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Abstract

In this thesis, we discuss discretizations on nonmatching triangulations of certain
quasilinear and linear elliptic boundary value problems in the two dimensions by the
mortar finite element methods. We perform an error analysis and design and analyze
some parallel methods for solving the resulting discrete problems. We also present the
results of some numerical experiments which confirm some of the theoretical results
of first two parts of the thesis.

We first consider a mortar element method which locally uses conforming P; el-
ements for elliptic second order problems with the monotone operator. We prove
an error bound. We next design and analyze two parallel algorithms for solving the
resulting discrete nonlinear problems. The first method combines a Richardson iter-
ation with Newton one, while the second one is a nonlinear domain decomposition
method. We also briefly discuss how the discussed mortar methods for the quasilinear
problems can be applied to the more general class of problems with an unbounded
nonlinearity.

We next discuss a mortar method with locally non-conforming Crouzeix-Raviart
elements for linear second order elliptic problems. We establish an error estimate
which is optimal. A parallel algorithm for solving the resulting discrete problem is
also presented. This algorithm is an Additive Schwarz Method. The described method
is almost optimal, i.e. the condition number of the preconditioned system grows only
polylogarithmically with the number of elements per subdomain. Due to the non-
conformity of the discrete solution in the analysis of the error and the algorithm, a
new special operator and new technical tools have been introduced.

In the third part of the thesis, we study certain versions of the mortar method
for plate problems. These methods utilize locally both conforming bicubic elements,
Hsieh-Clough-Tocher(HCT) and reduced Hsieh-Clough-Tocher macro elements, and
non-conforming Adini and Morley plate elements. We establish error estimates for
all these methods. There are also designed and analyzed some parallel algorithms
for solving the resulting discrete problems. The discussed algorithms, for solving the
resulting problems, are parallel and are based on the abstract theory of Additive
Schwarz Methods. In the generalization of the mortar finite element method for plate
problems, it was necessary to introduce special mortar conditions on the interfaces,
some of them, especially for nonconforming methods, involve special interpolants. In
the analysis of the error and ASM methods there have been introduced special new
operators and technical tools.

Some of the results of the thesis have been published in [88] and [89].
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Chapter 1

Introduction

Contents
1,1 del yiew ............................
1.2 Some function spaces| . . . . . ... ... ... ... 8
(1.3 Conjugate gradient method| . . .. ... ... .. ..... 12
1.4 Abstract Schwarz theory| . . . . . . ... ... .. ..... 14
(1.4.1 Additive Schwarz method| . . . . . .. ... ... ... ... 14
[1.4.2  Multiplicative Schwarz method| . . . . . . . . ... .. ... 16

1.1 Overview

Variational methods for decomposing and solving elliptic problems by domain decom-
position techniques are extensively analyzed and successfully used in practise. A large
problem is split into some smaller ones that can, for example, be solved independently.
Most methods use discretization meshes that are first defined globally over the whole
domain and then divided into smaller subdomains. However, it might be convenient
to consider methods that use approximations that are defined independently in each
subdomain and which do not match on the interfaces. This allows, for example, to
make local and adaptive changes of grids on one subdomain without modifying the
grids of other ones. This approach requires matching conditions on the interfaces
between different subdomains to ensure the weak continuity of the traces on the in-
terfaces and a good transmission of information between adjacent subdomains. One
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way of enforcing these matching conditions is the pointwise continuity of approxima-
tion functions on interfaces. For example this is the case if there is one mesh defined
globally over the whole domain. Unfortunately, in this case the approximation error
of the mortar method is not optimal, therefore it is not used in practice, in general.
The other way is to impose some integral conditions which leads to optimal error
estimate, and this approach is used in practise.

Y@i < m,l

() Q
[

Kkl

Figure 1.1: Non-matching meshes on the interface I'y;.

One of the methods which uses the integral conditions is the mortar element
method, a domain decomposition method with nonoverlapping subdomains. The
mortar method was proposed for second order elliptic problems about ten years ago
by Bernardi, Maday, and Patera [19], see also e.g. Bernardi, Debit, and Maday [15] or
[14], Ben Belgacem [9], Bernardi, Maday, and Patera [18], Ben Belgacem and Maday
[T1] or [10].

There are two versions of mortar technique: the geometrically conforming and
geometrically nonconforming ones. For the first one, we assume that the decom-
position of Q = |J, Q into nonoverlapping polygonal subdomains is such that the
intersection between the closures of two different subdomains is either the empty set,
a vertex or an edge in the two dimensions. The geometrically nonconforming version
of the mortar method requires only that there exists a decomposition of the interface
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I = U, 09 \ 992 into disjoint edges of subdomains, i.e. I' = U, 7,5, », Where 7, is an
open edge of 0€2,. The mortar technique allows us to couple different discretizations
methods in the subdomains, but in this thesis, we are concerned only with the case
of finite element discretizations. Except of Chapter [2|in this thesis, we are concerned
with the geometrically conforming version of the mortar method.

We first introduce locally, i.e. in each subdomain 2;, different, independent con-
forming or nonconforming finite element discretizations over all subdomains. The
meshes of two neighboring subdomains do not necessarily match on their common
interface, cf. Figure . We then choose one side of the interface I'y; = 0€, N O
corresponding to one subdomain as master 7,, ; and the second as slave 9,,, cf. Fig-
ures and [I.2 This choice is arbitrary. Then mortar technique imposes that the
trace (or some traces in the case of fourth order problems) of solution on the two neigh-
boring subdomains has the same L? projections on the carefully chosen trial mortar
space (or spaces) which is defined on their common edge and corresponds to the slave
mesh of this interface. In the case of local nonconforming plate discretizations, the
mortar (integral) conditions involves special interpolants defined on the correspond-
ing meshes of the common edge, see Chapter [4] The choice of the matching integral
conditions depends on the local discretization methods.

o o] &
S [ Y
o fo I o

Figure 1.2: Two possible choices of masters.

Finite element discretizations of elliptic problems of second or fourth order, e.g.
plate problems, often result in very large, sparse systems of linear (or nonlinear)
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equations. This is also true in the case of mortar element discretizations. Domain
decomposition methods provide a very natural way of introducing parallel algorithms
for solving such problems. In each iteration, a number of smaller subproblems which
correspond to the restriction of the original problem to subspaces or to a problem
with a coarse mesh are solved. Domain decomposition methods can also be viewed
as preconditioners for iterative methods like conjugate gradient or GMRES. Domain
decomposition methods are now widely analyzed and applied to practical problems,
cf. [66], [45], [46], [67], [74], [92], [75], [68], journal papers and Bjgrstad, Gropp, and
Smith [20], a book.

The first domain decomposition method is the alternating (multiplicative) Schwarz
method, proposed in 1869 by H. A. Schwarz [I0T]. It was designed for the case of two
subdomains and for proving the existence of the solution and had a sequential nature.
P. L. Lions in [85] interpreted it in terms of a variational framework and considered the
Multiplicative Schwarz Method (MSM) in the cases of many subdomains. Later Dryja
and Widlund developed an additive version of the Schwarz method, named Additive
Schwarz Method (ASM), and proposed the general variational abstract framework
that can be used to analyze ASM which have no sequential behavior of the Schwarz
alternating method, cf. Dryja and Widlund [61]. In an ASM, we replace an original
discrete problem by a preconditioned one which is obtained by subdividing the solution
of the original problem into smaller problems whose solutions, which can be computed
in parallel, are summed to produce a preconditioned problem. In an alternating
Schwarz method, we obtain a preconditioned problem by alternatingly solving smaller
problems in subspaces, see Section[I1.4] The theory of MSM has been done by Bramble,
Pasciak, Wang and Xu [31] and Xu [105].

The second group (family) of domain decomposition methods are iterative sub-
structuring methods, where 2 is decomposed into nonoverlapping subregions. Iter-
ative substructuring methods were developed by Bramble, Pasciak, and Schatz [27],
[28], [29], [30], Bjerstad and Widlund [21], Widlund [103], [102], and Dryja [56], [55].
Some of iterative substructuring methods can be analyzed using Additive Schwarz
framework. In iterative substructuring methods, we first eliminate the unknowns in
the interiors of subdomains and then solve a reduced interface problem.

In this thesis, we prove the error bound of the mortar version of locally conform-
ing and nonconforming finite element discretizations applied to some nonlinear and
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linear second order elliptic problems and to some fourth order linear elliptic problems.
We also design and analyze domain decomposition methods for solving the resulting
discrete problems. All domain decomposition algorithms for solving linear discrete
problems considered in the thesis are versions of ASM, but for each ASM algorithm,
we can straightforwardly develop a multiplicative Schwarz method (MSM) based on
the same decomposition of the discrete space, cf. Section or [20]. Tt is also worth
to mention that in all previous versions of mortar methods it was usually assumed
that local spaces contain conforming functions. For our knowledge the first results
for mortar method with locally nonconforming discretizations for second order elliptic
problems are given in the Chapter [3| and has been published in [89]. There are inde-
pendent results for mortar method for plate problems with nonconforming elements
given in Lacour [76] and Lacour and Maday [77].

The thesis is organized as follows. In the remainder of Chapter 1, we review some
basic definitions of Sobolev spaces used in the thesis. We also briefly discuss conjugate
gradient iterative methods and some domain decomposition methods in a form used
in this thesis.

The main contribution of our work is given in Chapters [2} [3| and [4]

In Chapter 2] we give a proof of the error bound of the mortar version of finite
element discretization applied to some nonlinear problems. Namely,we discuss an ap-
plication of the mortar element method to a second-order nonlinear elliptic boundary
value problem with the strongly monotone and Lipschitz continuous operator in a
polygonal region Q C R? with the Lipschitz boundary. We also briefly discuss, follow-
ing [94], how the mortar methods for the quasilinear problems which are considered
here can be applied to the more general class of problems with an unbounded non-
linearity. For our knowledge there are no results devoted to such topics for nonlinear
problems. This work was inspired by the earlier studies of of mortar methods for
linear problems in Bernardi, Maday, and Patera [19], Ben Belgacem and Maday [11],
Bernardi and Maday [16] (or [I7] in French), and Ben Belgacem [9].

We also discuss two domain decomposition methods for solving the discrete prob-
lem in the geometrically conforming case. The first method combines the Schwarz
method with Newton method, and the second algorithm is a nonlinear domain de-
composition method based on the abstract framework introduced in Dryja and Hack-
busch [59]. Both algorithms use the same decomposition of the discrete space. Some
other parallel algorithms devoted for solving systems of linear equations arising from
the mortar version of finite element discretization for linear elliptic problem can be
found e.g. in Achdou, Maday, and Widlund [4], Casarin and Widlund [44], Dryja [57].
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Chapter [2|is an extension of the paper [88] which has already been published. In the
last section of this chapter, we report the results of some numerical experiments.

In Chapter [3, we construct and analyze a new version of the mortar method
for second order elliptic problems which locally uses an independent nonconforming
Crouzeix-Raviart discretization in each substructure that is a polygonal subregion of
Q). For our knowledge there are no results devoted to those topics, cf. Wohlmuth
[104] for some related results, i.e. in [104] the Crouzeix-Raviart finite element method
defined on a global triangulation of the domain was interpreted as a mortar finite
element method with each element of the triangulation as a subdomain. In all previous
versions of mortar methods for second order elliptic problems, it has been assumed
that local subspaces contain conforming continuous functions. The mortar technique
for locally nonconforming elements imposes that the solution on the two neighboring
subdomains has the same L? projections on a mortar space that is defined on their
common edge. We choose a trial mortar space which has natural L? orthogonal
basis and leads to simply computations of the matching conditions. For second order
elliptic problems, we prove that the error estimate is of the same optimal order as in
the standard linear nonconforming finite element method.

We also propose a parallel method for solving the system of linear equations that
arises from our discretization. It is described as an additive Schwarz method (ASM)
using the general framework of ASM’s, see Section [I.4 We give results of the numer-
ical experiments which confirm some of the theoretical results of this chapter.

In this chapter, the error analysis is done for arbitrary polygonal substructures
while the additive Schwarz method is considered for a partition of the original 2-D
region 2 into triangles that form a coarse triangulation of parameter H. The described
method is almost optimal, i.e. the number of iterations required to decrease the energy
norm of the error by a conjugate gradient method is proportional to (1 + log(%)).
Here H and h; are the parameters of the coarse triangulation and the fine one on ),
respectively, and h = inf; h;. There is a considerable attention focused on the related
technique for solving systems of equations arising in nonconforming discretization
methods defined on a global triangulation of €2, e.g. Brenner [33], [34], [36], Sarkis
98], [100], Cowsar [50], Cowsar, Mandel, and Wheeler [51]. The results of Chapter 3]
previously presented in a report [89], have been accepted for publication.

Finally, Chapter [4] is devoted to mortar element methods for plate problems. We
consider only the case of clamped plate problems, but our results can be straight-
forwardly applied to plate problems with other boundary conditions, e.g. to simply
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supported plate problems. In Lacour [76] and Lacour and Maday [77] the approx-
imation of a similar problem by DKT (nonconforming) elements is considered. In
Belhachmi [§], a mortar method for the biharmonic problem is discussed, but these
results concern only the case of local spectral discretizations. They carried out an error
analysis for that case only. We consider locally the conforming bicubic element, the
reduced Hsieh-Clough-Tocher (HCT) and the Hsieh-Clough-Tocher macro elements,
and the nonconforming Adini and Morley finite element methods. We present an error
analysis for all these discretizations and discuss some methods for solving the discrete
problems. We restrict ourselves to the geometrically conforming version of mortar
method. The mortar technique for plate problems, which we present here, requires
the continuity of the solution at the vertices of subdomains and that the solution on
the two neighboring subdomain satisfies two mortar conditions of the L? type. Those
conditions depend on the local discretization methods. For the locally conforming
methods (i.e. bicubic, HCT and reduced HCT) the mortar conditions on the common
edge of two subdomains are equivalent to the equality of the L? projections on two
mortar spaces of the solutions and of the normal derivatives of the solutions on these
two subdomains. Here the mortar spaces defined on the common interface depend
on the local discretization methods. For the both nonconforming methods (i.e. Adini
and Morley elements) the mortar conditions are of the same type, but additionally
involve some interpolants which are defined locally on each interface.

We also propose four parallel methods for solving some discrete problems. These
algorithms are described as additive Schwarz methods (ASM), see Section [1.4] All
these methods, except one, are of iterative substructuring type. For additive Schwarz
methods and iterative substructuring methods for plate problems with globally con-
forming or nonconforming discretizations defined on one global triangulation of €2,
we refer e.g. to Brenner [35], Brenner and Sung [39], and Le Tallec, Mandel, and
Vidrascu [82].

First two methods considered here are designed for mortar methods with local
HCT or reduced HCT discretizations and are based on analogous decompositions of
the discrete space. In both cases, we decompose a discrete space as a sum which
consists of a coarse space, local one-dimensional spaces associated with degrees of
freedom of order one at vertices of subdomains, and of certain local spaces associated
with interfaces. The difference between the methods lies in the fact that the first
one is of iterative substructuring type, but the second one is not. Additionally, the
second method uses a nonstandard outer coarse grid. Therefore we have to introduce
a special interpolation operator which maps the coarse grid onto the mortar discrete
space. The second algorithm seems easier to be implemented in practise.
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Next method is of Neumann-Neumann type, cf. Le Tallec, Mandel, and Vidrascu
[82], Dryja and Widlund [64]. Our Neumann-Neumann method is designed for mortar
methods built on the decomposition of the domain which satisfies one additional
condition: we assume that it is possible to choose master edges of substructures in
such way that each subdomain has all its edges either as masters or as slaves. This
assumption is due to the property of functions in discrete spaces built by the mortar
method. This Neumann-Neumann method is based on the modified abstract scheme
of Le Tallec, Mandel, and Vidrascu [82] and can be applied for mortar methods with
all conforming local discretizations. This algorithm was easier to analyze due to the
quite general scheme of Le Tallec, Mandel, and Vidrascu [82], but its implementation
and use in practise seems more complicated than the ones of the first two methods.

The last ASM method is for solving the discrete problem of the mortar method
with locally nonconforming Adini discretizations. We distinguish this case because
the analysis requires special coarse grid and technical tools necessary to overcome
some technical difficulties which are due to the local nonconformity of the solution.

All methods presented in this chapter are almost optimal, i.e. the number of
iterations required to decrease the energy norm of the error by a conjugate gradient
method is proportional in each case to (1+log(4L)). Here H and h; are the parameters
of the coarse decomposition and the fine triangulation on €2;, respectively, and h =

In the thesis, the following notation is used: u < v, x = y and w =< z mean that
there exist positive constants ¢ and C' independent of any h,-the parameter of the fine
triangulation of a subdomain €2;, and the number of subdomains such that

cu< v < Cu, x>cy and w < Cz, respectively.

1.2 Some function spaces

In this section, we introduce some function spaces which are used in the next chapters
of the thesis.

Let N be a positive integer. A vector

a=(ag,...,ay)
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with integer components «; > 0, is said to be a multi-index of dimension N. The
number

N
la| = Z@z‘
=1

is called the length of multi-index ov. We introduce the following notation: for multi-
indices o, 8, and = = (z1,...,7x) € RV,

a+ = (a+pb,...,an + Bn),

o 01,02 anN
Xz —.I'l 56'2 ...Z‘N,

and ol
8 o
D* =09% = :
0x{r0x5? ... 0x}y
The set of all polynomials in N variables x1,...,xy which can be written in the
form .
q(z) =>_ > cqa®
=0 |al=j
will be denoted by P,(®"). Similarly, the symbol Q,(R") will denote the set of all
polynomials in N variables xy, xs, ...,y which have the degree not greater than n
with respect to each variable z;,7 =1,2,..., N.

If G C RY then the symbol P,(G) denotes the set of restrictions of polynomials
from P,(RY) to G.

We now introduce Sobolev spaces W} (), cf. [6]. Let p € [1,00], k be an integer
and © be a domain (i.e. an open connected set) in ®V. Let us denote by W} () the
set of all functions v € LP(Q2) whose (distributional) derivatives 0%u are elements of
LP(Q) for all @ such that |a| < k.

These sets form Banach spaces with norms

1/p
lullws e == { > ||aauuip(m} 1<p< oo,

lal<k

HUHW§0(§2) = mnax ||3au||L°°(Q)a
laf <k
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where || - || () denotes the standard L norm, i.e.

1/p
Jullsvey = { [ JuP do} ™ 1<p <o,

[ull (@) = ess sup [f(z)] = inf sup | f(z)|
xz € mes(E) =0 | x€Q\FE

Here the integrals are taken with respect to Lebesgue measure, cf. [73] or [96], and
the derivatives are understood in the distributional sense, cf. [95].

We shall also use the following seminorm: if u € Wlf () and 0 < j < k, then we
set

1/p
|U\W§(Q) = { Z ||8°‘u\|’2p(ﬂ)} I<p<oo

|a|=k

and

[ulwr (@) = max [|0%ul| L= ().
o] = &

For the spaces WX(€2), a special notation is used

H*(Q) := W5 (Q).

We also introduce the spaces H*(2) for all real positive s that are not integer, e.g.
see [71]. The space H*(f2), where s = k+t, 0 <t < 1, k is an integer, and 2 is a
domain in RV, is defined as a subspace of H*(2) formed by all functions v € H*((2)

for which u(z) — 8°u )|2
9 o “u(xr) — 0%ul(y

|al=k

lv

We are primarily interested in the case of N = 1. The norm of H*() is defined by

[v] ?{S(Q) = HUH%{’V(Q) + v %{s(gp

lv me(0) is called the H* seminorm. Note that H?® s > 0 are Hilbertian subspaces of
H° = [2

We also define Hi(2) a subspace of H*(2) defined as the closure of C§°(2) in the
norm of H*((2).
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We next introduce the concept of real interpolation between Hilbert spaces with
help of K-functionals, cf. [84]. If Hy, H; are Hilbert spaces with H; C Hy then for
any u € Hy and t > 0, define

K(t,u):= inf  (flu—vllg, +t|vlm).
v E Hy

Then for 0 < # < 1, define a norm

0o 1/2
fullaang, = ([0 K@ w?dr)

The set
[Ho, Hilp = {u € Hy: HU’H[HOJ{I]O < OO}
form a Hilbert space with the norm || - ||(#g,#,],, €-g. see [13].

If Q has a Lipschitz boundary, then
[Hm<Q), Hk(Q)]g — H(179)m+9k(9>

and the norms are equivalent, for any real numbers m and k, cf. [13] or Theorem
12.2.7 [38].

We also introduce the space Hy *([a,b]),—00 < a < b < oo as a subspace of
H'2([a,b]) formed by those functions v whose trivial extension © by zero to all R
belong to H'/?(R), cf . [84], i.e. those for which

1ol gty = Nlnraay < oo.

The space H *(la,b]) is a strictly embedded subspace of HyY *(la,b]). The norm

V]l /2 (o)) 18 €quivalent to the one defined by, see [84],
00 ’

u(z [u
0 g2 ) h”mﬂmm+/‘ —M +/|b—x|

The space Hy)*([a,b]) can be also characterized as an interpolation space between
L*([a, b]) and H([a, b]), cf. [84],

H(%Q([a’ b]) = [L2([a7 b])? H(}([% b])]l/Q-
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We will not further distinguish between equivalent norms.

We also briefly recall the following interpolation argument which is standard, e.g.
see Proposition 12.1.5 in [38]. Suppose that V; C Vy and H; C Hy are two pairs of
Hilbert spaces, and that T is a bounded linear operator from V; to H; with norms
¢, 1 = 0,1, respectively. Then T is also a bounded linear operator that maps the
interpolation space [Vy, Vilg to [Hy, Hy]g with the norm bounded by ¢; ™ ¢/, that is

HTUH[H07H1]9 < 0(1)—9 C?HUH[VO,Vﬂe Vu € [‘/07 ‘/1]9

1.3 Conjugate gradient method

If we want to solve a linear system of equations
Au=f

with A a real, symmetric, positive definite matrix. We can apply a direct or an
iterative method. If this system of equations arises from the discretization of elliptic
problem by a mortar element method, or in general by any finite element method,
then the matrix A is sparse and of a very large dimension.

Direct methods give exact solutions. The best known is based on a triangular
factorization of the matrix A. These method can be impractical if the dimension of
A is large.

Alternative to the direct methods are iterative ones. They produced a sequence
of approximate solutions u; that converges to the solution u. Usually those methods
involve only the vector multiplication by the matrix A. There are several well known
examples like Jacobi, Gauss-Seidel, SOR, Block Jacobi, Block Gauss-Seidel, Cheby-
shev semi-iterative, and conjugate gradient methods (CGs), cf. Golub and Van Loan
[69].

When A is not well conditioned, we can introduce a preconditioner B, if it exists,
and consider a preconditioned linear system

B 'Au=B7'f,

i.e. we multiply the linear system with the matrix A by a nonsingular matrix B! in
order to get a new preconditioned system with the matrix B~'A that can be easier
to solve by an iterative method.

The preconditioner B should be chosen according to the following properties:
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e the condition number cond(A) should be small, i.e independent (logarithmically
dependent) on the dimension of A,

e the application of B~! to a vector should be easy to compute on scalar or parallel
machines.

Here A = B~Y2AB-Y2 and

cond(A) = i\m((;};

Domain decomposition methods allow to construct preconditioners which have those
properties. We are interested for preconditioners which are well suited to parallel
computing.

All algorithms studied in this thesis are variations of preconditioned conjugate
gradient methods (PCGs). Since this algorithm is well known we only give a short
description of PCGs. The very important feature of the CG and PCG for domain
decomposition is that they need only a multiplication of the matrix to a given vector,
we do not need an explicit representation of the matrix in general.

Preconditioned Conjugate Gradient Algorithm

Set k=0; g =0; ry = f;
while [|7g]|2 > €||rol|2

Compute z;, = B~ 'ry,

k=k+1

ifk=1
P1 = 20

else
Br = (Tk—1,Zk—1)/(Tk—2,Zk—2)
Pk = Zk—1 + BeDr—1

end oy = (r5—1, 2k-1)/ (P, Apk)
Tp = Tp—1 + QgPk
Tk = Tk—1 — U ADg

end
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Then by a well known formula for the reduction in the energy norm of the error
after k steps of the CG iterations, e.g. cf. [72], we obtain

= k
d(4) —1
o —ailla <2 (YEIDZL) g,
cond(A) +1

Here A = B~1/2AB-1/2,

1.4 Abstract Schwarz theory

In this section, we describe and state the convergence results of abstract Schwarz
methods, generalizations of the alternating method of Schwarz [I0I]. This theory
has been developed previously for the additive case by Dryja and Widlund [61], [62],
and [63], see also Bjgrstad, Gropp and Smith [20], Griebel and Oswald [70], Nepom-
nyschikh [91] and Zhang [107] and [I08]. The main contributors for the theory of
the multiplicative Schwarz methods are Bramble, Pasciak, Wang and Xu [31] and Xu
[T05]; cf. also Cai and Widlund [42], for a variant of the theory for nonsymmetric and
indefinite problems.

1.4.1 Additive Schwarz method

Let V' be a finite dimensional space with the inner product a(-,-). We consider the
abstract problem

a(u*,v) = f(v) Yo eV, (1.1)

where f is a linear functional on V. We next consider a decomposition of V' into a
sum of subspaces
V=W+Vi+...4+Vy.

This is not necessarily direct sum of subspaces, i.e. the representation of an element
u € V in terms of components of these subspaces can be not unique. The first subspace
with the subscript zero represents a special coarse space.

We next need b;(-,-), ¢ = 1,..., N, symmetric, positive definite bilinear forms on
V; x V;. We introduce operators T; : V — V;, by

bi(Tyu,v) = a(u,v) Yv €V (1.2)
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and define v
T=To+> T

i=1
If we choose b;(+, ) = a(+, ) then T; = P;, the orthogonal projections (in terms of a(-, -))
onto V;. We replace (|1.1)) by an equation with the same solution if 7" is invertible

N
Tu =g, g=3% g gi="Tw" (1.3)
i=0
The right hand side ¢ is obtained by solving N independent problems
bi(gi,v) = a(u*,v) = f(v) Vv e V.

The equation (1.3]) can be solved by a conjugate gradient method, using a(-,-) as the
inner product.

We now state the main abstract theorem, the proof can be found in [20] or [64].

Theorem 1.4.1 Let there exist

(i) a constant Cy such that for all w € V' there exists a decomposition u = Zﬁio Uj,
u; € V;, such that

N
sz ug,u;) < Clalu,u),
=0
(i1) constants €;5, i,j =1,..., N, such that
a(u;, uj) < eija(u,-,ui)lma(uj,uj)l/Q Yu; € V; Yu; € Vj,
(#ii) a constant w such that for i =0,..., N,
a(u,u) < wb;i(u,u) Yu e V.
Then T is invertible and
Cs2a(u,u) < a(Tu,u) < (p(E) + 1) walu, u),

where p(E) is the spectral radius of the matriz € = {e;}),_,.

In applications the constants Cy, p(€) and w should be independent or logarithmically
dependent on N.
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1.4.2 Multiplicative Schwarz method

The multiplicative Schwarz method is defined for the abstract problem (|1.1]) as follows:

e 0 arbitrary,

e For ¢+ = 0 until convergence,

— w = u,
— For j =0to N,
w=w+T;(u" —w),
— End j.
Y S
e End 1.

Here T;, i = 0,..., N are from (|1.2)).
For the error u™™!' — u* we obtain
u" —ut = Ey(u” —u*) = BT (u® — ut).
Here
Ex=(I—Ty)...(I—T))

is the error propagation operator. We see that ||I — T;||, > 1 if ||T;||. > 2, hence the
assumption that w < 2 is necessary. If w is too large we can scale the bilinear forms
bi(+,-). Of course it increases the parameter Cj.

If we take u® = 0, we can regard the algorithm as a simple iterative method for
solving the equation
,—Tmsllf< = Gms;

where T,,s = I — Ey. This nonsymmetric operator equation can be solved by GMRES
or a similar iterative methods, cf. [97].

We can also consider the symmetrized multiplicative Schwarz method:

e 0 arbitrary,

e For ¢+ = 0 until convergence,
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— w = u'.

— For j=0to N,
w=w+T;(u" —w),

— End j.

— For j = N to 0,
w=w+ T;(u* —w),

— End j.

AR

e End 7.

If we take u° = 0 and want to use this method as a preconditioner for conjugate
gradient method, then the preconditioned operator is given by

Toms =1 — ELEy.

For further discussion, we refer to [40] and [60].

The result that we state in Theorem [1.4.2| states an upper bound for the spectral
radius, or norm of the error propagation operator. The proof can be found in [20] or
[64].

Theorem 1.4.2 The error propagation operator of the multiplicative Schwarz method
satisfies

(2-)
Bl = J L e

Here @ = max(1,w).

The next corollary is an immediate consequence of Theorem [1.4.2] This result was
also formulated in [60].

Corollary 1.4.1 The abstract symmetric multiplicative Schwarz method satisfies

-&)
(1+202p(€)2)C2

(u,u) < a(Tgmsu,u) < a(u,u) Yu € V.

Here & = max(1,w).
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2.1 Introduction

The goal of this chapter of the thesis is to give an analysis of the error of the mortar
version of finite element discretization applied to some nonlinear problems and to
discuss two domain decomposition methods for solving the discrete problem in geo-
metrically conforming case. We refer for a general presentation of the mortar method
for linear problems to [19], [I1] and [16] (or [I7] in French) and for a presentation
of the matching constraints in terms of Lagrange multipliers to [9]. Recently, there
is a development of parallel algorithms devoted for solving systems of linear equa-
tions arising from the mortar version of finite element discretization for linear elliptic
problems; see cf. [2], [4], [44], [57] and many others.

Namely, in this chapter, we discuss the application of the mortar element method
to a second-order nonlinear elliptic boundary value problem with the strongly mono-
tone and Lipschitz continuous operator in a polygonal region 2 C R2? with the Lip-
schitz boundary. We also briefly discuss, following [94], how the mortar method for
the quasilinear problems which are considered here can be applied to the more gen-
eral class of problems with an unbounded nonlinearity. For our knowledge there are
no results devoted to such topics for nonlinear problems. We consider first the ge-
ometrically conforming case of the mortar element method, i.e. the intersection of
the closures of two subdomains can be the empty set, an edge or a vertex. Next we
discuss a more general case - the geometrically nonconforming one, i.e. we do not
impose the above condition. In the first case, we see that the estimate of the error is
of the same order as in the standard conforming piecewise linear finite element dis-
cretization provided that the solution of the differential problem is in H?(2). In the
latter one, we have to strengthen our regularity assumption. Namely we shall assume
that the solution of the differential problem belongs to the space H(2),2 < o < 5/2
to derive the error estimate of order h°~3/2. The technique that we use to obtain these
estimates is a generalization of that used for linear problems, cf. [19] and [11]. We
propose two algorithms for solving the discrete problem in the geometrically conform-
ing case. The first method combines the Schwarz one with Newton’s method and the
second algorithm is a nonlinear domain decomposition method based on the abstract
framework introduced in [59]. Both algorithms use the same decomposition of the
discrete space.

The first method combines a preconditioner constructed in terms of ASM for a lin-
ear problem and Richardson iteration for the discretized nonlinear problem considered
in this chapter. The implementation of our preconditioner can be done in parallel and
consists of solving one global linear problem on a coarse grid and two types of local
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problems. The global problem is the standard conforming finite element one defined
for Poisson’s equation. The first class of local problems consists of these which are
one dimensional and are associated with the vertices of subdomains. The second class
includes problems that are defined on two substructures with the common edge.

The outline of this chapter is as follows. In Section [2.2] we formulate the differ-
ential problem. Section is devoted to presenting the mortar element method and
analyzing the error estimate in the geometrically conforming case. In Section we
present the geometrically nonconforming case of the mortar method. In Section [2.5]
we discuss an application of Richardson-Newton method to the system of nonlinear
equations which arise from discretization of the boundary value problem by the geo-
metrically conforming mortar element method. We show that this method is almost
optimal convergent. Section is devoted to a nonlinear decomposition method of
solving the nonlinear discrete problem. Finally, in Section [2.7, we discuss how to
apply the results presented in the previous sections to an approximation of certain
problems with an unbounded nonlinearity. There are some numerical experiments

presented in Section [2.8

2.2 Differential problem

In this section, we formulate the differential problem.

We consider the following differential equation

2
- (,)aai(x,u*,Vu*) + ag(z,u*, Vu*) = f(x) in Q (2.1)

i—1 9%i

with the homogeneous Dirichlet boundary condition, where Q C R? is Lipschitz con-

tinuous bounded polygonal region. The weak formulation is of the form:
Find u* € H}(Q) such that

b(u*,v) = f(v) Vv e Hy(Q), (2.2)

where
2
/ Zaz xz,u, Vu ) vy, + ag(x,u, Vu) v) dz, f(v) = / fodx (2.3)
=1 Q

Here f € L*(Q), Vu = (ug,, us,)! and u,, = 88“ i =1,2. Let p = (po,p1,p2) and

a;(z, po, p1, P2) = ai(T,U, Uy, , Uy,). We assume that the functions a; : Q@ x R — R, i =
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0,1, 2, satisfy the following conditions: For some positive constants M, uq,

a; €CHOQ xR, i=0,1,2 (2.4)
aai aai ..
max{|ai(x,0,0,0)], |axk<xap)’7 |8p(x’p)|} < Mu fOT 1,] = 07 172a k= 1727
j
(2.5)
2 a 2
> aiai(ﬂli,p)fiﬁj > oy & (2.6)
i,j=0 9Pj i—1

for any & = (£o,&1,&) € N3, and max is taken over O x R3.

As a direct consequence of the above assumptions, we obtain that for all p, g € R?
there is a positive constant L such that in

2
Vp,q € R |ax(z,p) — ar(z,q)] < L Ipi — @i|)? k=0,1,2. (2.7)

i=0
Under the above assumptions it can be proven that the form b(-,-) is strongly mono-

tone and Lipschitz continuous and that the problem ({2.2)) has a unique solution, see
[78] or Theorem 32.6, page 240 in [106].

