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Abstract

We discuss the Monge problem in the theory of ordinary differential equations
and prove the Cartan criterion for first order Monge systems with the added hy-
pothesis of homogeneity. Next, we examine Hilbert’s counter-example and finally
give a brief account on the two special cases involving flag systems of length two
and three.

1 Introduction.

Flag systems go back to Gaston Darboux, Friedrich Engel and Erhardt von Weber. The
well known Darboux Theorem provides the local description of length one flags and the
Engel Theorem the description of length two flags ([1], [7]). Erhardt von Weber exhibited
a local model for homogeneous flag systems ([22]) and Élie Cartan used this model
to study the solutions of under-determined systems of first order ordinary differential
equations, the so-called Monge problem ([10], [11], [19]). He gave a criterion, stated in
Theorem 1, under which the general solution of such a system can be given an explicit
form evidencing its dependence on an arbitrary function of one variable and on all its
derivatives up to a finite order µ ([4]). The Monge problem has also been considered by
other authors (e.g., [10], [23]).

During many decades, it was a general belief that a flag system could always be
represented locally by the von Weber model. However, this is not the case and, in 1978,
Giaro, Ruiz and the author brought to evidence a non-homogeneous model ([9]). More
recently, the same model was found independently by Mormul ([20]). The presence of
such non-homogeneous models sheds some doubts on Cartan’s criterion since statements
such as in [4], p.89, [11], p.328, and [22], p.227, become inaccurate. It is our purpose here
to prove the Cartan criterion with the added hypothesis of homogeneity and show as well
that this criterion can be applied directly to higher order ordinary differential equations
without the necessity of reducing them to first order equations. Finally, we examine first
and second order single equations, these involving flag systems of length two and three
respectively.

Though Cartan’s original argument strongly relies upon the nature of the homoge-
neous local model and though our method of proof breaks down without the homogeneity
assumption, surprisingly enough Cartan’s criterion does not seem to break down at all.
In fact, the under-determined system (17), whose associated Pfaffian system displays the
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non-homogeneous flag of length three, admits the parametrized formulas (20) describing
the solutions that initiate, for t = 0 , at the singular locus where the model becomes non-
homogeneous. The general discussion of systems corresponding to the non-homogeneous
flags of length more than three seems a rather difficult task and will not be considered
here.

This paper was written, to a large extent, while the author was visiting the Université
Paul Sabatier in Toulouse. Our acknowledgements are due to Jean Pradines and Joseph
Grifone. They are also due to Piotr Mormul and Jacques Rubin for valuable comments
and criticism.

2 Flag Systems.

A Pfaffian system on a manifold M will be envisaged as a locally trivial vector sub-bundle
S ⊂ T ∗M = T ∗. For simplicity, we shall assume that all the data is of class C∞ and that
M is connected and second countable. The (constant) rank of S is indicated by s and
we shall say, accasionally, that a linear differential form ω belongs to S when ω ∈ Γ(S),
the latter denoting the pre-sheaf of all local sections of S. We recall that S is integrable
when, for all ω ∈ Γ(S),

dω ≡ 0 modS, i.e., dω = Σ σi ∧ ωi , ωi ∈ Γ(S). (1)

The Martinet structure tensor ([15], [18]), is the vector bundle morphism

δ : S −→ ∧2(T ∗/S) (2)

defined on local sections by δ(ω) = dω modS. Since d(fω) = fdω+df∧ω ≡ fdω modS,
the above defined pre-sheaf morphism is linear over the functions of M and therefore
induces the desired vector bundle morphism. We now assume that the rank of δ is
constant and define the derived system S1 = ker δ. Then, S1 is also a Pfaffian system
and S1 ⊂ S. The integrability condition (1) now reads S = S1 and we can say intuitively
that a non-integrable system S deviates least from integrability when rank S1 = s − 1
since then, most sections of S do satisfy the condition (1). We can define inductively the
ν-th derived system Sν = (Sν−1)1 by considering, at each step, the tensor (2) adapted to
the system Sν−1 and by assuming of course that the rank of this tensor is constant. The
previous construction yields a decreasing sequence of Pfaffian systems that necessarily
becomes stationary, namely:

S = S0 ⊃ S1 ⊃ S2 ⊃ · · · ⊃ S` = S`+1 = · · · . (3)

The integer ` is called the length of the Pfaffian system S. The last term S` in the
above sequence is integrable and we shall refer to it as the terminating system of the
flag. Length zero characterizes the integrability of S. A Pfaffian system for which all the
successive structure tensors have constant rank is called totally regular ([17]). We say
that S is a flag system (système de Pfaff en drapeau, [15]) when rank Sν = s− ν, ν ≤ `.

