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Abstract

In this thesis, we discuss discretizations on nonmatching triangulations of certain
quasilinear and linear elliptic boundary value problems in the two dimensions by the
mortar finite element methods. We perform an error analysis and design and analyze
some parallel methods for solving the resulting discrete problems. We also present the
results of some numerical experiments which confirm some of the theoretical results
of first two parts of the thesis.

We first consider a mortar element method which locally uses conforming P1 el-
ements for elliptic second order problems with the monotone operator. We prove
an error bound. We next design and analyze two parallel algorithms for solving the
resulting discrete nonlinear problems. The first method combines a Richardson iter-
ation with Newton one, while the second one is a nonlinear domain decomposition
method. We also briefly discuss how the discussed mortar methods for the quasilinear
problems can be applied to the more general class of problems with an unbounded
nonlinearity.

We next discuss a mortar method with locally non-conforming Crouzeix-Raviart
elements for linear second order elliptic problems. We establish an error estimate
which is optimal. A parallel algorithm for solving the resulting discrete problem is
also presented. This algorithm is an Additive Schwarz Method. The described method
is almost optimal, i.e. the condition number of the preconditioned system grows only
polylogarithmically with the number of elements per subdomain. Due to the non-
conformity of the discrete solution in the analysis of the error and the algorithm, a
new special operator and new technical tools have been introduced.

In the third part of the thesis, we study certain versions of the mortar method
for plate problems. These methods utilize locally both conforming bicubic elements,
Hsieh-Clough-Tocher(HCT) and reduced Hsieh-Clough-Tocher macro elements, and
non-conforming Adini and Morley plate elements. We establish error estimates for
all these methods. There are also designed and analyzed some parallel algorithms
for solving the resulting discrete problems. The discussed algorithms, for solving the
resulting problems, are parallel and are based on the abstract theory of Additive
Schwarz Methods. In the generalization of the mortar finite element method for plate
problems, it was necessary to introduce special mortar conditions on the interfaces,
some of them, especially for nonconforming methods, involve special interpolants. In
the analysis of the error and ASM methods there have been introduced special new
operators and technical tools.

Some of the results of the thesis have been published in [88] and [89].
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Chapter 1

Introduction

Contents
1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Some function spaces . . . . . . . . . . . . . . . . . . . . . 8

1.3 Conjugate gradient method . . . . . . . . . . . . . . . . . 12

1.4 Abstract Schwarz theory . . . . . . . . . . . . . . . . . . . 14

1.4.1 Additive Schwarz method . . . . . . . . . . . . . . . . . . . 14

1.4.2 Multiplicative Schwarz method . . . . . . . . . . . . . . . . 16

1.1 Overview

Variational methods for decomposing and solving elliptic problems by domain decom-
position techniques are extensively analyzed and successfully used in practise. A large
problem is split into some smaller ones that can, for example, be solved independently.
Most methods use discretization meshes that are first defined globally over the whole
domain and then divided into smaller subdomains. However, it might be convenient
to consider methods that use approximations that are defined independently in each
subdomain and which do not match on the interfaces. This allows, for example, to
make local and adaptive changes of grids on one subdomain without modifying the
grids of other ones. This approach requires matching conditions on the interfaces
between different subdomains to ensure the weak continuity of the traces on the in-
terfaces and a good transmission of information between adjacent subdomains. One
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Introduction 2

way of enforcing these matching conditions is the pointwise continuity of approxima-
tion functions on interfaces. For example this is the case if there is one mesh defined
globally over the whole domain. Unfortunately, in this case the approximation error
of the mortar method is not optimal, therefore it is not used in practice, in general.
The other way is to impose some integral conditions which leads to optimal error
estimate, and this approach is used in practise.

Ωk Ωl

γ
m,k

δ
m,l

Γ
kl

Figure 1.1: Non-matching meshes on the interface Γkl.

One of the methods which uses the integral conditions is the mortar element
method, a domain decomposition method with nonoverlapping subdomains. The
mortar method was proposed for second order elliptic problems about ten years ago
by Bernardi, Maday, and Patera [19], see also e.g. Bernardi, Debit, and Maday [15] or
[14], Ben Belgacem [9], Bernardi, Maday, and Patera [18], Ben Belgacem and Maday
[11] or [10].

There are two versions of mortar technique: the geometrically conforming and
geometrically nonconforming ones. For the first one, we assume that the decom-
position of Ω =

⋃
k Ωk into nonoverlapping polygonal subdomains is such that the

intersection between the closures of two different subdomains is either the empty set,
a vertex or an edge in the two dimensions. The geometrically nonconforming version
of the mortar method requires only that there exists a decomposition of the interface
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Γ =
⋃
k ∂Ωk \∂Ω into disjoint edges of subdomains, i.e. Γ =

⋃
m γm,k, where γm,k is an

open edge of ∂Ωk. The mortar technique allows us to couple different discretizations
methods in the subdomains, but in this thesis, we are concerned only with the case
of finite element discretizations. Except of Chapter 2 in this thesis, we are concerned
with the geometrically conforming version of the mortar method.

We first introduce locally, i.e. in each subdomain Ωi, different, independent con-
forming or nonconforming finite element discretizations over all subdomains. The
meshes of two neighboring subdomains do not necessarily match on their common
interface, cf. Figure 1.1. We then choose one side of the interface Γkl = ∂Ωk ∩ ∂Ωl

corresponding to one subdomain as master γm,k and the second as slave δm,l, cf. Fig-
ures 1.1 and 1.2. This choice is arbitrary. Then mortar technique imposes that the
trace (or some traces in the case of fourth order problems) of solution on the two neigh-
boring subdomains has the same L2 projections on the carefully chosen trial mortar
space (or spaces) which is defined on their common edge and corresponds to the slave
mesh of this interface. In the case of local nonconforming plate discretizations, the
mortar (integral) conditions involves special interpolants defined on the correspond-
ing meshes of the common edge, see Chapter 4. The choice of the matching integral
conditions depends on the local discretization methods.

Ω
1

Ω
2

Ω
3

Ω
5

Ω
7

Ω
9

Ω
8

Ω
4 Ω

6

Ω
1

Ω
2

Ω
3

Ω
5

Ω
7

Ω
9

Ω
8

Ω
4 Ω

6

Figure 1.2: Two possible choices of masters.

Finite element discretizations of elliptic problems of second or fourth order, e.g.
plate problems, often result in very large, sparse systems of linear (or nonlinear)
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equations. This is also true in the case of mortar element discretizations. Domain
decomposition methods provide a very natural way of introducing parallel algorithms
for solving such problems. In each iteration, a number of smaller subproblems which
correspond to the restriction of the original problem to subspaces or to a problem
with a coarse mesh are solved. Domain decomposition methods can also be viewed
as preconditioners for iterative methods like conjugate gradient or GMRES. Domain
decomposition methods are now widely analyzed and applied to practical problems,
cf. [66], [45], [46], [67], [74], [92], [75], [68], journal papers and Bjørstad, Gropp, and
Smith [20], a book.

The first domain decomposition method is the alternating (multiplicative) Schwarz
method, proposed in 1869 by H. A. Schwarz [101]. It was designed for the case of two
subdomains and for proving the existence of the solution and had a sequential nature.
P. L. Lions in [85] interpreted it in terms of a variational framework and considered the
Multiplicative Schwarz Method (MSM) in the cases of many subdomains. Later Dryja
and Widlund developed an additive version of the Schwarz method, named Additive
Schwarz Method (ASM), and proposed the general variational abstract framework
that can be used to analyze ASM which have no sequential behavior of the Schwarz
alternating method, cf. Dryja and Widlund [61]. In an ASM, we replace an original
discrete problem by a preconditioned one which is obtained by subdividing the solution
of the original problem into smaller problems whose solutions, which can be computed
in parallel, are summed to produce a preconditioned problem. In an alternating
Schwarz method, we obtain a preconditioned problem by alternatingly solving smaller
problems in subspaces, see Section 1.4. The theory of MSM has been done by Bramble,
Pasciak, Wang and Xu [31] and Xu [105].

The second group (family) of domain decomposition methods are iterative sub-
structuring methods, where Ω is decomposed into nonoverlapping subregions. Iter-
ative substructuring methods were developed by Bramble, Pasciak, and Schatz [27],
[28], [29], [30], Bjørstad and Widlund [21], Widlund [103], [102], and Dryja [56], [55].
Some of iterative substructuring methods can be analyzed using Additive Schwarz
framework. In iterative substructuring methods, we first eliminate the unknowns in
the interiors of subdomains and then solve a reduced interface problem.

In this thesis, we prove the error bound of the mortar version of locally conform-
ing and nonconforming finite element discretizations applied to some nonlinear and
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linear second order elliptic problems and to some fourth order linear elliptic problems.
We also design and analyze domain decomposition methods for solving the resulting
discrete problems. All domain decomposition algorithms for solving linear discrete
problems considered in the thesis are versions of ASM, but for each ASM algorithm,
we can straightforwardly develop a multiplicative Schwarz method (MSM) based on
the same decomposition of the discrete space, cf. Section 1.4 or [20]. It is also worth
to mention that in all previous versions of mortar methods it was usually assumed
that local spaces contain conforming functions. For our knowledge the first results
for mortar method with locally nonconforming discretizations for second order elliptic
problems are given in the Chapter 3 and has been published in [89]. There are inde-
pendent results for mortar method for plate problems with nonconforming elements
given in Lacour [76] and Lacour and Maday [77].