2.3 Geometrically conforming case

In this section, we present an analysis of mortar element method for the differential
problem of Section in the geometrically conforming case.

2.3.1 Discrete mortar space

We now define a discrete space V" C L%(Q) that is not a subspace of H}(Q). In
that sense, our method is nonconforming. In this section, we consider a geometri-
cally conforming version of the mortar method. In the next section, we will consider
the geometrically nonconforming one. We consider a partition of 2 into polygonal
subdomains i.e.

=

Q=% with QN =0 if i#;

=1

that are arranged in such a way that the intersection of Q, N for k # [ is either the
empty set, an edge or a vertex. We call this partition geometrically conforming.
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We assume the shape regularity of the decomposition, i.e. we assume, cf. Section
2, p.5 in [37], that there exists a fixed number of reference polygonal subdomains Dy,
with unit diameters, such that for each €2; there is an affine mapping g; = G; + b,
which maps that subdomain to Dy;), one of the reference domains. Here G is an
invertible 2 x 2 matrix and b; € ®? a vector. We assume that

”G]HOO j H;17 HG;ll‘OO j Hj,

where H; = diam(2;), cf. also [47].

A more general case is considered in the next section. The mortar element method
first deals with the union of all edges (interfaces).

I = L]j o0 \ 09 (2.8)

k=1

and consists of choosing one of the decomposition of I', that is made of disjoint open
segments (that are edges of subdomains) called masters (mortars), denoted by 7,
1<m< M ie.

M
T=U77m mwNu=0if k#L

We denote the common, open edge to ; and §2; by I';;. By 7., we denote an edge
of €; that is a master (mortar) and by d,, ; an edge of €, that occupies geometrically
the same place as v,,,; and it is called slave (nonmortar). There is no rule in selecting

Ym,i as a master, cf. Figure [I.2]

Let us introduce some notation.

With each € we associate a quasiuniform triangulation 7}, (£2;) made of elements
that are triangles, cf. [47] or Definition 4.4.13, p.106 in [3§], i.e. we assume that
there are two constants ¢ and C such that the ratio of the diameter of any element
of this triangulation to the diameter of the ball inscribed in this element is bounded
from above by ¢ and that the diameter of any element is bounded from below by C'hy,
where hy is a parameter of this triangulation - the maximum over the diameters of the
triangles. Note that the resulting triangulations are non-matching across I'. We can
now give the definition of the finite element functions on the introduced triangulations.
Let us assume that we work with the simple generic case of linear finite elements. We
first define the finite element functions locally and introduce the space

Xh<Qk) = {Uk S O(Qk) D Uklo = 0, Vglr € Pl(T) Vr1e Th(Qk)},
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Figure 2.1: Conforming P, element.

where Pj(7) is the set of all linear polynomials over the triangle 7 € T}, (%), cf.
Figure |2.1

We also introduce space W"i(T';;) as the restriction of X3(£2;) to I';; and a global
space X}, as

N
Xn(Q) = [T Xn()
k=1
with a seminorm [v|z1 ) = (=N, ’Ui‘?ql(gi))l/2 and a norm [|v]| @) = (Ivl1Z2(qy +
|U|?1}{(Q))1/2-

Note that, since the triangulations on two adjacent subdomains are independent,
the interface I';; = i, = 0y ; is provided with two different and independent (1D) the
h; and h; triangulations and two different spaces W"i(v;;) and Whi (4 ;). Addition-
ally, we define an auxiliary test space M& 1(0x,;) of all functions which continuous and
piecewise linear on the h; triangulation of d;; and are constant on elements which
intersect the ends of 8y ;. If §x; N IQ = 0, then the space M&§(5k7j) is a subspace
of the slave space W" (8 ;) and its dimension is equal to the dimension of Wi (4, ;)
minus two. The double subscript of M& 1 says that this space is contained in C°(dy ;)
and that is based on polynomials of degree one. This subscript is not necessary in
this chapter, but it will be useful for fourth order problems considered in one of the
following chapters.
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In what follows, we express the matching condition that is sufficient to ensure the
optimality of the global approximation and define our discrete space V"

Vi ={u€ Xu(Q):V6,,; CT,

Vb € M (5, ) /F (Wi, — s, )0 ds =0}, (2.9)

iJ
where w;,,, ; and w5, ; in the integral are the traces of u; and uj onto v, ; = 055 = 'y,
the common edge to €; and ;. The condition (2.9) is called mortar.
2.3.2 Discrete problem

Our discrete problem is to find u} € V" such that

b (uf,v) = f(v) Yoe V" (2.10)
where
N 2
by (u,v) = Z /Q {Z a;(x, ug, Vug ) Do + ao(x, ug, Vug) v} do
k=17 =1
and

N
f(v)zkzl/gkkadx.

We have to introduce the new form by(-,-) because the discrete space V" ¢ Hi(Q).
The subscript H is associated with H = max; H;, where H; = diam({2;), and thus
indicates that this form corresponds to the coarse partition of €.

Remark 2.3.1 Ifu,v € H}(Q), then b(u,v) = by(u,v).

With the help of the Lemma [2.3.2] and Lemma [2.3.3] which are proven below in
this section, we can prove that under our assumptions ([2.4)-(2.6)) there exists a unique
solution of (2.10)), cf. Theorem 32.6, p.240 in [106]. It can also be seen from Theorem

(see below for M = 1T).
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2.3.3 Error estimate

We now state the main theorem of this section.

Theorem 2.3.1 Let u* and uj be the solutions of and , respectively and
let u* € H*(Q). Then we have

N 1/2
[u” = uplla @) = <Z hi, {Hi + ||U*”12L12(Qk)}> = AR ),

where ¢; are constants independent of any hy, and h = maxy, hy,.

To prove this theorem we first state and prove some auxiliary lemmas.

We first define an auxiliary operator associated with the form (2.3)) which is a
generalization of normal derivative in the case of linear operators.

Definition 2.3.1 Let v C 99; be a segment. Then let l; : H*(Q;) — L*() be defined
as

Z: x), Vu(z))ng on 7, (2.11)

where n = (ny,ng) is the unit normal to v (outward to 9€);).

It is easy to show that under assumptions ([2.4)-(2.5) l;u is well defined in L?(v), cf.
[106].

The next lemma states the continuity of ; across v, the part of the interface.

Lemma 2.3.1 Let v C 9Q; N 9Q; be a segment and Q;; = Q2 UQ; and I; - H*(Q;) —
L*(y) and l; : H*(2;) — L*(v) be defined by . Then for uw € H*(Q;), we have

liuj = —liu;, a.e. on v,

1.€.
2

Z: (z,wi(z), Vug(z))ng = a(z, uj(z), Vuj(z))ny, ae. on 7,

k=1
where n = (ny,ng) is the normal unit outward to v N, and u;,u; are the restrictions
of u to Q; and Q;, respectively.
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Proof.  First we prove that [; is Lipschitz continuous. We may assume that ~
is parallel to the OX axis and then we have lju(z) = as(z,u(x), Vu(x)). We use
a‘;ou(x) = u(z) to simplify the notation. Let now u,v € H?*(€Q;;), then we conclude
that

/|a2(x u, Vu) — ay(x,v, Vo)|?
v

2de =2 lu = vl

We have used the standard trace theorem, cf. e.g. Theorem 1.5.2.1, p.42 in [71], and
(2.7). The statement of the lemma obviously is satisfied for u € C*°(Q;;). Using
the density of C>(€;;) in H?*(Q4;) and Lipschitz continuity of I; and [;, we get the
conclusion.

O

The next corollary can be proven using the same ideas as in the proof of the
previous lemma, cf. also [106].

Corollary 2.3.1 Let v C 9Q; be a segment and l; - H*(S;) — L*(v) be defined by
2.11). Then under the assumptions —: Liuw € HY?(y) with |Lul ey =
(Hi + [[ull320,))"/?, where H; = diam(£;).

Now we define the restriction of the form b(-,-) to H'(€;).

Definition 2.3.2 Let b;(-,-) : H () x HY(€;) — R be the bilinear form defined as

2
bi(u,v) = /Q(Z ai(z,u, Vu ) vy, + ag(z,u, Vu) v) dv Vu,v € H'(€Y)
i =1

Remark 2.3.2 Note that for all u,v € X, () by(u,v) = SN bi(us,v;).

Using the assumptions (2.4]) - (2.6)) and the results of [16] (or [I7]) we can prove
that the form by (u, v) is strongly monotone and Lipschitz continuous in V", We state
that in the two following lemmas.

Lemma 2.3.2 The form by(-,-) is strongly monotone in V", i.e. for all u,v € V"
we have
b (u,u — ) = byr(v,u—v) = [lu— vl g
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Proof. Let u = {uz},v = {vp} € V. We see that uy, vy, are in H(). In [106],
see Theorem 32.6, page 240, is proven that

Yu,v € H' () bi(u,u—v) = bi(v,u—v) = [u—vling,

From that, we deduce that

by (u,u—v) —by(v,u —v) ke (U, wp — V) — b (g, up — vg) =

HMZ

u — k| H g, = v — U’?{}{(Q) = [Ju— UH%{}{(Q)

1Y
T

The last estimate follows from the fact that for u € V", |u] m (o) Is estimated from
below by C' |[ul|f1, (), With a constant C' independent of all /i, and the number of
subdomains, see Proposition 2.1 in [16]. O

Lemma 2.3.3 The form by(-,-) is Lipschitz continuous in X,(Q2) (and thus also in
Vh), d.e. for all u,v,w € X,(Q) we have

|21 (1w, w) = bp (v, w)| 2w = |y Wl @

Proof. In [I06], see Theorem 32.6, page 240, is proven that
Vu,v,w e H () [bi(u, w) = b;(u,v)| = [lu = vl[f 0, 0],

Summing over all subdomains, using the above result for u, v, w € X, () and Schwarz
inequality ( for the standard inner product in ®Y) we end the proof. O

We now formulate and prove a lemma which is a generalization of the second
Strang lemma for the boundary value problem considered in this paper, cf. [12] or
Lemma 8.1.9, p.198 in [38] for the linear case.

Lemma 2.3.4 Let u* and u} be the solutions of (2.4) and , respectively. Let
u* € H*(Y). Under the assumptions (2.4) - (2.6) we have

s, Imu* [w]ds

[u* = wp |l ) = inf |lu* —vllgy @+ sup D , (212)

velh w#0 mC ||w||H}I(Q)

where [w] is a jump of w across I'i; = dpj = Yo, lmuﬁ;m = ljmyu™ 1s defined in
and the sum is taken over all slaves 6., ; = Ym,i = L'yj.
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Proof. We have for all v € V"

Ju* = uwpllan @) < 1w = vlla @) + luh — vl ) (2.13)
Let w = uj — v, then Lemma and ([2.10) yield that
i, = vll7 @) = b (up, w) = b (v,w) = f(w) = by (v, w). (2.14)

Note that by (2.1))

2

al 0
- Z/Q (Z(_axai(x7U*a VU*)) + CLO(IL‘,U*, V’LL*)) Wi dr =
k=1 k [

i=1

N 2
:bH(u"‘,w)—Z/8 Zalsu Vu*)n; wy, ds =
k=1

Q=1

g (u™,w) + Z lnu® [w]ds.
Ym CF Ym
The last equality follows from Lemma [2.3.1} Using this and Lemma in (2.14) we
get
[y, — UH%{l = by (u”,w) = by (v,w) + Y lnu* [wlds
'YmCF Tm

=l = vl gy @ llwll gy @) + > lu™ [wlds.
Ym CI Tm
Dividing by [Jw|| 1, (9) and substituting the resulting inequality in (2.13]) we complete
the proof. O

The first term in (2.12)) is known as the approximation error and the second one we
call the consistency error which is a consequence of the discontinuities of the elements
of V" through the interface. We can now turn to the proof of Theorem m

Proof. We use Lemma Let us first consider the approximation error. In
[19], see Inequality (5.5), Section 5.2 there, it was proven that if v € H}(2) with
Vi, € H?*(Q), then

N
inf o —wllin @) = D2 i (v i@, (2.15)
w € Vh k=1
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Let us turn to the consistency term. We now prove that

. al . 1/2
I3 bt fwlds | % 3 b {0+ g} Nl (2.16)
Om m k=1

It can be done in a similar way to [I1]. Let us consider one interface I';; common to
2; and ;. Let v,,,; = I';; be its master, then 9,, ; = I';; is a slave. From ([2.9)) we have

€ Myt (Ong) [ b fwlds = [ (ot =) (w; = w) ds.

m,j m,j

Hence

[t felds| <l = Gl el — vl
™ ¥ € My (0m,j)
Note that from the mortar condition follows that average values of u over a
master 7,,; and a slave d,,; that geometrically coincides, are equal to each other.
Using the trace theorem, cf. Theorem 1.5.2.1, p.42 in [71], this observation and the
Poincaré’s inequality we have

ot fwlds |2 ® = Glapagp () + el )
ve My
As in [19], see Lemma 4.1 there, we can deduce that
H]if Hlmu* - 1/)”[]_[1/2(5”17],)]/ j hj |lmu*|H1/2(5m7j). (217)
w € MO,JI <5m,j)

It can be proven combining a duality method, an approximation property of Méﬁ 1(0m.4)

and an interpolation argument. We now sum over all slaves 6,,; = I';; and use
Corollary what proves (2.16]). Combining (2.16]) and (2.15)) completes the proof
of the theorem. a

2.4 Geometrically nonconforming case

In this section, we consider the geometrically nonconforming version of the mortar
finite element method, i.e. when a vertex of a subdomain 2; is not necessarily a
vertex of one of neighboring substructures.
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2.4.1 Discrete problem

We assume that € is divided into disjoint polygonal subregions €2 of diameter of order
one, and we introduce in each subdomain a quasi-uniform triangulation. We also
assume the shape regularity of this decomposition, cf. Section . Let T;; = ;N Q;.
The local spaces Xj,(€2) and the global space X},(€2) are the same as in Section [2.3]
The mortar element method consists of choosing one of the decomposition of I" defined
in (2.8), made of masters ,, that are disjoint i.e.

T =

FCx

Yims ’Ymm%z:@a m#n
1

and that satisfy the assumption that each master is an edge of one subdomain i.e.
Tm = Ym,i is an edge of €2;. We assume that there is at least one such decomposition.

The master sides of €2; we denote by 7,,; and the slave sides (the edges that
are not masters) we denote by dy,;. For each edge that is not a master we define a
space of traces Wi (8 ;) and a test space Mél, 1(0x ;) in the same way as in the previous
section, i.e. W"i(; ;) is the restriction of X (£;) to d;, and M(?j((SkJ) is the subspace
of Wi (4 ;) formed by all functions which are constant on elements which intersect
the ends of 0y ;.

Now we define our discrete space as

Vi ={v e Xu(Q): Vo; — not a master

V€ Moi(0ns) [ (Wiis, = 3 vila ) Vs (2.18)

k,j

where the sum is taken over §; with 7,,,; such that v,,; N dx; # 0.
The discrete problem is to find u;, € V" such that

ber (un,v) = f(v) Yo e VP, (2.19)

where the form by (-, -) is defined as in Section

We have that the norm || - [[g1 () and seminorm | - |1 (o) are equivalent, see
Proposition A.3, Appendix A in [19], and that analogous results to statements of
Lemmas|2.3.2|and [2.3.3], are also valid in this case. Thus there exists a unique solution
of (2.19), cf. e.g. Theorem 34.1, p.245 in [106].
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2.4.2 FError estimate

We now state the main theorem of this section that yields the error estimate.

Theorem 2.4.1 Let u* and uy, be the solutions of and , respectively. Let
u* € H7(Q),2 < o <5/2. Then under the hypotheses of - (@ we have

N 1/2

* o— T o—3/2

||u—uh||H,1{(ms(zokhz ) SF,
k=1

where Cy, are constants independent of any hy (dependent on H°(Q) norm of uq, )-
Here h = maxy, hy.

To prove Theorem [2.4.1] we state an analogue of Lemma for the geometrically
nonconforming case. The proof is similar to that of Lemma [2.3.4]

Lemma 2.4.1 Let u* and uy be the solutions of and , respectively. Let
u* € H*(Q). Under the assumptions (2.4)-(2.6) we have

. : . J5 lmu* [w]ds
[u" =l @ = inf [’ —vl[gy )+ sup S et (2.20)

vevh w € VP smcT [l e, @)

where [w] is the jump of w across 6,, and lmuT(Sm = lipmyu* is defined in . The
sum is taken over all d,,, sides of substructures that are not masters.

We now prove Theorem [2.4.1

Proof. The first term, the approximation error, can be estimated from (2.15)) whose
statement is also true in this case, cf. Inequality (5.5), Section 5.2 in [19].

It remains to estimate the second term, the consistency error. We first prove that
[, s | e s, Ol + S ollosny) - (221)
m,J

which is an analogue to (2.16). The sum is taken over all £, such that 02 Ndy, ; # 0.
Proceeding as in the proof of (2.16|) we see that from ([2.18]) for all ¢ € Mé”l (Om.;)

[t fwlds | =1 [ bt (= Y wonues,,) ds| =
m,j m,j k:0Q,N8yr, ;70
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- ‘ /6 (lmu* — w) (wj — Z wk\aﬂkmémd) d8|

k:0Q NG 0

Using Schwarz inequality, we have

| / Lnu” [w]ds | < inf ||lmU* - 77b||L2(5m,,7')ij - Z WE|0Q2N6m, ; ||L2(5m,j)‘
Om,j w c Mélyl k:0Q,NGyr, j 70

Combining the trace theorem and the approximation result for l,,u* € H"=3/%(5,, ;),
cf. and Lemma 4.1 in [19], we prove (2.21). As u* € H°(Q2),2 < 0 < 5/2, we
can obtain an analogous result to that of Corollary . Combining this with
and summing over all d,, ; we finish the proof of Theorem [2.4.1] O

Remark 2.4.1 The technique of our proofs does not enable us to obtain the optimal
error estimate in the geometrically non-conforming version of the mortar method. In
the case of linear elliptic second order problems, there is the optimal error estimate,
see [19].

2.5 Richardson-Newton method

In this section, we propose a method for solving the problem arising from
discretization of the boundary value problem by the geometrically conforming
mortar finite element method. It is not clear how to generalize this method to the
geometrically nonconforming case.

2.5.1 Description

We have to add a new assumption, namely, we assume that the master (mortar) side
of an interface I';; which is a common edge to €2; and (2; is chosen in such a way
that h; < h;. We could construct a similar method without this assumption, but it
would be more complicated, namely, instead of simply basis functions corresponding
to vertices we would have to use more complex ones, see Remark [2.5.1] below.

For the simplicity of presentation, we describe the method with one additional as-
sumption that the subdomains €2; are triangles and form a shape regular triangulation
with a parameter H = maxy, Hy, with Hy, = diam(€)), cf. [47].
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To define our method, we first have to introduce some special functions and sub-
spaces of V. We will primarily work with nodal basis of V". They satisfy the mortar
condition and are associated with the following sets of nodes:

e all interior nodes of the substructures €2,
e all interior nodes to the masters v,,; C I,

e all vertex nodes of €; except those on Jf2.

We associate a basis function with each node of these sets. A function ¢, corre-
sponding to a node in the interior of a substructure is a standard nodal basis function
as in a conforming finite element discretization. A function ¢y associated with a node
xy, interior to a master 7,,;, we define as follows. It is equal to one at x; and zero at
the remaining nodes defined above, i.e. nodes interior to all substructures, vertices of
all substructures and all nodes in the interiors of the masters except x;. The values of
this function at the interior nodes of slaves 0, ; = 7y, are determined by the mortar
condition ([2.9)), with zero values at the ends of 9,, ;. We now define basis functions ¢,
associated with the vertices of the substructures. We first denote by V() the set of
vertices of the substructure €2, that are associated with degrees of freedom of V", i.e.
those which are not on Q. We also introduce V := Un_, V(). Each crosspoint c,
of I belongs to several subdomains and therefore corresponds to several nodes of V,
to one degree of freedom for each of subregions that meet at that point. These nodes
are in the same geometrically position, but are assigned to different subdomains. Let
z € V be a vertex of €;. Then the basis function associated with z; € V we denote
by ¢r. It is defined as equal to one at xj, and to zero at all other vertices of V and
at all interior nodes of all substructures and masters. We now define this function on
I', i.e. on all masters and slaves. There are three possible situations: the vertex xy
can be the common end of two masters: 7, ; and 7,,,;, the common end of two slaves
01, and 0y, or the common end of a slave d5; and a master v,,. In the first case, ¢y
restricted to 7,; and 7,,; is a standard nodal function corresponding to zj, i.e. is
one at x, and zero at the remaining nodes of the both masters. On slaves d,, = v,
and 0,, = Ym4, this function is determined by the mortar condition (2.9) with zero
values at the ends of §,, and 9,,, respectively. In the second case, ¢y restricted to the
masters v; = d;; and 7y, = d; is zero, and on 9;; and dj; is determined by the mortar
condition with the value equal to one at z;, and zero at the other ends of §;; and dy ;.
In the last case, ¢y, is defined on the master v,; (and J§, = 7,,) as in the first case
while on the slave d,; (and s = J5;) analogously to the second case. In all cases, ¢y
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is defined as zero on the remaining masters and slaves. It is obvious that all those
basis functions form a basis of the discrete space V", i.e.

Vh = span{¢s, ..., on}.

Note that there are no basis functions associated with interior nodal points of a slave

Om.j-

Let the solution of (2.10]) be represented as uj = Y1 | a;¢;, o = u(x;) and intro-
duce

ki(aq, ... o) = by (Z Oéj%‘,@f%') , fi=(f, 92 @)
=1

Let B = (ki,...,k.)", v = (1,..., )" and £ = (fy,..., fn)T. With these nota-
tions we rewrite the problem ([2.10)) as a system of nonlinear algebraic equations

B(u;) =f. (2.22)
Here and below if u is a function in V", then u denotes the vector representation of
u in terms of the nodal basis, i.e. if u =", a;¢;, then u = (ay,...,a,)T.

Additionally, we introduce a bilinear form on V" x V*

N
apn(u,v) := Z/ Vu; Vu; dz. (2.23)
i—1 7%
Let D be its matrix representation, i.e. D = {aa(¢x, 1) }ki=1...n. We should also
point out that ax (u, u)Y2 = (Du, u)y’ = |ulp1, () therefore aa (-, ) is positive definite
over V"

We solve by a method that combines the additive Schwarz preconditioning
technique, see Section|l.4, with Newton’s method. The Schwarz method is determined
by subspaces of V", bilinear forms defined on these subspaces and projections defined
by these subspaces and bilinear forms, cf. Section or [60]. In our case, those
forms are equal to an(-,-). We now define subspaces that form the decomposition of
V. Let V; be the coarse space of continuous, piecewise linear functions on the coarse
triangulation which are equal to zero on 992, of course Vy; C V" We next define
one dimensional vertex spaces Vi which are associated with vertices z, € V(;):
Vi = span{¢y}, where ¢, is the basis function associated with a vertex xy, see above.
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Remark 2.5.1 We can remove the assumption that master side of an interface I';;
S Ym,i C O if the parameter h; is not greater than h; - the parameter of the slave
Om,; C 0. We would have to replace a vertex basis function ¢y corresponding to
a vertexr xp € 082; by a modified vertex function ngSk which is equal to ¢ over I' and
Q;, but is defined as discrete harmonic part of ¢y, in all subdomains €);,j # i. For
these modified function the statement of Lemma 15 also true and thus all results
concerning convergence of the Algorithm [2.5.1], see below, are also valid.

Finally, we introduce Vj; spaces associated with all pairs of two subdomains €;
and €2; that have the common edge I';; which is the master v,,; C 0€2; and the slave
Om,; C 0R2;. We define V;; as a subspace of V" such that its functions can be nonzero
at the interior nodes of €2; and (2; and at the interior nodes of v, ; and 0,, ;. It is easy
to see that

N
VE=Tot+d > Vit X Vi

i=1 2,€ V() ;T

We then define operators T : V' — Vi, T : V* — Vjl and Tij - vh - Vi;, by
an(To(u),v) = by(u,v) Yo € Vj, (2.24)
ap(Ti(u),v) = by (u,v) Yo €V} (2.25)

and
an(Tij(u),v) = by (u,v) Vv e V. (2.26)

The vector representation of these operators are denoted by the same symbols. They
have the following form: Ty(u) = RIDy'RoB(u), Ti(u) = (Ry)T(Di)"'R;B(u)
and T;j(u) = Rg;Di_leijB(u), where Dy, Di and D;; are the matrix representations
of an(+,+) in the corresponding subspaces and Ry : V* — Vi, R: : VP — Vi and
Rij : V" — Vj; are the restrictions operators defined as in [20], see p.44,124 there. In
subspaces, we can use natural nodal basis, i.e. V = span{¢®@**“}, cr, Vi = span{¢y}
and Vi; = span{ @ } o, e, ,u0,00;, Where ¢£2*7*¢ is a nodal coarse function corresponding
to a crosspoint ¢, i.e. ¢?*"*¢ is a continuous function which is piecewise linear on
coarse triangulation, equal to one at ¢, and equal to zero at all remaining crosspoints.
We note that Tp, T,ﬁ and 7;; are nonlinear in general. To define an additive Schwarz
method , let

N
T=To+Yy, Y Ti+ >, Ty (2.27)

=1 :EkEV(Qi) Fij cr
We replace the problem (22.22)) by the problem of finding u € V" such that
T(ut) =g, (229)
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where g = gy + X% 1Zwk€V )9k + Xr,,cr g with go = To(uy), g = Té(uh) and
gi] = T;j(u;). Here uj is the solutlon of (2.22). We show that problems (2 and

have the same unique solution. These g; can be pre-computed without knowing
the exact solution u. In the implementation, we usually do not do that.

Introducing a linear operator

Mt R%ﬂm+z Y. (R)"(Dy) 'R+ > R.D;'Ry; (2.29)

=1 (L‘kEV(Q ) F’L]CF

we have
T=M"'B.

For solving ([2.28)), we use the following algorithm:

Algorithm 2.5.1 Let u® € V" be arbitrary and 7 as in Theorem see below.
e [terate forn =0,1,... until convergence,

— Compute vy = To(u™) — go solving
an(ry,v) =by(u",v) — (f,v) Yv e V.

— Compute 1" = T (u") — gi for xx € V(),i=1,..., N, solving
an(ri,v) = bg(u™,v) — (f,v) Vv e V.

— Compute r}; = Tj; (u™) — gi; for all masters vy,; = I';; C T solving
an(ris,v) =bu(u",v) — (f,v) Yv € Vy.

— Compute u™*! as

W=t =T (g >0 Y "4 >k i) = u" =7 (T(u") —g). (2.30)

i=1 2, V() Ir,;,cT

e FEndn.
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2.5.2 Analysis of the convergence
To prove the convergence of the algorithm we need the following auxiliary result.

Theorem 2.5.1 For any u € V"
(14 1log(H/h))3(Du,u)pe = (DM 'Du,u)p. < (Du,u)gn,

where all constants are independent of H, h;, H = max; H; and h = inf; h;.

This theorem will be proved in the last part of this section. Theorem yields
that (2.28)) has a unique solution equal to the solution of (2.22) and that M~! is
invertible. The next corollary plays an important role in the proof of convergence of
the algorithm.

Corollary 2.5.1 For any u,v € V" holds
(Bu) = B(v),u = V) = 8 [[u = v]l%

and
[B(a) — B(v)|[a-1 < diffu— v,

where M was defined in (2.29), 6o = C (1 + log(H/h))™%, and C,8, are positive
constants independent of H, h;.

Proof. Theorem yields that
(Du,u)ge = (Mu,u)pe < (1 +log(H/h))*(Du,u)pe Yu € V"

cf. e.g. [65] or Chapter 1 in [26].

In other words, we have the following equivalence of the energetic norms || - ||p <
|- llar = (1 +log(H/R))72| - ||p in R". Then we have

(B(u) — B(v),u — V)gn = by(u,u —v) — by(v,u —v) = |u— vﬁ{}](ﬂ) =

= (D(u—v),u— V)i = (1+log(H/h)*(M(u—v),u = V).
We have used Lemma [2.3.2] Let g = B(u) — B(v). We next deduce that

IB() = B(v)lly— = [IMgllar = sup [(M g, x)u| =
x[lar =1
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= sup [(B(u)=B(v),X)ar| = sup  |bu(u,x) = bu(v,z)| 2 [[u—vlp.
[l =1 1x[lar =1

We have used Lemma and the equivalence of broken H}; seminorm and broken

H}, norm over V" see Proposition 2.1 in [16]. O

We now state the main theorem of this section that can be proven in the standard

way using Corollary [2.5.1} cf. [41] or [87].

Theorem 2.5.2 If we choose 0 < T < 20y/0%, where & and 8, are defined in Corollary
then Algorithm |2.5.1| is convergent in the sense that

" —willar < p(7)" [0 — i,
where p(1)? = 1 — 631 (200/6? — 7) < 1. The optimal parameter T, = 8/03 and
Popt = 1 = (d0/01)*.
Proof. By (2.30) and Corollary we have
[t — w3, = [lu” — w5, — 27 (M7 (B(u") — B(uj),u" — )+

HIMTHB (") = B(wp))l3y = (1= 2007 + 6777) [u” — wj |15,

We need one additional technical lemma.

Lemma 2.5.1 If we assume that for an interface I';; = 082 N OS2, Yim, C OLY; is its
master if h; < hj, then for a vertex basis function ¢y which corresponds to the vertex

rr €V holds
Pkl @) < C,

where C' is a positive constant independent of the number of subdomains and any hy.

Proof. Let ¢, be a crosspoint with which the vertex z; € V({);) geometrically
coincides. Note that from definition, ¢, is zero at all nodal interior points thus we
can deduce that

|¢k|§1}1(9): Yo Aokl = D hitlloklZaen,)-

Jicr €08 Jicr €05

The vertex x; € V(§;) can be the common end of two slaves, two masters and of a
master and a slave of €;. In the first case, ¢, is nonzero only over these slaves and
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the statement of the lemma follows from Propositions 3.1 in [4], cf. also the proof of
Lemma 4 in [44]. In the second case, ¢ |r is nonzero over those two masters denoted
by Ym,; and v, and over two corresponding slaves d,, ; and ds;. Then as in the proof
of Lemma 5 in [44] we obtain

’¢kﬁ{}l(g) =14 hi/h; + hi/ .

The assumption that the parameters h; and h; of slaves are not greater than the
respective parameters of masters, here equal to h;, ends the proof of this case. The
last case is proved in the same way. a

We now prove Theorem [2.5.1] using the general theory of ASM, see Theorem [1.4.1
in Section cf. also [20] or [60].

Proof. By Theorem the proof reduces to check three key assumptions.
Assumption (i)

We want to prove that for all u € V" there exist functions ug € Vo, ui € V; and
uij - ‘/z‘j SUCh that U = Uy —+ Zf\il ZxkEV(Qi) Uz + ZFUCF uij and

N
an(ug,uo) +> Y an(up,up) + Y aa(ug, uy) 2 (1+log(H/h))?an (u,u)
i=1 2, €V(%) Iyl
(2.31)

We first select ug € Vo = V# by making ug(c,) = %,,, where ¢, € I is a crosspoint
and ., is the average value of u at the vertices of V that coincide geometrically with
¢,. We further denote V(¢,) as the set of these vertices. Let N. be the number of
vertices in V(c,). Thus we have that @, = (1/N..) > ep(,)u(z). Let now define
uy, € V)! by the pointwise interpolation of u — ug at v, i.e.

uy, = (u — o) (w1) B

Note that w defined as

N
w=u—u—y, >, up

=1 2, €V()
vanishes at all vertices of V.

We now decompose w in €2; as

w; = w)o, = Pyw; + H;w;,
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where H;w; is the discrete harmonic part of w; and Pyw; is the H}(€;) projection onto
X () = Xa(Q) N HYQ), ie. Haw; = w; on 9 and

ap(Hsw;, ) =0, an(Paw;, ) = an(wi, ) Y € Xy () (2.32)
Both Pw; and H;w;, we extend as zero off ().

With each space V;; we associate the common edge I';; = QN ﬁj which is the
master 7,,; C 0€2; and the slave ¢, ; C 0€2;. Then let w;; € V;; be equal to w on 7,
and 0y, ;, be zero on 9 \ Ym, 08 \ 6,; and be extended as the discrete harmonic
function in ; and ;. Note that w;; is zero off Q; U Q; because w;; € Vi;.

We finish the decomposition of u by setting
uij = wij + (1/Ne(4)) Paw; + (1/Ne(4)) Pyw;,

where N, (k) is a number of edges I'y; C T'NIY, and N, (k) is equal to 3 if 92,N0Q = ()
and 2 or 1 otherwise. Note that

N
u:u0+z Z u§€+ Z Usj

i=1 kaV(Qi) FijCF

We first estimate ana (ug, ug). Let u; be the average value of u over ;. Using an
inverse inequality we have

N
UO,’LLO Z|UO|H1 Z|UO ulel '< Z Z |U() —ﬂi|2 (233)
=1 =1 a:EV(Q )

We consider one vertex y of €2; which geometrically coincides with a crosspoint ¢, and
we have that ug(y) = ug(c,). Hence

1
Polye ¥ u@-wf 2 Y ) -l

Cr zeV(cr) :cEV(c,)

[uo(y) — s

Note that from the mortar condition follows that average values of u over a
master v,,; and a slave ¢,,; that geometrically coincide, are equal to each other.
Using this, the standard Sobolev-like inequality for finite elements, see e.g. Lemma
7, p.170 in [20], and the Poincaré’s inequality, we obtain

Juo(y) —a|* < > (L+log(H/h))luelia,) (2.34)
k: xeV(er)NV(Q)



Quasilinear problems 41

The sum is taken over all subdomains with the common vertex ¢,. Summing over all
vertices of 2; we obtain the estimate

ol froy = D (1 +1og(H/h))uslF g, (2.35)
j:aﬂjﬂaQﬁéw

Summing over all subdomains gives the estimate of an (ug, ug)-
We now estimate 3% S reeviay) @a(uf, up,). Let ¢, be the crosspoint that coincides
geometrically with a vertex zp. By Lemma we deduce that
an(uy, up) = |u(@r) — vo(zw)*|onliy @) = [ulzr) — uoler)[.