The basic theory as well as an initial attempt towards a local classification of flag
systems can be found in [15]. Further classification can also be found in [5], [6], [8] and
[21].
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3 Ordinary and partial differential equations.

In 1912, David Hilbert ([12]) showed the impossibility of solving the second order equation

dz

dx
= (

d 2y

dx 2
)2 , (4)

in one independent variable x and two dependent variables y and z, by means of parametrized
expressions:

x(t) = ϕ(t, f(t), f ′(t), · · · , f (µ)(t)),

y(t) = ψ(t, f(t), f ′(t), · · · , f (µ)(t)), (5)

z(t) = χ(t, f(t), f ′(t), · · · , f (µ)(t)),

where f is an arbitrary function of the parameter t and ϕ , ψ and χ are fixed functions of
(µ+2) variables. The equation (4) is under-determined with one degree of freedom since
it takes two equations to determine uniquely, up to initial conditions, the two unknown
functions y = y(t) and z = z(t). More generally, we can consider an under-determined
system of first order ordinary differential equations with one degree of indetermination,
the so-called Monge system:

Fi(x, y
1, · · · , ys, y1

1, · · · , ys1) = 0, 1 ≤ i ≤ s− 1 , yλ1 = dyλ/dx , (6)

and inquire about conditions enabling us to express the general solution of such a system
by means of parametrized formulas:

x(t) = ϕ(t, f(t), f ′(t), · · · , f (µ)(t), c1, · · · , cρ), (7)

yλ(t) = ψλ(t, f(t), f ′(t), · · · , f (µ)(t), c1, · · · , cρ),

where f is an arbitrary function of the parameter t, the cη are arbitrary constants and µ
is some fixed though arbitrary integer. We observe that the equation (4) transcribes into
a system of two first order equations by introducing an auxiliary variable u = dy/dx.
The general solution of (6) always depends upon an arbitrary function of one variable
and upon the initial data since, as soon as we replace one of the dependent variables yλ

by such a function f , the Monge system becomes determined. The particular form (7)
of the general solution is of interest in the geometry of curves and surfaces in Euclidean
and non-Euclidean spaces ([1], [3], [4]). It is also of considerable interest in physics.

Édouard Goursat ([10]) and later Papastratos Zervos ([23]) studied special types of
Monge systems and gave conditions under which the solutions could be expressed by
formulas such as (7). In 1915, Élie Cartan solved this problem in its full generality ([4]).

Theorem 1 The necessary and sufficient condition for the solutions of the Monge system
(6) to be expressible by formulas of the type (7) is that the Pfaffian system S associated
canonically to (6) be a [homogeneous] flag system. The order of differentiation required
in the formulas (7) is equal to the length ` of this flag system and the number of arbitrary
constants is equal to the rank of the terminating system S`.
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In order to explain the meaning and subsequently prove the above theorem, we first
make a short digression on jet bundles.

Let π : P −→ Q be a fibration (surmersion) and Jk the manifold of k-th order jets
of local sections of π . The map ρk,h : Jk −→ Jh is the standard projection and, in
particular, βk = ρk,0 : Jk −→ J0 = P is the target map. To each local section σ : U ⊂
Q −→ P of π we associate the k-th order lift jkσ : U −→ Jk defined by jkσ(x) = jkxσ
and to each jet X = jkxσ ∈ Jk we associate a holonomic linear contact element EX ,
with base point Y = jk−1

x σ , namely the linear sub-space EX = (jk−1σ)∗(TxQ) . Setting
ΦX = TY J

k−1/EX , the union Φ = ∪ΦX becomes a vector bundle over the base space
Jk and the projection Tρk,k−1 induces a vector bundle morphism Ωk : TJk −→ Φ. We
can think of Ωk as a differential 1-form on Jk with values in Φ, the fundamental 1-form,
whose scalar components, with respect to a coordinate system (xi, yλ, yλα) , are the usual
contact forms

dyλα − yλα+1idx
i , 0 ≤ |α| ≤ k − 1 , (8)

where α = (α1, · · · , αn) is a multi-index, α + 1i = (α1, · · · , αi + 1, · · · , αn) and n =
dimQ . Let Σk be the distribution defined on Jk by Ωk = 0. Its annihilator Sk = (Σk)⊥

is a Pfaffian system on the manifold Jk, the so-called canonical contact structure of Jk ,
and it is locally generated by the contact forms (8). Details on the above constructions
can be found in [13] and [16].

