ()Y = o s (

o5

From the variance drop lemma we get

n

(Z p]) < (n—1) Y Elp = nln — DI(Y,).

j=1

Thus, we get Z(Y,,) < Z(Y,_1).
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8.4. Proof of entropic CLT. Let G be the standard Gaussian random variable. Define
Yo(t) = VY, +V1—tG,  Y,_1(t)= VitV  +V1—-tG, te|o,1].
We prove that S(Y,,(t)) > S(Y,—1(t)) for t € [0,1] and get the desired inequality by taking
t = 1. For t = 0 we clearly have equality. Thus, it suffice to prove that
d d
—S(Y,(1)) > —S(Y,_1(1)).
SS(Va(t) 2 TS (ars (1)
Using de Bruijn’s identity we get

d d 1-1¢ 1 1 1-1
ES(Yn@)) = E (hl(\/%) +S <Yn + TG>> = % - ﬁ-’z (Yn + TG)

1 1
= — — —T(VtY, +V1 -t
2t 2t <\/_ + G)
Let Gi,...G, be iid. standard Gaussian random variables and take X;(t) = V{X; +
v/1—tG;. Then
VY, + VI —1G ~ (VX1 + V1 —1Gy) + ...+ (VIX, + V1 —tG,) _ X1(t) +...+Xn(t).

Vi Vn

Thus, from the last section we deduce

T (VIY, + VI 1G) < T (VY 1 + VI=1G)

and
d 1 1 1 1 d
SS0(t) = 51 (\/%Yn +4/1 tG) > =51 (ﬁyn_l ++/1 tG) SV (1))
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