We further use the same arguments as for the estimate of ax (ug,ug) to get

an(upup) = D5 (L+log(H/h) wrlip g, (2.36)
z€V(cr)NV(Q)

The sum is taken over all subdomains that have a vertex z € V(¢,). Summing over
all subdomains and their vertices we obtain

N N
>y an(ul,ul) < Z 1+ log H/h))|u,|H1(Q ) (2.37)
i=1 V() =1

We now estimate >r, cr aa(uij, uij). We deduce that
an (Ui, ui;) = {|wz‘j|§{1(szj) + |wij|§{1(ni) + |Piwz’|12ql(9i) + |ijjﬁ11(nj)}

We first estimate | Pyw; %1(91_) (]ijjﬁpmj) can be estimated in the same way). Using

[£:35) and (2:36) we get

|sz’H1 = |UZ|H1 +|UO|H1 )+ > |uk|H1 y 2 |uZ|H1 )T
L EV(Q;)

+ > (1+log(H/h)) lu;lin o,
§:0Q;NQ;#0

where the last sum is taken over all substructures that have the common vertex to
Q.
We now estimate the norms of w;; the discrete harmonic part of u;;. We first note

that

’wij’%}{ |le|H1(Q )+ |H, w]|H1 < ||7~U1H HY2(y ,i)+
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g S el

(6’)71,_7) 00 (’Ym,i)

The first inequality follows from the extension property of discrete harmonic functions,
see Lemma 5.1, p.1112 in [21], and the second one from HégQ stability of functions in
V" over each edge I';; C I, see Lemma 1 in [9]. Thus it remains to prove the estimate

of llillage

Let us denote by w1,z the ends of v,,;. Then let ¢, € Vi j = 1,2, denote a
vertex function associated with the vertex x; and we deduce that

) 2
=z—> z(z )z, — 20+ ZZO(%’)%J'?

=1 =1

wihm,i

where z = u; —u; and 29 = ug — u;, where u; is the average value of u; over 7m i = Lyj.
Note that ¢,; is equal to standard nodal function corresponding to z;,7 = 1,2, on
Ym,i- From this we obtain

2
2 2
HwiHHééQ(vm,i) =A{ll= - Zz(xj)%f”f{;f( )T

= Ym,i

2

+||20 — Z Zo(xj)gbévj ||§{éé2(7m,i)}.

=1

see e.g. p.11 [44], but it also follows from Lemma [4.5.1] see below, the property of
standard nodal functions and Poincaré’s inequality. Simple computations give the
estimate of the second term by

We can estimate the first term by ¢ (1+log(H/h:))?|uil (g, this result is well known,
5]

2

2
lz0 = >_ 20(z)II; HY2 (s Z +log(H/hi))|uo(;) —

Jj=1

cf. also Lemma below. Now using (2.34) we deduce that

HwiH?féf(vm P=ats log(H/h))* > lurlin o,
’ B

where the sum is taken over all indices of subdomains that has a vertex that geomet-
rically coincides with one of the ends of 7,, ;.

Summing over all subspaces V;; we have

> an(uguyg) = (1+log(H/h)) |ulf o) = (1 +1og(H/h))*an (u, u).

Iy;cr



Quasilinear problems 43

Combining this, and ([2.37)), we get what ends the proof of Assumption
(i).

Assumptions (iii)

It is obviously satisfied with w = 1 as all local forms equals an (-, -).

Assumption (ii)

It is satisfied with p(€) < C because functions from local spaces V;; and V}! have local
supports. O

2.6 Nonlinear domain decomposition method

In this section, we present a nonlinear domain decomposition method of solving prob-
lem (2.10]). This method is based on the abstract framework, developed by Dryja and
Hackbusch [59] which is a generalization of the one of ASM.

We consider the nonlinear equation
F(u;) = B(u;) —f =0, (2.38)
where uj; is the solution of (2.22).
We have also to consider the linear system with matrix A = F'(u,")
The symmetry of A needs additional assumptions on the coefficients a;(x, p), i.e.

da;(z,p) B da;(x,p)

= , 1,7 =0,1,2. 2.39
apj Opi ( )

The method for solving (12.38)) is based on the subspace decomposition defined in
the previous section and is defined as

u"tt = @(u") = u" + wr(u”), (2.40)

where

N
r(u") = Rirg + Z Z (ROt + Z RiTjrij

1=1 eV (Q;) vi; CI

and ro € Vp, ri, € Vi and r;; € V;; are the respective solutions of
RoF(u™ — Rfr) =0
Ry F(u" — (R})"ry) =0
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and
Here Ry, R}, and R;; are the restriction operators, the same as in the previous section,

see p.44,124 in [20]. The damping parameter w will be set later. These local problems
can be solved in parallel.

We now analyze the method . The first problem is uniqueness and existence
results for local problems. But under Assumptions — it can be shown, see
e.g. Theorem 1.5 p.3 and Section 2.3 from [59], that there exist solutions of the local
problems and that they are unique.

When we apply the subspace iteration (2.40) to the linear problem G(u) = Au —
b =0 with A = F'(u}) and b = Auj, we obtain a linear iteration with the following
iteration matrix

N
M, =1-w (ROTAolRoA +3 Y (RYTADTRA+ D> RiTinlel-jA) :
1=1 2, eV(Q;) i3 CT

where Ay = RoAR(J, Aj, = RjA(R;)" and A;; = Ry AR];. Note that this linear
iteration is built analogously to the iteration applied to M ~!'D in Theorem with
parameter w. Additionally, it is easy to prove that under Assumptions — the
matrix A is spectrally equivalent to D, e.g. cf. Inequalities (14) and (15) p.7 in [87]
or p. Inequalities (15) and (16) p.11 in [86]. Thus using Theorem [2.5.1] we have

[Mofl < ¢ <1
for some damping parameter w and ( is only dependent on (1 + log(H/h)>.

Hence by Theorem 1.7 from [59] we can conclude that
Proposition 2.6.1 The method for the nonlinear problem has the same
asymptotic convergence rate ¢ as the linearized system with A = F'(u},), dependent

only on C (1+log(H/h))?, where C is a positive constant independent of H and any
hi, i.e. for any (' € (¢, 1) there exists a neighborhood U’ of uj, such that

|B(u) — ®(v)|| < ¢ Vu,ve .

2.7 Problems with unbounded nonlinearities

In the previous sections, we have considered the nonlinear problems with bounded non-
linearities. In this section, we show how the methods for the problems with bounded
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nonlinearities can be applied to the problems with unbounded nonlinearities, cf. [93]
or [94].

Here we consider a problem of type (2.2)-(2.3). We assume that instead of ({2.5)-
(2.6)), the functions a; : Q x R3 — R, = 0, 1, 2 satisfy the following conditions:

2
v(ipP) > & Z 76% z,p)&&; < p(|pl?) ZS V¢ € R, (2.41)
i=0 =0

7]0

max{|a;(x,0,0,0)|, |%(:c,p)|} < My, for i=0,1,2; k=1,2, (2.42)

(‘3azk

where v(s), pu(s), 0 < s < oo, are positive smooth (continuous and with continuous
derivative) functions.

We further assume that the solution u* of the respective problem satisfies

V0w 2+ | Vur 2 < M. (2.43)

The class of problems with solutions which satisfy (2.43) is set in [94] or [78], see e.g.
Theorems 1 and 2 in [94], Chapter 3, §8 in [78].

It shows that if the solution of problem with an unbounded nonlinearity satisfies
, then it is possible to construct an auxiliary quasilinear elliptic problem with
a bounded nonlinearity equivalent to the original one, i.e. the solution of the new
auxiliary problem coincides with the solution u* of the original one.

We can next approximate the solution of the auxiliary problem with the mortar
method presented in the previous sections of this chapter.

Following [94] we show how to construct the auxiliary problem. This problem is of
the same form as the problem —. Hence it suffices to define coefficients of the
auxiliary problem, i.e. functions a;(z,p) : Q@ x ®* — R,1=10,1,2. Let £ € C?([0,00))
be a nonnegative, non-increasing function such that
s<1
> 2

Iy
—~
»
S~—
I
—
S =
)

w A
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where ¢ is a certain positive constant and p(-), v(-) are functions from (2.41]). Then
we define

a:(z, p) :{ ai(@,p)€ (1&17) + 0(pPP)p: (1 =€ (1Z17))  Ipl <2M
Y 0(4M2)pi |p’ > oM

for i = 0,1,2. Here M is the constant from ([2.43)).

This auxiliary problem with the coefficients defined above, satisfies (2.5 and ([2.6)),
see [94] or [93].

2.8 Numerical Experiments

In this section, we present some results of numerical experiments. We carry out a few

Table 2.1: Nine subdomains, nonconforming meshes.

N=H"! hy cond(M D)

9 HJ10 13.6
9 H /20 17.3
9 H /40 22.3
9 H /80 27.6
9 H/160 33.2

experiments to test the ASM preconditioner M !, see and Theorem . We
apply this preconditioner in PCG method for solving a linear problem with a discrete
Laplacian on a unit square, i.e. to the linear system of equations with the matrix
D, see . Our algorithm has been implemented in PETSCs 2.0 (the Portable,
Extensible Toolkit for Scientific Computation) in C on Sun Sparc Workstation. The
region 2 is the unit square (0,1) x (0,1) divided into N % N adjacent squares of
diameter H = 1/N. Each substructure €, is divided into a grid of smaller ny * ny
squares. These small squares are then divided into two triangles by drawing the lines
from bottom left to top right. The resulting meshes do not match on the interface.
For each interface I';;, which is the common side of two coarse squares €2; and 2;, we
assign as a master the side of this edge for which the mesh parameter is smaller, i.e.
if h; < hj, then the master is v, ;. Here hy = 1/ny.
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Table 2.2: Nine subdomains, conforming meshes.

N=H"! h cond(M D)
9 H/10 15.5
9 H/20 19.1
9 H /40 23.3
9 H/80 28.1
9 H/160 33.6

In Table [2.1] we refer to results of the following experiments: we set the number
of subdomains to nine, i.e. N =9, set n;=ny —¢+ 1,2 =1,...,9, and in successive
experiments increase n;.

In Table we give results of the similar experiments for conforming meshes, i.e.
n; = n; for all 4,5 = 1,...,9. The meshes are conforming, but the functions are not
continuous at the crosspoints, thus the method is also nonconforming.

In Tables [2.3] and [2.4] we give results of analogous experiments but for sixteen
subdomains.

Table 2.3: Sixteen subdomains, nonconforming meshes.

N=H"! hy cond(M D)
16 /20 17.0
16 H/40 22.1
16 H/80 27.4
16 H/160 33.1

Table 2.4: Sixteen subdomains, conforming meshes.

N=1/H &L  cond(M D)
16 H /20 19.3
16 H /40 23.6
16 H/80 28.3
16 H/160 33.7
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The results of the experiments confirm the theoretical statement of Theorem [2.5.1].
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3.1 Introduction

The goal of this part of the thesis is to construct and analyze a new version of the
mortar method for second order elliptic problems. We consider discretization with
nonconforming elements in each substructure. For our knowledge, there are no results
devoted to those topics, cf. [104] for some related results. In all previous versions of
the mortar methods, it has been assumed that local subspaces contain conforming
continuous functions.

The mortar technique for locally nonconforming elements imposes that the solution
on the two neighboring subdomains has the same L? projections on the mortar space
that is defined on their common edge. We choose the mortar space that has natural
L? orthogonal basis and leads to simple computations of the matching conditions.

For second order elliptic problems, we prove that the error estimate is of the same
optimal order as in the standard linear nonconforming finite element method. For the
simplicity of presentation, we consider only the Poisson equation.

We also propose a parallel method for solving the system of linear equations that
arises from our discretization. It is described as an additive Schwarz method (ASM)
using the general framework of ASM’s, see Section [1.4 (cf. [20], [64] or [60]). In
this chapter, the error analysis is done for arbitrary polygonal substructures while the
additive Schwarz method is considered for a partition of the original 2-D region (2
into triangles that form a coarse triangulation of parameter H. The described ASM
uses a standard coarse space defined on the coarse mesh, i.e. V5 = V¥, the space
of piecewise linear continuous functions which vanish on 0€2. The remaining spaces
are local and are associated with all mortar edges and with some subdomains. The
problems in these subspaces are independent and can be solved in parallel.

The described method is almost optimal, i.e. the number of iterations required to
decrease the energy norm of the error by a conjugate gradient method is proportional
to (14 log(4)). Here H and h; are the parameters of the coarse triangulation and
the fine one on €);, respectively, and h = inf; h;.

Iterative methods for solving linear systems of equations of locally conforming
versions of the mortar finite elements have been described and analyzed in several
papers, e.g. see [2], [, [44], [50], [88]. In [I00], methods for solving systems of
equations of linear nonconforming elements defined on global triangulation of ) are
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described.

The outline of the chapter is as follows. In Section 3.2, we present the mortar
element method that locally uses the Crouzeix-Raviart linear elements. Section (3.3
is devoted to study the error estimate. In Section |3.4] we describe and analyze the
ASM method. In Section we present some numerical results.

3.2 Discrete problem

We consider the Poisson equation as a model problem:
Find u* € H}(Q) such that

a(u*,v) = f(v) Vv € Hy(Q), (3.1)

where
a(u,v) = / VuVovdz, f(v)= / fvdz
Q Q
Here f € L*(Q), Vu = (g, us,)" and Q is a polygonal region in R2.

We now define our discrete space V" which is a finite element subspace of the
space L?(€2), but it is not contained in H}(f2), and in that sense our method is non-
conforming. We consider a geometrically conforming version of the mortar method,
i.e. () is divided into polygonal substructures §2;

Q

-

Q:

=1

with Q; N Q; being the empty set, a vertex or an edge for i # j. Thus {2} form
a decomposition of 2. We assume the shape regularity of that decomposition, cf.
Section

With each €0, we associate a quasiuniform triangulation made of elements that
are triangles. The mesh parameter h is equal to the maximum over all the diameters
of elements and let T},(€2;) denote this triangulation. Let I';; be the open edge that
is common to €; and €, i.e. T;; = Q; N Q.

Let the union of all interfaces between the subdomains be denoted by I, i.e.
' =UJ0Q; \ 092. Each edge I';; inherits two triangulations made of segments that are
edges of elements of the triangulations of €2; and ;, respectively. In this way, each
I';; is provided with two independent and different the 1-D meshes which are denoted
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by Ti(T;;) and T} (T';;). We define the CR nodal points as the nonconforming nodal
points, i.e. the midpoints of the edges of elements in T} (€)). The set of CR nodal
points belonging to Qy, 9, and 9 are denoted by chf, 69,?7? and 9QFE respectively.
Finally, let €, and €y, , denote the sets of vertices of the triangulations 7},(€2;) that
are in , and 02, respectively.

As the triangulation T}, (£2) is chosen over each (2, we can give the definition of
local finite element spaces.

Figure 3.1: Crouzeix-Raviart element.

We choose locally a nonconforming finite element method that is best suited to
the local properties of the solution. First we define finite element functions locally
and introduce X (€2) as the local nonconforming P; (Crouzeix-Raviart) space, i.e.
the space formed by all functions which are piecewise linear in each triangle of T}, (€2)
and are continuous at the CR nodes of Q7 \ 0Qf 1, and are equal to zero at the CR
nodes of 9QG", cf. [52] and Figure [3.1]

The degrees of freedom of Crouzeix-Raviart element are the values at the midpoints
of edges of a triangular element.

We also introduce for all u, € X3 (€2) the so called broken norm and the broken
seminorm:
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2

=

HUkHH;(Qk):( Z \|Uk\|12r{1(7))
)

TGTh(Qk

, ‘uk"H}L(Qk):( Z \Uk\%fl(f))

TGTh(Qk)

We can now introduce a global space X, as
N
Xu(Q) = [T Xn(t)
k=1

with the following broken norm [Jul| ;1 ) = (X1, ||u||§1,}11(9k))1/2 and the broken semi-
norm |ulp1 ) = (i |u|%1}11(9k))1/2. This space can be considered as a subspace of

L?(Q) formed by all functions which locally restricted over €, are in X}, ().

As each interface is provided with two independent meshes, we must enforce some
matching conditions over the interface. In what follows, we express a condition that
is sufficient to ensure the optimality of the global approximation.

We define one of the sides of I';; as a master (mortar) one, denoted by 7,,; and
the other one as a slave (nonmortar) denoted by 0,, ;. Let the master side for I';; be
chosen by the condition: h; < hj, (i.e. here, the master side is the i-th one). There
are two sets of CR nodal points belong to I';;: the midpoints of elements belonging
t0 T} (Ym.) and to T} (8, ), denoted by YoH, and 051 respectively. As h; < h;
and both triangulations are quasiuniform, we can assume that the two elements of
the slave triangulation T} (6, ;) of T'y; that touch the ends of d,, ; have longer lengths
than the respective elements of the master triangulation T}:(vy;) of I';;. The choice
of the master side is due to the technique that is used to prove the results of Section
4, i.e for ASM. The error estimates of Section 3 are independent of that assumption.

We believe that this condition is not necessary at all.

Additionally, we define an auxiliary test (mortar) space Mﬁﬂvo(ém,j) being a sub-
space of L*(T;;) of all functions which are piecewise constant on elements of the slave
triangulation of I';;, i.e. inherited from the 2-D triangulation of €2; (j-th is the slave
side of I';;). The dimension of Mfio(c?m’j) is equal to the number of midpoints on
Om,j, i.e. to the number of elements on 0,, ;.

We introduce the L? orthogonal projection @Q,, : L*(T';;) — Mf"lyo(ém,j) for each
slave 6,,; = I';; C I' defined as

(Qms V)25, = (W, V)12, YU € Mﬁ]i,o@m,j) (3.2)
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We can now define our discrete space V" as

Vh = {Uh € Xh<Q) : V(st = Ym,i C I, Qmu]' = Qmul} (33)

The condition of the equality of the L? projection of traces onto the test space for
each interface can also be called the mortar condition. Note that V" ¢ H}(Q).

Since functions in V" are not continuous, we have to use a ”broken” variational
form ag(-,-) in the discretized problem.

Let ap(-, ) be the bilinear form defined on triangles belonging to €, which is a
subregion of €2
anp(u,v) = > Vu Vv dz (3.4)

TETh(Qk) T
and let ay(u,v) = S0, anr(u,v).

The form ay(-,-) is positive-definite on V" by the argument that ay(v,v) = 0
for v = {vy} € V" implies that v, is constant over each element of T},(£2), then the
continuity of vy at midpoints yields that v, constant in €2, and finally by the mortar
condition and discrete boundary conditions, we get v = 0.

In Section below, we show that the H!-broken seminorm which is also equal
to the norm induced by the bilinear form ag(-,-), is equivalent to the L? norm on

V" with constants independent of any parameters hj, and the number and size of
subdomains, see Lemma below.

The discrete problem is of the form:
Find uj € V" such that
ap(uj,v) = f(v) Yoe V" (3.5)

This problem has a unique solution since ag(-,-) is positive-definite on V",

3.2.1 Ellipticity of the discrete problem

In this subsection, we prove that ag(-,-) is elliptic on the discrete space V" with
constant independent of h and, what is also important, number of subdomains. These
results are analogous to those for mortar methods for second order elliptic problems
with locally conforming discretization proved in [I7]. The proofs of the results of this
section are based in part on the one of Proposition 2.1 in [I7].
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Lemma 3.2.1 There exists a constant C independent of hy and the number of sub-
domains such that for u € V"

N N
2 2

Z ||U||H;L(Qk) < CZ |U|H}L(Qk)'

k=1 k=1

Proof. It reduces to show 30, [lull7z,) < X0, ]uﬁ{i(gk). Let u = (uq,...,uy) €

Vh C X3,(Q). For each subdomain €, let @, = Myuy, and @ = {ag} € [The; H' (%),
where M, is defined below in Definition [3.3.1} By Lemma [3.3.2] see below, we have

We have for any (z1,15) € Q2

(zy, x0) = /

a

T

' g, (tza) dt+ > (4] (b, 22),

tri€la,x1]NT gy

where [-] denotes the jump over I'y; at point t; and (a, z2) € 0. Here ty,; is the point
of intersection of a segment [a, x1] and an interface T'y; C 0 N 0.

The first term is estimated by

T b b
[t dtl < [l ()l dt < 6= @) 2 [ i (4 22) ),
where b satisfies (b, z2) € 0f2. The second term is estimated by

> A < Y [af(t )l <

tri€la,x1]NT gy tr1€[a,b)NTyy

1/2 1/2
< ( > ’Fkl\) ( > ’Fkl\_l\[ﬂ](tklwzw) :
til € tr €

[a,b]NC g [a,b]NT g

In [I7], see Lemma 2.2 there, it was proved that the shape regularity of our decom-
position yields that >, cianr,, [Tr| = [0 — al. Thus we obtain

b
[y, 22)* < / e, (t,x2)Pdt + > [Tl 7 [@] (b, 22)
a tr€la,b]Nyy
We now integrate over dxry and dz; and get

~2d</PV”d
AW!x_ﬂ|M v+ Y

Iy cl

/ ITp| Yy — @l? ds.
IV
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We have also used the fact that ds = \/da? + d3, hence [;  |ix — w|* ds > [p, |0 —
@|? dzy. We now have to estimate the second sum. Each term of the second sum we
estimate separately. By ug and u; have equal the average values over an interface
[y as Jp,, (ug —w) ds = 0. Thus the standard trace theorem, see Theorem 1.5.2.1,
p.42 in [71], Lemma and the version of Poincaré’s inequality for CR elements,
see Lemma 5, p.392 in [99], yield that

1 1
/FM |y, — w|* ds < X;H,§S*1\Mkuk o + ZOHﬁsflyMlulﬁ,s(Ql)
S= S=

1 1
=D HE T w0, + 20 HE T halis @y = Hilunlf o, + Hilwl o)
s=0 s=0

We remind that by definition @, = M u;. Hence summing over all interfaces and
using (3.6 ends the proof of estimate of the L? norm of w. O

3.3 Error estimate

In this section, we estimate the error between the discrete solution of (3.5 and the
solution of (3.1)). We show that the error is of the same order as in the standard
nonconforming version of the finite element method.

We now state our main result concerning the error estimate:

Theorem 3.3.1 Let u*,uj, be the solutions of and , respectively. Let u* €
H?(Q). Then

N 1/2
u* = |1 (@) 2 (Z hz\U*ﬁﬂ(ﬂk)) :
P

For the proof we need several auxiliary results, one of them is the second Strang
lemma, see [12] and Lemma 8.1.9, p.198 in [38], which we now remind.

Lemma 3.3.1 Under the assumptions of Theorem we have

W —wplm < inf [ut—vlgme + (3.7)
veVh
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+ sup / w/|w|g () ds.
w E Vh k 1 TGTh or 0

The first term in (3.7) is known as the approximation error while the second one is
called the consistency error and is a consequence of the discontinuities of the functions
of V" through the edges of elements.

We first present some auxiliary technical tools that we need to prove our results.
Some of them will be used in the next section.

Let VP 2(Q) be the conforming space of piecewise linear continuous functions on
the triangulation T% (€) which is constructed by dividing each triangle from T},(€2)

into four ones by joining the midpoints of the edges of this element and let Vh/ 2(Qk)
be the subspace of V"/2(€2,) of functions with zero traces on 9€;. We first introduce
two local equivalence maps (isomorphisms), as in [100], to obtain some properties of
local nonconforming spaces X, (€2). We now define a local equivalence map My, :

Xu(Q) — VP2(Qy), see [100].

Definition 3.3.1 Given u € X, (%), we define Myu € V2(Q) by the values of
Miu at the vertices of the triangulation T%(Qk) The vertices are divided into three
sets of points:

o Ifpe chff, then
(Myu)(p) = u(p).

o [fpe Qup\0Qn and p is a vertex of an element of Ty(S2), then
(Myu)(p) Z e (P

where the sum is taken over all triangles T]h with the common vertex p and N (p)
is the number of these triangles.

e Ifqge an,h; then

|| g, |
M = + "),

where q;, q, are the left and right neighboring CR nodal points of q.
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Lemma 3.3.2 Let Myu be defined as above, then for all u € X,(€), we have
\U|H,§(Qk) = (Myul ey,

2l 22 = (IMrul| 220y,
M d :/ ds,
/mk< w)(s) ds = [ u(s) ds

[Miu = ullr2,) =2 I [ulm @),

1/2
IMiu = ull 2y = b ul o)

Here & is an edge of Q.

Proof. The proof of the first four inequalities can be found in [99], see Lemma 5.3,
p.102 there, cf. also Lemma 3, p.390 in [100]. We now prove the last inequality. Using
the standard trace theorem, see Theorem 1.5.2.1 p.42 in [71], on each subsegment of
€ that is an edge of a triangle in 7},(€2;) combined with a scaling argument, we get

9
He(r) <

1
IMiw = ullfoey = > [Myu—ullfaey 2> > W HMuu—u

eET]]f(g) s=07:07N EZD

1
< T [ M — ul| 2 + hil Miu — Uﬁ{}t(gk)-

The first and the fourth inequalities of the lemma yield the desired bound. O

We now define, for each edge € of O (€ can be either a master or a slave) X (2,
as a subspace of X;,(€) of functions that are equal to zero at all nodes of 9QfFF\ EFF.

[ I]Jet ME = XE(Qy) — VM2(Qy) be a local equivalence map defined as follows, cf.
100):

Definition 3.3.2 Given u € X£(Q), we define MEu € V*2(Q,) by the values of
MG at the vertices of the triangulation T%(Qk)

o Ifpe QL orpe Uy \ 0%y, then the value (MZu)(p) is defined as for Myu,
see Definition|5.5.1).

o Ifqge€ 0%\ &, then (Mu)(q) = 0.
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o Ifqge &\ EFE, then

ME _ lag L adl .

where q;, q, are the left and right neighboring CR nodal points of q.

Note that M¢ is piecewise linear between nodes of £, The next lemma states the
properties of M¢.

Lemma 3.3.3 Let M{u be defined as in Definition [3.3.4, then for all u € X (Q4),

we have
ul o) = IMiulmiey, el = IMEull @),

1/2
HM?EU - UHLQ(Qk) = ‘U|H}L(Qk)7 H/\/l‘,fu - uHLQ(S) = hk/ \U|H;(9k)-
The proof is analogous to the proof of the previous lemma.

We define a pseudo-inverse map (M) : V*/2(Q;) — X, (Q), as in [100], by

(M) u(p) = u(p)
for all p € Qf jF.
It follows from the definition that for all u € X} (), we have

(Mk)U\/lku =U
and for u € V"/2(Qy)
|(Mk)Tu|H}L(Qk) = |U|H,11(Qk) ||(Mk)TU||L$L(Q,€) = ||U||L§(Qk)a (3.8)
as QF ¥ are contained in the set of nodes of V2(Qy), see [I00]. Note that for u €
X¢(Q4), we also obtain

(/\/lk)TMiu =U.

We now split of any local function uy € X (£2x) into two parts that are orthogonal
to each other in terms of the form ay (-, -), i.e.
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Here Hyuy is a discrete harmonic part of ug and Pyuy is the orthogonal projection
onto the special subspace Xh(Qk) C X (Q4) defined as follows. Let Ay be the special
set of CR nodes containing all nodes that belong to mgj} and those that are midpoints
of the edges of triangles which have one (or possibly two) sides on a master v, (or
possibly two masters). Then we define X},(€2;,) as a space of functions of X}, (€2;,) which
are equal to zero at all nodes of Aj. In other words, a function is in this subspace if
it is equal to zero in 8(22],? and over all triangles 7 € T},(§2) such that 07 N, is an
edge of 7 for any master 7, C 0.

We now define the discrete harmonic part of u € X, () as

ah,k(Hkuk, ’l)k) =0 VUk c Xh(Qk),
Hyuy(p) = ug(p)  for pe€ Ay

and Pjuy is the orthogonal projection (in the sense of an(-,-)) of u € Xj,(€2) onto
X1 () defined by

an i (Prug, vg) = app(ug, vi) Vo, € Xh(Qk)
Note that Hy, = I — P, and hence, Hjuy, is orthogonal (in the sense of ap (-, -)) to
Pkuk.

We now define an auxiliary operator I, : L?(,,;) — Wi (0m,;), where W(;”(de)
is the space formed by all continuous functions which are equal to zero at the ends of
dm,; and are piecewise linear over all segments which have their ends in 5%?7” L, u

is a function in Wohj(5m7j) which interpolates ), u at the nodes of 52?7,1. Thus it is

sufficient to define values of 11,,,u in this set of points. For p € 5,%5”-7,1 set

,u(p) = Qumu(p). (3.10)

Here Q,,,u is the L? orthogonal projection onto M fio(ém,j) defined in 1} Thus Q,,u

is constant over each element of T,{(ém?j) and the value of @,,u is properly defined at
any point p € 65, (which is a midpoint of an element e € T} (6, ;).

The next lemma states the L? and H(%Q stability of 1I,,,.

Lemma 3.3.4 For Il,, : L*(0,,;) — Wélj(émjj) defined above, we have

MLl z2(s,0,5) 2 ullz2,,,) Vi € L2(0m,),

1/2
Wl oz, =l e, ) o € Hof*(6ny)
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Proof. The L? stability is fairly obvious as
Ml e, ) =< b D Maup)f® =

pG&%ih
=h; > |Quu@)P = (|QuullZae,, ) < lullizg,, )
p€6g§,h

In order to prove the Hy stability, we define an additional operator Ij,n; : Hj(0m ;) —

W(? 7(0m,;) as pointwise linear interpolant defined by the values of function at 5%}; pe 1t
follows from the continuous embedding H' C C? (in 1-D), see e.g. Theorem 1.4.4.1,
p.27 in [71], that for all u € H}(d,,;), we have

|_[WhjU|H1(5m’j) = |U|H1(5m,j)7 (3.11)
e.g. see Corollary 4.4.24, p.109 in [38]. Then for u € Hj(d,, ), we can derive that
’HmU|H1(6m,j) < [Hpu — IWhju|H1(5m,j) + uwhj“|H1(5m,j)’

The second term is estimated by utilizing (3.11)). For the first one we use an inverse
inequality and obtain

1
[ILu — Iwhjuﬁ{l(ém,j) = ﬁ”ﬂmu - [WhiuH%Q(&n,j) =

1
=5 Y 1Quulp) —up)]® =< |ulfng, )
J pe&rcri},:;,h
Here we have used the observation that Q,,u(p) = |—i| [, u(s)ds where e is an element of
T} (8, ;) with the midpoint p, and then the local embedding H'(e) C C°(e), Poincaré’s
inequality and a scaling argument.

Thus using the interpolation technique, e.g. see Proposition 12.1.5, p.279 in [38],
we end the proof. a

The next lemma states that the seminorm over a subregion of discrete harmonic
(in the sense of ap;(-,-)) function u; which is nonzero only at CR nodes of a slave

dm,; C A; can be estimated by the H&f—norm of M&u; over this slave.

Lemma 3.3.5 Let u be discrete harmonic in the terms of apj(-,-) in ; and u =0

at CR nodes of A; \ 6,, ;. Then we have
|u’H,1L(Qj) = HM](?UJ'HH%?((;"LJ)'

Here Mf 15 the local equivalence map defined in Deﬁmtionfor E=0m;.
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Proof. We need another auxiliary operator: H : V%(aﬂj) — ‘N/%(Qj) - the discrete
harmonic extension (in the conforming sense) defined by

(VHv, Vi) 12(0,) = 0 Vi € Vi'? (),
Hv=v on 0€);.

We now estimate |u|H}1L(Qj) as follows, cf. the proof of Lemma 5.3, p.127 in [99]. We
first note that

[(M)THME ul 1 ;) < THMSul g ;) < M5 ull e, (3.12)

The first inequality follows from and the second one from the extension property
of conforming discrete harmonic functions (in the sense as in the definition of H), see
Lemma 5.1, p.1112 in [2I]. The function (M;)"HMSEu can differ from w at all CR
nodes of A; that are not in 8903. We then modify the function (M;)THMEu by
setting its values in A;\ aQ ih to zero. The new function denoted by u is equal to u
at nodes of A; and we have

@] 1(0,) < HM)THMSul g q,) + 18— (M) HMSulg1(q,) = (M) THMS ul o)

as u and (Mj)THM§U may differ only in the set of points that are associated with
the triangles that have one edge on 0%; \ 6,,;, and the second function is zero in
“R\ G, Thus we have
£ £
|l o) = |@lm o) = (M )THMju|H}1L(Qj) = ||Mju||HggQ(6m,j)'
The first inequality follows from the fact that u has the smallest energy norm on €;
among all functions w € X, (€);) such that w(p) = u(p) for p € A;, since u is discrete
harmonic (in the sense of a;(-,-)). This can be proved in the same way as in the
conforming case. The last estimate is the result of (3.12)). O

The next result is the approximation property of Q,, the L? orthogonal projection
onto Mﬁio(ém,j) defined in 1} The proof utilizes the Hilbertian interpolation and
standard arguments, cf. the proof of Lemma above and e.g. [47] or [32].