A partial differential equation of order k on the manifold P , with independent vari-
ables in Q, can be thought of as a sub-manifold Rk of Jk for which the restricted target
map βk : Rk −→ P is also a fibration. A solutions of Rk is a local section of π whose
k-th order lift maps into Rk . The restriction, to the sub-manifold Rk , of the canonical
contact structure Sk yields a (not necessarily regular) Pfaffian system Sk, this being the
canonical Pfaffian system associated to the equation Rk. It has the following remarkable
property:

The image of the k-th order lift jkσ associated to any solution σ of Rk is an integral
manifold of Sk and, conversely, every n-dimesional (n = dimQ) integral manifold of
Sk, transverse to βk, is locally the image of the k-th order lift associated to a solution of
Rk.

We can also envisage a P.D.E. of order k as a locally finitely generated pre-sheaf of
ideals of functions defined on Jk and assume that the variety on which the pre-sheaf
vanishes is a sub-manifold of Jk. This latter version conforms better with the classical
concepts.

Let us now consider the special case when the fibration πs : Rs+1 −→ R is defined by
πs(x, y

1, · · · , ys) = x . Then, J1 = J1(πs) has the coordinates (x, y1, · · · , ys, y1
1 , · · · , ys1),

where yλ1 stands for dyλ/dx , and the canonical contact structure S1 = S1(πs) is generated
by the forms

{ω1 = dy1 − y1
1dx , ω

2 = dy2 − y2
1dx , · · · , ωs = dys − ys1dx}. (9)

We also consider the special case when the fibration π1 : R2 −→ R is defined by
π1(t, z) = t. Then Jµ = Jµ(π1) has the coordinates (t, z, z1, · · · , zµ), where zj stands for
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the j-th order derivative, and the canonical contact structure Sµ = Sµ(π1) is generated
by the forms

{$1 = dz − z1dt , $
2 = dz1 − z2dt , · · · , $µ = dzµ−1 − zµdt}. (10)

The above array of differential forms is a canonical local model for the homogeneous
flag systems of length µ terminating by the null system. Furthermore, the ν-th derived
system (Sµ)ν is generated by {$1, · · · , $µ−ν} (cf.[15], sect.9).

Let T ⊂ S be a Pfaffian sub-system of S. Then, of course, Tν ⊂ Sν , Tk ⊂ S`,
where k is the length of T and ` the length of S, and therefore T terminates by the null
system whenever S so does. There is however no relationship between T and S being
flag systems.

Lemma 1 Let S be a flag system and T a sub-system of S. Then T is also a flag if and
only if there is an integer ν0 ≤ ` such that Tν = T ∩ Sν0+ν for all ν > 0.

When T 6= 0 , the integer ν0 of the above lemma is determined by the two conditions
T ⊂ Sν0 and T * Sν0+1 . We infer that any flag sub-system T 6= 0 of a flag system S has
the following structure: There are two integers 0 ≤ ν0 ≤ ν1 ≤ ` such that

(i) T ⊂ Sν0 and T * Sν0+1 ,

(ii) Tν ⊂ Sν0+ν and Tν * Sν0+ν+1 , ν0 ≤ ν ≤ ν1 − 1 ,

(iii) Tν1 = Tν1+1 = · · · ⊂ S` .

The length k of T is then equal to ν1 − ν0 .

Lemma 2 Any flag sub-system T of a homogeneous flag system S is also homogeneous.

In fact, assuming for simplicity that T * S1 (otherwise we would restrict our considera-
tions to the flag system Sν0), let us argue locally by taking the homogeneous model (10)
of length µ and by choosing a local basis {ω1, · · · , ωk}, k = length T , such that Tν is
generated by {ω1, · · · , ωk−ν}. As a consequence of the previous lemma, ωk−ν /∈ Sν+1 ,
0 ≤ ν ≤ k − 1 . We can therefore write

ωk ≡ gµ$µ modS1 ,

ωk−1 ≡ gµ−1$µ−1 modS2 ,

· · · · · · · · · · · · · · · · · · · · · · · ·
ω1 ≡ gµ+1−k$µ+1−k modSk ,

and, after division by the coefficients gλ , we end up with the new generators of T :

ω̄k ≡ $µ modS1 , · · · , ω̄1 ≡ $µ+1−k modSk .

Such a system is transitive (cf. [15]).
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Proof of Cartan’s theorem.