The thesis is organized as follows. In the remainder of Chapter 1, we review some
basic definitions of Sobolev spaces used in the thesis. We also briefly discuss conjugate
gradient iterative methods and some domain decomposition methods in a form used
in this thesis.

The main contribution of our work is given in Chapters 2, 3, and 4.

In Chapter 2, we give a proof of the error bound of the mortar version of finite
element discretization applied to some nonlinear problems. Namely,we discuss an ap-
plication of the mortar element method to a second-order nonlinear elliptic boundary
value problem with the strongly monotone and Lipschitz continuous operator in a
polygonal region Ω ⊂ <2 with the Lipschitz boundary. We also briefly discuss, follow-
ing [94], how the mortar methods for the quasilinear problems which are considered
here can be applied to the more general class of problems with an unbounded non-
linearity. For our knowledge there are no results devoted to such topics for nonlinear
problems. This work was inspired by the earlier studies of of mortar methods for
linear problems in Bernardi, Maday, and Patera [19], Ben Belgacem and Maday [11],
Bernardi and Maday [16] (or [17] in French), and Ben Belgacem [9].

We also discuss two domain decomposition methods for solving the discrete prob-
lem in the geometrically conforming case. The first method combines the Schwarz
method with Newton method, and the second algorithm is a nonlinear domain de-
composition method based on the abstract framework introduced in Dryja and Hack-
busch [59]. Both algorithms use the same decomposition of the discrete space. Some
other parallel algorithms devoted for solving systems of linear equations arising from
the mortar version of finite element discretization for linear elliptic problem can be
found e.g. in Achdou, Maday, and Widlund [4], Casarin and Widlund [44], Dryja [57].
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Chapter 2 is an extension of the paper [88] which has already been published. In the
last section of this chapter, we report the results of some numerical experiments.

In Chapter 3, we construct and analyze a new version of the mortar method
for second order elliptic problems which locally uses an independent nonconforming
Crouzeix-Raviart discretization in each substructure that is a polygonal subregion of
Ω. For our knowledge there are no results devoted to those topics, cf. Wohlmuth
[104] for some related results, i.e. in [104] the Crouzeix-Raviart finite element method
defined on a global triangulation of the domain was interpreted as a mortar finite
element method with each element of the triangulation as a subdomain. In all previous
versions of mortar methods for second order elliptic problems, it has been assumed
that local subspaces contain conforming continuous functions. The mortar technique
for locally nonconforming elements imposes that the solution on the two neighboring
subdomains has the same L2 projections on a mortar space that is defined on their
common edge. We choose a trial mortar space which has natural L2 orthogonal
basis and leads to simply computations of the matching conditions. For second order
elliptic problems, we prove that the error estimate is of the same optimal order as in
the standard linear nonconforming finite element method.

We also propose a parallel method for solving the system of linear equations that
arises from our discretization. It is described as an additive Schwarz method (ASM)
using the general framework of ASM’s, see Section 1.4. We give results of the numer-
ical experiments which confirm some of the theoretical results of this chapter.

In this chapter, the error analysis is done for arbitrary polygonal substructures
while the additive Schwarz method is considered for a partition of the original 2-D
region Ω into triangles that form a coarse triangulation of parameter H. The described
method is almost optimal, i.e. the number of iterations required to decrease the energy
norm of the error by a conjugate gradient method is proportional to (1 + log(H

h
)).

Here H and hi are the parameters of the coarse triangulation and the fine one on Ωi,
respectively, and h = infi hi. There is a considerable attention focused on the related
technique for solving systems of equations arising in nonconforming discretization
methods defined on a global triangulation of Ω, e.g. Brenner [33], [34], [36], Sarkis
[98], [100], Cowsar [50], Cowsar, Mandel, and Wheeler [51]. The results of Chapter 3,
previously presented in a report [89], have been accepted for publication.

Finally, Chapter 4 is devoted to mortar element methods for plate problems. We
consider only the case of clamped plate problems, but our results can be straight-
forwardly applied to plate problems with other boundary conditions, e.g. to simply
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supported plate problems. In Lacour [76] and Lacour and Maday [77] the approx-
imation of a similar problem by DKT (nonconforming) elements is considered. In
Belhachmi [8], a mortar method for the biharmonic problem is discussed, but these
results concern only the case of local spectral discretizations. They carried out an error
analysis for that case only. We consider locally the conforming bicubic element, the
reduced Hsieh-Clough-Tocher (HCT) and the Hsieh-Clough-Tocher macro elements,
and the nonconforming Adini and Morley finite element methods. We present an error
analysis for all these discretizations and discuss some methods for solving the discrete
problems. We restrict ourselves to the geometrically conforming version of mortar
method. The mortar technique for plate problems, which we present here, requires
the continuity of the solution at the vertices of subdomains and that the solution on
the two neighboring subdomain satisfies two mortar conditions of the L2 type. Those
conditions depend on the local discretization methods. For the locally conforming
methods (i.e. bicubic, HCT and reduced HCT) the mortar conditions on the common
edge of two subdomains are equivalent to the equality of the L2 projections on two
mortar spaces of the solutions and of the normal derivatives of the solutions on these
two subdomains. Here the mortar spaces defined on the common interface depend
on the local discretization methods. For the both nonconforming methods (i.e. Adini
and Morley elements) the mortar conditions are of the same type, but additionally
involve some interpolants which are defined locally on each interface.

We also propose four parallel methods for solving some discrete problems. These
algorithms are described as additive Schwarz methods (ASM), see Section 1.4. All
these methods, except one, are of iterative substructuring type. For additive Schwarz
methods and iterative substructuring methods for plate problems with globally con-
forming or nonconforming discretizations defined on one global triangulation of Ω,
we refer e.g. to Brenner [35], Brenner and Sung [39], and Le Tallec, Mandel, and
Vidrascu [82].

First two methods considered here are designed for mortar methods with local
HCT or reduced HCT discretizations and are based on analogous decompositions of
the discrete space. In both cases, we decompose a discrete space as a sum which
consists of a coarse space, local one-dimensional spaces associated with degrees of
freedom of order one at vertices of subdomains, and of certain local spaces associated
with interfaces. The difference between the methods lies in the fact that the first
one is of iterative substructuring type, but the second one is not. Additionally, the
second method uses a nonstandard outer coarse grid. Therefore we have to introduce
a special interpolation operator which maps the coarse grid onto the mortar discrete
space. The second algorithm seems easier to be implemented in practise.
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Next method is of Neumann-Neumann type, cf. Le Tallec, Mandel, and Vidrascu
[82], Dryja and Widlund [64]. Our Neumann-Neumann method is designed for mortar
methods built on the decomposition of the domain which satisfies one additional
condition: we assume that it is possible to choose master edges of substructures in
such way that each subdomain has all its edges either as masters or as slaves. This
assumption is due to the property of functions in discrete spaces built by the mortar
method. This Neumann-Neumann method is based on the modified abstract scheme
of Le Tallec, Mandel, and Vidrascu [82] and can be applied for mortar methods with
all conforming local discretizations. This algorithm was easier to analyze due to the
quite general scheme of Le Tallec, Mandel, and Vidrascu [82], but its implementation
and use in practise seems more complicated than the ones of the first two methods.

The last ASM method is for solving the discrete problem of the mortar method
with locally nonconforming Adini discretizations. We distinguish this case because
the analysis requires special coarse grid and technical tools necessary to overcome
some technical difficulties which are due to the local nonconformity of the solution.

All methods presented in this chapter are almost optimal, i.e. the number of
iterations required to decrease the energy norm of the error by a conjugate gradient
method is proportional in each case to (1+log(H

h
)). Here H and hi are the parameters

of the coarse decomposition and the fine triangulation on Ωi, respectively, and h =
infi hi.

In the thesis, the following notation is used: u � v, x � y and w � z mean that
there exist positive constants c and C independent of any hk-the parameter of the fine
triangulation of a subdomain Ωk, and the number of subdomains such that

c u ≤ v ≤ C u, x ≥ c y and w ≤ C z, respectively.

1.2 Some function spaces

In this section, we introduce some function spaces which are used in the next chapters
of the thesis.

Let N be a positive integer. A vector

α = (α1, . . . , αN)
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with integer components αi ≥ 0, is said to be a multi-index of dimension N . The
number

|α| =
N∑
i=1

αi

is called the length of multi-index α. We introduce the following notation: for multi-
indices α, β, and x = (x1, . . . , xN) ∈ <N ,

α + β = (α1 + β1, . . . , αN + βN),

xα = xα1
1 x

α2
2 . . . xαNN ,

and

Dα = ∂α =
∂|α|

∂xα1
1 ∂x

α2
2 . . . ∂xαNN

.

The set of all polynomials in N variables x1, . . . , xN which can be written in the
form

q(x) =
n∑
i=0

∑
|α|=j

cαx
α

will be denoted by Pn(<N). Similarly, the symbol Qn(<N) will denote the set of all
polynomials in N variables x1, x2, . . . , xN which have the degree not greater than n
with respect to each variable xi, i = 1, 2, . . . , N .

If G ⊂ <N then the symbol Pn(G) denotes the set of restrictions of polynomials
from Pn(<N) to G.