Lemma 3.3.6 If g € H*(0,, ), then holds

1
H$(0pm,;) S € {Oa§71}7

g — Qmgllz2. ) = Plg

where Q,, is the L? orthogonal projection onto Mﬁio(&n’j) defined in .
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3.3.1 Analysis of the consistency error

Let us turn to the consistency term. Our main result concerning this error we give in
the following lemma:

Lemma 3.3.7 Under the assumptions of Theorem |3.5.1], we have

N ou’™ N 21 %12 1/
> /87% wds =< (;hﬂu |H2(Qk)> w1 (@)-

klil TETh(Qk)

Proof.

First the consistency term can be rewritten as the sum of two terms: the first one
being the sum over edges of fine elements contained in the subdomains and in OS2,
and the second one being the sum of edges contained in the interface I', i.e.

N . N . .
ou ou o
S Y [ Mua=y Y Y [P X [ 2 s
k=17€Ty () " 07 on k=1 7€T},(Q) eC(d7\I") * € on r;cr /i on

where e is an edge of element 7, [w] - jump across the edge e or I';;, and for e C 09
we have [w] = w.

The first term is estimated by ¢ (h? Sh_, ]u*ﬁ{g(m))lﬂ]wllf}{(m by Lemma 8.3.7
and Lemma 8.3.9 of [38] for e C Q\ I" and e C 0€, respectively.

We now estimate the second term. Let @,, be the standard L2 orthogonal pro-
jection onto Mﬁji,o((;m,j), see {) By {) we have

ou* ou* ou*
L G lwlds= [ (G —Qug) wimwy)ds =

my ON

*

ou* ou
= /5m,j( on QM%>(M1 — Muw; + Maw; — QpuMiw;) ds—

ou* ou*
- /5m’j( on - Qm%)(w] - Qmw]) dS,

where M;u;, Mju; are defined in Definition We have also used the fact that
for all u,v € L*(0m,;), we have (Qumu, (I — Qm)v)r2(s,.,) = 0 what follows from the
properties of Q,, - the L?-orthogonal projection. Now using Schwarz inequality, we
have

ou*

ou* ou*
| S ) ds < 15 = Qo lza(o, (s = Miwilz2gs,,)+
m,J
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+||Mw; — QmMiwiHLQ((Sm,j) + [lw; — QmijLQ(M,j))'
The first and third terms, see Lemma |3.3.6 can be estimated by

6u u* ou*
Qm Sl T il Lol PRl o PR

and
HMZUJZ - QmMiwiHLQ(sz,j) = h |M wl‘H1/2(5 ’M wz‘}p

We have also used the standard trace bound, see Theorem 1.5.2.1, p.42 in [71]. Next
Lemma yields that

1/2
[ Miw; — QuMiwi| 25, ) = hj/ |wil 1.0
and
1/2 1/2
|wi — Mw;|| g2, ) = hi/ |wz‘|H;L(QZ-) < hj/ |wi|H,£(Qi)'

Here we have considered the case when h; < h;. The case h; > h; is discussed below.
The last term, [jw; — Qmij%g(émj), is estimated as follows:

/6 (W) = Quwy)*ds = > /(wj — Qew;)* ds,

. e
¢€T] (6m.5)

where (). is the L2- orthogonal projection onto the one-dimensional space of constant
functions on an element e. We have used the fact that functions in iji,o(f;m,j) being
constant on one element and equal to zero on others form the L? orthogonal basis.
Now using the reference element é C 97, we have for any constant d

/e(wj — Quw;)?ds < /e(wj —d)?ds = b /é(wj —d)? d3

=l ;= dl[ sy 2 hy 105 5y = By wslFn g
We used the trace bound, see [6], and Poincaré’s inequality for 7.

Finally, summing over all elements of the slave triangulation of 9, ;, we obtain

1/2

ij QmeHL2 Sm.j) '<h |wj|Hi(Qj)

Summing over all slaves d,, C I' ends the proof of the lemma.
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We now consider the case when h; > h;. Then as before, we have

[ s <11

u *
my ON on

U

0
- Qmafnﬂm(am,j)'

(llws = Quewill 25, + 105 = Qw2265

since Qnw; = Qnw;, see (3.3). The first and the third term are estimated as above.
We only have to deal with the second term. As before we obtain

[|wi — Qmwz’H%?((sm,j) = Z /(wz — Qew;)* ds,

: e
€ET£L (5m,j)

where (). is the same as in the first part of the proof. The sum over elements e such
that e is contained in one of element of h;-triangulation 7} (7,,;) can be estimated in
the same manner as above. Note that then w. is continuous. The problem is with the
remaining elements. Let e = [a,b] be a such element with the left end denoted by a,
the right end by b and let ¢ € [a, b] be an end of two joint elements of h;-triangulation
T} (Ym.i). We denote them as [d, ¢] and [¢,p]. Thus we have a € [d,c], b € [c,p] and
there is a jump of function w; at c. We denote the left value of w; at z as w!(z)
and the right one as w] (x), where x can be any of d, ¢,p. Then we define a constant
B =05 (w(c)+w(c)) and we have

c b
[Jw; — Qewi||%2(e) < fJw; — 5”%2(6) = /a (w; — ﬁ)Q dt +/c (w; — B)* dt.

We now straightforwardly calculate
b
/c (wi = B)* dt = hy [wi(c) —wi(e)|” + (hj/h7) [wi(p) — wi(c)* =

2
= hy Z |wil 1 7y
ceoT
The last sum is taken over all triangles 7 with the common vertex c¢. The norm over
ac is estimated in the same way. Summing over all elements e of the T} (,,;), we
obtain

1/2
< hy/ Wil 1 0

“wl - Qmwi‘|%2(57n,j) -

what ends the proof of this case. a
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3.3.2 Analysis of the approximation error

Let us turn to the best approximation error. The estimate of it follows from the
following result.

Lemma 3.3.8 For any function u € H}(Q) with wyq, € H*(Q), we have

N 1/2
inf  |u — o] @) = (Z hi, |U|§12(Qk)> :
veVvh k=1

Proof. Let v, be a continuous piecewise linear interpolant of u define by the values
of u at the vertices of all triangles of T}, (£2) - the hy triangulation of €. We have
O € Xp(Q4) and, see e.g. Corollary 4.4.24, p.109 in [3§],

hEQ ||U|ﬂ;c - 17k:||%2(9k) + |U\Qk - 6k|§{1(9k) = h‘i‘|u|ﬂk|%‘[2(ﬂk)‘ (3.13)

That function 0 = (01,...,0y) € X,(2) may not satisfy the matching condition
across the interfaces. To deal with this, we define a function w such that v = w + v
satisfies the mortar condition. To do it, we first determine w at nodal points of
Ai,k=1,...,N. Let w be equal to zero at all nodes associated with masters, i.e. in
A\ 35 051, and on the slave side of an interface Ty (in 65 ) be defined by

/ w ds = / (f]l — T)k)w ds Yy e Mflio((sm,k)a

5m,k m,k

where Mﬁ’i,o(me,k) is the test space defined on the slave triangulation of d,,,. We
next define w as discrete harmonic in the sense of (3.9)) in all subdomains. Then it is
obvious that v = w + ¥ satisfies the matching condition (3.3)). Thus we can deduce
that

lu—vlg1 ) < [u—"0|g1 @ + W1, @
The first term is estimated by ‘D hence we only need to estimate |w| L, (9)-

Let us consider one substructure and decompose wjq, as

W, = Y, Wk,

O, ks CON,

where the sum is taken over all slaves of € and w,,j is the function which is equal
to w in 657 ,, to zero at the remaining nodes of A and is discrete harmonic in €, as
in (3.9).
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Thus we deduce that

N
’w’Hl S Z wk|H1 (%) Z Z ’wm,k’%{i(gk)-

,kcaﬂk

We consider wy, ; for one slave 9,, , C € with the corresponding master 7,,; C 0.
From Definition |3.3.2| and (3.10)) follows that M?wm,k = I1,,,(0; — 0) on d,, . Then
by Lemmas [3.3.4] and [3.3.5, we have

(W k12 (0, = IMG = [T (01

6k)||Hééz(sz) =
= o= el gz ey, < M50 — “HHééQ(FM) e = Bll gz -

Using the trace theorem, see e.g. Theorem 1.5.2.1, p.42 in [71], combined with a
scaling argument on each element of the h; triangulation of I'y; and (3.13]), we obtain

150 — w2 + Rl — g = 0 ul 2y

We remind that o, is the local continuous piecewise linear interpolant of u defined
by the values of u at nodal points of T} (€;). Then an interpolation argument, see
e.g. Proposition 12.1.5, p.279 in [38], (as Ha)*(Tw) = [L?(Twi), Hy (Ta)]1/2) yields the
following estimate

||1~)l — u||HéO/2(Fkl) j hl|u|H2(Ql).

The HééQ norm of vy — u can be estimated in the same way. Finally, we get
|wm,k|H}L(Qk) = hl|u|H2(Ql) + hk|u|H2(Qk)~

Summing over the slaves 6, C 0€; and afterwards over the subdomains ends the
proof of the lemma. O

3.4 Additive Schwarz method

In this section, we propose a parallel method for solving the problem (3.5) arising
from discretization of the boundary value problem by the method described in
Section The method is designed and analyzed using the general ASM framework,
see Section [L.4
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Using this framework, the method is defined in terms of a decomposition of V"
into subspaces and projections on these subspaces in terms of certain bilinear forms.
We want to remind that we can straightforwardly develop another algorithm for solv-
ing the problem (3.5 - a multiplicative Schwarz method (MSM) based on the same
decomposition of the discrete space and the same local bilinear forms, cf. Section [1.4]

3.4.1 Description of ASM

For simplicity of presentation, we describe the method with the additional assumption
that the subdomains €2; are triangles and form a quasiuniform triangulation with a
parameter H, cf. [47]. We remind that the master sides of an interface I';; = v, =
Om,; is chosen according to the rule h; < hj;. This assumption is here necessary.

We first have to define a decomposition of the discrete space V*. We now introduce
nodal basis functions of the subspace VV*. We divide nodes that are not on slaves into
two sets, first of nodes of A, for any €2, cf. , and the second set of remaining
nodes. With each CR nodal point that is not on a slave side, we associate a basis
function which is equal to one at this point and zero at all CR nodal points that are
not in any 054 A basis function associated with a node of the second set is a standard
nonconforming nodal basis function, i.e. equal to one at the respective node and zero
at all remaining nodes. A basis function associated with a node of the first set is one
at this node, zero at remaining nodes except ones in any 55,?, where is determined by
the mortar condition, see , at nodes of each slave. In this way, a basis function
of the first set associated with a node of any A \ U5, can be nonzero not only at
this node but also at some CR nodes on one or two slave sides of substructures that
have a common side to €.

We first define a conforming coarse space denoted by V¥ = V;, the space of
continuous functions which are piecewise linear on the coarse triangulation and equal
to zero on 05, obviously Vi C V". We next define local spaces V;* associated with
subregions which have slaves as all their edges contained in I'. Let S denote the set
of indices of those subdomains. Then let v € V;® for i € S if u be locally in X, ()
and zero in all remaining subdomains. Here X,,(2;) is a subspace of X} (€2;) formed
by the functions which are equal to zero at all CR nodes of A;.

To define local subspaces V,, associated with masters, we introduce for each master
Ym.k & set of CR nodal points A, , which is a subset of Ay defined as follows. Let
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where
A%’k ={pe A\ 89%} :p € 0T and OT N Yy = e an edge for 7 € Ty()}.

We see that A, , contains CR nodal points which are either in 75 ;, or in QF J\9Qf
as midpoints of edges of triangles that have an edge on v, x, (cf. definition of Ay).
Note that those sets for two masters of €2, which have the common end can have
common points (near the common end of those masters). Then we can define a local
subspaces V},, associated with that master v, , C 0 as follows: let u € V,,, if

e is zero in Ay \ A, , for Q,

e is discrete harmonic in all substructures 2; that have a slave which is the com-
mon edge to €, and is zero in A; \ (5%} for those €25,

e is zero in all remaining substructures.

Thus we introduce the decomposition:

K
VE=Vo+>Y VE+ Y Vi,

€S m=1

where K is the number of all masters v, , C I'. It is easy to see that this decomposition
is properly defined. We now introduce bilinear forms defined on the these subspaces.
We set that all local bilinear forms for Vy, V* for © € S are equal to the original form

(2

ag(-,-) and for the master local subspaces we set that b,,(-,-) = ap;(-,-) where Q; is
the substructure such that ~,, is its master, i.e. v, C 0€);.

Let us introduce operators Ty, Py, k € S, and T,,,m=1,..., K, as
ap(Tou,v) = ay(u,v) Yo €V,

aH<Pku7 U) = CLH(U, U) Vv S Vksa
and
b (Trpu, v) = agy(u,v) Yo € V,.
Let
K
T=To+> P+ > T

€S m=1
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The problem (3.5) is replaced by
Tuy = gp, (3.14)

where .
=90+ DG+ D Im,

€S m=1
* s * *
9o = TOU}U g9, = Piuha Im = Tmuh

and wuj is the solution of (3.5). We ought to point out that these functions can be
computed without knowing uj .

The main result of this section is given in the following theorem.
Theorem 3.4.1 For all uw € V" we have
(14+1og(H/h)) %am(u,u) = ag(Tu,u) = ag(u,u),

where h = infy, hy,.

3.4.2 Technical tools

We first prove some technical lemmas which are used in the proof of Theorem (3.4.1

Lemma 3.4.1 For a master v,,; C 02; with its associated slave d,, ; C OS2 holds
|Uj’H;L(Qj) = ‘U’i|H}IL(Qi) Vu € Vi,
where V,, 1s the local subspace associated with the master vy, ;.

Proof. We first note that for v € V,, and p € 657, we have (€ = 4,, ;)

m,j,h?
(MEu;) () = ws(p) = (Quwy) (p) = (Qutts) (p) = (Is) (p), (3.15)
what follows from Definition , and .

By Lemma [3.3.5] we have

I
il ;) 2 ||Mjuj||Hé({2(5m7j)
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and then from Lemma [3.3.4] we get with the help of the operator II,,

(sl S IMGw = M MGl gz 3+ T MG will e s =
17 MGy = T M| 25, ) + MGl e
= iz 3 mIYE Wl L2 (0m,5) i P (6 g)
J

We have used an inverse inequality and Lemma |3.3.4 The second term is estimated
using the standard trace theorem, cf. Theorem 1.5.1.2, p.37 in [71], and Lemma [3.3.3]
The first term is estimated using (3.15)) and we have

1
ﬁ”-’\/liuj - Hmeui“%Q(am,j) = Z |Quti(p) — QuMEui(p)]* =
J

peém i

1 1 hi
= E||Qm(ui - M?“z‘)”%?(am,j) < o lui — Mf“z‘”%mm,j) = h; |Uz'|%{1(§zi)‘

J

The last inequality follows from Lemma[3.3.3] Using the assumption h; < h; ends the
proof of this lemma. O

In the next lemma, we state a Sobolev like inequality for nonconforming finite
element functions. It directly follows from a Sobolev like inequality for conforming
P, functions, e.g. see Lemma 7, p.170 in [20], and the properties of M;, cf. Lemma
0.0. 2l

Lemma 3.4.2 For a function u € X, () holds

1
[Ty = (1 + log(Hy/hy)) <H]3||UIliz(Qk) + IU|?{;(Qk)> )
where Hy, is the diameter of ().
We now introduce an auxiliary function associated with each master.

Definition 3.4.1 Let 0,,, be discrete harmonic in the sense of i all substruc-
tures and equal to

° l at points of .Aymk (Us;ém A’Ys,k);

o onein A, \ (Uszm Ay, ),
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e zero at all other CR nodes of Ay and of Aj\5l?f;l for j # k, where 0, is a slave
that is the common edge to Qi and €;.

Note that 6, can be nonzero only in € and in {2; that have the common edge to
Q.

The next lemma states one property of 6, .

Lemma 3.4.3 Let for u € V" define u™* as a function equal to IS%(0,, xu) in A;,
for3=1,..., N, and discrete harmonic in the sense of in all subdomains. Then

m m 1
ah’k(u 71‘37 u 7k) j (1 + ].Og(Hk/hk>>2 {]_12 ”U’H%Q(Qk) + ‘uﬁ{;lb(Qk)} N
k

where Hy, is the diameter of Q. and IS is the pointwise interpolant at CR nodes.

In the proof of this lemma, similar ideas to those of the proof of Lemma 4.5,
p.1676 in [60], are used. The seminorm |u™* (2 can be estimated by constructing
a special function which is equal to «™ in A, and for which our estimate is done and
by noting that the discrete harmonic function has minimal energy.

3.4.3 Proof of the main theorem

We now give the proof of Theorem [3.4.1

Proof. Using the general ASM framework, we have to check three key assumptions
specified in Theorem in Section (1.4

Assumption (i)

We want to prove that there is a positive constant ¢ independent of h; and H such
that for all u € V" there exist functions u, € Vy, u; € V:? and u™ € V,, such that
U= Uy + D jeq Ui + zﬁzl u™ and

ap(ug, up) + Z;gaH(ui,ui) + Z_l b (U™, u™) < ¢ (14 log(H/h))ap(u,u). (3.16)

We first select ug € Vo = VH by making ug(z,) = (1/N,,) > u;, where x, € T is
a crosspoint. Here the sum is taken over the subdomains that have z, as a vertex,
N,, is the number of such subdomains and %; is the average value of u over €2;. Let
w = u — ug. We now decompose w as

w = Hw + Pw,
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where
N N
Hw:ZHiw, Pw:ZPiw.
k=1 k=1

H,w, Pw are defined as in (3.9 and extended as zero onto other substructures. We
simply define for i € S

u; = Pyw.
We next decompose Hw as
K
Hw = Z o™
m=1
where v™ € V,, is defined as equal to I¢T(60,, yu) in A;, for j =1,..., N and discrete

harmonic in all subdomains. Then we can define ©™ € V,,, as
u™ =v"+ (1/N(k)) Pyw,

where N (k) is the number of masters v, C 0. Note that

K
u:u0~|—w:u0+2u,~+2um.

€S m=1

We first estimate ag(ug, ug) as

N

N
ar(uo,u0) = Y [uo — il o) jz Z o () — W|?,
k=1 k=1 x,€00

where the second sum is taken over vertices of €2;. Then we consider |ug(z,) — T|?

and have
o (z,) — g |* < Z . — i,
i#k
where the sum is taken over all subdomains that have x, as the common vertex.

Using the fact that the average values of u € V" over a master 7,,; and a slave
0m,; that occupies geometrically the same place, are equal to each other, since @, u; =
Qmu;, see , and Poincaré’s inequality for nonconforming elements, see Lemma 5,
p-392 in [I00], we obtain

ay (ug, ug) < Z |ui|§1}b(9¢) < apg(u,u). (3.17)
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We now note that for a master ~,, C 02
b (u™, u™) R ap(Pyw, Pyw) + api(v™,v™).

Thus

K N K
Z by (U™, ZaH Uiy U;) = Z (Pyw, Pow) + Z ahjk(vm’k,vm’k).
m=1

m=1 €S k=1

The first sum can estimated as

=

N
Z aH(Pkw,Pkw Z {CLH Pkuo,Pkuo) + aH(Pku Pku)} <
k=1 k=1

< ag(uo, uo) + ag(u,u) = ag(u,u).
We have used (3.17) and the fact that P, is the orthogonal projection in terms of
ank(-, ). We next estimate the seminorm of v™* over Q4. At nodes of A we have

B = I (O (w0 — W) + 15 R (O e (W — ).

Those functions are extended onto slave sides by the mortar condition and further as
discrete harmonic. The seminorm of the second function we estimate by Lemma [3.4.3
and Poincaré’s inequality for nonconforming elements. The seminorm of the first one
can be estimated using Lemma [3.4.3| and (3.17)). Thus we have

ank (V™0™ < (1 +10g(H/h))2|U|?{;(Qk)-

Summing over all masters yields the desired estimate.

Assumption (iii)
We notice that w = 1 for Vj and V;®, i € S, since we have set ag(-,-) as our local
bilinear forms for these subspaces. We now estimate w for V,, ;. We want to prove
that

apg(u,u) = by (u,u) Yue V.

Let w € V), for a master 7, C 0€. This function is nonzero only in the sub-
structures which have a slave that is the common edge to 2. We first estimate the
seminorm over §; one of subdomains such that 9Q; N0, = 0s; = T, # Vs BY
Lemma and an inverse inequality, we have

1
[usliey) = MGl ey = 1/2 IMFullz2,,,) = (X T (P)*)2

CR
55]h
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Here €& = 9, ;. Then by (3.15]), we have
uilbio,) 2 2 1Qmu(P)F = 3 |Qmur(p)* <

CR CR
PEI S PEISh

1 1 1
= g NQmuelliay,) = 7 ol = 5 22 ez,
! I 7 eET}If('Ys,k)

Note that uy can be nonzero only in few elements of the h;, triangulation of s, (near
the common end to v, ), and that

ue(p) =0, p €Y, (3.18)

what follows from the definition of V, ;. Since wy, is linear over each segment e that is
the edge of 7 an element of T}, (£2;) the hy, - triangulation of 2, we have |—i| J.urds =0

what follows from (3.18)). Then using the trace theorem, the Poincaré’s inequality for
each e and a scaling argument, we have

\W‘?{}L(Qj) = (hi/hy) |uk’§{é(9k) < |Uk|§{}{(9k)-
We have used the assumption that h; < h;.

Finally, the seminorm over the subdomain €; such that 9Q; N Oy, = §,,, = Von ke
can be estimated from Lemma by the seminorm of u over 2.

Assumption (ii)
It is satisfied as functions from V;,, and V,° have local supports. O

3.4.4 Implementation

In this subsection, we briefly describe an implementation of our method. For simplic-
ity, we present our method in terms of Richardson iteration, while in practice a CG
method is used.

K
=t — 7 {T(W") — gt =u" =7 {rg + > P+ > i}
€8 m=1

where 7 is a properly chosen parameter, rj = Ty(u" — u}), r* = Pj(u" —u}) fori € S

g

and r* = T,,(u" — u}) for each master ~,, C T, cf. (3.14]).

Algorithm 3.4.1 o Let u® € V" be arbitrary.
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o Forn =0 until convergence,
— Compute ry = To(u"™ — uy), solving
ap(ry,v) =ag(u",v) — (f,v) Yv eV
— Compute 17 = Py(u" — uy) fori €S, solving
ag(ri’,v) =ag(u",v) — (f,v) Yv eV,
— Compute 7 = T, (u™ — uj,) for all masters 7, CT', solving

b (17, 0) = ag(u”,v) — (f,v) YveV, (3.19)

m?
— w7 (1 Ties T Ty )

o findn.

The r{f and 77,7 € S can be computed in the standard way. We now briefly discuss the
case of r, for a master v, C 0. The right-hand side of is a sum of integrals
over {2 and over the substructures which have slaves that are common edges to ).
From the definition follows that v € V,, is discrete harmonic over those subdomains
and therefore the right-hand side of has to be computed in a special way, see
p.101-110 in Chapter 4 from [20]. After solving (3.19), we obtain the function r?,
locally over €1, then sets its values over each slave d;; = v and further its

values at the nodes of QJC}IL% \ A; are determined by the values in 5leRh as ry, € Vi, 1s

discrete harmonic in €, in the sense of (3.9), and zero in A; \ 5lcﬁ, of. [20].

3.5 Numerical Experiments

In this section, we present some preliminary results of numerical experiments. We
carry out a few numerical experiments to test the error estimates and then some to
test the convergence our method. Our algorithm has been implemented in PETSCs
2.0 (the Portable, Extensible Toolkit for Scientific Computation) in C on Sun Sparc
Workstation. The region €2 is the rectangle (0,2) x (0,1) divided into two adjacent
unit squares. Each substructure € is divide into a grid of smaller squares. These
small squares are then divided into two triangles by drawing the lines from bottom
left to top right. The meshes do not match on the interface. We assign the right side
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of the interface as a master one and in our tables we denote the number of unknowns
of the subspace of the right subdomain as N,, and the one of the left one as N,. h,,
is a diameter of the small triangles in the right (master) subdomain and h; is the
parameter of the mesh of the left (slave) substructure.

Table 3.1:  Accuracy tests.

=0 hs  hm H? L’

I=0| 1/5 1/6 0.1962 0.0257

I=1] 1/10 1/12 9.7585D-02(2.01) 6.13813D-03(4.19)
=2 | 1/20 1/24 4.8734D-02(2.00) 1.50103D-03(4.09)
=3 | 1/40 1/48 2.4360D-02(2.00) 3.71052D-04(4.05)
=4 | 1/80 1/96 1.2179D-02(2.00) 9.22363D-05(4.02)
I=5|1/160 1/192 6.0893D-03(2.00) 2.29932D-05(4.01)

We first compute the unknowns of the solution of the inner nodes of the left
subdomain and then compute the values of the remaining unknowns (of the right
subdomain) by CG method using as a preconditioner the exact solver over the right
(master) substructure, i.e. we use a preconditioner of Neumann-Dirichlet type, see
p.112-116 in [20]. We first perform a few numerical experiments to support the ac-

Table 3.2: hg = 0.1 constant

N,, Ns  hy/hs No. of iteration
1180 280 1/2 6
10740 280 1/6 6
29900 280 1/10 6
76640 280 1/16 6
119800 280 1/20 6
287990 280 1/30 6

curacy theory developed in the Section 3. In this accuracy tests, we assume that the
exact solution u* has the form

u(x,y) = sm(%:p) * sin(my).
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We denoted by u = (u1,u) € V" the computed solution. Let I, ,gR be the pointwise
piecewise linear interpolation operator in X (£2;). The error we report in Table is

Table 3.3: h,,/hs constant

N, N, No. of iteration
1180 280 6
4760 1160 8
10740 2640 8
19120 4720 8
76640 19040 8
119800 29800 8

defined by e = (e1, e2) = (I Fu* — wy, If'u* — up). The norm L? and the seminorm
H} are used to measure the error. In the first initial test, we take hy, = hy = 1/5 and
hm = hy = 1/6. Then in the following tests the refinement is done by cutting each
triangle into four equal triangles. We use [ to denote the level of refinement. The

Table 3.4: h,, = 0.1 constant

N,, N, hm/hs No. of iteration

290 2640 3 10
290 7400 5 10
290 14560 7 11
290 29800 10 11
290 67200 15 12

results are summarized in Table [3.1] In row [ the number in () is the ratio of the
error in row [ to the one in row [ — 1. One can see that the error in H} seminorm is
of first order.

In the next tables, we present the results of the experiments in which we test the
convergence of our Neumann-Dirichlet method and its dependence on the ratio of
parameters. In Table [3.2] we set the value of N, and increase N,,, thus the ratio of
h.,, to hs diminishes. In Table 3.3, we present the experiments in which we set the
ratio of h,, to hs to 1/2 and increase the number of unknowns.
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The results show that the method for two subdomain is independent of the number
of unknowns and the ratio of h,, to h, if h,, < h,. In Table we presents the results
of the experiments in those we check if the assumption h,, < hy is really necessary
(cf. Lemma . We set the value of h,, and decrease h,. The results show that
the number of iterations may be independent or weakly dependent on the ratio of A,
to hs what implies that the choice of the mortar side of an edge may be arbitrary.
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4.1 Introduction.

In this chapter, we study certain mortar element methods for the clamped plate
problem. For our knowledge, there are no results concerning such topics. Belhachmi
[8] discussed the mortar method for the biharmonic problem, but his results concern
only the case of local spectral discretizations. He carried out the error analysis for
that case only.

We consider locally the conforming bicubic element, the reduced Hsieh-Clough-
Tocher (HCT) and the Hsieh-Clough-Tocher macro elements, cf. [48], and the non-
conforming Adini and Morley finite element methods. We present the error analysis
for all these discretizations and discuss some methods for solving the discrete prob-
lems. We restrict ourselves to the geometrically conforming version of mortar method,
i.e. the polygonal domain 2 is divided into polygonal subdomains €2; which form a
coarse triangulation: the intersection of two subregions is either the empty set, an
edge or a vertex.

We first introduce independent local discretizations of one of the five types men-
tioned above in all subdomains. The 2-D meshes of two neighboring subregions do not
necessarily match on their common interface. Then the mortar technique for plate
problems which we present here requires the continuity of the solution at the vertices
of subdomains and that the solution on the two neighboring subdomain satisfies two
mortar conditions of the L? type. Those conditions depend on the local discretization
methods.

For the locally conforming methods (i.e. bicubic, HCT and reduced HCT), the
mortar conditions on the common edge of two subdomains are equivalent to the
equality of the L? projections on two mortar spaces of the solutions and of the normal
derivatives of the solutions on these two subdomains. The mortar spaces defined on
the common interface depend on the local discretization methods.
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For the two nonconforming methods (i.e. Adini and Morley elements), the mortar
conditions are of the same type, but additionally involve some interpolants which
are defined locally on each interface. One of the reason of the introduction of these
interpolants into mortar conditions, for Adini and Morley mortar methods, is the fact
that the respective traces of local functions depend also on the values of degrees of
freedom at interior nodal points.

We have for the cases of conforming local discretizations that there are degrees
of freedom at each vertex which are associated with some derivatives of the first or
even second order. Because we do not assume continuity of partial derivatives at
the vertices of the substructures, the mortar element functions will not, generally, be
C' continuous over € and therefore they will not be in the space H?(f2), even if the
meshes match across the interface between two adjacent subdomains.

We propose four parallel methods for solving some of discrete problems. These
algorithms are described as additive Schwarz methods (ASM), see Section [L.4] (cf.
also [20], [64] or [60]). All these methods, except one, are of iterative substructuring
type. They are applied to the Schur complement of respective discrete problems, i.e.
interior variables are first eliminated using some direct methods.

There are many iterative methods for mortar finite elements for second order
elliptic problems, e.g. see [1], [2], [4], [3], [5], [43], [44], [58], [57], [83], [80]. For iterative
substructuring methods for plate problems with globally conforming or nonconforming
discretizations defined on one global triangulation of 2, we refer e.g. to [39], [82].

The first two methods, described in Sections [4.5.1] and [4.5.2] are designed for
mortar methods with local HCT or reduced HCT discretizations and are based on
analogous decomposition of the discrete space. The first method is of iterative sub-
structuring type and the second one is not. In the definition of both methods, we
represent a discrete space as a sum which consists of a coarse space, local one dimen-
sional spaces associated with degrees of freedom of order one at vertices of subdomains
and of certain local spaces associated with interfaces. The difference lies in the fact
that the first method is of iterative substructuring type, but the second one is not.
Additionally, the second method uses a nonstandard outer coarse grid. Therefore, we
have to introduce a special interpolation operator which maps the coarse grid onto
the mortar discrete space.

The next method is of Neumann-Neumann type, cf. [82], [64]. The origin of the
Neumann-Neumann algorithms can be traced back to the work of Dihn, Glowinski and
Périaux [54]. These algorithms have been developed further by a number of French
scientists in particular Bourgat, Le Tallec and Vidrascu [23], De Roeck and Le Tallec
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[53] and Le Tallec, De Roeck and Vidrascu [81].

Our Neumann-Neumann method is designed for mortar methods built on the de-
composition which satisfies one additional condition: we assume that it is possible
to choose master edges of substructures in such way that each subdomain has all its
edges either as masters or as slaves. This assumption is due to the property of func-
tions in discrete spaces built by the mortar method. Namely, if we have the common
interface of two subdomains with master v, , C 92, and slave 9,,; C 0, then some
norms over this interface of trace T'r wuy;,,, can be bounded by the respective norms
of T'r ugy,, ., but not vice versa.

m,l

This Neumann-Neumann method is based on the modified abstract scheme of Le
Tallec, Mandel and Vidrascu [82] and can be applied for mortar methods with all
conforming local discretizations.

The last method, presented in Section [4.5.4] is the adaptation of the first method
to the case of the mortar method with locally nonconforming Adini discretizations.
We distinguish this case because the analysis requires special coarse grid and technical
tools necessary to overcome some technical difficulties which are due to the local non-
conformity of the solution.

All methods presented in this chapter are almost optimal, i.e. the number of
iterations required to decrease the energy norm of the error by a conjugate gradient
method is proportional in each case to (1 —Hog(%)). Here H and h; are the parameters
of the coarse decomposition and the fine triangulation on §2;, respectively, and h =

The outline of this chapter is as follows. In Section[d.2] we formulate the differential
problem and discuss the mortar element methods for different locally conforming and
nonconforming discretizations. We also consider the problems of the existence and
uniqueness of the arising discrete problems. In Section [4.3] we prove the ellipticity of
discrete bilinear forms over mortar discrete spaces and in Section [£.4] we state and
prove the error estimates of the mortar elements methods introduced in Section |4.2]
Finally, Section is devoted to parallel algorithms of solving discrete problems.
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4.2 Discrete problem

4.2.1 Clamped plate problem

Let Q be a polygonal domain in %?. The differential problem is to find u* € HZ(Q)
such that
a(u*,v) = /va dr Vv € H3(Q), (4.1)

where u* is the displacement, f € L*(Q2) is the body force,

a(uv U) - /Q [AUAU + (1 - V) <2u11$2U$1$2 = Ugyz1 Vo — urzmzvrlm)] dr.

Here
H}(Q)={ve H*(Q): v=0,0=0 on 09},

9%u
Ox;0x;
The Poisson ratio v satisfies 0 < v < 1/2. The Lax-Milgram theorem, utilizing
the continuity and ellipticity of the bilinear form a(,-) yields the existence and the

uniqueness of the solution, see e.g. [38] or [47].

0, 1is the normal unit derivative outward to 02, and Ugse; = for i,5 = 1,2.

Assumptions: Let €2 be a union of non-overlapping polygonal subdomains that are
arbitrary for the Morley, reduced HCT and HCT elements and rectangles for the
bicubic and Adini elements, i.e.

N
QZ ng with Qkﬂlew, ]{?7&[
k=1

We assume that the intersection of boundaries of two different subdomains 0€2;, N
O, k # 1, is either the empty set, a vertex or a common edge. Thus {4} forms
a decomposition of 2 that we call the coarse triangulation with a parameter H =
maxy, Hy,.