We now assume that the functions Fi, defining the Monge system (6), are independent
and furthermore we assume that

rank
∂(F1, · · · , Fs−1)

∂(y1
1 , · · · , ys1)

= s− 1 . (11)

If we consider the functions Fi as defined on J1(πs), then their common null set R1 = R
is an (s+ 2)-dimensional sub-manifold of J1 and the condition (11) is equivalent to the
rank maximality of β1 : R −→ Rs+1. The image β1(R) is an open subset of Rs+1 and
we shall assume, for simplicity, that it is equal to the whole space. The sub-manifold
R then becomes an ordinary differential equation on the base space Rs+1 and it can be
endowed, locally, with the coordinates (x, y1, · · · , ys, yλ0

1 ), for a suitable choice of the
index λ0. It then follows that the canonical system S associated to R is regular of rank s
and we shall continue to denote its generators by the array (9). Since dωλ0 = −dyλ0

1 ∧dx
does not vanish under δ and since rank (T ∗R)/S = 2, we infer that the rank of the
derived system S1 is constant and equal to s − 1. This latter system can be integrable
(e.g., the system associated to {dyλ/dx = 0 , 1 ≤ λ ≤ s− 1}) in which case S is a flag of
length one. Otherwise, it can behave rather badly and even cease to be totally regular.
We therefore assume, from now on, that S is totally regular and start by considering
those Monge systems whose general integrals can be expressed by the formulas (7).

For each given function f and for each fixed array of constants (cη), the curve γf with
components (x(t), yλ(t)) provided by the formulas (7) is a solution of the Monge system
(6) i.e., an integral curve of S . Since the variables x and t are parameters of the curve
γf , the map ϕf given by

ϕf (t) = x(t) = ϕ(t, f(t), f ′(t), · · · , f (µ)(t), c1, · · · , cρ)

is simply a change of parameters, hence dx(t)/dt 6= 0 . Let us now consider the functions
(7) as the scalar components of a map G : Jµ(π1) ×Rρ −→ Rs+1 . Then (dx/dt)(t) =
∂tϕ(jµ+1

t f, cη) , where ∂tϕ is the total derivative of ϕ with respect to t , with fixed
constants cη . We infer that ∂tϕ(X, cη) 6= 0 , for all X ∈ Jµ+1(π1) , and that the tangent
vector to the curve γf , parametrized by the variable x , has the components dyλ/dx =
∂tψ

λ/∂tϕ , the left hand side being evaluated at x = x(t) = γf (t) and the right hand side

at (jµ+1
t f, cη). We can now extend G to a map

G : Jµ+1(π1)×Rρ −→ J1(πs) ,

G(X, cη) = (F (Y, cη) , ∂tψ
λ(X, cη)/∂tϕ(X, cη)) , Y = ρµ+1,µX ,

and, since γf : x 7−→ (x, yλ) is a solution of R , it follows that imG ⊂ R . Furthermore,
since the expressions (7) provide the general solution of the equation R , the map

G : Jµ+1(π1)×Rρ −→ R

is surjective. We now assume that G is also a submersion and consequently that S̃ =
G∗ S becomes a Pfaffian system of rank s on Jµ+1(π1)×Rρ .
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Remark. Since G is surjective, the submersivity assumption is equivalent to the tran-
sitivity of the system R under the action of all first order contact transformations that
leave invariant this system. In fact, submersivity will show that S is a homogeneous
(transitive) flag hence R is also transitive. Conversely, the transitivity of R forces G
to have constant rank whereupon, by Sard’s Theorem and surjectivity, to have maximum
rank.

We first consider the case when the parametrized expressions (7) do not depend upon
the constants (cη) . Then G : Jµ+1(π1) −→ R is a surmersion, S̃ vanishes on all (µ+1)-st
order holonomic lifts hence S̃ ⊂ Sµ+1(π1) = Sµ+1 , S̃1 ⊂ (Sµ+1)1 = (ρµ+1,µ)∗ Sµ ([16])
and rank S̃1 = s− 1 . Furthermore, since S is totally regular then so is S̃ and since the
flag system Sµ+1 terminates by zero, the same applies to S̃ . We now show that S̃ and
consequently S are also flag systems. Let us take a local basis {ω1, · · · , ωs} of S such
that S1 is generated by {ω1, · · · , ωs−1} and let us complete the above basis to a field of
co-frames {ω1, · · · , ωs−1, ωs, ωs+1, ωs+2} on R . The reduction δ̄1 ([15], p. 242) shows
that the image of δ1 is contained in the span of δ1(ωs ∧ ωs+1) and δ1(ωs ∧ ωs+2) hence
rank δ1 ≤ 2 . Next, we take the canonical generators (10) of Sµ+1 and write

ω̃1 = a1
1$

1 + · · ·+ a1
µ$

µ ,

· · · · · · · · · · · · · · · · · · · · · · · · · · · (12)

ω̃s−1 = as−1
1 $1 + · · ·+ as−1

µ $µ ,

ω̃s = as1$
1 + · · ·+ asµ$

µ + asµ+1$
µ+1 ,

where each ω̃λ = G∗ ωλ is a differential form on Jµ+1(π1) . We also denote by ω̃s+1

(resp. ω̃s+2) the pullback of ωs+1 (resp. ωs+2) and can now write

dω̃s ≡ c ω̃s+1 ∧ ω̃s+2 mod S̃ .