We now introduce Sobolev spaces W k
p (Ω), cf. [6]. Let p ∈ [1,∞], k be an integer

and Ω be a domain (i.e. an open connected set) in <N . Let us denote by W k
p (Ω) the

set of all functions u ∈ Lp(Ω) whose (distributional) derivatives ∂αu are elements of
Lp(Ω) for all α such that |α| ≤ k.

These sets form Banach spaces with norms

‖u‖Wk
p (Ω) :=

∑
|α|≤k
‖∂αu‖pLp(Ω)


1/p

1 ≤ p <∞,

‖u‖Wk
∞(Ω) := max

|α| ≤ k
‖∂αu‖L∞(Ω),
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where ‖ · ‖Lp(Ω) denotes the standard Lp norm, i.e.

‖u‖Lp(Ω) =
{∫

Ω
|u|p dx

}1/p

1 ≤ p <∞,

‖u‖L∞(Ω) = ess sup
x ∈ Ω

|f(x)| = inf
mes(E) = 0

 sup
x ∈ Ω \ E

|f(x)|

 .
Here the integrals are taken with respect to Lebesgue measure, cf. [73] or [96], and
the derivatives are understood in the distributional sense, cf. [95].

We shall also use the following seminorm: if u ∈ W k
p (Ω) and 0 ≤ j ≤ k, then we

set

|u|Wk
p (Ω) :=

∑
|α|=k
‖∂αu‖pLp(Ω)


1/p

1 ≤ p <∞

and

|u|Wk
∞(Ω) := max

|α| = k
‖∂αu‖L∞(Ω).

For the spaces W k
2 (Ω), a special notation is used

Hk(Ω) := W k
2 (Ω).

We also introduce the spaces Hs(Ω) for all real positive s that are not integer, e.g.
see [71]. The space Hs(Ω), where s = k + t, 0 < t < 1, k is an integer, and Ω is a
domain in <N , is defined as a subspace of Hk(Ω) formed by all functions v ∈ Hk(Ω)
for which

|v|2Hs(Ω) :=
∑
|α|=k

∫
Ω

∫
Ω

|∂αu(x)− ∂αu(y)|2

|x− y|N+2t
dx dy <∞.

We are primarily interested in the case of N = 1. The norm of Hs(Ω) is defined by

‖v‖2
Hs(Ω) := ‖v‖2

Hk(Ω) + |v|2Hs(Ω),

|v|Hs(Ω) is called the Hs seminorm. Note that Hs, s ≥ 0 are Hilbertian subspaces of
H0 = L2.

We also define Hs
0(Ω) a subspace of Hs(Ω) defined as the closure of C∞0 (Ω) in the

norm of Hs(Ω).



Introduction 11

We next introduce the concept of real interpolation between Hilbert spaces with
help of K-functionals, cf. [84]. If H0, H1 are Hilbert spaces with H1 ⊂ H0 then for
any u ∈ H0 and t > 0, define

K(t, u) := inf
v ∈ H1

(‖u− v‖H0 + t‖v‖H1) .

Then for 0 < θ < 1, define a norm

‖u‖[H0,H1]θ :=
(∫ ∞

0
t−1−2θK(t, u)2 dt

)1/2

.

The set
[H0, H1]θ =

{
u ∈ H0 : ‖u‖[H0,H1]θ <∞

}
form a Hilbert space with the norm ‖ · ‖[H0,H1]θ , e.g. see [13].

If Ω has a Lipschitz boundary, then

[Hm(Ω), Hk(Ω)]θ = H(1−θ)m+θk(Ω)

and the norms are equivalent, for any real numbers m and k, cf. [13] or Theorem
12.2.7 [38].

We also introduce the space H
1/2
00 ([a, b]),−∞ < a < b < ∞ as a subspace of

H1/2([a, b]) formed by those functions v whose trivial extension v̂ by zero to all R
belong to H1/2(R), cf . [84], i.e. those for which

‖v‖
H

1/2
00 ([a,b])

:= ‖ṽ‖H1/2(R) <∞.

The space H
1/2
00 ([a, b]) is a strictly embedded subspace of H

1/2
0 ([a, b]). The norm

‖v‖
H

1/2
00 ([a,b])

is equivalent to the one defined by, see [84],

‖|v‖|
H

1/2
00 ([a,b])

:=

{
|v|2H1/2([a,b]) +

∫ b

a

|u(x)|2

|x− a|
dx+

∫ b

a

|u(x)|2

|b− x|
dx

}1/2

.

The space H
1/2
00 ([a, b]) can be also characterized as an interpolation space between

L2([a, b]) and H1
0 ([a, b]), cf. [84],

H
1/2
00 ([a, b]) = [L2([a, b]), H1

0 ([a, b])]1/2.
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We will not further distinguish between equivalent norms.

We also briefly recall the following interpolation argument which is standard, e.g.
see Proposition 12.1.5 in [38]. Suppose that V1 ⊂ V0 and H1 ⊂ H0 are two pairs of
Hilbert spaces, and that T is a bounded linear operator from Vi to Hi with norms
ci, i = 0, 1, respectively. Then T is also a bounded linear operator that maps the
interpolation space [V0, V1]θ to [H0, H1]θ with the norm bounded by c1−θ

0 cθ1, that is

‖Tu‖[H0,H1]θ ≤ c1−θ
0 cθ1‖u‖[V0,V1]θ ∀u ∈ [V0, V1]θ.

1.3 Conjugate gradient method

If we want to solve a linear system of equations

Au = f

with A a real, symmetric, positive definite matrix. We can apply a direct or an
iterative method. If this system of equations arises from the discretization of elliptic
problem by a mortar element method, or in general by any finite element method,
then the matrix A is sparse and of a very large dimension.

Direct methods give exact solutions. The best known is based on a triangular
factorization of the matrix A. These method can be impractical if the dimension of
A is large.

Alternative to the direct methods are iterative ones. They produced a sequence
of approximate solutions uk that converges to the solution u. Usually those methods
involve only the vector multiplication by the matrix A. There are several well known
examples like Jacobi, Gauss-Seidel, SOR, Block Jacobi, Block Gauss-Seidel, Cheby-
shev semi-iterative, and conjugate gradient methods (CGs), cf. Golub and Van Loan
[69].

When A is not well conditioned, we can introduce a preconditioner B, if it exists,
and consider a preconditioned linear system

B−1Au = B−1f,

i.e. we multiply the linear system with the matrix A by a nonsingular matrix B−1 in
order to get a new preconditioned system with the matrix B−1A that can be easier
to solve by an iterative method.

The preconditioner B should be chosen according to the following properties:
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• the condition number cond(Ã) should be small, i.e independent (logarithmically
dependent) on the dimension of Ã,

• the application of B−1 to a vector should be easy to compute on scalar or parallel
machines.

Here Ã = B−1/2AB−1/2 and

cond(Ã) =
λmax(Ã)

λmin(Ã)
.

Domain decomposition methods allow to construct preconditioners which have those
properties. We are interested for preconditioners which are well suited to parallel
computing.

All algorithms studied in this thesis are variations of preconditioned conjugate
gradient methods (PCGs). Since this algorithm is well known we only give a short
description of PCGs. The very important feature of the CG and PCG for domain
decomposition is that they need only a multiplication of the matrix to a given vector,
we do not need an explicit representation of the matrix in general.

Preconditioned Conjugate Gradient Algorithm

Set k = 0; x0 = 0; r0 = f ;
while ‖rk‖2 ≥ ε‖r0‖2

Compute zk = B−1rk
k = k + 1
if k = 1

p1 = z0

else

βk = (rk−1, zk−1)/(rk−2, zk−2)
pk = zk−1 + βkpk−1

end αk = (rk−1, zk−1)/(pk, Apk)
xk = xk−1 + αkpk
rk = rk−1 − αkApk

end
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Then by a well known formula for the reduction in the energy norm of the error
after k steps of the CG iterations, e.g. cf. [72], we obtain

‖x− xk‖A ≤ 2


√

cond(Ã)− 1√
cond(Ã) + 1

k ‖x− x0‖A.

Here Ã = B−1/2AB−1/2.

1.4 Abstract Schwarz theory

In this section, we describe and state the convergence results of abstract Schwarz
methods, generalizations of the alternating method of Schwarz [101]. This theory
has been developed previously for the additive case by Dryja and Widlund [61], [62],
and [63], see also Bjørstad, Gropp and Smith [20], Griebel and Oswald [70], Nepom-
nyschikh [91] and Zhang [107] and [108]. The main contributors for the theory of
the multiplicative Schwarz methods are Bramble, Pasciak, Wang and Xu [31] and Xu
[105]; cf. also Cai and Widlund [42], for a variant of the theory for nonsymmetric and
indefinite problems.

1.4.1 Additive Schwarz method

Let V be a finite dimensional space with the inner product a(·, ·). We consider the
abstract problem

a(u∗, v) = f(v) ∀v ∈ V, (1.1)

where f is a linear functional on V . We next consider a decomposition of V into a
sum of subspaces

V = V0 + V1 + . . .+ VN .

This is not necessarily direct sum of subspaces, i.e. the representation of an element
u ∈ V in terms of components of these subspaces can be not unique. The first subspace
with the subscript zero represents a special coarse space.