We assume the shape regularity of that decomposition, cf. Section

We triangulate each subdomain €2 into nonoverlapping rectangles for bicubic and
Adini elements and into triangles for Morley, reduced HCT and HCT methods. The
rectangles (or triangles) of this triangulation are denoted by 7; and called elements.
We assume that the arising fine triangulation 7},(€2;) is quasiuniform with parameter
hr = max( diam 7) for 7 € T,(€), cf. [38]. We also introduce additional notation.
Let the set of all vertices of elements of the triangulation of €, Q, € and £ be
denoted by Q p, ﬁk’h, 0, and &y, respectively. Here £ is an edge of a subdomain.
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4.2.2 Bicubic element

In this subsection, we present a mortar method for plate problem with locally bicubic
element, known as the Bogner-Fox-Schmit rectangle, see [22] and Figure [4.1]

The local finite element space X (§2,) C HZ(S,) is defined by
X2 () ={veC' () : v, € Qs(r) and v=20,0=0 on I NN},
where HZ(Qx) = {v e H*(Qx) : v=20,0v=0 on 0 NIN}.

.4

.
.

Figure 4.1: Bicubic element.

L

The degrees of freedom of the bicubic element are given by

{v(P), Ve, (D), Vs ()5 Va1 (P) }

where p is a vertex of an rectangular element, see Figure [4.1], and a bullet means the
value, circle the gradient and an oblique arrow the mixed derivative of a finite element
function.

To define a mortar finite element method, we introduce some notations and spaces.
Define a global space

X2(Q) = X7 () x ... x X () C [] HE ()

k=1
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and

I ={Joo\ on.
k

Let I'y; denote a common edge to €2, and €2;. Each interface I'y; = 92 N 0€2; has two
sides corresponding to 2, and to ;.

We now select an open side of I'y; and name it as master (mortar) and denote by
Ymk if it is a side of 9. The side of I'y; belonging to 9 is the slave (nonmortar)
and is denoted by 0y, Thus we have I' = U, cr V- Let W(I'y) be the subspace
of C* continuous functions that are piecewise cubic on the 1-D hj-triangulation of I'y,
inherited from the 2-D hj-triangulation of 2. Note that on I'y; = v, = Oy there
are two 1-D triangulations and two different spaces W (v,, ) and Wi (5,,,).

Let Mlh L(6mi) denote the subspace of W (4,,;) formed by functions which are
piecewise linear on two segments that touch the ends of I'y;, i.e.

Mlhfg((SmJ) ={v e C'(6my) : v € P3(e) for eNdly =10 (4.2)

and v, € Py(e) for enoly # 0},

where e is an edge of an element of T}, (2;) belonging to d,,;. Note that, actually, for
interfaces with one end touching 0f), we have Mfg(dml) ¢ Whi(5,,,) since for any
function v € Wh(4,,,), we have v(p) = v'(p) = 0 for p = QN §,,;. We say that
up € XP () and u; € XP () on 9O, N Oy = Ty satisfy the mortar conditions if

/5 (g — w)yry ¥ ds = 0 b € MP(6,) (4.3)

and
/5 (Dt — Buwr) gy, & ds =0 Vb € ML (5,). (4.4)

We now define the discrete space VP as the subspace of X2 (Q) formed by func-
tions which satisfy the mortar conditions (4.3)) and (4.4) and are continuous at all
crosspoints, where a crosspoint ¢, € I' is a common point of some substructures.

Remark 4.2.1 For each interface I'y; with the master (mortar) Y and slave 0,
and any uw € V;P, the trace Trys,, w is determined by Ty, w, and the values of degrees
of freedom of w; at ends (which are also vertices of substructure §;) of this slave 6, .
Note that by the assumption, u, = u; at the ends of I'y;. Here T'ric, vy, = (U|Ck, Vv|ck)
and Cy, 1s O, or I'y;, an edge of substructure .. T'ric, vy is defined in a similar way.
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The discretization of (4.1) using V;? is of the form:
Find uf € V;P such that

ap(uf v) = /va dr Yve VP,
where ay(u,v) = S0, an(u,v) and

ap(u,v) = Y / [Aulv + (1 — 1) (2tay2y0s10,

TeTh(Qk) T

—Ugyz1 Vzozy — umxzvmm)] dz.

By calculations, cf. e.g. (5.9.2), p.143 in [38], we get

laz (u,0)| < (L+v)|ulug@vlng @ Yu,v € X3 (Q)

and
am(u,u) > (1= v)|ulfp o Yue€ X7 (Q),

where

N N

2 2 2
|U‘H?{(Q) = Z |U’Hg(9k) = Z Z |U|H2(T)

k:1 k‘:1 ’TGTh(Qk)

and

ol = [0, + 208, +0%,,,) do.

87

(4.6)

(4.7)

The form ag/(-,-) is positive definite over V;Z since ay(u,u) = 0 implies that u is
linear in all €2, and from the mortar condition follows that w linear in 2. Then the

boundary conditions yield v = 0. Thus we have

Proposition 4.2.1 The problem has a unique solution.

The nodal basis

Here we introduce a nodal basis, and present a matrix form of the discrete problem.

We divide sets of nodes into the following three groups:

e all nodes interior to the substructures,
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e all nodes interior to the masters,

e all nodes of vertices of subregions except those on 0.

We associate a basis function with each respective degree of freedom (nodal values)
at each node of these sets, i.e. if # € Q) is a nodal point in one of these three sets
and « is an admissible multi-index, (here for bicubic element the set of admissible
multi-indices is the following one {(0,0), (1,0),(0,1),(1,1)}), then we define a basis
function ¢f , as follows:

P (y)=1 for f=a and y=uz,
P (y)=0 for B#a or y#u,

where y is an arbitrary nodal point of one of these three sets.

Note that ¢, is properly defined, i.e. the values of degrees of freedom of ¢f , at
all nodal points are uniquely determined: at nodal points which are vertices or are
interior to subdomains as zero or one (the value of « degree of freedom at ) and at
nodal points on a slave (nonmortar) 4, by the values of degrees of freedom at ends
of this slave and at nodal points of its associated master v, by the mortar conditions

and (4.4)), cf. Remark [4.2.1]

We now describe these basis functions in a more detailed way.

The functions corresponding to degrees of freedom at nodes in the interiors of the
substructures are standard nodal basis functions as in the conforming finite element
discretization of plate problems, cf. e.g. p.77 in [47].

A basis nodal function associated with an a degree of freedom and a node x interior
to the master 7,,;, can be defined as follows. The value of its o degree of freedom
at x is one, the values of remaining degrees of freedom at this node are zero and the
values of all admissible degrees of freedom at the remaining nodes defined above are
also zero. The values of respective degrees of freedom of this basis function at the
interior nodes of slave d,, ; = ¥, ; are determined by the mortar conditions and
(4.4), with zero values of respective degrees of freedom at the ends of 4, ;.

We now define basis functions associated with the degrees of freedom at vertices
of the substructures. We first define basis functions that correspond to multi-indices
of length greater than zero. Let ¢, be a crosspoint, i.e. ¢, is a common vertex of four
substructures, i.e. ¢, € ﬂi:l 0€2;,. The set of indices of substructures {§;, }r—1234.
we denote by N(c,). Note that Vv and vy, for v € VP can be discontinuous at ¢,
(only the value of a function is continuous at a crosspoint by the definition of V;B).
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Thus we can distinguish between the vertices of all subdomains €, for k& € N(c,)
despite the fact that these vertices occupy the same geometrical position of ¢.. The
set of these vertices we denote by V(¢,). We also denote by V() C I' the set of
vertices of Q, NT and introduce V := Up_, V().

Let o be a multi-index of length greater than zero, i.e. |a| > 0 and v; € V(c,)
be a vertex of ;. Then ¢f, , a basis function associated with a and v; € V(c,), has
0“5, (vs) equal to one. All remaining degrees of freedom are zero at v;, at all other
vertices of V, and at all interior nodes of all substructures. We now define ¢f', on I,
i.e. on all masters and slaves. There are three possible situations: the vertex v; can
be the common end of two masters v, ; and 7, ;, the common end of two slaves d;;

and dy,;, or the common end of a slave d,; and a master v, ;.

In the first case, Try,, ,¢f,,
(u, Vu)) of a standard nodal function corresponding to the multi-index « and to v;,
i.e. the one with a degree of freedom equal to one at v; and all other admissible
degrees of freedom at v; and all degrees of freedom at the remaining nodes of the both
masters equal to zero. On slaves 0, = 7,; and 6, = 7,4, the traces (in the sense
of the triple T'r) of this function are determined by the mortar conditions and

(4.4]) with all degrees of freedom equal to zero at the ends of ¢,, and 9,,, respectively.

and T'ry,,, 5, are the traces (in the sense of Tru =

i i,vi

In the second case, the traces T'r|,,¢7,. and T, ¢f, are zero and the traces on d;;
and 0y ; are determined by the mortar conditions with the o degree of freedom equal
to one at v; and all remaining degrees of freedom at v; and all ones at the other ends
of d;; and d,; equal to zero.

In the last case, T'r,,,¢f,, is equal to the trace of the respective standard nodal
function and on slave ¢, = v, is defined as in the first case while on the slave d,; (and
¥s = 0s,) is defined analogously to the second case. In all cases, T ¢¢, is zero on the
remaining masters and slaves.

As functions in V;Z are continuous at crosspoints, we have to consider only one
basis function that corresponds to the multi-index o« = (0,0) and a crosspoint ¢,
which is a common vertex of four subdomains. We denote this function by ¢£2’0). On
each master ,,; which have ¢, as one end, T'r ngffij) is equal to the trace of standard
nodal function which corresponds to the h; triangulation of this master and to the
multi-index (0,0) which denotes a degree of freedom at ¢,. On each slave, its trace
is determined by the trace on respective master, mortar conditions and the values of
admissible degrees of freedom at ends of this slave in the same manner as above.
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It is obvious that all those functions form a basis of the space V;Z, i.e.

Vil =325 > span{o}, ),

k=1 @ [e%

where the sums are taken over all subdomains €2, all respective nodal points of those
three sets corresponding to €2, and admissible multi-indices.

Let the solution of 1} be represented as uf = SN | > S ufkam L with e =
9°uy’y,(x). We next introduce a symmetric, positive definite matrix A and a vector f
by

k ’
A={a lcx,l7y}l ywﬂa and f = {fi,gy}l,y Bs

where ak vy = an (9 ., ng ,) and s v =9 y)LQ(Q) Here and below, if u is a function
in V,2, then u denotes the vector representation of u in terms of the nodal basis, i.e.

if u=3,q ug ,O% ., then u = {ugw}

Utilizing this notations, we can rewrite the problem (4.5) as the following system
of linear equations
Au? =f. (4.8)

Utilizing Corollary .31} see below, and an inverse inequality, we can obtain a bound
of the condition number of the matrix A, i.e.

Proposition 4.2.2 If we assume that h; < h;, for an interface T';; = 9Q; N0, then
cond(A) < h

where h = infy, hy.

4.2.3 Adini element

In this subsection, we introduce a mortar method that locally uses the Adini element,
cf. [7] and Chapter 7, Section 49, p.298 in [48]. The local finite element space X71(£2)
of Adini element is defined by

XiHQ) = {v € Lo() : v, € P3(7) @ span{atas, 123} for 7€ Th(),

U, Ugy, Ugy continuous at the wvertices and

v(a) = vy, (a) = vy,(a) =0 for a vertex a € 00 N 0N},
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L L)

O O

Figure 4.2: Adini element.

where 7 € T),(£2;) is an rectangular element, cf. [7] and Figure [1.2]

The degrees of freedom of the Adini element are given by

{v(P); va, (P), vy ()} 5

where p is a vertex of an element, cf. Figure [4.2

As in the previous subsection, we introduce the global space X7(2) with the same
local bilinear forms ap(-,-) and the same global form ag(-,-). For each interface
Iy = 0Q, N 0L, we choose one side as a master denoted by v, C 0 and the
second one as a slave d,,; C 0€; if hy < h;. This assumption is necessary for the
proofs of some technical results and is due to the fact that any local finite element
function is not sufficiently regular, cf. Section and Section [4.5.5]

We introduce additional auxiliary spaces on each slave (nonmortar) d,,. Let the
first one denoted by M{I;é(ém,l) be the space introduced in the previous subsection, i.e.
C'! smooth functions that are piecewise cubic except for two elements, that touch the
ends of slave, where are piecewise linear, see . We now define a class of spaces
for all positive integer, cf. [9]. In this subsection, we need only the space with index
s = 1, but later we will also need the one with index s = 2. Let the space denoted
by M&g(éml) be the space formed by continuous functions that are polynomials of
degree s over each element of the h; triangulation of 6,,; except of two elements which
touch the ends of this slave and on these two elements functions from this space are
polynomials of order s — 1. Thus Mézfl(émyl) is the space of continuous piecewise linear
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functions which are constant on the two elements which touch the ends of the slave

Om.j-

We say that u, € X7*(Q;) and u; € XA(€) for 9, MO, = 'y, satisfy the mortar
conditions if
/ (u, — w)p ds = 0 Vap € MP(6,0,), (4.9)

m

/ (Ihk(?nuk — Ihlanul)@/z ds =0 \VIQ,D € M&ll(&n’l), (410)

where I}, , I, are the standard piecewise linear interpolants onto the h; and hj, meshes
of 0,,; and 7, x, respectively. Note that [j,,0,u;, for i = k,[, equals the trace of the
piecewise bilinear interpolant defined over €2; by the values of 0,u; at the vertices of
rectangular elements of T3 (€2;).

We now define the discrete space V4 as the subspace of X;'(Q) formed by func-
tions which satisfy the mortar conditions (4.9) and (4.10) and are continuous at all
crosspoints.

The discretization of (4.1)) using V; is of the form:
Find u;' € VA such that

ap(ui,v) = /va dr Vv e Vit (4.11)

The form ay(-,-) is positive definite over V;* what follows from the fact that
ap(u,u) = 0 implies that u is linear in all rectangles of €, then from the continuity
of u, Uy, , uy, at all vertices of (), follows that u linear in €2 and from the mortar
condition follows that u linear in €2. Then the boundary conditions yield © = 0. Hence

Proposition 4.2.3 The problem has a unique solution.

As in Section [1.2.2] we can introduce a nodal basis, i.e. with each degree of freedom
at all nodal points which are not in 92 or in any slave d,,, we associate one nodal
basis function. Then we can rewrite the discrete problem into a system of linear
equations. If we additionally assume that h; < h;, for an interface T';; = 99, N 9Q;,
we can see that the condition number of the resulting matrix is bounded by Ch™*,
where h = infy hy and C'is a positive constant independent of any h; and the number
of subdomains.
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4.2.4 HCT and reduced HCT methods

In this subsection, we introduce two mortar methods the first one that locally uses
the reduced Hsieh-Clough-Tocher (HCT) macro element, cf. Chapter 7, Section 46,
p.285 in [48], and the second one that uses the Hsieh-Clough-Tocher (HCT) macro
element, cf. [49] and Chapter 7, Section 46, p.279 in [48]. The local finite element
space XH () for HCT element is defined by, cf. Figure [4.3]

X7 (%) ={veC (%) : v, € P(r;), for triangles 7, i=1,2,3,
formed by connecting the vertices of 1 € Tj(Q)

to its centroid, v = 0,v =0 on 0Q N ON}.

The local finite element space of reduced HCT element denoted by X/ () is a
subspace of X#(€2,) defined by

XM () = {v e X[ (Q) : Ov)e € Pile)

for any side e of a triangle T € T(Q)},
cf. [49], [48] and see Figure [4.3|

|

Figure 4.3: HCT and reduced HCT macro elements.

The degrees of freedom of the reduced HCT element are given by

{v(P); vy (P); vy () }
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and of HCT element
{v(p), V2, (P); vy (P); Onv (M)}

where p is a vertex of an element and m the midpoint of an edge of an element, cf.
Figure 4.3

As in the previous subsection, we introduce the global spaces X/ (Q) and X} (Q)
with the same local bilinear forms ay (-, ) and the same global form ag(-,-). For
each interface T'y; = 9, N 0, we choose one side as a master (mortar) denoted
by Ymr C 0€y and the second one as a slave d,,; C 0. Here the choice of the
master side is arbitrary. The test spaces Mﬁg(5m7l), M&ll(cSmJ) and M&g(ém,l) are the
auxiliary spaces defined over a slave d,,; introduced in the previous subsection, i.e.
e.g. M&g(&m,l) is the space of continuous piecewise quadratic functions which are
linear on the two elements which touch the ends of the slave d,, ;.

We say that uy € XFH(Q) and w; € X/ () (up € X () and v; € X (L))
for 0, N Oy, = I'y;, satisfy the mortar conditions if

/6 (g — w) ds = 0 Vb € MPY(6,01) (4.12)

m

for both reduced HCT and HCT methods, and
/5 (Ot — D)t ds = 0 Vb € ML (6,0)) (4.13)
in the case of reduced HCT method, and

/5 (O, — Oyur ) ds = 0 b € MP(3,) (4.14)

m

in the case of HCT method.

We now define the discrete space V' as the subspace of X/ (Q)) formed by
functions which satisfy the mortar conditions and and are continuous
at all crosspoints, and analogously the discrete space V}/ as the subspace of X/ (Q2)
formed by functions which satisfy the mortar conditions and and are

continuous at all crosspoints.

The discretization of (4.1) using V7 (or V;H) is of the form
Find vl*f € V;BH and uff € V} such that

ap(upi? v) = /va dr v e VR, (4.15)
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ag(ufl v) = /va dr Yv e V. (4.16)

The form ag(-,-) is positive definite over V;F# and V¥ what follows from the fact
that ay(u,u) = 0 implies that w is linear in all subdomains {2, and from the mortar
conditions follows that u linear in €2. Then the boundary conditions yield u = 0.

Proposition 4.2.4 The problems and have unique solutions.

As in Section [4.2.2] we can introduce nodal bases for the methods, i.e. in each
case with each degree of freedom at each nodal point which is not in 92 and a slave
0m, We associate one nodal basis function. Then we can rewrite the discrete problems
(4.15) and as systems of linear algebraic equations. If we additionally assume
that h; < h;, for an interface T';; = 9Q; N9, we can get that the condition numbers
of the resulting matrices are bounded by Ch™*, where h = inf), hy, and C' is a positive
constant independent of any h; and the number of subdomains.

4.2.5 Morley element

In this subsection, we introduce a mortar method that locally uses the Morley element,
cf. [90] or [79]. The local finite element space X () is defined by, see Figure [4.4]

X)) = {v € La(U) : v, € Po(7), v continuous at vertices of T € Ty(Qy)

and 0,v continuous at midpoints of edges of T and

v(p) = Opv(m) =0 for a vertex p € 0 and a midpoint m € 0Q}.

The degrees of freedom of the Morley element are given by

{v(p), nv(m)},

where p is a vertex of an element and m is the midpoint of an edge of an element, cf.
Figure [.4]

We also define a global space XM (Q) = [To, XM (€2) as in the previous subsec-
tions.

We now select an open disjoint side of I'y; C I' N 9€2, denoted by v, and name
it master (mortar) if hy < h;. This assumption is necessary for the proofs of some
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Figure 4.4: Morley element.

technical results and is due to the fact that any local finite element function is not
sufficiently regular, cf. Section [£.2.3]and Section [4.4.4] The side of T'y; C 9 is called
slave (nonmortar) and is denoted by d,,;. As hy < h; and the both triangulations
are quasiuniform, we can assume that the two side elements of the slave triangulation
T} (8n1), i-e. the ones that touch the ends of §,,;, are longer than the respective
elements of the master (mortar) triangulation 75 (7, ).

We introduce additionally two auxiliary spaces on each slave (nonmortar) 6.
Let the first one denoted by M fio(ém’l), be the space of functions which are piecewise
constant on the h;-triangulation of this slave.

For the simplicity of presentation, we also assume that the both 1-D triangulations
of the interface I'y;, the hj one of its master v,, ; and the h; one of its slave 9,,;, have
even numbers of the elements. Let consider 9,,; and let Sm,l,h = {po,p1, - - ,me‘l} be
a set of vertices of the h; triangulation of this slave, (N, is even). Then we introduce
an operator Io, o : C°(T'y) — L*(T'k) as follows

Definition 4.2.1 Let Ip, > : C'(Tw) — L*(Tw) and Iop, ou be defined by the values
of u at all points of 0., as follows:

o [op,ou € Py on each [p;, pite) for even i,



Plate problem 97

° I2hl,2U(Pz‘) =u(p;) pi € gm,l,h-

In other words, I, 2u is the piecewise quadratic interpolant defined over the 2h;
triangulation of d,,; that is made of elements [p;, pit2],i = 0,2,..., Ny, — 2. The
operator Iop, o that corresponds to the hy mesh of master Von.h W€ define in the same
way. We next define an auxiliary space M()Zgl(ém’l) as follows

M&’;l(ém,l) ={ve 00(57”7;) 0 v € Py([piy pisa]) for eveni # 0, Ny — 2, (4.17)

and v € Pi([pi, piya]) for i =0, Ny — 2}.

This space is defined in the same way as M, in Section but over the 2h,
triangulation of d,,; which is made of segments [p;, pit2],i = 0,2,..., Npy — 2. We
now introduce two following mortar conditions on the interface I'y; = Vi i = 0

B o 2y
k> ls - ) m, :
/5 (Iap, 2t — Top, o) ds = 0 Vb € My (0m) (4.18)

m

and
/5 (Owur, — Opur)d ds = 0 Vo € M o(G)- (4.19)

We now define the discrete space VM as the subspace of X} (Q) formed by func-
tions which satisfy the mortar conditions (4.18)) and (4.19), and are continuous at all
crosspoints.

Remark 4.2.2 The special interpolation operators Iap, o and Iap, o are introduced in
the mortar condition because of the non-conformity of Morley FFE local spaces.
If we consider an element T € Ty () such that one of its edges e is contained in one
of interfaces of ., i.e. OT NIy = e, then T'r uy. is determined not only by the nodal
points that belong to 'y, but also by degrees of freedom at the remaining nodal points
of this element T (which are in interior of Q). Therefore the choice of test spaces
and the formulation of mortar conditions are not standard, as in the case of mortar
method with locally conforming elements.

The discretization of (4.1)) using V; is of the form:
Find up! € VM such that

ag(ui! v) = /va dxr Vv e VM, (4.20)
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where ay(u,v) = S0 ani(u,v) and ay(u,v) are defined as in Section . The
form ag/(-,-) is positive definite over V;¥ what follows from the fact that az(u,u) =0
implies that w is linear in all triangles of €2, then from the continuity of u at all
vertices and of d,u at all midpoints of elements of T}, (€2) follows that u is linear in
Q. and from the mortar condition follows that u is linear in 2. Then the boundary
conditions yield u = 0.

Proposition 4.2.5 The problem has a unique solution.

As in Section [4.2.2] we can introduce nodal basis, i.e. with each degree of freedom
at all nodal points which are not in 02 and a slave d,,, we associate one nodal basis
function. Then we can rewrite the discrete problem as a system of linear
algebraic equations. If we additionally assume that h; =< h;, for an interface T;; =
08 N 0, we can see that the condition number of the resulting matrix is bounded
by Ch™*, where h = inf, hi, and C is a positive constant independent of any h; and
the number of subdomains.

4.3 Ellipticity of discrete problems

In this subsection, we prove that ag(,-) is elliptic on the considered discrete spaces
of the mortar methods with a constant independent of h; and, what is also very
important, the number of subdomains. These results are analogous to those for mortar
method for second order elliptic problems proved in [16], The proofs of the results of
this section utilize similar ideas to those of [16]. We distinguish the cases of mortar
methods with conforming and nonconforming local discretizations. The proof of the
first case is simpler due to the fact that in each subdomain we have properly smooth
functions.

4.3.1 Ellipticity for locally conforming elements

In this subsection, we prove ellipticity for the discrete space of mortar method with
local C'* functions.

Lemma 4.3.1 There exists a constant C' independent of hy and the number of sub-
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domains such that for u € V,?

N N
Yol < C D lulfeg,)-
k=1 k=1

This is also valid for u € V and v € V.

Proof. The proof is given for the case of locally bicubic elements, but after minor
modifications it would be also valid for the mortar method with locally HCT or
reduced HCT elements. We first prove that Y230, [|ua, |72, = Xl [uliz(q,)- Here
and below, we consider 9*u for an admissible multi-index |a| < 2 and u € V}P as the
L? function such that %ujq, = 0%uy.

We have for any (x1,z3) €

T

Uz 2y (t, IZ) dt + Z [uazl](tkla x2>a

tri€[a,x1]NTy

Uy, (71, 72) :/

a

where [-] denotes the jump over I'y; at point ¢y, and (a, z5) € 0S2. Here ty; is the point
of intersection of a segment [a, x1] and an interface I'y; C 0 N 0.

The first term can be estimated by

x b b
[ s (8,22) 1] < [ it ()]t < (0= @) ([ [ty (8,22) P ) 72
where b satisfies (b, z2) € 0€2. The second one by

Y (e ) <Y ey (B w2)| <

tgi€la,x1]NCgy tr1€la,b]NCy;
1/2 1/2
S( > |Fk:l|) ( > |Fkl|_1|[uz1](tkla$2)!2) :
tkle[a,b}ﬂl“kl tkLE[a,b]ﬂFkl

We have >y, canry, [Tril = |0 —al. It is obvious for V;” since all subdomains are
rectangles, for V;* V,# we could use the result of [16], see Lemma 2.2 there. Note
that u,, equals 0,u on I'y; that are included in the above sum. Thus we have

b
(uﬂh(xl?m?))z j/ |ux1271<t7‘r2)|2 dt + Z |Fkl’_1’[url](tkl=x2)’2'

tklé[a,b]ﬂrkl
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We now integrate over dx; and dzs and get

e 2 [ g d
[ ) do 2 [ gy P dz+ 3

Tyl

/ |Fkl|_1|8nuk — 0nul|2 dS.
Iy

We now have to estimate this sum over all interfaces. Each term of that sum is
estimated separately. By , the average values of 0,u; and 0,u; over interface
I'y; are equal to each other since fpkl(ﬁnuk — Opuy) ds = 0. Thus the standard trace
theorem and Poincare’s inequality yield that

/F |8nuk — (9nul|2 ds j Hk\ukﬁ[z(gk) + Hl|ul|12qg(ﬂl).
Kl

Thus summing over all interfaces ends the proof of estimate of the L? norm of u,,.
The estimate of L? norm of u by Y31, [Vug|7z(q,) can be proved in similar way, cf.
also [16]. O

Remark 4.3.1 This proof was done for mortar discretizations of a clamped plate
problem. But for a simply supported plate problem, cf. Chapter 5, Section 5.9 p.1/4
in [38], the proof of the same ellipticity property proceeds in a similar way since we
have that on the part of boundary that is parallel to azxis OXy, u,, = 0 for k =1,2;

cf. also the proof of Lemma below.

We obtain also a straightforward corollary from the previous lemma i.e.
Corollary 4.3.1 We have
(u, )2 = ar(u,u) = B (u, u) 2@ Yu € VP (VT V),

where h = inf; h;.

The proof directly follows from an inverse inequality and Lemma

4.3.2 Ellipticity for locally nonconforming elements

In this subsection, we prove ellipticity for the discrete space of mortar method with
locally nonconforming functions of Adini element and Morley elements.
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Lemma 4.3.2 There exists a constant C independent of hy and the number of sub-
domains such that for u € VA

N N
2 2
Z ||U||Hg(9k) < CZ |U|Hg(ﬂk)-
k=1 k=1
This is also valid for VM.

For the proof of this lemma, we need a local equivalence mapping M3 : X(y,) —
XB (), see [35], where X2 () is a space of C'! smooth functions that are bicubic in
each rectangular element of T}, (€). We also introduce (M)T @ XB(Q) — X2A()
a quasi-inverse mapping of M which we use below, cf. Section .

Definition 4.3.1 We define Mj : XA (%) — XP() and (M« XB(Q) —
X{(Q) by setting their values of all respective degrees of freedom at all nodal points
of Qu.n, as follows, let p be a nodal point of Q. , u € X () and v € XP (), then

Miu(p) = ulp),
OpMitu (p) = ug,(p) i=1,2,
a$1$2M;€4u (p) - 07

and

(M)l (p) = wv(p),
ve,(p) i=1,2.

P

<

=
@-—F

=
Il

In the following lemma, we state some properties of these mappings. The proof of the
first and second inequalities can be found in [35], see Lemma 5.1 there, the remaining
equality and inequality follows from the definition of (M)

Lemma 4.3.3 Suppose u € X1() and v € XP(Qy). Then

(M

@) = Um0 $=0,1,2,

lu — Mitull 2o, + helu = Mitulmia,) 2 BElulp2q,),
(M) Miu = u,
[(MD)To

@) = lE@y s=0,1,2.
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Proof. (Lemma The proof is similar to the proof of the previous lemma, but
instead of the mortar conditions we want to use the continuity of functions of V; (V;M)
at crosspoints. There is another difficulty: the local functions are not contained in the
space H?. The proof is the same for both elements. Therefore we restrict ourselves
to the case of the Adini element. The proof of the case of the Morley element follows

the same lines, we only have to utilize local operator M and its properties, see
Definition and Lemma [4.4.13] instead of M3 in each substructure Q.

Let u = (uy,...,uy) € VA C X{{(Q). First, for each subdomain €, we define
G = Miuy, see Definition [4.3.1 Next we define global function @ € XP(Q) C
[IY., H?(Q%) as equal to iy, in Q. By Lemma |4.3.3] we have

ey $=0,1,2. (4.21)

|ur, ég(gk) = |y

We have for any (x1,z3) €

ﬂxg(xlaxQ) Z/

a

X1
arlxg (t, x2) dt + Z [a{[g](tkh (L’g).

tklE[a,.tﬂﬂFkl
And then, as in the proof of the previous lemma, we conclude that
[ de 2 [ i do+ S [ H s~ Ol d
Q Q 'y, Cl Tkt

Here 0, is the tangential derivative over an interface I'y;. We estimate the first term
by SN, |uk|fqg(ﬂk). We have used (4.21)). We now have to estimate the second sum.
h

Each term of the second sum is estimated separately.

From the continuity of u € Vi at the crosspoints, we see that (a) = ug(a) =
w(a) = 4 (a) if a is an end of I'y;. Then the linear interpolation polynomials of 4 and
u; over 'y are equal and thus the standard trace theorem, a quotient space argument,
e.g. see Theorem 3.1.1, p.115 in [47], and yield that

/I‘ ‘asfbk — (9svll|2 ds j Hk\ukﬁp(ﬂk) + Hl‘ulﬁp(ﬂl).
Kl

Thus summing over all interfaces ends the proof of estimate of L? norm of u,,. The
estimate of L2 norm of u by S, |ur |72 (q,) can be proved in a very similar way. O
h

4.4 Error estimates

In this section, we prove the error estimate for the mortar methods presented in the
previous section.
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The error estimates in the H? norm, we obtain from the second Strang lemma, cf.
e.g. [12] or Lemma 8.1.9, p.198 in [38] which here is formulated as

* p—
lu* —wuplln < inf |lut —vl|p + sup |ag (u* — up, w)|

vevh w e Vi {0} il
where u* is the solution of (4.1)), uy, is the respective solution of (4.5)), (4.11)), (4.15)),
(4.16) or (4.20), V" is V;?, VA, VEH VI or VM respectively, and || - [[4 = ax(;, )2,

The first term is called the approximation error while the second one is the con-
sistency error.

. (422)

We obtain the L? estimates of errors under the following regularity assumption for
Q:

Regularity assumption
For any g € L?(Q) the problem

a(p,v) = / gvdr Vv € HF ()
Q
has a unique solution ¢ € H*(Q) N HZ(Q) and

6l a2y = Nlgllz2@)- (4.23)

This regularity assumption holds for example for a polygonal domain which has the
largest angle equal to 7/2, cf. Chapter 7, Section 7.3.2, Remark 7.3.2.3 and Lemma
7.3.2.4, p.338-339 in [T1], or for domains with sufficiently smooth boundary, cf. [84].
Then utilizing the standard duality technique for nonconforming elements, we obtain
an L? estimate for mortar methods with locally conforming elements stated in the
following proposition, for the proof see e.g. the proof of Theorem 2.2, p.17-18 in [79)],
cf. also [47] or [24].

Proposition 4.4.1 Assume that the reqularity assumption holds and u* is the
solution of . Then

E *
|u™ — up | L2(Q) = sup inf B, un, ¢, )]
per@ | gnevr ol

Y

where

E(u*,up, ¢, ¢n) = ag(u* — up, ¢ — ¢n) — En(@,u™ —up) — Ep(u”, ¢ — o)
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and
N
En(¢,v) = ay(,v) — (A2¢,U)L2(Q) Vi € HY(Q)N HF(Q), Vv € H HE(Q).
k=1

Here uy, is the respective solution of , or and V" is VB, VEH op

Vi respectively.

Proposition [4.4.1] is also valid for the mortar methods that locally use noncon-
forming elements, i.e. Adini and Morley elements, but our proof technique fails to get
proper error bounds in these two cases. This is due to the fact that in the proofs of
consistency errors of Lemma[f.4.7 and Lemma [£.4.12] we use special local equivalence
mappings (M3, MM) that are not defined for any locally H? function what in turn
is necessary to obtain L? bounds.

4.4.1 Bicubic element

We now state our main result for the mortar method in V;?, i.e. for the local bicubic
discretizations presented in Section [£.2.2]

Theorem 4.4.1 Assume that u* the solution of [{4.1]), is in the space H3(Q)NH*(2).
Then holds

N 1/2
k=1

If also the regqularity assumption holds, then we have
N 1/2
* -2 %
I = ey =7 (o)
k=1

where uf 18 the solution of and h = max;, hy.