Since S̃ ⊂ Sµ+1 , we can also write

dω̃s ≡ asµ+1 d$
µ+1 = asµ+1 dt ∧ dzµ+1 modSµ+1 ,

hence
asµ+1 dt ∧ dzµ+1 ≡ c ω̃s+1 ∧ ω̃s+2 modSµ+1 ,

with asµ+1 · c 6= 0 . In particular, the last congruence enables us to choose

ω̃s+1 ≡ dt , ω̃s+2 ≡ dzµ+1 modSµ+1 ,

and write, on account of the expressions (12),

ω̃s+1 ≡ dt + λ$µ+1 ≡ dt + λ̃ ω̃s mod (Sµ+1)1 , (13)

ω̃s+2 ≡ dzµ+1 + ζ $µ+1 ≡ dzµ+1 + ζ̃ ω̃s mod (Sµ+1)1 .

We now examine the system S̃1 that is generated by linear combinations of {$1, · · · , $µ}
(cf.(12)). Then

dω̃λ ≡ aλµ dt ∧$µ+1 mod (Sµ+1)1 , λ ≤ s− 1 , (14)
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and, since rank δ1 ≤ 2 (cf. previous remark), we can also write

dω̃λ ≡ hλ ω̃s ∧ ω̃s+1 + kλ ω̃s ∧ ω̃s+2 mod S̃1 .

Furthermore, S̃1 ⊂ (Sµ+1)1 hence, upon replacing the values provided by (13), we finally
obtain

dω̃λ ≡ hλ asµ+1$
µ+1 ∧ dt + kλ asµ+1 $

µ+1 ∧ dzµ+1 mod (Sµ+1)1 . (15)

Comparing (14) with (15), we infer that kλ = 0 for all λ . If moreover hλ = 0 for all λ ,
then S̃1 is integrable hence null (Sµ+1 terminates by 0) and S̃ becomes a flag system of
length one (and a fortiori s = 1). On the other hand, if some hλ 6= 0 , then S̃1 is no longer
integrable and, since im δ1(S̃1) is spanned by δ1($µ+1 ∧ dt) , we infer that rank δ1 = 1 ;
consequently rank S̃2 = s − 2 . If S̃2 is integrable, then S̃2 = 0 and S̃ becomes a flag
system of length 2 (s = 2). Otherwise, since rank S̃2 = s− 2 and since, according to the
proposition 3.3 of [15], class S̃1 = s + 1 , we can repeat the previous argument, carried
out for S̃1 , presently for the system S̃2 . Eventually, we end up with a flag system S̃ of
length s that terminates in zero and is homogeneous since Sµ+1 so is.

We now return to the general context and consider, on Jµ+1(π1) ×Rρ , the Pfaffian
system S̄ = p∗1S

µ+1 + p∗2T
∗Rρ , where p1 and p2 are the canonical projections. This

system is a homogeneous flag system terminating by p∗2T
∗Rρ . Since S̃ vanishes on

any section of the form jµ+1f × (cη) : R −→ Jµ+1(π1) × Rρ , where f is an arbitrary
function and (cη) an arbitrary, though fixed, array of constants, we infer that S̃ ⊂
S̄ . Let us denote by (ui) the coordinates of Rρ . Then S̄ is generated by the forms
{p∗1$1, · · · , p∗1$µ+1, p∗2du

1, · · · , p∗2duρ} and, since δ(p∗2du
i) = 0 , the earlier argument

can be carried over to this new system S̃ that turns out to be, on account of the second
lemma, a homogeneous flag terminating by the integrable system p∗2T

∗Rρ generated by
{p∗2du1, · · · , p∗2duρ} .

Conversely, let us assume that S is a homogeneous flag system. It then has the local
model ([15], sect. 9)

{$1, · · · , $µ, χ1, · · · , χρ} , (16)

where the χi = dui are a complete set of first integrals of the terminating integrable
system S` , (` = µ). Taking an arbitrary function f and replacing z by f , the system
(16) becomes determined (in restriction to the sub-manifold defined by z−f(t) = 0) and
the corresponding solution is given by z = f , z1 = df/dt , · · · , zµ = dµf/dtµ and ui = ci.
Returning to the original coordinates, we end up with expressions of the form (7). In
particular, when S` = 0 or, equivalently, when the expressions (7) do not depend upon
any constants cη, then ρ = 0 and µ = s (cf. (6)) is the minimum order of differentiation
required. The proof is complete.

