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Higher levels of the Weft Hierarchy

1 Motivation

In the previous lecture we have introduced the parameterized complexity classes W [t]. By their
definition we have:

FPT ⊆W [1] ⊆W [2] ⊆ . . . ⊆W [t] ⊆ . . .

We conjecture W [1] to be bigger than FPT , which would imply that all W [1]-hard problems are
not in FPT . However it seems that (in a contrast to the classical complexity classes), the problems
that are not ’easy’ in the parameterized complexity sense are usually not pairwise equivalent. In
fact, there are reasons to believe that all the inclusions above are strict. However, there are yet no
theorems that would prove the hierarchy to collapse if one of these inclusions was shown to be in
fact equality.

Today, we are going to look at problems that are conjectured to be harder than W [1]-complete
problems such as k-Clique. By the end of the lecture, we shall expand our hierarchy to encompass
the following classes:

FPT ⊆W [1] ⊆W [2] ⊆ . . . ⊆W [t] ⊆ . . . ⊆W [SAT] ⊆W [P ] ⊆ XP

2 The basic W [t]-complete problem

Theorem 1 (Normalization Theorem). For all t ≥ 2, t-normalized SAT is W [t]-hard.

We give this theorem without a proof. It states simply that any logical circuit of weft t, for
t ≥ 2, can be normalized into a logical circuit tree of height t that has an AND gate in the root,
and then alternates between OR and AND gates in the consecutive levels. In addition, there are
no negations present above the leaf level. Note that, because of the greater expression power of
logical circuits of wefts greater than 1, we no longer have to impose any bounds on the indegrees
of the vertices of the circuit. (It was the case for the W [1]-complete 3-SAT.)
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3 W [2]-completeness

Recall the definition of the Dominating Set problem:

Dominating Set
Input: A graph G = (V,E) and an integer k
Question: Does there exist a set X ⊆ V of size k such that N [X] = V ?

We have previously proven that Dominating Set parameterized by k is W [1]-hard (and thus
probably not in FPT ) by an FPT -reduction from the W [1]-complete Independent Set. A
reduction in the other direction is conjectured not to exist; this is because of the following theorem.

Theorem 2. Dominating Set is W [2]-complete.

Proof. We shall show an FPT -reduction from CNF-SAT to Dominating Set. (Note that 2-
normalized SAT is in fact precisely CNF-SAT.)

Assume we are given a CNF-SAT formula φ over n variables x1, . . . , xn and an integer k. We
will show how to use an oracle for parameterized Dominating Set to determine whether φ is
satisfiable with exactly k ones. The input for the Dominating Set problem will be a graph G
composed of 2k − 1 blocks of vertices V1, Y1, V2, Y2, . . . , Vk−1, Yk−1, Vk, and the parameter will be
2k − 1.

• Every block Vi will contain n vertices vi,1, . . . , vi,n.

• Every block Yi will contain
(
n
2

)
vertices yi,1,2, yi,1,3, . . . , yi,2,3, yi,2,4, . . . , yi,n−1,n.

A selection of k true variables xi1 , . . . , xik(i1 < . . . < ik) will be encoded in G as a set of 2k − 1
vertices {v1,i1 , . . . , vk,ik , y1,i1,i2 , . . . , yk−1,ik−1,ik}.

Note that given any set X of vertices of G we can enforce all dominating sets of G of size 2k−1
to contain at least one vertex from X by adding an independent set IX of size 2k and all edges in
X × IX . We shall refer to this operation as forcing X.

To ensure dominating sets of G of size 2k − 1 correspond exactly to correct valuations of φ we
can do the following.

• We can ensure that exactly one vertex from each of the 2k − 1 blocks must be picked by
forcing each block.

• For i < k, we force {vi,j} ∪
⋃

j 6=l<m{yi,l,m} to ensure each v vertex picked matches with the
next y vertex.

• Similarly, for i > 1, we force {vi,j} ∪
⋃

l<m6=j{yi−1,l,m}.

• For each clause of φ we force the sum of all {v1,i, . . . , vk,i} for nonnegated terms xi and⋃
j,l<i<m{yj,l,m}∪

⋃
j>i{x1,j}∪

⋃
j<i{xk,j} for negated terms ¬xi. This corresponds to either

picking one of the nonnegated terms to be true or ’jumping’ over one of the negated terms.

We have shown that Dominating Set is W [2]-hard. To finish our proof, it remains to state
that it belongs to W [2], as it is easily formulated as a CNF-SAT instance.



4 Monotone and antimonotone t-normalized SAT

The fact that Dominating Set is W [2]-complete has an interesting consequence. Note that
the natural SAT formula for a Dominating Set problem instance G = (V,E) is

∧
v∈V

∨
N [v].

It is a 2-normalized SAT, and in addition all the literals are nonnegated. Such formulas are
called monotone. Because any 2-normalized SAT instance can be FPT -reduced to Dominating
Set, we can deduce that 2-normalized SAT and 2-normalized Monotone SAT are FPT -
equivalent, i.e. W [2] = Monotone W [2]. Using similar reductions we can prove a more general
statement.