Proof. The proof of the H? estimate follows directly from (4.22)) by using Lemmas
[4.4.1) and [4.4.3], see below.

The L? estimate is obtained from Proposition m Each term of E(u*,uy, ¢, ¢p)
is estimated separately. The first one can be bounded by

N 1/2
ag (W —uy, o—dp) < |U*_uf|H§{(Q)|¢_¢h|H§I(Q) = [¢—dnlz () <Z hi|U*|§{4(Qk)> :
=1
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We have used (4.24)).

Note that Lemma is valid not only for w € V,?, but also for w + v with
w € V;P and v € H2(Q2) what is easy to observe in the proof of this lemma. Thus we
get

N N 1/2
* * 72 *
Ep(¢,u* —up) < (Z hi|¢|?{4(gk)> " =i |2, 0) 2 BBl <Z hilu |%14(Q,€)> :
=1

k=1

We have used Lemma |4.4.1{ and (4.24)). Next again by Lemma [4.4.1] we obtain

N 1/2
En(u®, ¢ — ¢n) 2|6 — dnluz o (Z hi|U*|§14(Qk)> ‘
P

Summing these three estimates and utilizing Lemma [£.4.3] we have

N 1/2
. * -2 *
nf B, uns 6, 60)| < Fl6lnce (Z it |%I4<Qk>> .
¢h € VhB k=1

And this ends the proof of the L? estimate. a

The consistency error

Here we prove the bound for the consistency error. We state it in the following lemma.

Lemma 4.4.1 Under assumptions of Theorem [4.4.1], holds

N 1/2

|am(u* —ug, w)| = | By(u*, w)]| < |w|H,3(Q) (Z hﬂU*ﬁﬂ(Qk)) Vw € VP

k=1
Before we prove this lemma, we state an additional result, namely, the approximation
property of the L? projection onto M{‘g(&mj)
Lemma 4.4.2 If g € H*(6,,;) for s € {0,3,1,3,2} then

lg = Qull2(5,.5) = P5191Ee(61ms)-

Here Q is the L? orthogonal projection onto the space Mlhg(ém])
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The space M{l 2(0pn,;) 1s nonstandard, but the proof follows standard arguments, e.g.
cf. Section 3 and the proof of Proposition 4.1 in [32].

Proof. (Lemmal4.4.1)) Using the Green’s formulas, e.g. see (1.2.5) and (1.2.9), p.14-15
in [47], and (4.5)), we have
ag(u* —up,w) = ag(u*,w) — f(w) = By(u*,w) = B (u*,w) + Ey(u*, w) + Es(u*, w)
with
B (u*,w) = / O (A [w] ds,  Ba(u*,w) = / (1 — )0 D" [Bw] ds,
r r
and
Es(u*,w) = /(Au* — (1 — v)9%u*)[0,w] ds.
r
Here 0, 0, are normal and tangential derivatives, [-] is the jump over interface T".

Utilizing the fact that [w] is equal to zero at the ends of any interface T'y;, we
obtain

Ey(u',w) ==Y (1—v) /1“ 050, 05u™[w] ds.

Fij
Let Eo(u*,w) = Ej(u*,w) + Ey(u*,w) and we have Ey(u*, w) = [p Gsu*[w] ds with
Gsu* = —0,Au* — (1 — v)0,0,0su’.

We now consider one interface I';; with the master v, ; and slave ¢,, ;. The mortar
condition (4.3)) yields that (Qiw; = Qw;)

/Fij Gsu*|w] ds = /Fij (I — Q))Gsu*) [w] ds =

- /r (I = Qu)Gsu™) (I = Qr)w; ds —/ (I = @)Gsu®) (I — Qr)w; ds.

Fij
Then using Schwarz inequality, Lemma [4.4.2] and the trace theorem, see Theorem
1.5.2.1, p.42 in [71], we have

/r- Gsu'[w]ds < [[(I — Q1)Gsu’||12(5,,5)"
1/2 *
AN = Qwill 2 + 10 = Quwsllzzsn )} = 0 21Gs0 ipsags

3/2 *
Y (lwil gsrzgs,,, oy + [wilgarags,, o)) = 051w sy (wil a2 + [wila2@,))-

Summing over all interfaces yields the estimate of Ey(u*, w).
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Let Gou* = Au* — (1 — v)(9%u*), then in the same manner by (4.4)), we obtain
/F__ Gau[Opw] ds < [|(I — Q1) Gau™ |25, ) 1T — Q1) Onwill L2s,, )+

+I(I = Q1)0hwjl 125, )} = h?|G2U*‘H3/2((5m)(|anwi‘H1/2(6m)+
+]0nwj| r1/2s,)) 2 W30 gaga,) ([wil 2, + wil2))-

Summing over all interfaces yields the estimate of E3(u*, w). O

The approximation error

The approximation error is stated in the following lemma

Lemma 4.4.3 Ifu e H*(Q) N HZ(Q), then we have

N
inf  |u— v|§{§1(9) = Z hﬁ|u|§14(gk).
veVp k=1

Before we prove this lemma, we introduce some technical tools. First we define
a new operator associated with a slave d,,; and state its stability property. The
stability of this operator is crucial and further will be used to obtain approximation
error bounds and in the analysis of algorithms.

Let II}, ; : L*(0pmj) — HG(0m,;) MW" (6,,,5) be defined by

/ (111, ) uds =0 Vi € M%(6,,). (4.25)

m,j

Here W"i(6,, ;) is a subspace of C'(d,,;) formed by functions which are piecewise
cubic over elements of the hj-triangulation of this slave.

Lemma 4.4.4 Let u be a cubic polynomial and u be a linear polynomial defined on
the unit segment [0,1] such that u(0) = u/(0) = 0, w(1l) = (1) and (1) = @' (1).
Then holds

2 - 7112 - -
[ullz2q0,17y = M@l 220,17y = /[0’1} ut ds.
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Proof. We can interpret the norms of u and @ as norms of vector (u(1),v'(1))" =

(A, B)T therefore the first equivalence is obvious. To prove the second estimate it is
sufficient to show that function g(A, B) = (Jjp 1 ut ds)'/? is a norm over R2. First we

get that u(t) = (34 — B)t* + (B — 2A)t? and 4(t) = A — B + Bt. Then
/[0  wids = (1/3)(A= B)(3A~ B) + (/4)[(A~ B)(B ~24) + BGA - B)]+

+(1/5)B(B — 2A) = (1/2)A* — (7/30)AB + (1/30) B> = (MPp, p)ge,

where (-, -)ge is the standard inner product in R?, p is a vector and M is a 2 x 2
symmetric matrix, i.e.

[ A B /2 =7/60
p_<B> M_<—7/60 1/30 )
It easy to check that M is positive definite, what ends the proof of the lemma. O
Next lemma states the H* stability of IT! .. s € [0, 2].

m,j)
Lemma 4.4.5 For all u € [L*(6,,;), HE (6m,;)]s holds

T gl 220 ). B2 010 = 0l (206000, E2 (6. S € [02],

where [L*(8, ), H3 (6 ;)]s is a Hilbertian interpolation space between L*(d, ;) and
Hg(ammj)’

Proof. We first prove the L? stability. Let w = II} u and w be function in Mlhg(émj)
such that at all nodal points @) (p) = w® (p), s = 0,1. Note that this function is
properly defined and it differs from w only on two segments that touch the ends of the

slave. Let one of those segment be denoted by e. Mapping to the reference element
[0, 1] and utilizing Lemma [4.4.4) we obtain

il = @l = | dwds.

Thus we have

”wH%?((sm’j)j > /elDwds :/5 ’u?udsg
m,J

€C5m7j
< @[ 25,0 1wl 225, 5y = NNwllz2 Ul 22(500,)-

We have used the definition of II! | see (4.25)), and Schwarz inequality. Dividing both
sides by |lw||2(s,, ,) ends the proof of the L*- stability.
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Next we prove the HZ stability. Let @ be the L? projection onto HZ(d,, ;) N
W (8,m.4). It can be proved by using similar ideas to those in [32], cf. Section 3 and
the proof of Proposition 4.1 there, that the projection @) is stable in H® norm for
s =0,1,2, and satisfies

lu— Qulgses,, ;) = P |uls,, ) Yu € Hy(0my;) s=0,1,2. (4.26)

Since II}, ; is also an L? projection (but not orthogonal) onto Hg (8, ;) N W (0m,;),
we have Him ;& = Q. Thus we can conclude that

0, vl 2, ) < M u — Qul gz, ) + [Qulzes,, ;) =

= hy? |, (w = Qu)ll 12, ;) + [Qulnzs,, ;) =
= hj_QHU = Qullr2s,, ) + [ulm2(s,, ) =2 ulm2es,, -

We have used an inverse inequality, the L? stability of II! . the H? stability of Q

m7j7
and (4.26]). A Hilbertian interpolation argument, e.g. see Proposition 12.1.5, p.279 in
[38], ends the proof. 0

The next lemma is a discrete analog of the extension theorem for Sobolev spaces,
cf. [71]. The proof for HCT element can be found in [39], see Lemma 4.6 there, and
for reduced HCT element in [82], see Theorem 4.4 there, and the proof for bicubic
element can be done in similar way to that of results of [39] or [82].

Lemma 4.4.6 Consider a local subdomain 4, and let XP () (XFH(Qy,) or XH ()
be the bicubic (reduced HCT or HCT) finite element space constructed on a quasiu-
niform triangulation made of rectangles (or triangles) of Qx. Let v € Tr XP ()
(Tr X () or Tr X{1(Qy)). Then there exists Ext(v) € XP(Qx) (XFH () or
XH(Qy,)) such that

Tr Ext(v)oq, = v,

|E$t(v)|H2(Qk) = |VU|H1/2(GQk)a
where Tr v = (vjpq,, Vvag,) for v e H*(Qy).

Proof. (Lemma 4.4.3) Let @ = (@y,...,ay) be in XP(Q) such that 7, is the local
piecewise bicubic interpolant of u defined by the values of all degrees of freedom of
bicubic element at all nodal points of Q. Then we have, cf. e.g. Theorem 48.1,
p.296 in [48),

lu — | ey 2 e Slulma, s =0,1,2. (4.27)
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We next define for each interface I';; with the master v, ; and respective slave d,y, ;
two functions wy,, Opwm, € HE(0m.;) N Wi (4,, ;) by conditions

/5 W) ds = /5 (s — 11y) 00 ds Wb € MI%(6,05)

m

and

| Owwnds = [ (@, = 0y, v ds 0 € M (6,)

Om

where ;, 4, 0,0;, 0,u; are respective traces onto the master v,,, and the slave 6,, ;.
Then we define a global function w = (wy,...,wy) € XP(Q) as follows: if 6, ; is
parallel to axis OX; and p € 0y, ., then we set w;(p) = Wi (p), Wiz, (P) = O, Wi (D)
and w; 4, (p) = Op W (P), Wja12,(P) = Oz Onwm(p). On slaves parallel to axis OXos,
we define w analogously. Next we set w; zero at all degrees of freedom of remaining
nodes of €2, i.e. at ones that are not on any slave d,, ;. Thus we have w defined
at all degrees of freedom of all nodes of I'. By Lemma [4.4.6] we know that for each
subdomain exists w; = Ewt(wpq,) € XP(Q;). Then on each slave ,,, we have
Wj = Wy, Opw; = Oy, and function v = @ +w is in V;? what follows from and
(1A,

We can conclude that

lu—vlpz ) < lu—1tlgz ) + 0|2 @)
The first term we estimate from (4.27]).

We next estimate the seminorm of w. Note that any degrees of freedom of this
function can be nonzero at nodal points of 0€2;; only at nodes of any 6, ;5.

By Lemma we have

6m7JCF 00 3]

-, 2 Udsemliyes, ) + 10nwomllpeg, )
m,; CI ’ ’

Note that on 0y, ;, we have w = wy, = II}, ;(@; — @;) and O,w = Opwn, = 11}, ;(Optl; —
Ont;). Thus by Lemma we have

~ ~ 2 ~ ~ 2
5 {10 0 s, 10— D s, )2

|w|§{§{(g) =
ImCI
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<y {||asai = gl )+ 190 anuu;;f(w} +

Ym CT

~ 112 ~ |12
tE 0= 0l 1000 = 00, o}

Utilizing (4.27) and ideas as in the proof of Lemma in Section |3.3|and afterwards

summing over all interfaces, we obtain

N
|w|§{§{(9) = > [hilulae,y + Bjlultaoy] = D0 hluliao,),
ry;cr k=1

what ends the proof. O

4.4.2 Adini element

In this subsection, we present error estimates for the mortar method in V;, see Section
m, i.e. for the one that contains locally continuous, but not C'*- smooth functions.

Theorem 4.4.2 Assume that u*, the solution of (4.1)), is in the space H2(Q)NH*(RQ).
Then

N
| —uj, ?{%(Q) <> (hz’U*ﬁ{S(Qk) + hi|U*|?q4(Qk)) ;
=1

where ui' is the solution of .

The proof follows from the second Strang lemma, see (4.22), and Lemmas m
and see below.

The consistency error

The main result of this paragraph is stated in the following lemma.
Lemma 4.4.7 Under assumptions of Theorem [{.4.3, holds

p  Jant —uilw)

wevi\ oy e

N 1/2
< (zwim*ﬁ,gmk) ‘ hi|u*|z4(9k>>) .
k=1
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Proof. Using the Green’s integral formulas, cf. (1.2.5) and (1.2.9), p.14-15 in [47],
and (4.11)), we obtain for w € V;#

ap(u* —up, w) = ag(u*,w) — f(w) = By (u*,w) + Ey(u*,w) + Es(u*, w)
with

Ei(u*,w) = /F —Op(AuM)[w] ds,  Ex(u*,w) = /F(l — v)0,0su” [0sw] ds

and

(u*,w) Z > (Au* — (1 — v)0%u*)0,w ds.

k=11€Ty () 8T

Here 0,, 0 are normal and tangential derivative, [-] is the jump over interface I'. We
have used the fact that X;'(Q) € H* ().

Proceeding in the same way as in the case of bicubic element, see the proof of

Lemma [.4.1], we have

Ey(u*,w) + Es(u*,w) Z/ Gsu*[w

Ir;crl

where Gsu* = —0,Au* — (1 — )00, 0su”.

We now estimate this term. Let consider one interface I';; with the slave ¢,, ; and
master v,,,; and let Qo1 and Q); be L?- orthogonal projections onto M&Ji(ém,j) and

Mﬁ§(5m7j), respectively, cf. Sections 4.2.2| and [4.2.3] Then by the mortar condition
(4.9), we obtain

/ Gsu*[w] ds = / (I —Q1)Gsu™ [w] ds =

_ / = Q)G ([u] + Qi Miw; — QM) ds,

where M#, M are defined in Definition | We can write [w] = (w; — MAw;) +
MAw; — ( /\/l w;) — /\/lAwJ and by Schwarz and triangle 1nequahtles we obtain

/ Ggu dS = HG3u — Qngu HLQ m] {le M?wi”LQ((ng)‘i‘

Fllw; — Miwsllzze,, ) + IMPw; — QuMPwil| 2, ;) + IMw; — QuMtw; L2, ) }-
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Note that Gsu* € HY?(5,,) and ./\/lf‘wi,./\/l;-‘wj restricted to I';; = d,,; belong to
H?2(6,,;), thus the first, fourth and fifth terms we estimate using Lemma and
the trace bound, e.g. see Theorem 1.5.2.1, p.42 in [71]. The two remaining terms are
estimated as follows, for s =7 and s = j

[Jws — M?WSHLQ(&%) =t lws — M?UJSH%Q(Q +
+hs|ws — M?wSﬁ{}L(QS) = h§|w8|12ﬁl}2b((25)'

We used the simple trace bound, see Theorem 1.5.2.1, p.42 in [71], on each element, a
scaling argument and Lemma [4.3.3] The last term can be estimated in the same way.

We finally conclude that
/ Gau*[w] ds =< h2|u |H1(;) {|wj|H§(Qj) + |wi‘H§(Qi)}-
We have also used the assumption h; < hj;.

Summing over all slaves, we get the estimate for F;(u*, w) + Eo(u*, w).

We now estimate the third remaining term FEs(u*,w). Let Gou* = (Au* — (1 —
v)0?u*). Adding and subtracting I, d,wy, over all edges of elements belonging to
T (€2), we see that

Z GQU [hkanwk Ihl(?nwl) ds+

Ty, cl Dt
oS | G @ = 1, 0,01 ds.
k= ITETh Qk

In [47], see the proof of Theorem 6.2.3, p.369-373 there, is proven that for each
rectangle 7 € T,,(€.), we have

5 Ggu*(&lwk - ]hkanwk) ds ‘_< hk|u*|H3(T)|wk|H2(T)

Thus summing over all elements of all T}, (€2;) and then the resulting estimate over
all subdomains, we can conclude that the second term is estimated by the following

i 1/2
(Shs Rl Braayy) [l o
We next estimate the remaining term of Es(u*,w). We now consider a single
interface I'y; with the slave d,, and master 7,,;. By the mortar condition (4.10), we
have
Ggu*(Ihkanwk — [hlé?nwl) ds = / (I — Q()’]_)GQU* ([hkﬁnwk — Ihl(?nwl) ds.

T VY
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Utilizing the properties of Qg1 an L? orthogonal projection, the fact that I, 9wy =
I, O Mitwy, and I,,0,w; = I, 0, Mi*w;, and proceeding similar as above, we obtain

G'Qu*(lhkanwk — ]hl(?nwl) ds S HGQU* — QOJGQU/*HLZ(ém)'

T

{0 My — Qo,ﬁanAlem(am) + |0 My, — Qo,lanM?wkHL%m)Jr
0 M wy — I, 0y M wi|| 125,y + |00 Mipws, — I, On Mt wi || L2(6,0) }-

We now use standard properties of I}, , s = k, [; see e.g. Corollary 4.4.24, p.109 in [3§]
and of Qo 1, see e.g. Remark 3.4 in [25], and get

. G2u* (Ihkanwk — Ihlanwl) ds j hk|G2u*’H1/2(5m){’aanwk‘HU%gm)
kl
HOMiwil g2, = Pl s, {lwel 2o + lwilm2 @) -

We have also used the trace bound, Lemma 4.3.3 and the fact that h; < hg. Summing
over all interfaces ends the proof. O

The approximation error

In this paragraph, we estimate the approximation error of the mortar Adini method.
The main result we state in the following lemma.

Lemma 4.4.8 Foru € HZ(Q) N H3(Q), holds

N
inf \U—Uﬁﬁl(m = th‘uﬁfs(m
ve VA k=1

For the proof we need to introduce IT) ;. : L*(dpm;) — Hg(dm), an operator
corresponding to &, ;, a slave, defined as follows, cf. [9]. For u € L*(0 ;) let IT), ; u
be a continuous function which is a polynomial of order s in all elements of the h;

triangulation of d,, ; vanishing at ends of this slave and satisfying

[ (=T ) v ds =0 Vo e MAG,). 428)

m,j

Next lemma was proven in [9], see Lemma 1 there, and states the stability property
of 110 .

m?]?s :



Plate problem 115

0

m.j.s JOT positive integer s holds

Lemma 4.4.9 For the operator 11

I, sull iz, ) = lull2,.,) Yo € L2 (0my)

m’]’s

and
1/2
”ng,j,suHHéO/Q(gm’j) = HUHH(%Q(sz,j) Vu € HO({ (5m,j>'

We will also use the operator 1T}, ., defined in (4.25)).

m,j’
Proof. (Lemma [4.4.8) Let @ = (i, ..., %y) be a function in X7}(Q) such that for
each subdomain

|u — Uy, H5(Q%) = hzfs”u,‘]_ﬁ(gk) s=0,1,2 (429)

We set that uy is the interpolant of u defined at all degrees of freedom of Adini element
at all nodal points of Oy 5, e.g. see Theorem 3.1.6, p.124 in [47].

Let I';j = Yim.i = Om,j. We define two functions on d,, ;: the first one w,,, € HZ(d,, ;)
- C! smooth, piecewise cubic and a piecewise linear one 1, € H(d,, ;) by conditions,

cf. the mortar conditions (4.9) and (4.10j),
/5 wnth ds = /5 (it — i1;) 0,0 ds Vi € MI%(6,0;)

and
/5 D ds = /5 (In,Onits — T, ity i, 00 ds Vb € My (6 s),

where 1;,u;, 0,0;, 0,U; are respective traces onto the master v,,, and the slave d,, ;.
Note that w,, = H}n,j(ai — @;) and W, = H?n’j’l(fhi(‘)nﬂi — Ij;0nt5). We now define
a global function w € X7 (Q) by setting the values of all degree of freedom at all
nodal points of all subdomains. We first set to zero all degrees of freedom of w at all
nodal points which are not in any 6, . Then we set values of degrees of freedom of
w at nodal points of slaves as follows: For any p € Us,, ,cr Omin let w(p) = wn(p),
Jsw(p) = Oswy,(p) and O w(p) = W (p). We next define v = @ + w. This function

obviously satisfies mortar conditions (4.9)) and (4.10|) what follows from its definition.
We can further conclude that
lu—vlpz ) < lu—1tlgz ) + [w|g2 @)
The first term is estimated by (4.29)).

It remains to estimate the seminorm of w. Note that this function in not zero only
for an element 7 C 2; such that 07 N d,, ; = €, an edge of the rectangular element 7.
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Let now consider this element. Let the slave d,, ; be parallel to the axis OX;. Thus
OnWis,,, ; = Ways,, ; Using the reference rectangle and a scaling argument, we have

Wi =3 {h 2w (p) + wl, (p) + vk, (p)}
pEDT
where the sum is taken over all vertices of 7.

Note that [|@ml|7z(,, ) = Zpes,, 1ilm(P) = Ypes,,, hiws, (p) and [[wn |2, ) <
Speom,; (P wy, (p) + hi(w m) (p)) = Zpeémj(h wy, (p) + hiw §1< )) Thus summing over

all nodes of d,, ;, and then over all slaves, we have

s ) 2 30 {05 wnll3ag,.,) + b5 w3, ) -

omCI

The sum of first terms, i.c. Y5 crh;°||wml? 125, ) We can estimate utilizing Lemma
4.4.5 and the sum of second terms using Lemmam and have

wlfp @ = D {hj_3||ﬁi — |72, ) + Ry n,Onth — Ihjanﬂj“%?(am,j)} <

ry;cr

< > h? {Hﬂz - U||%2(5m,j) + Jlu — ﬂj”%?(sm,j)} +
Iy;cr

+ 3 h! {||1hianai — 0uull32(s, ) + 100t — fhjanajnig(dm,j)} .

ry;cr

By (4.29)), the trace theorem (utilized on each element of the h; triangulation of v,, ),
see Theorem 1.5.2.1, p.42 in [71], and a scaling argument, we conclude that

h? Nl — ullia,, ) = hy°hi G — wllTa, + Ry PRl — uli g,y = B lulis,
We have also used the assumption h; < h;. Analogously, we can obtain
h;? |, — Uuiz(am,j) = h?’“\%ﬁ(gj)-

We now estimate all remaining terms. We first note that at a nodal point p of any
master or slave, e.g. let p € V.15, we have I;,0,1;(p) = I, 0,u(p), what follows from
definition of @. Thus we get for any interface I';; with the slave 6, ; and master ~,, ;

h;lHanu — [hianaiH%z((;mJ) = h;lﬂanu — IhianuH%z((;m]) =



Plate problem 117

Here Iy,0,u;, In;0,u; are the piecewise bilinear interpolants defined by the values of
Onu;, Opu; at the vertices of rectangular elements of 7,(€2;), T, (€2;), respectively. We
have used the trace bound on each element of the h; triangulation of ~,, ;, the standard
finite element interpolation estimate, e.g. see Theorem 3.1.6, p.124 in [47], and the
assumption h; < h;. Analogously, we get

i H1Owu — I 0nj 1225, ) = h5lulFq

Summing over all interfaces and utilizing all above estimates ends the proof of this
lemma. O

4.4.3 HCT elements

We now state our main result for the mortar methods presented in Section |4.2.4] i.e.
the that locally contain smooth functions from reduced HCT finite element method
or HCT method.

Theorem 4.4.3 (For reduced HCT method) Assume that u*, the solution of
{4.1), is in the space HZ(2) N H*(Q). Then holds

N

1/2
] ) < (zwiw*@mk)+hi|u*rz4<ﬂk>>) |
k=1

If the regularity assumption holds, then we have

. 1/2
la* — || 2y < T (Z(hiIU*ﬁzsmk) + hi\U*limk))) :
k=1

where h = maxy, hy and ul** is the solution of .

Theorem 4.4.4 (For HCT method) Assume that u*, the solution of ({{.1), is in
the space HZ(Q) N HY(Q). Then holds

Y N ) 1/2
U —up |2 (@) 2 <Z hk\uﬁﬂ(ﬂk)) :

If the regularity assumption holds, then we have

1/2
* -—2
0 = w oy < (zh 0y ) ,

where h = maxy hi, and uhH 1s the solution of .
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The proofs are analogous to the one of Theorem [4.4.1] and follow from the second
Strang lemma, see (4.22)), Proposition and Lemmas |4.4.10/and [4.4.11] see below.

Therefore some details are omitted.

The consistency error

In the following lemma, we state estimates of the consistency errors.

Lemma 4.4.10 Under the assumptions of Theorem[{.4.3, holds

N 1/2
Jas(u” — uf 0)] < s o (zmzm*@w ; hiw*@mk))) Vw € VR,
k=1
N 1/2
lag(u” — “hHaw)| = |w|H§I(Q) <Z(him*ﬁ{4(m))> Vw € VhH-
k=1

The proof of this lemma is very similar to the proof of Lemma therefore we omit
it.
The approximation error

The approximation error is stated in the following lemma.

Lemma 4.4.11 Ifu € H3(Q) N HZ(QY), then for reduced HCT element

=z

inf ’U—Uﬁ@(m = Zhiluﬁﬁ(gk)
v e Vi k=1

and if w € HY(Q) N HZ(Q), then for HCT element
N
: 2
inf  fu— U|H§{(Q) = Z |U|H4 ()"
veVH k=1

Proof. The proof uses similar arguments to that of Lemma 4.4.3] We first define
@ = (ay,...,ay) € X (Q) or (XF(Q)) as the local interpolant of u using all degrees
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of freedom of reduced HCT (or HCT) local discretizations. This function has desired
approximation properties, but not necessarily belong to the discrete space V,* (or
V). Then we add a correction w € X/ (Q) (X} (Q)) such that @ +w € VT (V;H)
and have
[u =gz ) < |u—1ulm @ + [WHz @)

We define w locally, first only on boundaries of all subdomains: by zero on masters
and on slaves by (4.12) and (4.13) or in case of HCT element by and ((4.14),
respectively, as in the proof of Lemma [£.4.3] Then applying Lemma from which
follows that there exists an extension of wy, from 0€;, onto €2, such that

2 2
5 i+t )

|w\§{%{(9) =
5

and next proceeding as in the proof of Lemma |4.4.3] and utilizing Lemmas |4.4.5| and

4.4.9, we obtain the estimates of Lemma [4.4.11] O

4.4.4 Morley element

In this subsection, we prove the error estimate for the mortar methods with locally
Morley nonconforming discretizations, see Section [4.2.5]

Theorem 4.4.5 If u* € H*(Q) N HZ(Y), then

N

1/2
u” — UQ/[‘H?{(Q) = {Z(hiw*ﬁﬂ(m) + hi|U*‘%14(Qk))} )
k=1

where ul! is the solution of .

The proof follows from the second Strang lemma, see (4.22)), Lemmas [4.4.12| and
4.4.15| see below.

The consistency error

The main result of this paragraph is the following result.

Lemma 4.4.12 Under the assumptions of Theorem[{.4.5, holds

1/2
|CLH(U* B uM?w)‘ ol * *
sup H H L = Z(hﬂu |%I3(Qk) +h’;l|u |%{4(Qk)) .
w e VM\ {0} Whin k=1
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For the proof we introduce a local mapping, see Section 3, (3.2) in [39], MM
XM(Qu) — XH(Qy), where X/(Q4) is a local subspace of C' smooth functions,
the Hsieh-Clough-Tocher (HCT) macro element, cf. Section [4.2.4]

In the definition, the fact is used that for quadratic polynomial ¢ € Ps([a,b]) we

have
((a+b)/2) = 1=

Thus Vu for v € XM(Q4) is well defined at all midpoints. Let m, be an adjacent
midpoint of the vertex p if both points belong to the same edge in 7, (€2). The choice
of the midpoint is not unique.

Definition 4.4.1 We define MY : XM(Q) — X () by setting its degrees of
freedom at all vertices and midpoints of (., i.e. let p be a vertex and m the midpoint
of an edge of an element of T (S2), then

M (p) = u(p) V vertices p,
Op MM u (m) = O,u(m) ¥ midpoints m,

VMMu (p) = Vu(m,) Y vertices p, where m, is an adjacent midpoint.

In the following lemma, we state some properties of the local equivalence mapping
defined above.

Lemma 4.4.13 For all uw € XM (), holds

MG

@) = |ulms 0y $=0,1,2,

|lu — M;CWUHLQ(Q]C) + hy|u — M]kwu|H}L(Qk) = hi’u‘Hﬁ(Qk)’

3/2
lu — My e,y + Pl Onte — 0 ME ]| p2ryy) = By |ul 2 (0)-

Here I'y; is an edge of .

The proof of the first two statements can be found in [39], cf. Section 3, Corollary
3.3 and the proof of Lemma 3.1 there. The last inequality can be proved by the
application of the trace bound on each hj; element of I'y;, see Theorem 1.5.2.1, p.42
in [71], and a scaling argument, and then by utilizing the second inequality of the
lemma.

For the proof of Lemma [£.4.12] we need also the following result.
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Lemma 4.4.14 If g € H*(I';;), s € [0,2], where I';; = Ym; = 0., then holds

s 3 .95
lg — thkngL?(Fij) = hk|9|Hs(Fij) s € {1, b% 2, 573}5 k=1,7,

) 13
g — Q29ll2r,;) = Rilglusr,;) s €10, 5 1, 5,2}-

Here QQy is the L? orthogonal projection onto the space M&’;j(ém,j), cf. (4.17), and
Doy, 2, k =1,7, 1s defined in Definition |4.2.1]

Proof. The cases of s = 1,2, for Io,, 2, k =i, j, are proved exactly as in [47], see
Theorem 3.1.6, p.124 there, and of s = 0,1,2, for Q2 are proved as in [32], see the
proof of Proposition 4.1 there. For other s we use an interpolation argument, e.g. see
Proposition 12.1.5, p.279 in [3§]. O

Proof. (Lemma {4.4.12) As in the proof of Lemma [4.4.1] utilizing Green’s integral
formulas, e.g. see (1.2.5) and (1.2.9), p.14-15 in [47], we obtain

ag(u* —u) w) = ag(u*,w) — f(w) = B (u*,w) + By(u*,w) + Es(u*, w)

with
En( Z{ Z / (9n(Au*)wds+/8n(Au*)[w] ds},
k=1 TET aT\BQk T
N
=>{ X / (1 = v)0n0su*Osw d8+/(1 — 1)0,05u”[0sw] ds},
P retiiay) YO\ r
and
(Au* — (1 — v)0%u*) 0w ds+
kJZl{TE'Z; /OT\ko ( ) )
Au* — (1 —v)d2u*)[0,w] ds}.
+ [ = (1= v)o2) o] ds)
Here 0,, Os are normal and tangential derivatives and [] denotes the jump.

Each first term of Ej(u*,w),j = 1,2,3, is estimated by C’fozl(hﬂu*ﬁlgmk) +
hilw [3a0,) [0l 20, Where C'is a positive constant independent of any hy. The
proof is given in [79], see Lemma 3.5, p.26 there.
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Using the fact that [w](p) = 0 for p, an end of the common edge of two adjacent
substructures, we can conclude that for the second term of Fs(u*, w), holds

/(1 — )9, 05 [Osw] ds = Y —/ (1 = v)050,05u* [w] ds.
r Iy;cr Fij

Thus we have to estimate two terms, the first one: Yp, cp Jr, Gsu*[w] ds, where
Gsu* = —0,Au* — (1 — v)050,0su*. And the second one [ Gou*[0,w] ds, where
Gou* = (Au* — (1 — v)9%u*), as in the proof of Lemma [4.4.1]

Let consider one interface I';; = 0, = Ym: and let Q2 and QQ_1o be the L?
standard orthogonal projections onto Mj,’;f((sm,j) and Mf{70(5m7j), respectively, cf.

Section [4.2.9]

We first estimate the second term. By the mortar condition (4.19), we obtain
/ Gou*[0,w] ds = /(] — Q-1,0)Gau"[0,w] ds.
r r

Using the following equality [0,w] = O,w; — O, MMw; + 0, MMw; — (9n./\/l§-” w; +
8n/\/l§-\4wj — O,w;, we obtain

[ Gou' (0w ds < (I = Qo1.0)Gat" s { T 190t = Du M0, | 2qr, +

s=1,j
+ 3 1 = Q10) 0 M w20, }-
s=1,]
Utilizing Lemma [3.3.6] the trace bound, e.g. see Theorem 1.5.2.1, p.42 in [71], a
scaling argument, and Lemma [4.4.13], we have

N
[ G (0] ds < (3 B2l o) 2 el -

k=1

By the mortar condition (4.18)), we obtain

/5 Gau*[w] ds = /5 Gau™(w; — Iop, 2w;) ds—

— 5 Ggu*(wj — Ighj,gwj) ds +/5 ([ — QQ)GgU* (I%hgwi — Ith72UJj) ds.

We represent Iy, sw; as follows Iy, sws = IQhS72Mé\4wS —Mﬁ‘/[wsjt/\/lé”ws for s =14, 7,
and by Schwarz inequality we obtain

| Gou'fw)ds < 1Gau 2o, { 3 (s = MY w25, +

=1,
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+2 [ an, oM wy — M wi 125, + MY ws — QeM T wi| L25,)) -
We have used the facts that Io,, 0wy = Iop, 2oMMw,, s = 4,4, and that Q is the L?

orthogonal projection onto Mg}gj(émd). We now estimate the terms for s = 7. The
case s = j is estimated utilizing the same arguments.