We next need bi(·, ·), i = 1, . . . , N , symmetric, positive definite bilinear forms on
Vi × Vi. We introduce operators Ti : V → Vi, by

bi(Tiu, v) = a(u, v) ∀v ∈ Vi (1.2)
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and define

T = T0 +
N∑
i=1

Ti.

If we choose bi(·, ·) = a(·, ·) then Ti = Pi, the orthogonal projections (in terms of a(·, ·))
onto Vi. We replace (1.1) by an equation with the same solution if T is invertible

Tu∗ = g, g =
N∑
i=0

gi, gi = Tiu
∗. (1.3)

The right hand side g is obtained by solving N independent problems

bi(gi, v) = a(u∗, v) = f(v) ∀v ∈ Vi.

The equation (1.3) can be solved by a conjugate gradient method, using a(·, ·) as the
inner product.

We now state the main abstract theorem, the proof can be found in [20] or [64].

Theorem 1.4.1 Let there exist

(i) a constant C0 such that for all u ∈ V there exists a decomposition u =
∑N
i=0 ui,

ui ∈ Vi, such that
N∑
i=0

bi(ui, ui) ≤ C2
0a(u, u),

(ii) constants εij, i, j = 1, . . . , N , such that

a(ui, uj) ≤ εija(ui, ui)
1/2a(uj, uj)

1/2 ∀ui ∈ Vi ∀uj ∈ Vj,

(iii) a constant ω such that for i = 0, . . . , N ,

a(u, u) ≤ ωbi(u, u) ∀u ∈ Vi.

Then T is invertible and

C−2
0 a(u, u) ≤ a(Tu, u) ≤ (ρ(E) + 1)ωa(u, u),

where ρ(E) is the spectral radius of the matrix E = {εij}Ni,j=1.

In applications the constants C0, ρ(E) and ω should be independent or logarithmically
dependent on N .
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1.4.2 Multiplicative Schwarz method

The multiplicative Schwarz method is defined for the abstract problem (1.1) as follows:

• u0 arbitrary,

• For i = 0 until convergence,

– w = ui,

– For j = 0 to N ,
w = w + Tj(u

∗ − w),

– End j.

– ui+1 = w,

• End i.

Here Ti, i = 0, . . . , N are from (1.2).

For the error un+1 − u∗ we obtain

un+1 − u∗ = EN(un − u∗) = En+1
N (u0 − u∗).

Here
EN = (I − TN) . . . (I − T0)

is the error propagation operator. We see that ‖I − Ti‖a > 1 if ‖Ti‖a > 2, hence the
assumption that ω < 2 is necessary. If ω is too large we can scale the bilinear forms
bi(·, ·). Of course it increases the parameter C0.

If we take u0 = 0, we can regard the algorithm as a simple iterative method for
solving the equation

Tmsu
∗ = gms,

where Tms = I−EN . This nonsymmetric operator equation can be solved by GMRES
or a similar iterative methods, cf. [97].

We can also consider the symmetrized multiplicative Schwarz method:

• u0 arbitrary,

• For i = 0 until convergence,
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– w = ui.

– For j = 0 to N ,
w = w + Tj(u

∗ − w),

– End j.

– For j = N to 0,
w = w + Tj(u

∗ − w),

– End j.

– uj+1 = w,

• End i.

If we take u0 = 0 and want to use this method as a preconditioner for conjugate
gradient method, then the preconditioned operator is given by

Tsms = I − ET
NEN .

For further discussion, we refer to [40] and [60].

The result that we state in Theorem 1.4.2 states an upper bound for the spectral
radius, or norm of the error propagation operator. The proof can be found in [20] or
[64].

Theorem 1.4.2 The error propagation operator of the multiplicative Schwarz method
satisfies

‖EN‖a ≤

√√√√1− (2− ω̂)

(1 + 2ω̂2ρ(E)2)C2
0

.

Here ω̂ = max(1, ω).

The next corollary is an immediate consequence of Theorem 1.4.2. This result was
also formulated in [60].

Corollary 1.4.1 The abstract symmetric multiplicative Schwarz method satisfies

(2− ω̂)

(1 + 2ω̂2ρ(E)2)C2
0

a(u, u) ≤ a(Tsmsu, u) ≤ a(u, u) ∀u ∈ V.

Here ω̂ = max(1, ω).
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2.1 Introduction

The goal of this chapter of the thesis is to give an analysis of the error of the mortar
version of finite element discretization applied to some nonlinear problems and to
discuss two domain decomposition methods for solving the discrete problem in geo-
metrically conforming case. We refer for a general presentation of the mortar method
for linear problems to [19], [11] and [16] (or [17] in French) and for a presentation
of the matching constraints in terms of Lagrange multipliers to [9]. Recently, there
is a development of parallel algorithms devoted for solving systems of linear equa-
tions arising from the mortar version of finite element discretization for linear elliptic
problems, see cf. [2], [4], [44], [57] and many others.

Namely, in this chapter, we discuss the application of the mortar element method
to a second-order nonlinear elliptic boundary value problem with the strongly mono-
tone and Lipschitz continuous operator in a polygonal region Ω ⊂ <2 with the Lip-
schitz boundary. We also briefly discuss, following [94], how the mortar method for
the quasilinear problems which are considered here can be applied to the more gen-
eral class of problems with an unbounded nonlinearity. For our knowledge there are
no results devoted to such topics for nonlinear problems. We consider first the ge-
ometrically conforming case of the mortar element method, i.e. the intersection of
the closures of two subdomains can be the empty set, an edge or a vertex. Next we
discuss a more general case - the geometrically nonconforming one, i.e. we do not
impose the above condition. In the first case, we see that the estimate of the error is
of the same order as in the standard conforming piecewise linear finite element dis-
cretization provided that the solution of the differential problem is in H2(Ω). In the
latter one, we have to strengthen our regularity assumption. Namely we shall assume
that the solution of the differential problem belongs to the space Hσ(Ω), 2 ≤ σ < 5/2
to derive the error estimate of order hσ−3/2. The technique that we use to obtain these
estimates is a generalization of that used for linear problems, cf. [19] and [11]. We
propose two algorithms for solving the discrete problem in the geometrically conform-
ing case. The first method combines the Schwarz one with Newton’s method and the
second algorithm is a nonlinear domain decomposition method based on the abstract
framework introduced in [59]. Both algorithms use the same decomposition of the
discrete space.

The first method combines a preconditioner constructed in terms of ASM for a lin-
ear problem and Richardson iteration for the discretized nonlinear problem considered
in this chapter. The implementation of our preconditioner can be done in parallel and
consists of solving one global linear problem on a coarse grid and two types of local
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problems. The global problem is the standard conforming finite element one defined
for Poisson’s equation. The first class of local problems consists of these which are
one dimensional and are associated with the vertices of subdomains. The second class
includes problems that are defined on two substructures with the common edge.

The outline of this chapter is as follows. In Section 2.2, we formulate the differ-
ential problem. Section 2.3 is devoted to presenting the mortar element method and
analyzing the error estimate in the geometrically conforming case. In Section 2.4, we
present the geometrically nonconforming case of the mortar method. In Section 2.5,
we discuss an application of Richardson-Newton method to the system of nonlinear
equations which arise from discretization of the boundary value problem by the geo-
metrically conforming mortar element method. We show that this method is almost
optimal convergent. Section 2.6 is devoted to a nonlinear decomposition method of
solving the nonlinear discrete problem. Finally, in Section 2.7, we discuss how to
apply the results presented in the previous sections to an approximation of certain
problems with an unbounded nonlinearity. There are some numerical experiments
presented in Section 2.8.

2.2 Differential problem

In this section, we formulate the differential problem.

We consider the following differential equation

−
2∑
i=1

∂

∂xi
ai(x, u

∗,∇u∗) + a0(x, u∗,∇u∗) = f(x) in Ω (2.1)

with the homogeneous Dirichlet boundary condition, where Ω ⊂ <2 is Lipschitz con-
tinuous bounded polygonal region. The weak formulation is of the form:
Find u∗ ∈ H1

0 (Ω) such that

b(u∗, v) = f(v) ∀v ∈ H1
0 (Ω), (2.2)

where

b(u, v) =
∫

Ω
(

2∑
i=1

ai(x, u,∇u ) vxi + a0(x, u,∇u) v) dx, f(v) =
∫

Ω
fv dx (2.3)

Here f ∈ L2(Ω), ∇u = (ux1 , ux2)
T and uxi = ∂u

∂xi
, i = 1, 2. Let p = (p0, p1, p2) and

ai(x, p0, p1, p2) = ai(x, u, ux1 , ux2). We assume that the functions ai : Ω×<3 → <, i =
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0, 1, 2, satisfy the following conditions: For some positive constants M,µ0,

ai ∈ C1(Ω×<3), i = 0, 1, 2 (2.4)

max{|ai(x, 0, 0, 0)|, | ∂ai
∂xk

(x, p)|, |∂ai
∂pj

(x, p)|} ≤ M, for i, j = 0, 1, 2; k = 1, 2;

(2.5)
2∑

i,j=0

∂

∂pj
ai(x, p)ξiξj ≥ µ0

2∑
i=1

ξ2
i (2.6)

for any ξ = (ξ0, ξ1, ξ2) ∈ <3, and max is taken over Ω×<3.