Theorem 3. For all t ≥ 1:

• W [2t] = Monotone W [2t]

• W [2t+ 1] = Antimonotone W [2t+ 1]

(Antimonotone formulas are formulas where all literals are negated.)

5 Problems harder than all W [t] classes

Some problems are known to be W [t]-hard for all integer t. An example, commonly used for further
reductions, is the Longest Common Subsequence problem.

Longest Common Subsequence
Input: An alphabet Σ, strings s1, . . . , sk ∈ Σ∗

Question: What is the length of the longest string s that is a subsequence of each si?

Theorem 4. Longest Common Subequence parameterized by the number of input strings is
W [t]-hard, for all t ≥ 1.

A complete proof of the theorem can be found in [1]. The general idea is to devise ’gadgets’ that
help us encode different pieces of any 2t-normalized Monotone SAT formula φ in k strings of
length O(f(k) · poly(|φ|)), so that φ is satisfiable with k true values if and only if the strings have
a common subsequence of at least a certain length m.

A natural problem that is clearly harder than all t-normalized SAT problems is the SAT
problem.

SAT
Input: A formula φ, an integer k
Question: Is it possible to satisfy φ with exactly k true values?

Note that this time there are no limitations for the height or weft of the formula tree. We can
define the class W [SAT] as the set of all problems FPT -reducible to SAT.

An even harder problem is:

CircuitSAT
Input: A Boolean circuit φ, an integer k
Question: Is it possible to satisfy φ with exactly k true values?



Since the logical circuits in classes W [t] had bounded height, we could map them to equivalent
formula trees (t-normalized SAT instances) under FPT -reduction. This is no longer the case
for circuits of unbounded heights. Therefore, we also define the class W [P ] of all problems FPT -
reducible to CircuitSAT parameterized by k. We conjecture this class to be strictly bigger than
W [SAT].

While we know of no interesting W [SAT]-complete problems (other than SAT itself), there
exist multiple W [P ]-complete problems. An example is the Minimum Axiom Set problem.

Minimum Axiom Set
Input: A set of statements S, a set of deduction rules of the form si1 ∧ . . . ∧ sim =⇒ sim+1

(given as a pair of a subset of S and an element of S), and an integer k.
Question: Is it possible to choose exactly k elements of S as axioms so that they imply all the
other elements via deduction rules?

Another classic W [P ]-complete problem is the following:

Bounded Nondeterminism Turing Machine Computation
Input: A nondeterministic Turing machine M , integers n and k (unary coding)
Question: Does M accept the empty string within at most n steps, out of which at most k
are nondeterministic?

6 The XP complexity class

In the early history of parameterized complexity, a frequently tackled problem was finding problems
that are solvable in polynomial time for a fixed parameter k. This is naturally significantly different
from FPT ; an O(nk) algorithm runs in polynomial time if we assume k to be constant. We attempt
to formalize this class of problems as the parameterized complexity class XP . Unfortunately, using
the definition above would cause our class to include certain incomputable languages (for example,
any unary language parameterized by the length of the string fits the above definition). Therefore,
we use a slightly more sophisticated definition of XP :

Definition 5. A parameterized language L belongs to the XP if and only if there exists an
algorithm A and a computable function f such that for any (x, k), A can determine whether
(x, k) ∈ L in time f(k)|x|f(k).

An example XP -complete problem is the EXP-DTM-Halt problem.

EXP-DTM-Halt
Input: A deterministic Turing machine M , integers n and k (unary coding)
Question: Does M stop within nk steps when ran with empty input?

Theorem 6. EXP-DTM-Halt is XP -complete.

Proof. Take any language L ∈ XP along with the corresponding algorithm A and the function f
from the above definition. Given a pair (x, k), we can compute n := f(k)(|x| + 1) and k′ = f(k).
We can then compute a Turing machine M ′ that executes A on (x, k) and halts if and only if



(x, k) ∈ L. Then, we can determine whether (x, k) ∈ L by running EXP-DTM-Halt on M ′, n, k′.
This reduction is FPT in k.

Obviously, we have FPT ⊆ XP . It turns out that the converse can be shown to be false without
any additional assumptions.

Theorem 7. FPT 6= XP .

Proof. We will show that EXP-DTM-Halt /∈ FPT . We shall denote EXP-DTM-Halt limited
to a fixed k by (EXP-DTM-Halt)k.

Assume that, to the contrary, we can solve EXP-DTM-Halt in time f(k)nc for some constant
c and a computable function f . Therefore, we have (EXP-DTM-HALT)k ∈ DTIME(nc) for all
k. Take any language L ∈ DTIME(nc+1) along with an algorithm A that recognizes L in time
O(nc+1). For any input string x, we can construct a Turing machine M that executes A on x and
halts if and only if x ∈ L. Since simulation only imposes a small polynomial overhead, M will
terminate within |x|c+100 steps if and only if x ∈ L. Thus, by our assumption, we can determine
whether x ∈ L in O(nc) time using (EXP-DTM-HALT)c+100 on M . This would imply that
L ∈ DTIME(nc) and in general DTIME(nc) = DTIME(nc+1). We arrive at a contradiction
with the deterministic time hierarchy theorem.
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