We have MMw; € H3/%(T';;), thus all terms we estimate using Lemmas [4.4.14| and
4.4.13| the assumption h; < h;, and the trace bound, e.g. see Theorem 1.5.2.1, p.42
. 3/2
in [71], by h; |wi|H2(Qi).

Utilizing the trace bound on each element of the h; triangulation of v,,; and a
scaling argument, we get ||Gsu*| r2(5,,) = (hj_1|u*\§{3(gj) + hj|u*|§{4(9j))1/2. We finally
conclude that

/5 Gu™[w] ds =< (h?W*@ﬁ(Qj) + h?|u*‘12LI4(Qj))l/2 {‘w]"H}QL(Qj) + |wi‘H}2L(Qi)} S

Summing over all interfaces ends the proof. a

The approximation error

In this paragraph, we estimate the approximation error of the mortar Morley method.
The main result is stated in the following lemma.

Lemma 4.4.15 For u € H2(Q) N H3(Q), holds

N
inf  |u-— vﬁ{%(m = Z hi|u|§13(9)'
ve VM k=1

Proof. The scheme of this proof is similar to that of Lemma |4.4.8| therefore some
details are omitted.

Let u € X}M(Q) be defined as the local interpolant of u using respective degrees
of freedom at respective Morley nodal points (vertices and midpoints of edges of
elements) in each subdomain. This function satisfies the estimate of the lemma, but
may not be in VM in general.

Then we define two functions on each interface I'y; = 755 = d5;. Let the first
one w, € H&((Ss,l) be piecewise quadratic on the 2h; triangulation of the slave d,;,
i.e. in the segments [p;, pit2],7 = 0,2,..., Ng; — 2, where {p;} are the vertices of the
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elements of the h; mesh of this slave. We remind the assumption that N;;, the number
of elements of the h; mesh of d,,, is even. And let w, satisty

/5 wstp ds = /5 (I i, — Iy 2@t ds Vi) € M3 (657).

The second one w, € L*(J,), piecewise constant on the h; mesh of 5.1, 1s defined
by

/6 o ds = /5 (Ouiis, — Oni) ds Ve € M, o(5,1)-

s

We now define a global function w € X} (Q) by setting its values of all respective
degrees of freedom at all nodal points of all subdomains. We first set all degrees
of freedom of w to zero at all nodal points that are not in any slave d,;. Then
we set values of degrees of freedom of w at nodal points of slaves as follows: For
a vertex p € dsp, let w(p) = ws(p) and for a midpoint m of an element of the iy
triangulation of &, , let J,w(m) = ws(m). Thus w is properly defined and it is obvious
that v = @ + w satisfies the mortar conditions and . Further, we have
lu — U|H?{(Q) < |u-— €L|H§I(Q) + |w|H?{(Q) and because the first term satisfies the desired
bound we must only estimate the second one.

Following the proof of Lemma [4.4.8] we obtain

s @ = 3 { > )+ Y \anw<m>\2}x

351CL | pE€ds,i,n meds,

= > {hf?’”ws”%?(ss) + h,’1||u§5|\%2(58)}.

5s,CT
We next consider one slave d5; with its associated master 755. Note that w, =
H27l72(1hk7211k — Iy, 21;), where Hgm is a special projection operator defined as in (4.28|)
for M&gl (8s,) and ws = Q_1 0(Onti,— D ty), where Q_1 o is the L? orthogonal projection
onto M™ (6s,).
Following the lines of Lemma and using the L? stability of IIJ ;, stated in

Lemma and the standard stability property of Q_1 o, an L? orthogonal projection,
we get the desired estimate. O
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4.5 Additive Schwarz methods

In this section, some methods for solving discrete problems considered in Section [4.2]
are described. We design and analyze these methods in terms of Additive Schwarz
method, see Section (or [20], [64], [70], [105]). We want to remind that for each
ASM method, we have a corresponding multiplicative Schwarz method (MSM) based
on the same decomposition of the discrete space and the same local bilinear forms, cf.

Section [1.4]

4.5.1 First method

The method presented in this subsection is of iterative substructuring type, i.e. in-
terior variables are first eliminated using direct methods. The method is for solving
, i.e. for the discrete problem of the mortar method with locally reduced HCT
discretizations, but it could be also applied for the mortar method with HCT local
elements.

We now define Pu;, H;u; € X}?H(Qi). Let Pyu; be the orthogonal projection
(in the sense of local form ap(-,-)) of a function u; € X} (Q;) onto X4 (Q;) =
HZ(Q,) N X[ (Q;) and let Hyu; = u; — Pyu; be the discrete biharmonic part of u;, i.e.

api (P, v) = api(u;,v) Yo € X(f}{{(Qi) (4.30)

and
ahyi(Hiui, U) =0 Yu € Xé?}{{(QZ),
Tr quz =Tr u; on aQZ?

where Tru; = (u;00,, Vijan,), e.g. cf. [60] or [82]. We next define a decomposition of
any function v € V;# into two parts, u = Pu + Hu, where Pu = (Piuy, ..., Pyuy)
and Hu = (Hyuy, ..., Hyuy). Since Pu; is orthogonal to H;u; (in terms of ap (-, -)),
Pu and Hu also are orthogonal in the terms of ay(+,-). Besides we have

ap i (Hyuwi, Hiwg) = inf{ap ;(vi,v;) © v; € X (Q,) such that Trv; = Tru;}. (4.31)

We next define V¥ = {Hu : v € V;F#} ie. the subspace of V;F# of discrete
biharmonic functions. We can decompose uff’| the solution of (4.15)), into uftff =
Pult® + Hul* | The first term we can compute solving N independent local problems

ani(Puf v) = f(v) Yo e XFE(Q) i=1,...,N.
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The discrete biharmonic part of !, further denoted by a/* = Hul'¥  is a solution
of a new variational discrete problem

ag (@l v) = f(v) Yo e V;EH (4.32)

We are now going to present a parallel algorithm for solving this problem. Note that
a function v = (vy,...,vy) € VhRH is uniquely defined in €2 by T'r vyaq, -

Our method of ASM type is described in terms of decomposition of V;F¥ into
several subspaces and some bilinear forms defined on these subspaces, see Section [I.4]

We first define Vb(l) C ‘N/hRH , a coarse space. A function v = {v;} is in Vb(l) if
for each interface I'y; with the master v, ; and the slave d,,; it satisfies the following
conditions

® Tr Uk |E)ka’}/7n,k = TT Ul ‘aglmam,l’
® ur,, is a cubic polynomial,

e J,vr,, is a linear polynomial.

Note that v € %(1) is a C'' smooth function, discrete biharmonic in all subdomains,
defined by its value and the value of its gradient at all crosspoints.

We next define local vertex spaces. Let ¢, be a crosspoint, i.e. ¢, is the common
vertex of a few subregions. We remind that we can distinguish between the vertices
of Q, for k € N'(c,), despite the fact that these vertices occupy the same geometrical
position of ¢,, cf. Section |4.2.2

Let ¢}, € Vi be a discrete biharmonic nodal function associated with a nodal
point = € %, ., C 9, and a multi-index « such that

Py (1) = 1,

¢.(y) =0 for B#a or y#a

for |[3] <1 and any nodal point y € 7, ;,, where 7, a master or y a vertex in V. This
definition is analogous to the one of nodal basis in Section Note that ¢f , is
properly defined, as the values of degrees of freedom at points in a slave (nonmortar)
0, are uniquely determined by its values of degrees of freedom at the ends of this slave
and at nodal points of its associated master =, by the mortar conditions and
(4.13)).
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Equivalently, we can say that ¢y, for a multi-index o and a nodal point z of any
¥, 1s the discrete biharmonic part of a nodal basis function corresponding to o and x
defined analogously to Section Both functions we denote by the same symbol,
but it will follows from the context which one we consider at a moment.

Next for each vertex = € V({) and a multi-index « such that |a| = 1, we define
V1) = span{¢¢,}, a one-dimensional subspace of Vi, With each vertex z € V(y,),
we associate two spaces of this type, i.e. for @ = (1,0),(0,1). Here V() C I is the
set of all vertices of 2, NT.

We next define subspaces associated with masters. Let f;or an interface L'y, Yk
be the master and d,,; its associated slave. Then letNV,,(ll) = VEINHZ(Q,UQUTy),
i.e. let V(U be a space formed by all functions v € V7 for which

N
*v(x) =0 for z€ |J vnUJV(Q) and |a| < 1.

s#EmM i=1

Thus functions of V,ﬁll) can be nonzero only in £, UQ;U,, xUd,, ;. The values of degrees
of freedom at nodal points of slave d,, 5, are determined by the mortar conditions (4.12))

and (E13).
We take the original form ag(-, -) for all local bilinear forms, cf. Section[l.4] Then
we have the following decomposition

TEATEESD SRS ol SR Rt

Ym CI' k=1zeV(Qy) |a|=1

Next we define operators T\ : V;RH — V), VR — VO and TY : VT —
V() as orthogonal projections onto respective subspaces, ie.

aH(Tél)u, v) =ag(u,v) Yv € v,
ag(TWu,v) = ag(u,v) Yo e VI

m

for all masters ~,,, and
ag(TWu,v) = ag(u,v) Yo e Vgc(%l)
for all vertices © € V(Q), k= 1,..., N, and all multi-indices « of length one.
We define T : VR s VRH 5

URE AR SRS SEb SR pE 1)

Ym CI k=12eV(Qy) |a|=1
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Then we replace problem (4.32)) by

TOGR = ¢ (4.33)

1)~ ~
where g = go+ 32, cr Gm+ Xhet Laev(@y) Llal—1 Jaa and go = sVaft, g, = T aR"

and g, o = aggﬁfH . The right-hand side g can be computed without knowing @

We now state the main result of this subsection.

Theorem 4.5.1 For any u € V,FH | holds
(1+ log(H/h))_QaH(u,u) < aH(T(l)u,u) = ag(u,u),

where h = inf;, hy, and H = max;, Hy,.

The proof of this theorem can be found in Section [4.5.6]

4.5.2 Second method with outer coarse space

In this section, we present another ASM method for solving (4.15]). We now decompose
the discrete space V' instead of V2.

We additionally assume that subdomains are triangles that form a coarse, shape
regular triangulation of 2 with the coarse parameter H, this assumption is not re-
strictive, see below Remark [4.5.1]

We first introduce an outer coarse space, i.e. one that is not contained in the
discrete space VI*H. Let VEH C H2(Q) be a reduced HCT finite element space built
on the coarse triangulation. Unfortunately, we have Vi ¢ V,RH,

 Therefore, we define an additional interpolation (grid transitional) operator M, R
VI — VEH By setting the values of all respective degrees of freedom of My at
the nodal points of all subdomains as follows:

8aMfHu(p) = 0%u(p) for p€ Yy Yu € ‘A/I?H

Note that My is in VP i.e. satisfies the mortar conditions because wr.. and
h h ? ‘ ij
Onujr,; are cubic and linear polynomials, respectively. Hence

RH RH RH RH
ur,, = My, = My s, o, Ogur,, = O My uyy,, . = O M uys,,
J ) »J J s »J
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We next define a coarse space Vo(z) = MjH V}?H and a non-exact bilinear form
07 () Vo x Vg — R by

b (u,v) = a(@, d) Yu,v e V2,

where
_ AJRH; . _ AyRH; ~ &~ {7RH
u=M""u, v=M""0 for u,0€ V.

We also define one dimensional spaces corresponding to all degrees of freedom of
order one at vertices of subdomains. Let x € V() be a vertex of Q, NI" and « a
multi-index of length one, then we define a special vertex function ¢y, as follows. Let
YR . (p) = ¢% . (p) for p € 09, for j =1,..., N. The function ¢, was defined in the
previous subsection. Thus ¢, = ¢}, on I'. We extend ¢y, as discrete biharmonic in
all subdomains €}, 7 # k and we set its all degrees of freedom to zero at all nodes of
Q.- Thus both functions differs only at €2 5, where ¢f . is set as discrete biharmonic
and 1y, has the values of respective degrees of freedom equal to zero at the interior
nodal points. Next let Vgc%) = span{yy .} and its associated bilinear form be equal to
the original one, i.e. ag(-,-).

We next define the spaces corresponding to masters. Let v, C i be a master
and 6,,; C () its associated slave. Then let V() C V,FH be defined as follows

N
Vn(12) = {U € VhRH : 8%(])) = 0 fO?” P € U ﬁi,h \ (7m,k,h U 5m,l,h U Qk,h U Ql,h)}-
i=1

Here |a| < 1. We take the exact bilinear form ag (-, -) for local bilinear forms associated

with these local subspaces in ASM scheme, cf. Section

Thus we have the following decomposition:

N
V=V e X VP Y Y VR

YmCT k=12€V(Q) |o|=1

Next we define operators Ty : VR — V) 7@ . yRE _, (2 anq TRV —
Vx(%z Except of the first one, they are set as orthogonal projections onto respective

subspaces, i.e.
07 (157w, v) = an(u,v) Yo €V,

ag(TPu,v) = ag(u,v) Yv e V@
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for all masters ~,,, and

ag(TPu,v) = ag(u,v) Yo e ‘/;(202

for all vertices © € V(4), k =1,..., N, and all multi-indices « of length one.

Further, we follow the previous section and define T : V;FH — VR by

T =1+ 3 1O 4 i >3 1e.

YmCT k=12€V(Q) |a]=1

Then we replace problem (4.15]) by
Tyl — ¢ (4.34)

2
where g = go+32, cr Gm+ Xhet Laev(@y) Llal—1 Jaa and go = S g, = TR uRH
and gz o = f&ufH . The right-hand side g can be computed without knowing uf.

We now state the main result of this subsection.

Theorem 4.5.2 For any u € V" holds
(1+ log(H/ﬁ))’ZaH(u,u) < aH(T(Q)u, u) = ag(u,u),

where h = infy, hy, and H = max;, H},.
The proof is given in Section

Remark 4.5.1 We have described the ASM under the assumption that subdomains
are triangles, but it is easy to see that if subdomains are polygonal, then we can divide
each subdomain into coarse triangles which form a coarse triangulation of 2. Further,
we can define analogously an outer coarse space f/IfH as reduced HCT finite element
space built over this coarse triangulation. All results and their proofs can be carried
out in a very similar way.

Remark 4.5.2 If we assumed that h; < hj, for an interface T;; = 9Q; N 09, then
in the definition of Vx(?a), we could replace a function 5, by the one which is equal to
Vi, on I and in Qp and has all degrees of freedom equal to zero at the interior nodal
points of all substructures ;. The resulting ASM algorithm would be simpler, since

it would not utilize the discrete biharmonic extensions, and the statement of Theorem
would also be valid for the modified ASM.
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4.5.3 Algorithm of Neumann-Neumann type

In this subsection, we present a Neumann-Neumann algorithm following [82], where
the conforming finite element was considered. Our algorithm is for the mortar meth-
ods. In this subsection, we assume that we can choose master sides of interfaces in
such a way that we get two sets of subdomains: the first one of substructures that have
all edges as masters and the second one of ones which have all their edges as slaves.
The subdomains of the first set we call subdomains of Neumann type and the ones of
the second set we call subdomains of Dirichlet type. Thus we have a ”chess-board”
ordering of subdomains. This assumption is due to the fact that in mortar methods
the values of the degrees of freedom at nodes in a slave d,, ; are determined by the
values of the degrees of freedom at ends of the slave and at nodes of the associated
master 7, ;.

In the case of mortar method that uses locally piecewise bicubic element, this
choice of master sides of the interfaces is always possible, but in the case of locally
reduced HCT or HCT element this assumption can be not satisfied by some parti-
tionings of the domain.

We define a decomposition of u € V*, where V" = V,Z or V; V,FH into two parts
u = Pu+ Hu orthogonal to each other in the sense of ay(-,-). In Section [4.5.1]
we have considered the case of reduced HCT local discretizations. In the cases of

locally piecewise bicubic or HCT mortar methods, we have to replace X(ff () by
XP,(%) = H (%) N X P (Q;) or X§h, () = HF(Q:) N X1 (€), respectively.

We further consider only case of locally piecewise bicubic mortar element method,
but this method can be analogously defined for reduced HCT or HCT mortar methods.

We next decompose u?, the solution of (4.5)), as u? = Pul + HuP. The first
function can be computed by solving N independent problems, cf. Section [4.5.1} and
the second one @2 = HuP is the unique solution of the following problem

ag (i v) = f(v) Yo e VP, (4.35)

where V;? = {Hu : u € V;P}.
We rewrite the problem (4.35)) in the operator form:

Sty = f,

where .
< Su,v >:= ag(u,v) Yu,v € V;5.
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We use a modified version of abstract scheme of [82].

We first denote the set of indices of Neumann subdomain by N (), and the set
of ones of Dirichlet ones by D(£2). We next introduce local subspaces formed by
functions defined only in respective subdomains as follows:

VN = H; XP () for i € N(Q)

and

VP = Y span{e?,} for j€D(Q) and a=(1,0),(0,1),(1,1),
zeV(Q;)

where V(;) is the set of all vertices of Q; NT" and ¢, is a nodal discrete biharmonic
function which corresponds to a degree of freedom at the vertex x defined analogously
as in Section Here for bicubic mortar method, we have the following set of
possible multi-indices {(0,0), (1,0), (1,0),(1,1)}. Note that from the definition z, a
vertex of a subdomain of Dirichlet type, is the common end of two slaves, thus we see
that the support of ¢, is contained in Q;.

We next define BY : VN — VB for i € N(Q) and BP VP — VB for j € D(Q).
prolongation operators for which

(7B NysN Dy, D
Vi = Z BV + Z Bj Vj .
iEN(Q) J€ED(Q)

Let BP, for j € D(Q2), be defined by BPu; = (0,...,0,u;,0,...,0) and B}, for
i € N(2), we define by setting the values of degrees of freedom of B¥u; at all nodes
of the masters and the vertices as follows:

o If p e V(Q) or p € vs i for k # i, then let
0“BNu;(p) = 0.
o Next if p € 9Q; 5, \ V(£2;), then we set
0° B ui(p) = 0ui(p).
e For a vertex z € V(§2;) N V(¢,), we define
0“BNu;(z) = 0“us(z) for a=(1,0),(0,1),(1,1),

B ui(w) = (2/Ne, Jui(x),
where N, = card(V(c,)). Here N, = 4.
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Note that, for a function v = {v;} € VB, the values vi(z) for = € V(c,) are equal to
each other, but 0%vy(z) for = € V(c¢,) may be not equal to each other.

We also need a decomposition of V;V for i € N'(2) into
V=V ez,

where V¥ is a subspace of V; over which S; is nonsingular. Here S; : V;V — V¥ is
defined by
< Siu,v >= a;p(u,v) Yu,v € VN

and
ZV ={ve Vi< Sp,w>=0 vw e V).

In our case, we define V{fy,i € N() as follows:

Vit ={v e VN: 9%(x) =0 Vo € V(Q), a=(0,0),(1,1)}.

We now define our algorithm. This method is a variant of ASM and is presented in
terms of decomposition of V;Z into several subspaces and special local bilinear forms
defined on these subspaces, see Section [I.4, The coarse space we define by

Vi = Y span{BYZM}+ > span{B]V/"}.
iEN(Q) JED(R)

Note that in our case Z}¥ for i € N(Q) and V}D for j € D(Q2) are of small dimensions
equal to eight or twelve, respectively.

We now define local subspaces
VM = (I -TNBYVY, ie N(Q),
where T3V is the orthogonal projection (in terms of S) onto V7, i.e.
< ST u,v >=< Su,v > Yo e Vg
An associated bilinear form is defined as follows
bi(u, v) = a;p (i, 7o) =< Sitig, o >, u,v € V",
where g, 09 are the unique elements of VOZSC ; for which

u= (I -TMBNty, v=(~-TN)B 0.
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The space Vi, C Vg is defined as

VOJ(\{Z-: {ve VOJX:< Siv,w>=0 Yw € VOJXOKer(I—TéV)BZN}.

We next define TN : V;P — ViV for i € N(Q) by
bi(TNu,v) = ag(u,v) =< Su,v > Yo e VN
and TV : VB — VB by

™ =T+ Y T
1EN(Q)

Then we replace problem by
™aP =g, (4.36)
where g = go + Yieno) 9i and go = Ty a5}, gi = TV ay;.
We now state the main theorem of this subsection.
Theorem 4.5.3 For any u € V;E, holds
< Su,u ><< STVu,u >= (14 log(H/h))? < Su,u >,

where h = miny, hy, and H = max,, Hy,.
The proof follows from Theorem and Lemma [£.5.5] see below.

Theorem 4.5.4 For any u € f/hB, holds

< Su,u>< < STVu,u>< (1+ Arrj{%%)(](i))w < Su,u >,
1€

where

< SBNv, BNv >
w = max sup g =
ieEN(Q) veVy\{oy S0

and

C(i) = card ({j € N(Q) : < SBYus, B)'w; ># 0 Vu; € VN, Vu; € V'),

This theorem is a slightly changed version of Theorem 3.4 in [82], so we omit the proof
which can be rewritten in a similar way.
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Implementation

We now make some remarks on the implementation of this method following [82], see
Sections 3.2 and 3.3 there.

The value of TNu for the operator TN : VB — VT can be computed as follows:
TNu = (I —T3)BN 1y, where @y € Vy is the solution of

bo(T;NU,U) = ai’h(ag,ﬁo) =< Su, ([ — TON)BZN1~)0 >=

=< (BM)"(I =Ty Su, 5 > Vi € Vg,

where v = (I —T3") B 7. Note that we take the space VY instead of Vi, it changes
o, but not (I — T4V)BNug, what follows from the orthogonal decomposition of V(Y
into Viy; @& Ker(I —T3) BN N VY.

Thus we can represent operator T2V : VB — VVT ag
T = (I =T)BSio (B)) (I = T3")"S = (I = Ty') B, S5 (B)" S(I = Tp),
where S, ¢ is the restriction of S; to VOAZ’ )

And finally the operator TV equals

™ =T+ 3 (I-T)BNS (BN)TS(I-T)).
iEN(Q)

In application, to solve the problem (4.36)), we use CG method, but for the sim-
plicity of presentation, we restrict ourselves to the Richardson iterations.

Let u” be an arbitrary vector. Then in first step, we compute u! = u?—T" (u®—a?)
that satisfies
T (ut —ap) = 0.

Then the Richardson iteration is defined as follows:
't =" —r TN —aP) n=1,2,...
where 7 is a parameter chosen according to the spectral properties of 7.

Note that by induction, we get

T (! — ) = T — ) - 7 T (" — )+
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+r TV =T3) > BYS; ¢ (BY)'S(I - 1Ty ) (u* — ay) = 0.
iEN(Q)

Hence our iterative method can be represented by

unJrl —u" =7 ([ . TéV) Z BlNS;Ol(BlN)TS(un _’&E) n = 1,27. ..
1EN (D)

Thus we have to apply 73" only once per iteration.

4.5.4 ASM method for the mortar method with locally non-
conforming Adini discretization

In this subsection, we present an ASM for solving the discrete problem of Sec-
tion [4.2.3] i.e. the discrete problem arising from discretization of the plate problem
by a mortar finite element method that locally in each subdomain uses noncon-
forming Adini element. The ASM is analogous to the one described in Section [4.5.1]
We keep the same notations of subspaces and respective projections.

We first decompose each function v € V! into two parts orthogonal in terms of
ap(-,-) as follows
u = Pu+ Hu,

where Pu = (Pyu, ..., Pu,..., Pyu) and Hu = (Hyu, ..., Hu,..., Hyu). Here the
orthogonal projection Pu € X, (€;) and the discrete biharmonic part Hyu € Xj'(€;)
are defined by

api(Pu,v) = ap(u,v) Yo € X{;}h(ﬂi)

and

ai,h(Hiu, U) =0 Yv € X{;}h(QJ,
0“Hyu(p) = 9%u(p) Vp € O, lof <1,

where

Xon() = {v € X} (Q:) : 0%u(p) =0 Vp € 0ip Jaf <1},

We next define VA = {Hu : u € VhA} ie. the Subspace of discrete biharmonic
functions of V;A. We can decompose i, the solution of (4.11)), into ui' = Pui' + Huj..
We can compute Puj solving N independent local problems The discrete biharmonic
part of ui further denoted by @; = Huj is the solution of the following variational
discrete problem

ag (i, v) = f(v) Yo e VA (4.37)
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_ We describe ASM for solving this problem in terms of decomposition of the space
VA into several subspaces, cf. Section .

Let define a coarse space as follows

Vo' = {u € Vit Ok = s,y € Po(Tia)s I, OnViy,, =
In,Onvis,,, € Pi(Tw) and 0%v is
continuous at all crosspoints, for |a] <1 }.

Here 1, , Iy, are piecewise linear interpolants defined over hj and h; meshes of master
Ymk = L' and slave 9,, ;, respectively.

We next define VA

2., a one-dimensional space associated with a multi-index « of

length one and a vertex z € V(). We define V;}, = span{¢g .}, where ¢f , € VA is
the locally discrete biharmonic vertex function associated with « degree of freedom
and a vertex x € 0€), defined analogously as the one in Section 4.5.1]

We next define subspaces associated with masters as in Section [4.5.1} Let 7,, » be
a master and 9,, its associated slave. Then let Vn‘;‘ be a space formed by all functions
v € VA for which

0®v(z) =0 for x € { U s U V} \ Vi k.-

Vs cr

We remind that V = U, V(Q,) is the set of the vertices of all subdomains contained
in I". Note that V?! contains functions which have nonzero degrees of freedom only at
nodes of v, x.» and by the mortar conditions at ones of d,, 5, and in € 5 and €.

We obtain the following decomposition:

N
ViV X VA Y YV

YmCT k=1z€V(Q) |o|=1

We next define operators T : VA - Vi, TA VA — VA and T;}a VA - nga as
orthogonal projections (in terms of ay(-,-)) onto respective subspaces.

We define T4 : VA — VA by

N
T Y Ty Y YT

Ym CI' k=12eV(Q) |a|=1
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Then we replace problem (4.37)) by
T4 = g, (4.38)

where g = go + ¥, cr 9m + Thot Teeviog) Llajet Yaa and go = T5'0s, gm = Tinis
and g, o = T, 03

We now state the main result of this subsection.
Theorem 4.5.5 For any u € ViA, holds
(1+ log(H/ﬁ))_2aH(u,u) < aH(TAu,u) < ag(u,u),

where h = infy, hy, and H = max;, Hy,.

The proof is given in Section [4.5.6

4.5.5 Technical tools

In this subsection, we present some technical lemmas.

We first consider one subdomain 2, with boundary 02, = Ui U U&k, where
first sum is over all masters 7, , and the second one of all slaves contained in 0€2.

For proof of the first lemma, see e.g. Section 4, Lemma 4.1 in [82].

Lemma 4.5.1 If w € HY?(0%,) satisfies condition v = 0 on 0Q \ € and
10sull zooey = hi lullp(e), then holds

[l o0,y = ulinse + (1 +1og(1€]/hi)) [ullie ),

where |E] is the diameter of this edge.

The second lemma gives a Sobolev like inequality. The proof of this lemma can
be found e.g. in [107], see Lemma 4.2.2, p.45 there. It can also be proved using the
discrete Sobolev inequality for piecewise linear functions, see Lemma 7, p.170 in [20],
cf. also Lemma 4.2 in [82].

Lemma 4.5.2 Ifu € X (Qy), (XP (), XH () ), then holds

[ulfioe(ayy = (1+log(Hy/he)) (H?lulip ) + [ulfe,) ) -
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From the previous lemma, we get the following corollary.

Corollary 4.5.1 If~,,; C 0%; is a master and 6,, ; C 0S); is the corresponding slave,
then
IV (i = w2 r,y) = (L4 log(H/R)) D |ulfre,) Yue Vi

s=i,j
Proof. We have
IV (i = ) o oy = 105 (s = i) Zoe(rsy) + 10 (s — ) [ Loery)-
Let js : L*(T;;) — Ps(T;;) be the L? orthogonal projection onto the space of polyno-
mials of degree s. By the mortar conditions and , we know that
T Wi |y s = J1Uj (815 and JoOnu; [Ym,i = JoOnuj |Orm,j 5

where |y, ., Uj|5,. ;) Onlily,, . and Onujs,, . equal the respective traces of u;, uj, Oyu;
and J,u; onto the master 7,,; and the slave 9,, ;, respectively.

Let estimate the term associated with tangential derivative. We have
105t = Osuj || Foe ) = 105t = () [ Foe ) + 110525 = (1) [ Foer, ) =
[05u; +w) ||%oo(rij) + {1 (1 (ws + wl)/H%m(rzj) + [|Osu; + U/1H%oo(rij) + [ (u; + Ul)/“%w(rijy
where wy, v; are arbitrary linear polynomials.

Using Lemma [4.5.2 we can bound the first term by

2
10su; + wi oo ry = (14 log(Hi/hi)) (3 H*~*|ui + wilfrs a,))-

s=1

Since j; is the L? orthogonal projection onto the space of linear polynomials, we obtain

2
1 (i + wi) ooy = Hi 2l (s + wi) 72, 5 2D HEu + wy
s=0

2
Hs(Q4)

We have used an inverse inequality over the master v, ;, the trace theorem, e.g. see
Theorem 1.5.2.1, p.42 in [71], and a scaling argument.

Since w; was an arbitrary linear polynomial, we get by a quotient space argument,
e.g. see Theorem 3.1.1, p.115 in [47],

[Osui(2) — () (@) |* = (1+ log(Hi/hi))lulfreq,).
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The terms associated with the slave are estimated in the same way. Finally, the term
associated with the normal derivative, we estimate in a very similar way and get the
same bound.

O

The next lemma states property of vertex discrete biharmonic functions defined

in Section [4.5.11

Lemma 4.5.3 For a vertex v € V(%) N V(¢,) and a multi-index o of length one,
holds

0% 212, ) = (1 +log(Hy/hy)),
where h, = inf; h; for j for which ¢, = x is an end of 'y; and ¢f , € VhRH was defined
i Section [4.5. 1.

Proof. Note that on each edge denoted by £ (that can be a master or a slave),
True = (ue, Vue) can be represented as

True = (e, Osu, Oqt).

We use this observation afterwards in this proof.

We can have three situations, the first one, where = is the common end of two
slaves, of two masters, and of a slave and a master of €);. Let consider the first one,
ie. x = (5m g N 61 k- Then ¢f . is nonzero only in Q. We also have T'r P, = 0 on
O, \ (O U0y U {x}). Additionally, we can represent Tr ¢f , as

Tr ¢y =Tr oY + (Voms Voms Yrm) + Qo ¥ 1),

where gbgiv is the standard biharmonic nodal function associated with the a-degree
of freedom at the vertex x. We have

T”bkxw = (¢}, kz|6 7¢kaz\5 , n¢m|5 ).
The functions ¥, ¥1,, are defined as follows
1 7N J—
7v/}O,m = _Hm,k¢g7x‘5ma % m mk 1 n¢k S| Om

on the slave d,,; and as equal to zero on 0Q \ d,, . Here m k Was defined by (4
and II9 , | by (4.28). The functions vgy, 1, are defined in the same way for the
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second slave ;5. This representation of T'r ¢, follows from the mortar conditions

[19) and (E13).
Next by Lemma and (4.31)), we obtain

a « « a, N
|¢k,:p|H?{(Q) = |¢k,x|H2(Qk) = ’v¢k,m|H1/2(8Qk) = |v¢k,x |H1/2(8Qk)+

+||w(l),m||Hé(§2(5m,k) + ||¢1,m||HééQ(5m’k) + ||¢67Z||Héé2(5l,k) + ||w1’l||Héé2(5z,k)'

The first term by the trace theorem, see e.g. Theorem 1.5.1.2, p.37 in [71], and the
properties of standard nodal functions can be bounded by a constant.

The remaining terms we estimate as follows
- - N
”%77””?{352(%/9) = h’kSHwO,mH%Q(ém,k) = hkguﬂin,k(b:,zwmH%Q(mek) =

_<hk3”¢k:x|5 HL2 Bmi) = < (Const).

We have used an inverse inequality, Lemma [4.4.5] and properties of standard nodal
functions of reduced HCT element. Analogously, we get

HI/}LWHZS({Q@ = hk1||Hmk1 n¢km|6 ||L2(6m7k) =

_ N
= 100 s, 725

We have used an inverse inequality, Lemma and properties of standard nodal
functions.

< (Const).

m,k) —

The two remaining terms associated with the slave d, ; we estimate in exactly the
same way.

Let now consider the case, where z is the common end of two masters v, » and s k.
Let d,,; and 5 ; be the slaves associated with the masters 7,, , and 7, x, respectively.
Then ¢f , is nonzero in three subdomains (), €); and €; because Tr ¢}, = Tr qbz‘iv
on 9, but also T'r ¢ | 5 A T G 5,, Are NONZero.

On 9,,,;, we have
Ir ¢kw|69 (¢0m27¢0mzv¢lmz)
where

Yomi = i bmpys Yimi = i1 (Ondiayy,),

and on the master v, x

Tr gb?vth,k TT gbk th k - (gbk "E"Ym K’ ¢k :E"Ym k’ n¢k m")’m k)
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We remind that ¢g§ is the standard nodal function associated with the h; triangu-
lation of € and the a degree of freedom at the vertex z € V(€)). In the same way,
we can introduce the similar functions v, ; and vy , ; for the second master v, ; and
its associated slave d, ;.