As a direct consequence of the above assumptions, we obtain that for all p, q ∈ <3

there is a positive constant L such that in Ω

∀p, q ∈ <3 |ak(x, p)− ak(x, q)| ≤ L(
2∑
i=0

|pi − qi|2)1/2 k = 0, 1, 2. (2.7)

Under the above assumptions it can be proven that the form b(·, ·) is strongly mono-
tone and Lipschitz continuous and that the problem (2.2) has a unique solution, see
[78] or Theorem 32.6, page 240 in [106].

2.3 Geometrically conforming case

In this section, we present an analysis of mortar element method for the differential
problem of Section 2.2 in the geometrically conforming case.

2.3.1 Discrete mortar space

We now define a discrete space V h ⊂ L2(Ω) that is not a subspace of H1
0 (Ω). In

that sense, our method is nonconforming. In this section, we consider a geometri-
cally conforming version of the mortar method. In the next section, we will consider
the geometrically nonconforming one. We consider a partition of Ω into polygonal
subdomains i.e.

Ω =
N⋃
i=1

Ωi with Ωi ∩ Ωj = ∅ if i 6= j

that are arranged in such a way that the intersection of Ωk ∩Ωl for k 6= l is either the
empty set, an edge or a vertex. We call this partition geometrically conforming.
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We assume the shape regularity of the decomposition, i.e. we assume, cf. Section
2, p.5 in [37], that there exists a fixed number of reference polygonal subdomains Dk

with unit diameters, such that for each Ωj there is an affine mapping gj = Gj + bj
which maps that subdomain to Dk(j), one of the reference domains. Here Gj is an
invertible 2× 2 matrix and bj ∈ <2 a vector. We assume that

‖Gj‖∞ � H−1
j , ‖G−1

j ‖∞ � Hj,

where Hj = diam(Ωj), cf. also [47].

A more general case is considered in the next section. The mortar element method
first deals with the union of all edges (interfaces).

Γ =
N⋃
k=1

∂Ωk \ ∂Ω (2.8)

and consists of choosing one of the decomposition of Γ, that is made of disjoint open
segments (that are edges of subdomains) called masters (mortars), denoted by γm,
1 ≤ m ≤M i.e.

Γ =
M⋃
m=1

γm, γk ∩ γl = ∅ if k 6= l.

We denote the common, open edge to Ωi and Ωj by Γij. By γm,i we denote an edge
of Ωi that is a master (mortar) and by δm,j an edge of Ωj that occupies geometrically
the same place as γm,i and it is called slave (nonmortar). There is no rule in selecting
γm,i as a master, cf. Figure 1.2.

Let us introduce some notation.

With each Ωk we associate a quasiuniform triangulation Th(Ωk) made of elements
that are triangles, cf. [47] or Definition 4.4.13, p.106 in [38], i.e. we assume that
there are two constants c and C such that the ratio of the diameter of any element
of this triangulation to the diameter of the ball inscribed in this element is bounded
from above by c and that the diameter of any element is bounded from below by Chk,
where hk is a parameter of this triangulation - the maximum over the diameters of the
triangles. Note that the resulting triangulations are non-matching across Γ. We can
now give the definition of the finite element functions on the introduced triangulations.
Let us assume that we work with the simple generic case of linear finite elements. We
first define the finite element functions locally and introduce the space

Xh(Ωk) = {vk ∈ C(Ωk) : vk|∂Ω = 0, vk|τ ∈ P1(τ) ∀ τ ∈ Th(Ωk)},
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Figure 2.1: Conforming P1 element.

where P1(τ) is the set of all linear polynomials over the triangle τ ∈ Th(Ωk), cf.
Figure 2.1.

We also introduce space W hj(Γij) as the restriction of Xh(Ωj) to Γij and a global
space Xh as

Xh(Ω) =
N∏
k=1

Xh(Ωk)

with a seminorm |v|H1
H(Ω) = (

∑N
i=1 |vi|2H1(Ωi)

)1/2 and a norm ‖v‖H1
H(Ω) = (‖v‖2

L2(Ω) +

|v|2H1
H(Ω))

1/2.

Note that, since the triangulations on two adjacent subdomains are independent,
the interface Γij = γk,i = δk,j is provided with two different and independent (1D) the
hi and hj triangulations and two different spaces W hi(γk,i) and W hj(δk,j). Addition-

ally, we define an auxiliary test space M
hj
0,1(δk,j) of all functions which continuous and

piecewise linear on the hj triangulation of δk,j and are constant on elements which

intersect the ends of δk,j. If δk,j ∩ ∂Ω = ∅, then the space M
hj
0,1(δk,j) is a subspace

of the slave space W hj(δk,j) and its dimension is equal to the dimension of W hj(δk,j)

minus two. The double subscript of M
hj
0,1 says that this space is contained in C0(δk,j)

and that is based on polynomials of degree one. This subscript is not necessary in
this chapter, but it will be useful for fourth order problems considered in one of the
following chapters.
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In what follows, we express the matching condition that is sufficient to ensure the
optimality of the global approximation and define our discrete space V h:

V h = {u ∈ Xh(Ω) : ∀ δm,j ⊂ Γ,

∀ψ ∈Mhj
0,1(δm,j)

∫
Γij

(ui|γm,i − uj|δm,j)ψ ds = 0 }, (2.9)

where ui|γm,i and uj|δm,j in the integral are the traces of ui and uj onto γm,i = δm,j = Γij,
the common edge to Ωi and Ωj. The condition (2.9) is called mortar.

2.3.2 Discrete problem

Our discrete problem is to find u∗h ∈ V h such that

bH(u∗h, v) = f(v) ∀v ∈ V h, (2.10)

where

bH(u, v) =
N∑
k=1

∫
Ωk

{
2∑
i=1

ai(x, uk,∇uk )Divk + a0(x, uk,∇uk) vk} dx

and

f(v) =
N∑
k=1

∫
Ωk

f vk dx.

We have to introduce the new form bH(·, ·) because the discrete space V h 6⊂ H1
0 (Ω).

The subscript H is associated with H = maxiHi, where Hi = diam(Ωi), and thus
indicates that this form corresponds to the coarse partition of Ω.

Remark 2.3.1 If u, v ∈ H1
0 (Ω), then b(u, v) = bH(u, v).

With the help of the Lemma 2.3.2 and Lemma 2.3.3, which are proven below in
this section, we can prove that under our assumptions (2.4)-(2.6) there exists a unique
solution of (2.10), cf. Theorem 32.6, p.240 in [106]. It can also be seen from Theorem
2.5.2 (see below for M = I).
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2.3.3 Error estimate

We now state the main theorem of this section.

Theorem 2.3.1 Let u∗ and u∗h be the solutions of (2.2) and (2.10), respectively and
let u∗ ∈ H2(Ω). Then we have

‖u∗ − u∗h‖H1
H(Ω) �

(
N∑
k=1

h2
k

{
H2
k + ‖u∗‖2

H2(Ωk)

})1/2

� h(|Ω|+ ‖u∗‖H2(Ω)),

where ci are constants independent of any hk and h = maxk hk.

To prove this theorem we first state and prove some auxiliary lemmas.

We first define an auxiliary operator associated with the form (2.3) which is a
generalization of normal derivative in the case of linear operators.

Definition 2.3.1 Let γ ⊂ ∂Ωi be a segment. Then let li : H2(Ωi)→ L2(γ) be defined
as

(liu)(x) =
2∑

k=1

ak(x, u(x),∇u(x))nk on γ, (2.11)

where n = (n1, n2) is the unit normal to γ (outward to ∂Ωi).

It is easy to show that under assumptions (2.4)-(2.5) liu is well defined in L2(γ), cf.
[106].

The next lemma states the continuity of li across γ, the part of the interface.

Lemma 2.3.1 Let γ ⊂ ∂Ωi ∩ ∂Ωj be a segment and Ωij = Ωi ∪Ωj and li : H2(Ωi)→
L2(γ) and lj : H2(Ωj)→ L2(γ) be defined by (2.11). Then for u ∈ H2(Ωij), we have

ljuj = −liui a.e. on γ,

i.e.
2∑

k=1

ak(x, ui(x),∇ui(x))nk =
2∑

k=1

ak(x, uj(x),∇uj(x))nk a.e. on γ,

where n = (n1, n2) is the normal unit outward to γ ∩Ωi and ui, uj are the restrictions
of u to Ωi and Ωj, respectively.
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Proof. First we prove that li is Lipschitz continuous. We may assume that γ
is parallel to the OX axis and then we have liu(x) = a2(x, u(x),∇u(x)). We use
∂
∂x0
u(x) = u(x) to simplify the notation. Let now u, v ∈ H2(Ωij), then we conclude

that∫
γ
|a2(x, u,∇u)− a2(x, v,∇v)|2 dx �

∫
γ

2∑
i=0

| ∂
∂xi

(u− v)|2 dx � ‖u− v‖2
H2(Ωij)

We have used the standard trace theorem, cf. e.g. Theorem 1.5.2.1, p.42 in [71], and
(2.7). The statement of the lemma obviously is satisfied for u ∈ C∞(Ωij). Using
the density of C∞(Ωij) in H2(Ωij) and Lipschitz continuity of li and lj, we get the
conclusion.

2

The next corollary can be proven using the same ideas as in the proof of the
previous lemma, cf. also [106].