We now come back to Hilbert’s equation (4). By introducing the auxiliary variable
u = dy/dx , this second order equation can be replaced by the first order system

dy

dx
= u ,

dz

dx
= (

du

dx
)2 ,
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where x is the independent variable and y, z, u are the dependent variables. In the space
J1(π) ,

π : R4 −→ R , π(x, y, z, u) = x ,

with coordinates (x, y, z, u, y1, z1, u1) , the corresponding differential equation R is de-
fined by y1 = u and z1 = (u1)2 . The contact forms

{dy − y1dx , dz − z1dx , du− u1dx}

induce, by restriction to R , the generators

{ω1 = dy − u dx , ω2 = dz − (u1)2dx , ω3 = du− u1dx}

of the canonical Pfaffian system S associated to R . This system is therefore of rank 3, it
is defined on the 5-dimensional manifold R with coordinates (x, y, z, u, u1) and it can be
shown that S1 = {ω1, 1

2ω
2 − u1 ω

3} and S2 = 0 . Consequently, S is not a flag system.
The two standard procedures enabling us to identify a k-th order equation with a

(k − `)-th order equation are the following: We take the inclusion Jk ↪→ Jk−`(J`) and
consider Rk ⊂ Jk as a sub-manifold of Jk−`(J`) (the non-holono-mic environment) or as
a sub-manifold of J̄k−`(J`) (the semi-holonomic envi-ronment). The above calculations
were carried out in the latter context. The non-holonomic counterpart is (in coordinates)
as follows:

Besides the auxiliary variable u = dy/dx , we also consider v = du/dx . Then (4)
transcribes by the system

dy

dx
= u ,

du

dx
= v ,

dz

dx
= v2 ,

and, in the space of 1-jets with coordinates (x, y, z, u, v, y1, z1, u1, v1) , defines the 6-
dimensional equation R = {y1 − u = u1 − v = z1 − v2 = 0} with independent variable
x . The canonical contact structure of J1 induces on the manifold R , with coordinates
(x, y, z, u, v, v1) , the Pfaffian system S generated by

{ω1 = dy − u dx , ω2 = du− v dx , ω3 = dz − v2dx , ω4 = dv − v1dx}.

This system is of rank 4, S1 = {ω1, ω2, ω3}, S2 = {ω1, 1
2ω

3−v ω2} and S3 = 0 , so again
S is not a flag. It is interesting to notice that the form ω4 is somewhat superfluous and
that it is the system S1 that only matters. In fact, for any system of s− 1 equations in
s dependent variables written in explicit form, say

dyλ

dx
= fλ(x, y1, · · · , ys) , 1 ≤ λ ≤ s , λ 6= λ0 ,

the system S is generated by

{ωλ = dyλ − fλdx , ωλ0 = dyλ0 − yλ0
1 dx , λ 6= λ0}

and S1 = {ωλ, λ 6= λ0} . We infer that S is a flag system if and only if S1 so is.
We could also inquire what happens if we look directly at the Pfaffian system S

associated to a higher order ordinary differential equation. We describe the situation in
the case of equation (4).
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Let π : R3 −→ R , π(x, y, z) = x , and let J2(π) be the manifold of 2-jets with
coordinates (x, y, z, y1, z1, y11, z11) . Hilbert’s equation defines the 6-dimensional sub-
manifold R = {z1 − y2

11 = 0} that has coordinates (x, y, z, y1, y11, z11) and the Pfaffian
system S associated to R is generated by the forms

ω1 = dy − y1dx , ω2 = dz − y2
11dx ,

ω3 = dy1 − y11dx , ω4 = 2y11dy11 − z11dx.

The rank of S is equal to 3 when y11 = z11 = 0 and equal to 4 otherwise. Its class is
equal to 4 when y11 = 0 and equal to 6 otherwise. On the open subset R̃ = {y11 6= 0} ,
rank S1 = 3 , classS1 = 5 , rank S2 = 2 , classS2 = 4 and S3 = 0 . The system S is not
a flag and hints that Cartan’s criterion could be stated for higher order under-determined
systems of equations directly in the higher order jet context. This in fact can be done as
soon as we are willing to consider Pfaffian systems with singularities.

To illustrate this claim, we consider the equation ([23])

dz

dx
= ym

d2y

dx2
.

If we reduce this equation to a system of two first order equations by introducing the aux-
iliary variable u = dy/dx , then R is a 5-dimensional sub-manifold of J 1, S is generated
by the forms

ω1 = dy − u dx , ω2 = dz − ymu1dx , ω3 = du− u1dx ,

S1 = {ω1, ω2 − ym ω3}, S2 = {umym−1 ω1 + ω2 − ym ω3} and S3 = 0 . The system S is
a flag and one shows that it is homogeneous ([15]).