Thus by Lemma and (4.31)), we obtain
‘QS :z:’H2 Z ’¢ x’Hz () = |v¢lo;xﬁ-[1/2(8ﬁl) =

l=k,i,j l=k,i,j
N
= |V¢Z,x |%Il/2(89k) + ||¢6,m,z’”?{é£2(5m,i)+

+||w1,m,i||§{éé2(5m’i) + ||¢6,s,j“§{éo/2(§s,j) + |’¢LSJH§{(%2(5SJ)'

The first term by the trace theorem and the properties of standard nodal functions
can be bounded by a constant.

We now estimate the two terms associated with slave d,, ;. If hy < h;, the proof can
be carried out as in the previous case. Thus We assume that h; < hg. Additionally,
let qbz lom ~be a trace of the nodal function (;5 associated with the h; triangulation
of €, the a degree of freedom and y, the Vertex of Q; such that y € V(¢,). Note that
y and x occupy the same geometrical position of c,.

By an inverse inequality and Lemma [4.4.5] we have

N
“w(l),m,iHiIéé?((;m’i) j ||aSH (¢k x| Ym qsty‘&mz) |2

1/2(6m,i)+

2 +

o, N
+||8 H ,y|6 ||2 1/2 (6m —< ||a (gbk Zlym Qﬁ ,y|6ml)

+h; 3||</5,y|5m||L e

The second term we estimate by constant in the same way as before. The first one
we estimate by Lemma and get

Ha (¢k‘ Zlym ¢ij]|\gm 'b)

1/2(5m 7')

’2 1/2 S, ’ (¢k T Ym ¢ 1,Y|0m, )|H1/2 )+

+(1+1og(Til /i) |0s(72),,, — 955, I

‘Loo (5m,i) .

Then by properties of nodal functions associated with degrees of freedom of the first
order, we estimate all these terms by constant and finally get

19y, = (1 Tog(Tial/20)
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Using Lemma instead of Lemma and similar arguments, we can get
2
1m il ) < (1+ log(Tial /1))

The two analogous terms associated with the second master we estimate in the same
way. The proof of the third case can be done combining arguments used in the proofs
of the first and second cases.

O

Remark 4.5.3 The statement of Lemma is also true for analogously defined
vertex functions for mortar methods that use locally HCT or piecewise bicubic ele-
ments. The proofs proceed in the same way.

Next lemma states stability of interpolation (grid transitional) M/ in H% semi-
norm.

Lemma 4.5.4 For the operator MFT : VEH — ViEH defined in Section holds

M | 20y <l Yu € VR

Proof. Letu € V,?‘H and let w = M}*uq, . We have u € Py(K;),j = 1,2,3,, where
K; is a triangle formed by connecting vertices of €2, to its centroid.

Let 7 € Ty(Q%). Then we have from definition of M/

Wiy =D diam(r) Ju(p) — Lu(p)> + Y > [0%ulp) — 0%u(q)]?,

p#q p#q |a|=1

where the first sum is over all vertices of this element that differs from ¢ which is a
vertex of 7. The vertex ¢ can be chosen in an arbitrary way. Here Lf is the linear
Hermitian interpolant defined by LY f(x) = f(q) + 37-; fa (¢) (2 — qi) for a point
¢=(q1,0) € R

We first consider a case, where 7 C K for a triangle K;. Then u, € P(7) and
using a scaling argument, equivalence of all norms over finite dimensional space P3(7)

for a reference triangle 7, and a quotient space argument, e.g. see Theorem 3.1.1,
p.115 in [47], we get

diam(r) ?|u(p) — Lg'u(p)|* < |ulip()
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and
0°u(p) — (@) = lulfe(r)

In other cases, i.e. 7N K # () for more than one triangle K, the situation is more
complicated. Let assume that 7 cuts through two triangles K; and K. Let ¢ € K;
and py,ps € Ky. We consider all terms, where p; appears. This nodal point is the
common end of some triangles 7. We assume that p; and ¢ are vertices of a triangle
71 and 7, respectively, such that  C Ky and 7, C K;. If not, we would have to
consider a triangle S of diameter diam(.S) =< diam(7) such that p; € S C Ko N7’ for
an element 7" which have p; as a vertex and S satisfies the shape regularity condition
of T, (€). The existence of such a triangle follows from the shape regularity of the
triangulation. Then instead of the triangle 71, we would consider S. The same is valid
for ¢ and 7,. Next we can conclude that for any linear polynomial w;, we obtain

lu(p1) — qu(p1)|2 = |(u+w1)(p1)]* + ]Lf(u +wy)|? =

2
= > Y diam(7)* Pu+ wi ey =Y diam(7)[ulF2 .
7' NT#£p s=0 TNTAD

We have used the fact that u,, € Ps(7) ) and uj,, € Ps(7,), a scaling argument, and a

quotient space argument for the region G' = Uz749 7', see e.g. Theorem 3.1.1, p.115
in [47]. In the same manner, we get

2 2
|0%u(py) — 0%u(q)|” = Z |u|H2(T/)'
TOTAD
The terms associated with ps we estimate in the same way.
There is one triangle 7, such that cuts through all K;. But the estimate of norm

of w over this element can be done in the same manner as above. We now sum over
all elements 7 and get the desired estimate. a

The next lemma is necessary in the proof of Theorem [4.5.3] In the proof, we use
similar arguments to those of Lemma 4.3 in [82].

Lemma 4.5.5 Under the assumptions Theorem[{.5.3, see Section[{.5.3, holds

=< (1 +log(H;/h;))?
< Suu> = (1 +log(H,/h;))",

sup
u € VOAZ

where h; = min{h; : 9Q; N OQ; # 0}.



Plate problem 145

Proof. We first note that B;u is nonzero only in €); and subdomains that share a
common edge with €;, it follows from the fact that u(z) = 0 for a vertex z of €.

By the definition of B;, Lemma {4.4.6| and (4.31]), we have

GH(BiU,BU Z Z ’aa ‘2 |V¢11|H2 +

=1 z€V()
+ > Yoo |u— aau(x)aaﬁbffxﬁ{l/z(aﬂj)‘
|a\:1 893-08(21-:1“”- xGV(QZ)

By the trace theorem, see e.g. Theorem 1.5.1.2, p.37 in [71], Remark [4.5.3] and
Lemma we can estimate the first double sum. The second sum we can estimate
proceeding in the same way as in the proof of Theorem [4.5.1] see below, and we finally

get
2

ap(Biu, Biu) < (14 log(H;/h)* Y HZ *|ulfq,
s=0

= (1 +log(H;/hy))?|ulfrz 0,

We have used a scaling argument and the fact that the seminorm | - [42(q,) and the
norm || - || y2(q,) are equivalent over a subspace of H* formed by functions which are
equal to zero at three or more points. Here these points are the vertices of §2;. O

=

We now state some technical lemmas for the mortar Adini method.

First we define II}, ; : L?(8n;) — H3(0m;) N W"(8,,5), an auxiliary operator as-
sociated with the slave 6m,j C 0. Here Whi(6,,;) is the space of traces of functions
which are in the bicubic finite element space defined on 7},(€2;), the h; triangulation
of Q;, i.e. is the space of C! continuous piecewise cubic (in elements of the h; trian-
gulation of 6, ;) functions. These functions are uniquely defined by the their values
and values of their derivatives at all nodes of d,, ;5. Thus we set the values of ﬁ}n,j
as follows

N d
1} u(p) = 1 10(p) and 10 ju(p) =0 Vp € by,

where II), ;| is the mortar projection defined in (4.28).

Note that for u € V;* hold
On M 15, = T3, I, Ot MAijm = Ujls, = Ty Ui (4.39)
what follows from the mortar conditions and ( , and the definition of ./\/lA

the local equivalence mapping, see Deﬁnltlon 1.3.1] Here I, are linear mterpolants
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onto the h; mesh of a master 7,,;, and J,,; is the associated slave, and H}n’j is the
mortar projection defined in (4.25)).

Lemma 4.5.6 For u € [L*(0m;), Hy(0m;)]s, s € [0, 1], holds

ML, sl 122060, 18 6 p)le = N (2206000, e

where [L*(6m.;), Hy(0m.;)]s s a Hilbertian interpolation space between L*(0,,;) and
Hg (Om5)-

Proof. The proof follows from the respective stability properties of the operator
IT9, 1, see Lemma 4.4.9) an obvious observation that

|H}”7ju|%15(5m,j) = |H?ﬂ,j71u|§{s(5m7j) s = 07 ]_7

and an interpolation argument, e.g. see Proposition 12.1.5, p.279 in [38]. O

Corollary 4.5.2 For u = {ux} € f/hA for which Tr/\/liAui — 0 on 90 \ Ym,s and
TrMiu; =0 on 0\ 6y = 0, we have

|Uj’H§(Qj) = \VMZAUHHW(M) = |Ui|H§(Qi),

Proof. By Lemma 4.3.3] Lemma |4.4.6} (4.31]) and (4.39)), we obtain

|uj|?1,2l(9j) < |(M}4)TE9“(M?U)’§{§(W) = ‘VM}AU’?{W(an) =

= 0 M s

A
4) * ||anMj uj”iféf(fsm,j) -

_ 1 2 Tl 2
- ||85Hm,ju7;HH01(<2(5m7j) + HHm,jIhianui"Ym,i H(}O/Q((Sm,j).

The first term we estimate with the help of Lemmal4.4.5| (4.39) and the trace theorem,

e.g. see Theorem 1.5.1.2, p.37 in [71], and get
1 2
1010, juill,

) 3 ||8sui||i1362 = M ult g,

00" (Om. 5 (Ym,
The second term we estimate as follows

”Hin,j]hia”uﬂ"/m,iH?{(}D/Q((;myj) = ||]hia”ui|’7m,iHi]&f((;m,j) =
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<N = 1 )0 Ml )+ 10 M, o,
We have used Lemmam the fact that Iy, 0wy, , = In,0n M ui}y,,, and an inverse
inequality. The second term we estimate by the trace theorem and the first term by
a scaling argument, the trace theorem applied to each element of the h; triangulation
of Y., see e.g. Theorem 1.5.2.1, p.42 in [71], and a quotient space argument, e.g. see
Theorem 3.1.1, p.115 in [47], and get

XL, L, Ot

2 A, 12
= - .
HY P (5mj) — |Mz U‘HQ(Qi)

Finally, Lemma yields the desired estimate.

The equivalence of the norm [V MZu|y1/5(9g,y and the seminorm [M:'u|p2(q,) fol-
lows from Lemma [4.3.3] Lemma [4.4.6] and (4.31)), cf. beginning of this proof. a

The next lemma states property of coarse grid space V! defined in Section m

Lemma 4.5.7 For any ug € V{* C VhA, a coarse grid function, holds

ahyk(UO,Uo) = Z Z H§|a|*2|aau0(p)|2’

pEV(Q) |a]<1

where V(Qx) C T is the set of all vertices of Q. NT.

Proof. We first note that ug is uniquely defined in 2 by the values of respective
degrees of freedom at all vertices. We can conclude that

Uy = Z Z aauo(p) SZ"(Z,

PeEV(Q) o<1

where gbgg“; is a function in V! such that

v 0 p#tq or [#a,
aﬁ(bg,p,a(q):{ 1 p=q and ﬁ:a,

Thus to finish the proof it suffices to prove the bound of H? seminorm of these
functions.
Let first consider such a function for a multi-index o and a vertex p € 9€);. Then

by Lemma Lemma |4.4.6 and (4.31)), we have

005 iy < |(ME) Bt (ML) Bz = IVMEGTE P 0
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We next note that the trace of a function which corresponds to a vertex p is nonzero
only on two interfaces I'y; and I'y; for which p is their common end.

Let consider ¢f%% for a = (0,0). We have that O MAqSkCZa(%O = 0 on both

interfaces. We can conclude that T'r MAgbkC’g%,O) on 08 is equal to the trace of a
coarse Adini nodal function which is defined on the rectangle €2, and has all degrees
of freedom equal to zero at all vertices of €2, except of the one associated with multi-
index (0,0) and the vertex p. This function has H? seminorm over €, bounded by
H '

Hence by the standard trace theorem, e.g. see Theorem 1.5.1.2, p.37 in [71], we

have

|¢kC,Z?T|H2 (%) = Hk y = (0 0)

Let consider the function associated with a = (1,0) (the norm of the one corre-
sponding to (0,1) we can estimate in the same way). We have that one of interfaces,
say I'y; is parallel to axis OX, and the second one I'y; to OXs.

We can note that

Tr M,’:l(bCoar :< Coar aMAQﬁCoar ) on Fk:l

k,p,a k,p,a k,p,a

and

Tr M?QSCOCLT — (0’ 0, anM£¢C’oar) on ij‘

k,p,a k,p,o

We introduce ¢ € Tr H?(), an auxiliary function defined on 9, as follows

k,p,a
7 Coar Tr M£¢kcga(; on an \ ija
Ir (bk,p,a = "\ fA 1 Coar .
(0,0,Ihkan/\/lk gbk’,p,(x) on ij.

Note that I, 0, My ¢fo% is the linear function equal to one at p and to zero at the
other end of I'y; what follows from the definition of V;, i.e if we assume that p = (0, 0)

and I'y; = [0, Hy], then we have 8ngbggfg( )=1—t/Hy for t € I';.

Thus we can conclude that
Coar |2 A Coar Coar T Coar |2
’¢k,p,o¢’H2(Qk) = VMG — Vol e 00 T IV palmnzoo,)-

Using a reference rectangle we can estimate the second term by a constant. Note that
at all nodal points p¥ of the hy, mesh of T';, we have My ¢g % (pf) = ,ggag; (p¥). Thus
the first term we further estimate as follows

‘VM?¢COGT v¢6’oar

k,p,a k,p,a

200 = N0nMioL e — Oudipially, 12

<
(Trj) —
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= By |0u MG b — Ondipaliam,) = D |0udhp (PE)—

Py €lk;
~O0ufipia0))P = max |pfyy — pf P Hy(Hi/he) = (he/ Hi) < 1.
Coar

We have used an inverse inequality, the fact that 8ngz~5k7p’a is the linear function on I'y;
that equals one at p and zero at the other end of this interface and that the number
of p¥ is bounded by (Const)H;,/h;, what follows from the quasi-uniformity of the hy
triangulation of I'y;. O

The next corollary is analogous to Lemma [4.5.3]

Corollary 4.5.3 For ¢, € f/hA, the vertex function corresponding to a vertex x €
V(c,) N V() and a multi-index v of length one, holds

|Okal2 @) = (1 +1og(Hi/h,)),

where h, = inf; h; for j for which ¢, is an end of U'y;. The function ¢, € f/hA was

defined in Section[4.5.4)

The proof follows the lines of the ones of Lemma and Corollary [4.5.2] therefore

we omit it.

4.5.6 Proofs of the main theorems of ASM methods

In this subsection, we give the proofs of Theorems [£.5.7] [£.5.2] and [4.5.5]

Proof. (Theorem |4.5.1)) Using the general ASM framework, we have to check three
key assumptions, see Theorem in Section (1.4

Assumption (iii)
Here it is satisfied with w = 1 because we have set ag/(-,-) as our local bilinear forms
for the subspaces.

Assumption (ii)

It is satisfied with a constant independent of the number of subdomains since the
supports of functions from both local subspaces are contained only in two (for spaces
associated with masters) or in several (for the vertex spaces) subdomains.
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Assumption (i)
We have to prove that there is a decomposition of u €

u=u'+ > U+ > D Uy, (4.40)

YmCT k=12€V(Q) |o|=1

(7RH
Vi

where u® € V", um € VD and u,, € V) are such that

ag(W,u’) + D agWm ™)+ D> > an(usae, tsa)

Ym CIT k=1zeV(Qy) |a|=1
= (1+log(H/h))ag(u,u). (4.41)

We now define this decomposition. We first define u® € Vo(l). Note that it is
defined by the values of all degrees of freedom of u° associated with ¢, for a crosspoint
Cr-

We set

u(c,) =u(e,) and 0*u’(c;) = > (1/N.)0%ux(z),

z€V(cr)

where N, is the number of subdomains with a crosspoint ¢, as a common point. We
use the fact that if vertices x € 0§ and y € 9€; are in V(c,), then ug(x) = w(y).

Let w = u — u°. We next define Ugq € V o by
Upo = O%w(T) B ,, | = 1.
Let w =w — fozl D zev(y) 2laj=1 Uz,a- Then we have

0w(x) =0 for €V and |af < 1.

Let vy, 1 be a master, then we define u™ € V(1) by setting the values of all degrees
of freedom at the nodal points of v, .. We set

Ou™(p) = 0%w(p) Vp € Ymumn: o < 1.
Note that (4.40) is satisfied.

We first estimate ag(u®, u"). We have

N
Z |u |H2 ()"
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We now estimate each term separately. By Lemma |4.4.6{and (4.31))

|20,y = [0 = Lt B2,y = V(4" = Liu®) 3172 06,

where Liyu® is the linear interpolant of u° defined by the values of u” at three arbitrary
vertices of ;. We will also use the fact that Lyu® = Lyu = Liyuy.

By the trace theorem, see e.g Theorem 1.5.1.2, p.37 in [71], and the definition of
Vo(l), we conclude that

Wt = D0 (H?[u’(q) — L’ (@) + D [0%u’(q) — 0*Lyu®(q)]?).  (4.42)
q€V (%) lal=1

Let now consider one vertex ¢. The term from the first sum corresponding to this
vertex, we estimate by the Sobolev inequality of continuous embedding C° C H?, e.g.
see Theorem 1.4.4.1, p.27 in [71], a scaling argument, and a quotient space argument,
e.g. see Theorem 3.1.1, p.115 in [47], and get

H 2’ (q) = Liu® ()] = Hy *lur(q) — Liur(q)® = JulFrq,)-

We next estimate a term from the second sum in (4.42)). We also introduce the
Hermitian linear interpolant Lf associated with the vertex ¢ defined by Lf flx) =

(@) + fo, (1 — q1) + fo, (22 — q2) for a function f € C1().

Then we have
0%u’(q) — 0° L’ (q)]” = [0%u’(q) — 0“ L ur(q)|* + 10* L ui(q) — 0* Lyuw(q)* =
= > [0%uily) — 0ui(q)|? + [0* LT wi(q) — 0 Lyux(q)]>- (4.43)

y€V(q)

Here V(q) = V(c,), for a crosspoint ¢,, is the set of all vertices of substructures which
geometrically coincides with the vertex ¢ and with the crosspoint ¢,. The second
term we estimate by Lemma the Sobolev inequality of continuous embedding
C° C H? e.g. see Theorem 1.4.4.1, p.27 in [71], a scaling argument and, a quotient
space argument, e.g. see Theorem 3.1.1, p.115 in [47], and get

0% L u(q) — 0™ L (q)* = (14 log(Hi/hi))ulFr2q,), |l = 1.
The first sum in (4.43]), we can bound by

> 10%uiy) — 0%u(@))* = D [0%us(2) — 0%un(y)]* =

yeV(q) Ay
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=2V = )7, -
TFy

where the last sum is taken over all pairs of geometrically coinciding vertices x,y €
V(q) such that  is an end of the master v, s and y is an end of the associated slave

S

Using Corollary and summing first over all masters with one end as ¢, then
over all vertices of €, and adding the resulting estimates to the previous ones, we get

anp(u’,u’) 2 (L+log(H/R) Y wilie,. (4.44)

Summing over all subdomains yields

an(u’,u) = (1 + log(H/B)) |l o (4.45)

We next consider one crosspoint ¢,, a vertex « € V(c¢,) N V() and a multi-index
« of length one and we estimate ay (ty a0, Uz o) for ug o € V;C(la) We have

arr (Uz,as Uza) = lﬁo‘w(m)|2|¢%xﬁ12(9) = (1 +log(H/h))|0%uk(z) — aauo(x)|2-

We have used Lemma [4.5.3] Note that u’(z) = Lyu®(z) = Liui(x), where Ly is the
linear interpolant defined by the values of a function at x and two other vertices of
0. Then we have

10%up (z) — 0°u®(2)]? = |0“Liu’ (z) — 0°u®(2)]? + |0%up(2) — O* Lyug(z)|?

and the first term has already appeared in (4.42). Hence by the arguments that we
needed to prove (4.44)), we can conclude that

ap (e, Uza) = (1+ log(H/ﬁ)f Z |u|%l2(ﬂi)-
cTEBQi

The sum is taken over all subdomains that have ¢, as a vertex. Next summing over
all vertices and all multi-indices of length one, we get

> D > an(Usastaa) X (1+log(H/h)) ulfs o)- (4.46)

k=12eV(Q) |a|=1

It remains to prove a bound for ay(u™,u™). Let consider one term associated
with a master v,,, and the corresponding slave d,, ;. Then u™ € Vn(@l) can be nonzero

only over (2; and ;. Thus by Lemma and (4.31), we get

m . m m|2 m|2 m|2
(IH(U , U ) j ‘VUZ ’Héé2(’ym,i) + |VU] ’Héo/z(am,j) = |VU,Z ‘Héé2(7m,i)‘
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The last bound follows from Lemmas [4.4.5] and 4.4.9]
By Lemma we obtain

ag(u™,u™) 2 VU e, o+ (14 log(H/h)) [ V|7 (4.47)

'Ym,i)'

The first term in (4.47), we can estimate by the trace theorem, e.g. see Theorem
1.5.1.2, p.37 in [71], and obtain

|Vu§n|§{1/2(7m,i) = uilfragq,) + 1] e + [Ueal ;) + [yl fz@,) =

< (L+1log(H/R) > luslie,,
OQ,;NON L A0

where x,y are the ends of the master. We have used the fact that these terms have
already been estimated.

We now estimate the second term in (4.47). Note that we have Tr u, oy, =
aaw({B)Tr¢§,x b, and that Treg = Tr¢g:th‘, where ¢2iv| ., 1s the standard nodal
function of reduced HCT element method associated with the a degree of freedom

and the vertex x. Thus we have

IVtaallZo sy, ) = 10%w(@)* 2 (1+log(H/h) > |ulfpq,.

Cr 6891

The last bound is obtained in the same way as above. The same result holds for the
term corresponding to y, the second end of this master.

We next estimate Hui—u?H%,Vl,oowm .- We again use the linear interpolant L; defined
by the values of a function at three vertices of €2; and can conclude that

i = 3 [fyr10e sy, ) = s = Litti|[ 1,00,y + 105 = Litd [ -

We used the fact that Lyu; = L;u), what follows from the definition of u°. The first
term we can estimate by Lemma [4.5.2] and a quotient space argument, cf. Theorem
3.1.1, p.115 in [47], and the second one in a similar way to the one that we have used
to prove (4.44)). Finally, summing all these bounds, we get

ag(u™ u™) < (1+log(H/h)? > luklizo,):
QNN A0

Summing over all masters yields

> ag(u™ u™) X (1+log(H/h))*ulfs o) (4.48)

YmCIL
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To get (4.41)), we add the estimates (4.45)), (4.46)), and (4.48) and this ends the proof.
a

Proof. (Theorem [4.5.2) We now use again the general ASM framework. We have to
check three key assumptions, see Theorem in Section [I.4] Some parts of this
proof are the same or very similar to the one of Theorem 4.5.1]

Assumption (iii)
Here it is satisfied with w = 1 for all subspaces except for V0(2) as in the proof of
Theorem . For the coarse space ‘/[)(2), we obtain

(2)

ap(u,uw) <05 (u,u) Vu e Vi,

what follows from Lemma [4.5.4]

Assumption (ii)
As in the proof of Theorem it is satisfied with a constant.

Assumption (i)
We first define a decomposition of u € V;*H

N
U:UO+Zum+Z Z Zux,om
Ym CI k=1zeV(Qy) |a]=1
where u® € V¥, um™ € V@ and u,, € V@) are such that
) N
b () + 3 an(@m ) £ Y X N an(tse tsa) 3
YmCT k=12€V(Q) |a]=1
= (1+log(H/h))ay(u,u). (4.49)
We set u® = MEH40 where @° € V}?H is defined by

W(c,) = ule,), 0%°(c,) = Z (1/Ne,)0%up(z),

zeV(er)
where N, = card(V(c,)).
We next define u, o € Vx(za) by

Up o = (0%u — 0°u°) (2) Up .-

Let w=u—u’— Zévzl Do2eV(Qp) 2olal=1 Yz,a-
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We next decompose w into two parts w = Pw + Hw, see Section [4.5.1] and (4.30)).
Note that for all respective multi-indices o and nodes p € 0, we have 0%w(p) =
0“Hw(p).

Let v be a master and 9,,; the corresponding slave, then we define an auxiliary
discrete biharmonic function @™ € V,?) by setting its values of all degrees of freedom
at all nodal points of v, .. We set

0%u"(p) = 0"w(p) for p € Ymin-
Finally, we define u™ € V(?) as
u™ =a" + (1/Ny) Pywy, + (1/Ni) Py, (4.50)

where N;, ¢ = k,l, is the number of edges I';; contained in 0€2; N I' and Pw was
defined in (4.30) and extended as zero onto other subdomains, i.e. we identify Pw
with (0,...,0, Pw;,0,...,0).

Note that

N
w=u’+ Z um—i—z Z Zux@.

Ym CT k=12€V(Q) |o=1

We first estimate by’ (u®,u°). By the definition of V\* = MFHVEH and using
properties of coarse nodal functions of reduced HCT method, we have

N
b7 (1, u0) = a(@®,a°%) < S S0 (H%a(q) — La®(p) >+
k=1 qeV(Q)
+ 37 100" (q) — 9°Lyi(q)*)},
|a|=1

where L,4° is the linear interpolant of 4° defined by the values of 4° at the vertices
of Qk

Proceeding in the same way as in the proof of Theorem [4.5.1] we obtain
2
b (u°, u®) < (1 + log(H/h))[ul}e o). (4.51)
The bound for vertex functions we can get noting that the estimates of Lemma

4.5.3|are also valid for vertex functions ¢y . and further following the proof of Theorem
4.5.1l Hence

Z Z Z g (Uza, Usa) 2 (1 +10g(H/h>>2‘u|§{§{(Q)- (4.52)

k=12eV(Qy) |a|=1
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It remains to prove a bound for the sum of agy(u™,u™). Let consider one term
associated with a master 7,,; and the corresponding slave ¢,, ;. Then u™ € Vn(f) is
nonzero only over 2; and €2;.

We have, see (4.50)),

ag (U™ u™) 2 ag (@™, ") + > asp(Paw, Paw) < ag (@™, @) + > asp(w, w).

s=1,] s=1,j

We have used the fact that P, s = i,J, are the orthogonal projections in terms of
asn(-,-), s =1,7, respectively. Using the definition of w, we can estimate the second
term by

as,h(w7 w) j a's,h(ua U) + as,h(uoa uO) + Z Z as,h(uaz,a; ua:,oz): s = Z)]
x€0Qs |a|=1

Summing over all masters and utilizing Lemma |4.5.4] we obtain

S an (@™ u™) = ag(u,u) + bP (1, u)+

Ym CL
N
+Z Z Z aH(ux,aaux,a) + Z aH(am’,&m).
k=1zeV(Q) |a|=1 Ym CT

The second term is estimated by (4.51)), the third term - the triple sum by (4.52)), and
the last term - the sum over all masters proceeding in a very similar way to that of
the proof of Theorem [4.5.1} Finally, we obtain

S anu um) 2 (1+ log(H/R)uls o (453)
Ym CT’
Adding (4.51)), (4.52)), and (4.53), we get (4.49). The proof of Theorem is
completed. O

Proof. (Theorem [4.5.5) The lines of this proof are similar to that of Theorem [£.5.1]
Assumptions (ii) and (iii) are satisfied with constant independent of H and all hy,
as in Theorem [£.5.1]

Assumption (i) .

We have to prove the existence of decomposition of u € VA that satisfies an inequality

analogous to (4.41)) in the proof of Theorem [4.5.1]
We set ug € Vi by

u(c,) = u(e,) and 0*u’(c,) = > (1/N.)0%ux(z),

zeV(cr)
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where N, = card({k : k € N(c,)}) = card({z : x € V(¢,)}).
Let w = u — u°. We next define Ugo € VA by

Ug oo = aaw(fﬁ) gbg,:p

. - N
and introduce W = w — Y31 Yoev@,) Llal=1 Uz,a-

Let v, be a master, then u™ € V4 is defined by setting its values of all degrees
of freedom at the nodal points of 7, ., as follows

9"“u™(p) = 0“w(p) VP € Ympn, o < 1.

Note that

N
u=u’+ Z um—i—z Z Zux’a.

YmCT k=1zeV(Q) |al=1

We now prove an estimate that is analogous to (4.41)). Lemma m yields that

) < Z S (HP W (q) — Lk (@) + D |10%u’(q) — 0° L’ (q) ).

k=1qeV() jof=1

Here L,u® is the linear interpolant of u® defined by the values of u° at three arbitrary
vertices of .. Note that LyMfu, = Lyuy, = Liu®, cf. Definition m

Let consider a vertex gq. The term H; *[u’(q) — Lyu®(q)|? corresponding to this
vertex is estimated utilizing Lemma the Sobolev inequality of continuous em-
bedding C° C H?, e.g. see Theorem 1.4.4.1, p.27 in [71], a scaling argument, and a
quotient space argument, e.g. see Theorem 3.1.1, p.115 in [47], and we get

H?[u(q) = Lia® (@) = H 2| M’ (q) = LM’ ()]* = [ulipq,)-

We next estimate one term from the second sum in which derivatives of the first
order appear. We also introduce the Hermitian linear interpolant Lf associated with
this vertex ¢ and defined by LY f(x) = f(q) + fz, (21— q1) + fo, (22 — ¢2) for a function
fecH(Sy).

Note that LI Miux = Lu,. We will use this fact below. We also have
9 Lfluy(q) = 8auk( ). Hence

0°u°(q) — O Lin®()* = D 10%uily) — 0wr(q)|* + |0°LE uy,(q) — 0 Lyur(q) .
yEV(q)
(4.54)
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The second term is estimated by Lemma 4.3.3] Lemma[4.5.2 a scaling argument, and
a quotient space argument, see e.g. Theorem 3.1.1, p.115 in [47], and it gives

\3(1[151%((]) - 3aLkuk(Q)’2 =(1+ 1Og(Hk/hk))|U|%{g(Qk)-

The first sum in (4.54]) is bounded by

> 10%ui(y) — 0%ur(q)]* = 3 (10wus(x) — Oy (W) + |0suis() — Osus (y)[?),

y€V(q) TH#Y

where the sum is taken over all pairs of vertices z,y € V(¢) such that z € V(£2;) is an
end of master 7,,; and y € V(€);) is an end of the associated slave d,, ;, both vertices
geometrically occupy the same place.

Let now consider one term at the right hand-side corresponding to a master v, ;.
The terms in which the tangential derivative appears can be estimated as in the
proof of Corollary £.5.1] Let consider a term corresponding to normal derivatives.
We introduce jo : L*(T';;) — Fo(Ty;) the orthogonal projections onto the space of
polynomials of degree zero. By the mortar condition , we have

Jodn, 8nui,“fm,z’ = ]OIhj 8nuj76m,j )

where I, and Ij,; are piecewise linear interpolants defined on the h; and h; triangu-
lations of I';;, respectively.

Then we have
|Onui(2) = Oy () = [Onui() — Jodn, Onus () + 1001 (y) — Joln,Onu;(y)|* <

100 (i + w1) () * + [o T, O (wi + w1) () * + [0 (uy + 01) (W) * + o In; On(u + v1) (W),
where wq, vy are arbitrary linear polynomials.

By Lemma [4.5.2] we bound the first term as

|00 (s + w1) (2)[* = |0 M (ui + w1) (2)]* =

2
< (1+log(Hi/hi) Y HF M ui + w1) o0,

s=1

Since jo is an L? orthogonal projection, we have

1901h,On (ui + w1) (2)]* = Hy | Goln, On(us + w1) |72, ) <
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< H 00 + wi)l[ags,, o = Hi |00 (Mt + w1) [, =

2
= Z H12574|/\/l;4u@ + w1|§{g(ﬂz)

s=1
We have used the trace theorem. see e.g. Theorem 1.5.2.1, p.42 in [71], and the
properties of M#, see Definition 4.3.1, Using the fact that w; is an arbitrary linear

polynomial, a quotient space argument, see e.g. Theorem 3.1.1, p.115 in [47], and

Lemma [£.3.3], we obtain
[Ontts () = oI, i ()* = (1 + log(H;/hi))lulip o)

The terms associated with the slave are estimated in the same way. Next summing
first over all masters which have ¢ as one end and next over all vertices of €2 yields
the following bound:

an(u’,u’) 2 (1 +log(H/h)) > |U2|§{g(91)

Finally, summing over all subdomains yields

an (0,1’ < (1 + log(H/R)|ulks o (4.55)

Following the proof of Theorem [4.5.1| and utilizing Corollary [4.5.3] we can bound
the terms associated with vertices by

Yoo D an(Upetse) 2 (1 +10g(H/b))2kZ [ulz(q,)- (4.56)

k=12eV(Qy) |a|=1

It remains to prove a bound for the sum of ag(u™,u™). Let consider one term
associated with a master 7,,; and the corresponding slave d,, ;. Then u™ € V. can
be nonzero only in €; and €2;. Hence by Corollary and Lemma [4.5.1) we get

A
aH(um,Um) = ||VM1 um”if&éz(’}/m,i) =

= VMM g, + (L log(H/R)) [V M [

The first term can be estimated by the trace theorem, see e.g. Theorem 1.5.2.1, p.42
in [71], and the previously obtained estimates, cf. the proof of Theorem {4.5.1] and
the second one can be estimated in a very similar way to that of proof of Theorem

[4.5.7] additionally applying Lemma [4.3.3]

'Ym,i).
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Finally, summing all these bounds, we get

ap(u™ u™) 2 (L+log(H/R)? >0 |wlipq,)-

Summing over all masters yields

> an(u™ um) = (1+ log(H/B) ul%s o) (4.57)

'YmCF

Adding (4.55)), (4.56)), and (4.57)), we get the estimate needed in Assumption (i). The

proof is completed. O
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