Corollary 2.3.1 Let γ ⊂ ∂Ωi be a segment and li : H2(Ωi) → L2(γ) be defined by
(2.11). Then under the assumptions (2.4)-(2.5): liu ∈ H1/2(γ) with |liu|H1/2(γ) �
(Hi + ‖u‖2

H2(Ωi)
)1/2, where Hi = diam(Ωi).

Now we define the restriction of the form b(·, ·) to H1(Ωi).

Definition 2.3.2 Let bi(·, ·) : H1(Ωi)×H1(Ωi)→ < be the bilinear form defined as

bi(u, v) =
∫

Ωi
(

2∑
i=1

ai(x, u,∇u ) vxi + a0(x, u,∇u) v) dx ∀u, v ∈ H1(Ωi)

Remark 2.3.2 Note that for all u, v ∈ Xh(Ω) bH(u, v) =
∑N
i=1 bi(ui, vi).

Using the assumptions (2.4) - (2.6) and the results of [16] (or [17]) we can prove
that the form bH(u, v) is strongly monotone and Lipschitz continuous in V h. We state
that in the two following lemmas.

Lemma 2.3.2 The form bH(·, ·) is strongly monotone in V h, i.e. for all u, v ∈ V h

we have
bH(u, u− v)− bH(v, u− v) � ‖u− v‖2

H1
H(Ω)
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Proof. Let u = {uk}, v = {vk} ∈ V h. We see that uk, vk are in H1(Ωk). In [106],
see Theorem 32.6, page 240, is proven that

∀u, v ∈ H1(Ωi) bi(u, u− v)− bi(v, u− v) � |u− v|2H1(Ωi)

From that, we deduce that

bH(u, u− v)− bH(v, u− v) =
N∑
k=1

bk(uk, uk − vk)− bk(vk, uk − vk) �

�
N∑
k=1

|uk − vk|2H1(Ωk) = |u− v|2H1
H(Ω) � ‖u− v‖

2
H1
H(Ω)

The last estimate follows from the fact that for u ∈ V h, |u|H1
H(Ω) is estimated from

below by C ‖u‖H1
H(Ω), with a constant C independent of all hk and the number of

subdomains, see Proposition 2.1 in [16]. 2

Lemma 2.3.3 The form bH(·, ·) is Lipschitz continuous in Xh(Ω) (and thus also in
V h), i.e. for all u, v, w ∈ Xh(Ω) we have

|bH(u,w)− bH(v, w)| � ‖u− v‖H1
H(Ω) ‖w‖H1

H(Ω)

Proof. In [106], see Theorem 32.6, page 240, is proven that

∀ u, v, w ∈ H1(Ωi) |bi(u,w)− bi(u, v)| � ‖u− v‖2
H1(Ωi)

‖w‖2
H1(Ωi)

Summing over all subdomains, using the above result for u, v, w ∈ Xh(Ω) and Schwarz
inequality ( for the standard inner product in <N) we end the proof. 2

We now formulate and prove a lemma which is a generalization of the second
Strang lemma for the boundary value problem considered in this paper, cf. [12] or
Lemma 8.1.9, p.198 in [38] for the linear case.

Lemma 2.3.4 Let u∗ and u∗h be the solutions of (2.2) and (2.10), respectively. Let
u∗ ∈ H2(Ω). Under the assumptions (2.4) - (2.6) we have

‖u∗ − u∗h‖H1
H(Ω) �

 inf
v ∈ V h

‖u∗ − v‖H1
H(Ω) + sup

w 6= 0

∑
δm⊂Γ

∫
δm
lmu

∗ [w]ds

‖w‖H1
H(Ω)

 , (2.12)

where [w] is a jump of w across Γij = δm,j = γm,i, lmu
∗
|δm = li(m)u

∗ is defined in (2.11)
and the sum is taken over all slaves δm,j = γm,i = Γij.
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Proof. We have for all v ∈ V h

‖u∗ − u∗h‖H1
H(Ω) ≤ ‖u∗ − v‖H1

H(Ω) + ‖u∗h − v‖H1
H(Ω). (2.13)

Let w = u∗h − v, then Lemma 2.3.2 and (2.10) yield that

‖u∗h − v‖2
H1
H(Ω) � bH(u∗h, w)− bH(v, w) = f(w)− bH(v, w). (2.14)

Note that by (2.1)

f(w) =
N∑
k=1

∫
Ωk

(
2∑
i=1

(− ∂

∂xi
ai(x, u

∗,∇u∗)) + a0(x, u∗,∇u∗)
)
wk dx =

= bH(u∗, w)−
N∑
k=1

∫
∂Ωk

2∑
i=1

ai(s, u
∗,∇u∗)ni wk ds =

= bH(u∗, w) +
∑
γm⊂Γ

∫
γm
lmu

∗ [w]ds.

The last equality follows from Lemma 2.3.1. Using this and Lemma 2.3.3 in (2.14) we
get

‖u∗h − v‖2
H1
H(Ω) � bH(u∗, w)− bH(v, w) +

∑
γm⊂Γ

∫
γm
lmu

∗ [w]ds

� ‖u∗ − v‖H1
H(Ω)‖w‖H1

H(Ω) +
∑
γm⊂Γ

∫
γm
lmu

∗ [w]ds.

Dividing by ‖w‖H1
H(Ω) and substituting the resulting inequality in (2.13) we complete

the proof. 2

The first term in (2.12) is known as the approximation error and the second one we
call the consistency error which is a consequence of the discontinuities of the elements
of V h through the interface. We can now turn to the proof of Theorem 2.3.1.

Proof. We use Lemma 2.3.4. Let us first consider the approximation error. In
[19], see Inequality (5.5), Section 5.2 there, it was proven that if v ∈ H1

0 (Ω) with
v|Ωk ∈ H2(Ωk), then

inf
w ∈ Vh

‖v − w‖2
H1
H(Ω) �

N∑
k=1

h2
k |v|Ωk |

2
H2(Ωk). (2.15)
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Let us turn to the consistency term. We now prove that

|
∑
δm

∫
δm
lmu

∗ [w]ds | �
N∑
k=1

hk
{
|Ωk|+ ‖u∗‖2

H2(Ωk)

}1/2
‖wk‖H1(Ωk). (2.16)

It can be done in a similar way to [11]. Let us consider one interface Γij common to
Ωi and Ωj. Let γm,i = Γij be its master, then δm,j = Γij is a slave. From (2.9) we have

∀ψ ∈Mhj
0,1(δm,j)

∫
δm,j

lmu
∗ [w] ds =

∫
δm,j

(lmu
∗ − ψ) (wj − wi) ds.

Hence

|
∫
δm,j

lmu
∗ [w]ds | ≤ inf

ψ ∈Mhj
0,1(δm,j)

‖lmu∗ − ψ‖[H1/2(δm,j)]′‖wj − wi‖H1/2(δm,j).

Note that from the mortar condition (2.9) follows that average values of u over a
master γm,i and a slave δm,j that geometrically coincides, are equal to each other.
Using the trace theorem, cf. Theorem 1.5.2.1, p.42 in [71], this observation and the
Poincaré’s inequality we have

|
∫
δm,j

lmu
∗ [w]ds | � inf

ψ ∈Mhj
0,1

‖lmu∗ − ψ‖[H1/2(δm,j)]′ (|wi|H1(Ωi) + |wj|H1(Ωj)).

As in [19], see Lemma 4.1 there, we can deduce that

inf

ψ ∈Mhj
0,1(δm,j)

‖lmu∗ − ψ‖[H1/2(δm,j)]′ � hj |lmu∗|H1/2(δm,j). (2.17)

It can be proven combining a duality method, an approximation property of M
hj
0,1(δm,j)

and an interpolation argument. We now sum over all slaves δm,j = Γij and use
Corollary 2.3.1 what proves (2.16). Combining (2.16) and (2.15) completes the proof
of the theorem. 2

2.4 Geometrically nonconforming case

In this section, we consider the geometrically nonconforming version of the mortar
finite element method, i.e. when a vertex of a subdomain Ωi is not necessarily a
vertex of one of neighboring substructures.
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2.4.1 Discrete problem

We assume that Ω is divided into disjoint polygonal subregions Ωk of diameter of order
one, and we introduce in each subdomain a quasi-uniform triangulation. We also
assume the shape regularity of this decomposition, cf. Section 2.3. Let Γij = Ωi ∩Ωj.
The local spaces Xh(Ωk) and the global space Xh(Ω) are the same as in Section 2.3.
The mortar element method consists of choosing one of the decomposition of Γ defined
in (2.8), made of masters γm that are disjoint i.e.

Γ =
M⋃
m=1

γm, γm ∩ γn = ∅, m 6= n

and that satisfy the assumption that each master is an edge of one subdomain i.e.
γm = γm,i is an edge of Ωi. We assume that there is at least one such decomposition.

The master sides of Ωi we denote by γm,i and the slave sides (the edges that
are not masters) we denote by δk,i. For each edge that is not a master we define a

space of traces W hj(δk,j) and a test space M
hj
0,1(δk,j) in the same way as in the previous

section, i.e. W hj(δk,j) is the restriction of Xh(Ωj) to δk,j and M
hj
0,1(δk,j) is the subspace

of W hj(δk,j) formed by all functions which are constant on elements which intersect
the ends of δk,j.