Let us now examine the above equation in the second order jet context. The equation
R is now the 6-dimensional sub-manifold of J2 defined by z1 = ym y11 and S is generated
by the forms

ω1 = dy − y1dx , ω2 = dz − ymy11dx ,

ω3 = dy1 − y11dx , ω4 = mym−1y11dy + ymdy11 − z11dx.

The system S has rank 4 except at the points where y, y11 and z11 vanish simultaneously
and, on the open subset R̃ where y 6= 0 , S1 = {ω1, ω2, ω3}. Furthermore, we can re-label
the coordinates in such a way that S1 becomes equal to the system S considered above
in the semi-holonomic environment and therefore the present system S is a homogeneous
flag.

We now state two consequences of Cartan’s theorem. The first one concerns a single
Monge equation in two dependent variables and can be retraced in Monge’s work ([19]).

Corollary 1 The general solution of the Monge equation

F (x, y, z,
dy

dx
,
dz

dx
) = 0

can always be expressed by means of the parametrized formulas (5) with µ = 2.
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Let R ⊂ J1 be the null set of F and let us observe that the submersivity of β1 : R −→
R3 is equivalent to the condition (∂y1F , ∂z1F ) 6= 0 . The Pfaffian system S associated
to R is of rank 2 and is generated by {ω1 = dy − f dx, ω2 = dz − g dx} , where f and
g are suitable functions defined on R . A simple computation that can for instance be
carried out by solving F with respect to y1 or z1 shows that rank S1 = 1 , that S1 is
generated by the form ω = (∂y1F )ω1 + (∂z1F )ω2 and that ω ∧ dω 6= 0 . The system S
is therefore a flag of length 2 and, by Engel’s theorem ([7], [15]), it is homogeneous.

Corollary 2 A necessary and sufficient condition for the general solution of the equation

dz

dx
= F (x, y, z,

dy

dx
,
d2y

dx2
)

to be expressible by the parametrized formulas (7) is that ∂2F/∂y2
11 = 0 i.e.,F = A(x, y, z, y1) y11+

B(x, y, z, y1) .

The above equation yields, once reduced to order one, a Pfaffian system S of rank 3
defined on a 5-dimensional manifold. Since S is not integrable then S1 is by necessity
a system of rank 2 (cf. [15]) and the above condition on the linearity of F with respect
to y11 has only to do with S2 being of rank one. The explicit calculations (cf. [4]) also
show that the flag S is homogeneous.

One last thing is due. What about the non-homogeneous flag of length three? Let us
consider the system

dy1

dx
= y2 y4 ,

dy2

dx
= x y4 ,

dy3

dx
= y4 . (17)

The associated Pfaffian system S has rank 4, is generated by

ω1 = dy1 − y2 y4 dx, ω2 = dy2 − x y4 dx, ω3 = dy3 − y4 dx, ω4 = dy4 − y4
1 dx,

and its derived system S1 = {ω1, ω2, ω3} is equivalent to the non-homogeneous flag
system of length three exhibited in [9]. We observe that this system is non-homogeneous
along the hyperplane H = { y4 = 0 }, homogeneous elsewhere, and that the general
solution writes:

y1 = (x g′ − g) g′ − 1

2
x (g′)2 +

1

2

∫
(g′)2 dx ,

y2 = x g′ − g , (18)

y3 = g′ + c ,

y4 = g′′ ,

where g is an arbitrary function of the variable x and c an arbitrary constant. We can
solve the integral by making the change of variables y3 = g′(x) and obtain thereafter
expressions of the type (7) for the solutions with non-vanishing y4 component, namely:

y1 = f , y2 = f ′ , x = f ′′ , y4 =
1

f ′′′
, (19)
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where f is an arbitrary funtion of the variable y3 subject to the sole restriction f ′′′(y3) 6=
0 . The above parametrized expressions cannot be extended to the solutions that meet
the hyperplane H but the following expressions, due to Jacques Rubin, do take care of
these singular solutions initiating, at time zero, on this hyperplane:

y1 = 2 (t h(3) − h(2))2 − 12 t h(1) + 4 t2 h(2) + 12 h ,

y2 = 2 (t h(3) − h(2)) ,

y3 = 2 (t h(3) − h(2)) + t2 + c , (20)

y4 = 2 t (h(4) + 1)3 / h(5) ,

x = h(4) / (h(4) + 1) ,

h being an arbitrary funtion of the parameter t subject to the restriction (h(4)(0) +
1)h(5)(0) 6= 0 where h(k) denotes the k-th order derivative. It is a noteworthy fact that
the expressions (20) involve derivatives up to fifth order, whereas the flag has only length
four, not complying thereafter with the second statement of the Theorem 1. A simple
calculation also shows that the mapping G admits singularities, its rank dropping to five
at all the points where t = h(6) = 0 . The expressions (20) do not provide all the solutions
of (17) that initiate at the hyperplane H . Setting ` = h + 1

4! t
4 , the expressions (20)

rewrite in terms of the arbitrary function ` subject to the restriction `(4) `(5) (0) 6= 0 ,
y4 = 2 t (`(4))3 / `(5) , x = (`(4) − 1) / `(4) and it becomes apparent that (20) provides
all the solutions of (17) that initiate at H and have a y4 component null of order zero
at the origin. To set up expressions that would provide the general solution requires
a deeper analysis that is still under way. Nonetheless, the intriguing possibility that
Cartan’s criterion could hold without the homogeneity assumption is quite plausible.