Now we define our discrete space as

V h = { v ∈ Xh(Ω) : ∀δk,j − not a master

∀ψ ∈Mhj
0,1(δk,j)

∫
δk,j

(vj |δk,j −
∑

vi |δk,j∩γm,i) ψ ds }, (2.18)

where the sum is taken over Ωi with γm,i such that γm,i ∩ δk,j 6= ∅.

The discrete problem is to find uh ∈ V h such that

bH(uh, v) = f(v) ∀v ∈ V h, (2.19)

where the form bH(·, ·) is defined as in Section 2.3.

We have that the norm ‖ · ‖H1
H(Ω) and seminorm | · |H1

H(Ω) are equivalent, see
Proposition A.3, Appendix A in [19], and that analogous results to statements of
Lemmas 2.3.2 and 2.3.3, are also valid in this case. Thus there exists a unique solution
of (2.19), cf. e.g. Theorem 34.1, p.245 in [106].
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2.4.2 Error estimate

We now state the main theorem of this section that yields the error estimate.

Theorem 2.4.1 Let u∗ and uh be the solutions of (2.2) and (2.19), respectively. Let
u∗ ∈ Hσ(Ω), 2 ≤ σ < 5/2. Then under the hypotheses of (2.4) - (2.6) we have

‖u∗ − uh‖H1
H(Ω) ≤

(
N∑
k=1

Ckh
2σ−3
k

)1/2

� h
σ−3/2

,

where Ck, are constants independent of any hk (dependent on Hδ(Ωk) norm of u∗|Ωk).

Here h = maxk hk.

To prove Theorem 2.4.1, we state an analogue of Lemma 2.3.4 for the geometrically
nonconforming case. The proof is similar to that of Lemma 2.3.4.

Lemma 2.4.1 Let u∗ and uh be the solutions of (2.2) and (2.19), respectively. Let
u∗ ∈ H2(Ω). Under the assumptions (2.4)-(2.6) we have

‖u∗ − uh‖H1
H(Ω) � inf

v ∈ V h

‖u∗ − v‖H1
H(Ω) + sup

w ∈ V h

∑
δm⊂Γ

∫
δm
lmu

∗ [w]ds

‖w‖H1
H(Ω)

, (2.20)

where [w] is the jump of w across δm and lmu
∗
|δm = li(m)u

∗ is defined in (2.11). The
sum is taken over all δm, sides of substructures that are not masters.

We now prove Theorem 2.4.1

Proof. The first term, the approximation error, can be estimated from (2.15) whose
statement is also true in this case, cf. Inequality (5.5), Section 5.2 in [19].

It remains to estimate the second term, the consistency error. We first prove that

|
∫
δm,j

lmu
∗ [w]ds | � hj |lmu∗|H1(δm,j) (‖wj‖H1(Ωj) +

∑
k

‖wk‖H1(Ωk)) (2.21)

which is an analogue to (2.16). The sum is taken over all Ωk such that ∂Ωk∩δm,j 6= ∅.
Proceeding as in the proof of (2.16) we see that from (2.18) for all ψ ∈Mhj

0,1(δm,j)

|
∫
δm,j

lmu
∗ [w]ds | = |

∫
δm,j

lmu
∗ (wj −

∑
k:∂Ωk∩δm,j 6=∅

wk|∂Ωk∩δm,j) ds| =
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= |
∫
δm,j

(lmu
∗ − ψ) (wj −

∑
k:∂Ωk∩δm,j 6=∅

wk|∂Ωk∩δm,j) ds|.

Using Schwarz inequality, we have

|
∫
δm,j

lmu
∗ [w]ds | ≤ inf

ψ ∈Mhj
0,1

‖lmu∗−ψ‖L2(δm,j)‖wj −
∑

k:∂Ωk∩δm,j 6=∅
wk|∂Ωk∩δm,j‖L2(δm,j).

Combining the trace theorem and the approximation result for lmu
∗ ∈ Hσ−3/2(δm,j),

cf. (2.17) and Lemma 4.1 in [19], we prove (2.21). As u∗ ∈ Hσ(Ω), 2 ≤ σ < 5/2, we
can obtain an analogous result to that of Corollary 2.3.1. Combining this with (2.21)
and summing over all δm,j we finish the proof of Theorem 2.4.1. 2

Remark 2.4.1 The technique of our proofs does not enable us to obtain the optimal
error estimate in the geometrically non-conforming version of the mortar method. In
the case of linear elliptic second order problems, there is the optimal error estimate,
see [19].

2.5 Richardson-Newton method

In this section, we propose a method for solving the problem (2.10) arising from
discretization of the boundary value problem (2.2) by the geometrically conforming
mortar finite element method. It is not clear how to generalize this method to the
geometrically nonconforming case.

2.5.1 Description

We have to add a new assumption, namely, we assume that the master (mortar) side
of an interface Γij which is a common edge to Ωi and Ωj is chosen in such a way
that hi ≤ hj. We could construct a similar method without this assumption, but it
would be more complicated, namely, instead of simply basis functions corresponding
to vertices we would have to use more complex ones, see Remark 2.5.1, below.

For the simplicity of presentation, we describe the method with one additional as-
sumption that the subdomains Ωi are triangles and form a shape regular triangulation
with a parameter H = maxkHk with Hk = diam(Ωk), cf. [47].
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To define our method, we first have to introduce some special functions and sub-
spaces of V h. We will primarily work with nodal basis of V h. They satisfy the mortar
condition and are associated with the following sets of nodes:

• all interior nodes of the substructures Ωj,

• all interior nodes to the masters γm,i ⊂ Γ,

• all vertex nodes of Ωj except those on ∂Ω.

We associate a basis function with each node of these sets. A function φk corre-
sponding to a node in the interior of a substructure is a standard nodal basis function
as in a conforming finite element discretization. A function φk associated with a node
xk interior to a master γm,i, we define as follows. It is equal to one at xk and zero at
the remaining nodes defined above, i.e. nodes interior to all substructures, vertices of
all substructures and all nodes in the interiors of the masters except xk. The values of
this function at the interior nodes of slaves δm,j = γm,i are determined by the mortar
condition (2.9), with zero values at the ends of δm,j. We now define basis functions φk
associated with the vertices of the substructures. We first denote by V(Ωk) the set of
vertices of the substructure Ωk that are associated with degrees of freedom of V h, i.e.
those which are not on ∂Ω. We also introduce V :=

⋃N
k=1 V(Ωk). Each crosspoint cr

of Γ belongs to several subdomains and therefore corresponds to several nodes of V ,
to one degree of freedom for each of subregions that meet at that point. These nodes
are in the same geometrically position, but are assigned to different subdomains. Let
xk ∈ V be a vertex of Ωi. Then the basis function associated with xk ∈ V we denote
by φk. It is defined as equal to one at xk, and to zero at all other vertices of V and
at all interior nodes of all substructures and masters. We now define this function on
Γ, i.e. on all masters and slaves. There are three possible situations: the vertex xk
can be the common end of two masters: γn,i and γm,i, the common end of two slaves
δl,i and δk,i or the common end of a slave δs,i and a master γp,i. In the first case, φk
restricted to γn,i and γm,i is a standard nodal function corresponding to xk, i.e. is
one at xk and zero at the remaining nodes of the both masters. On slaves δn = γn,i
and δm = γm,i, this function is determined by the mortar condition (2.9) with zero
values at the ends of δn and δm, respectively. In the second case, φk restricted to the
masters γl = δl,i and γk = δk,i is zero, and on δl,i and δk,i is determined by the mortar
condition with the value equal to one at xk and zero at the other ends of δl,i and δk,i.
In the last case, φk is defined on the master γp,i (and δp = γp,i) as in the first case
while on the slave δs,i (and γs = δs,i) analogously to the second case. In all cases, φk
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is defined as zero on the remaining masters and slaves. It is obvious that all those
basis functions form a basis of the discrete space V h, i.e.

V h = span{φ1, . . . , φn}.

Note that there are no basis functions associated with interior nodal points of a slave
δm,j.

Let the solution of (2.10) be represented as u∗h =
∑n
i=1 αiφi, αi = u(xi) and intro-

duce

ki(α1, . . . , αn) = bH

 n∑
j=1

αjφj, φi

 , fi = (f, φi)L2(Ω).

Let B = (k1, . . . , kn)T , u∗h = (α1, . . . , αn)T and f = (f1, . . . , fn)T . With these nota-
tions we rewrite the problem (2.10) as a system of nonlinear algebraic equations

B(u∗h) = f . (2.22)

Here and below if u is a function in V h, then u denotes the vector representation of
u in terms of the nodal basis, i.e. if u =

∑n
i=1 aiφi, then u = (a1, . . . , an)T .

Additionally, we introduce a bilinear form on V h × V h

a4(u, v) :=
N∑
i=1

∫
Ωi
∇ui ∇vi dx. (2.23)

Let D be its matrix representation, i.e. D = {a4(φk, φl)}k,l=1,...,n. We should also

point out that a4(u, u)1/2 = (Du,u)
1/2
<n = |u|H1

H(Ω), therefore a4(·, ·) is positive definite

over V h.