We finally state Cartan’s theorem in the following abstract context:

Let π : P −→ Q be a fibration with a 1-dimensional base space Q and let R ⊂
J1(π) be an under-determined ordinary differential equation with 1-dimensional β1-fibres
(i.e., codimR = dimP − 2) and transitive under the action of its first order contact
automorphisms. Then the solutions of R can be expressed locally by formulas of the type
(7) if and only if the canonical Pfaffian system S associated to R is a homogeneous flag
system.

Flag systems and more generally non-integrable Pfaffian systems are also very useful
in the analysis of partial differential equations. This was indicated by Cartan in several
papers and deeply exploited in [2]. Knowing the structure and, whenever possible, a local
model for the Pfaffian system S associated to the equation, we shall be able to determine
the algebra of all infinitesimal automorphisms of S , lift this algebra to a sub-algebra of
infinitesimal first order contact transformations and subsequently prolong the latter to
the order at which the equation is defined. This prolonged algebra is then equal to the
set of all infinitesimal contact automorphisms of the given equation and a fortiori leaves
invariant the characteristic system of S . The knowledge of such an algebra entails the
possibility of integrating, by Lie and Cartan’s methods, the (integrable) characteristic
system and eventually integrate the initially given equation ([14]).

In [2], Élie Cartan studies second order involutive systems of two equations and single
second order equations with integrable double Monge characteristics. The flag systems
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of length three appear in connection with certain types of linear, involutive systems of
two equations ([2], p.126, II). These flags are always homogeneous and it turns out that
the above linear systems are invariant under an algebra of second order infinitesimal
contact transformations obtained by lifting and subsequently prolonging the algebra of
all infinitesimal transformations leaving invariant the Pfaffian equation dx2 +x3 dx1 = 0 .
In the case of second order equations with integrable double Monge characteristics, we
can single out the Monge-Ampère equation

(r +A)(t+ C)− (s+B)2 = 0 ,

where r , s and t denote the second order partial derivatives (s being the mixed deriva-
tive). The associated Pfaffian system has rank 2, length 1 and its covariant system of
rank 3 is integrable (cf. [14]). Cartan shows that all equations with such an associated
Pfaffian system are locally equivalent, the above Monge-Ampère equation being the stan-
dard model, and that the algebra of all infinitesimal second order contact automorphisms
of these equations is (locally) isomorphic to the algebra of all vector fields on R3 . On
the other hand, when the above covariant system is not integrable, we shall find a Pfaf-
fian system S̄ of rank 3 (the covariant system) satisfying the conditions (S̄)1 = S and
(S̄)2 = S1 = 0 . Such systems S̄ are those associated to Goursat equations and non-linear
involutive systems of two equations, and are characterized by the following remarkable
property: Their group of finite automorphisms (resp. their algebra of infinitesimal sym-
metries) is a finite dimensional Lie group (resp. a finite dimensional Lie algebra) of
dim ≤ 14 . Among these, we can find a rather outstanding Goursat equation, namely
the one associated to the involutive system of two equations (for the explicit expression
of this Goursat equation, see [14])

s =
1

2
t2 , r =

1

3
t3 .

The corresponding Pfaffian system S̄ can be expressed by the generators

ω1 = dx1 + (x3 +
1

2
x4 x5) dx4 ,

ω2 = dx2 + (x3 − 1

2
x4 x5) dx5 ,

ω3 = dx3 +
1

2
x4 dx5 − 1

2
x5 dx4 .

The group of finite (second order contact) automorphisms of the above equations as well
as that of the above Pfaffian system is isomorphic to the real normal form of the excep-
tional complex group with algebra g2 (14 parameters) and the algebra of infinitesimal
automorphisms is thereafter isomorphic to g2(2) . Élie Cartan proves further that any
two involutive systems of two equations or any two Goursat equations whose algebras of
infinitesimal automorphisms are isomorphic to g2(2) are always locally equivalent.
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arbitraires, Bull. Soc. Math. France, 29 (1901), 118–130, Oeuvres Complètes, Part.
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