We solve (2.22) by a method that combines the additive Schwarz preconditioning
technique, see Section 1.4, with Newton’s method. The Schwarz method is determined
by subspaces of V h, bilinear forms defined on these subspaces and projections defined
by these subspaces and bilinear forms, cf. Section 1.4 or [60]. In our case, those
forms are equal to a4(·, ·). We now define subspaces that form the decomposition of
V h. Let V0 be the coarse space of continuous, piecewise linear functions on the coarse
triangulation which are equal to zero on ∂Ω, of course V0 ⊂ V h. We next define
one dimensional vertex spaces V i

k which are associated with vertices xk ∈ V(Ωi):
V i
k = span{φk}, where φk is the basis function associated with a vertex xk, see above.
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Remark 2.5.1 We can remove the assumption that master side of an interface Γij
is γm,i ⊂ ∂Ωi if the parameter hi is not greater than hj - the parameter of the slave
δm,j ⊂ ∂Ωj. We would have to replace a vertex basis function φk corresponding to

a vertex xk ∈ ∂Ωi by a modified vertex function φ̂k which is equal to φk over Γ and
Ωi, but is defined as discrete harmonic part of φk in all subdomains Ωj, j 6= i. For
these modified function the statement of Lemma 2.5.1 is also true and thus all results
concerning convergence of the Algorithm 2.5.1, see below, are also valid.

Finally, we introduce Vij spaces associated with all pairs of two subdomains Ωi

and Ωj that have the common edge Γij which is the master γm,i ⊂ ∂Ωi and the slave
δm,j ⊂ ∂Ωj. We define Vij as a subspace of V h such that its functions can be nonzero
at the interior nodes of Ωi and Ωj and at the interior nodes of γm,i and δm,j. It is easy
to see that

V h = V0 +
N∑
i=1

∑
xk∈V(Ωi)

V i
k +

∑
Γij⊂Γ

Vij.

We then define operators T0 : V h → V0, T ik : V h → V i
k and Tij : V h → Vij, by

a4(T0(u), v) = bH(u, v) ∀v ∈ V0, (2.24)

a4(T ik(u), v) = bH(u, v) ∀v ∈ V i
k (2.25)

and
a4(Tij(u), v) = bH(u, v) ∀v ∈ Vij. (2.26)

The vector representation of these operators are denoted by the same symbols. They
have the following form: T0(u) = RT

0D
−1
0 R0B(u), T ik(u) = (Ri

k)
T (Di

k)
−1Ri

kB(u)
and Tij(u) = RT

ijD
−1
ij RijB(u), where D0, Di

k and Dij are the matrix representations
of a4(·, ·) in the corresponding subspaces and R0 : V h → V0, Ri

k : V h → V i
k and

Rij : V h → Vij are the restrictions operators defined as in [20], see p.44,124 there. In
subspaces, we can use natural nodal basis, i.e. V0 = span{φcoarsecr }cr∈Γ, V i

k = span{φk}
and Vij = span{φk}xk∈γm,i∪Ωi∪Ωj , where φcoarsecr is a nodal coarse function corresponding
to a crosspoint cr, i.e. φcoarsecr is a continuous function which is piecewise linear on
coarse triangulation, equal to one at cr and equal to zero at all remaining crosspoints.
We note that T0, T

i
k and Tij are nonlinear in general. To define an additive Schwarz

method , let

T = T0 +
N∑
i=1

∑
xk∈V(Ωi)

T ik +
∑

Γij⊂Γ

Tij. (2.27)

We replace the problem (2.22) by the problem of finding u ∈ V h such that

T (u∗h) = g, (2.28)
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where g = g0 +
∑N
i=1

∑
xk∈V(Ωi) g

i
k +

∑
Γij⊂Γ gij with g0 = T0(u∗h), g

i
k = T ik(u

∗
h) and

gij = Tij(u
∗
h). Here u∗h is the solution of (2.22). We show that problems (2.28) and

(2.22) have the same unique solution. These gi can be pre-computed without knowing
the exact solution u. In the implementation, we usually do not do that.

Introducing a linear operator

M−1 = RT
0D
−1
0 R0 +

N∑
i=1

∑
xk∈V(Ωi)

(Ri
k)
T (Di

k)
−1Ri

k +
∑

Γij⊂Γ

RT
ijD

−1
ij Rij (2.29)

we have
T = M−1B.

For solving (2.28), we use the following algorithm:

Algorithm 2.5.1 Let u0 ∈ V h be arbitrary and τ as in Theorem 2.5.2, see below.

• Iterate for n = 0, 1, . . . until convergence,

– Compute rn0 = T0(un)− g0 solving

a4(rn0 , v) = bH(un, v)− (f, v) ∀v ∈ V0.

– Compute ri,nk = T ik(u
n)− gik for xk ∈ V(Ωi), i = 1, . . . , N, solving

a4(rni , v) = bH(un, v)− (f, v) ∀v ∈ V i
k .

– Compute rnij = Tij(u
n)− gij for all masters γm,i = Γij ⊂ Γ solving

a4(rnij, v) = bH(un, v)− (f, v) ∀v ∈ Vij.

– Compute un+1 as

un+1 = un− τ (rn0 +
N∑
i=1

∑
xk∈V(Ωi)

ri,nk +
∑

Γij⊂Γ

rnij) = un− τ (T (un)−g). (2.30)

• End n.
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2.5.2 Analysis of the convergence

To prove the convergence of the algorithm we need the following auxiliary result.

Theorem 2.5.1 For any u ∈ V h

(1 + log(H/h))−2(Du,u)<n � (DM−1Du,u)<n � (Du,u)<n ,

where all constants are independent of H, hi, H = maxiHi and h = infi hi.

This theorem will be proved in the last part of this section. Theorem 2.5.1 yields
that (2.28) has a unique solution equal to the solution of (2.22) and that M−1 is
invertible. The next corollary plays an important role in the proof of convergence of
the algorithm.

Corollary 2.5.1 For any u, v ∈ V h holds

(B(u)−B(v),u− v)<n ≥ δ0 ‖u− v‖2
M

and
‖B(u)−B(v)‖M−1 ≤ δ1‖u− v‖M ,

where M was defined in (2.29), δ0 = C (1 + log(H/h))−2, and C, δ1 are positive
constants independent of H, hi.

Proof. Theorem 2.5.1 yields that

(Du,u)<n � (Mu,u)<n � (1 + log(H/h))2(Du,u)<n ∀u ∈ V h

cf. e.g. [65] or Chapter 1 in [26].

In other words, we have the following equivalence of the energetic norms ‖ · ‖D �
‖ · ‖M � (1 + log(H/h))−2‖ · ‖D in <n. Then we have

(B(u)−B(v),u− v)<n = bH(u, u− v)− bH(v, u− v) � |u− v|2H1
H(Ω) =

= (D(u− v),u− v)2
<n � (1 + log(H/h))−2(M(u− v),u− v)2

<n .

We have used Lemma 2.3.2. Let g = B(u)−B(v). We next deduce that

‖B(u)−B(v)‖M−1 = ‖M−1g‖M = sup
‖x‖M = 1

|(M−1g,x)M | =



Quasilinear problems 38

= sup
‖x‖M = 1

|(B(u)−B(v),x)<n| = sup
‖x‖M = 1

|bH(u, x)− bH(v, x)| � ‖u− v‖D.

We have used Lemma 2.3.3 and the equivalence of broken H1
H seminorm and broken

H1
H norm over V h, see Proposition 2.1 in [16]. 2

We now state the main theorem of this section that can be proven in the standard
way using Corollary 2.5.1, cf. [41] or [87].

Theorem 2.5.2 If we choose 0 < τ < 2δ0/δ
2
1, where δ0 and δ1 are defined in Corollary

2.5.1, then Algorithm 2.5.1 is convergent in the sense that

‖un − u∗h‖M ≤ ρ(τ)n‖u0 − u∗h‖M ,

where ρ(τ)2 = 1 − δ2
1τ (2δ0/δ

2
1 − τ) < 1. The optimal parameter τopt = δ0/δ

2
1 and

ρ2
opt = 1− (δ0/δ1)2.

Proof. By (2.30) and Corollary 2.5.1 we have

‖un+1 − u∗h‖2
M = ‖un − u∗h‖2

M − 2τ (M−1(B(un)−B(u∗h),u
n − u∗h)M+

+‖M−1(B(un)−B(u∗h))‖2
M � (1− 2δ0τ + δ2

1τ
2)‖un − u∗h‖2

M

2

We need one additional technical lemma.

Lemma 2.5.1 If we assume that for an interface Γij = ∂Ωi ∩ ∂Ωj, γm,i ⊂ ∂Ωi is its
master if hi ≤ hj, then for a vertex basis function φk which corresponds to the vertex
xk ∈ V holds

|φk|H1
H(Ω) ≤ C,

where C is a positive constant independent of the number of subdomains and any hk.

Proof. Let cr be a crosspoint with which the vertex xk ∈ V(Ωi) geometrically
coincides. Note that from definition, φk is zero at all nodal interior points thus we
can deduce that

|φk|2H1
H(Ω) =

∑
j:cr∈∂Ωj

|φk|2H1(Ωj)
�

∑
j:cr∈∂Ωj

h−1
j ‖φk‖2

L2(∂Ωj)
.

The vertex xk ∈ V(Ωi) can be the common end of two slaves, two masters and of a
master and a slave of Ωi. In the first case, φk |Γ is nonzero only over these slaves and
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the statement of the lemma follows from Propositions 3.1 in [4], cf. also the proof of
Lemma 4 in [44]. In the second case, φk |Γ is nonzero over those two masters denoted
by γm,i and γs,i and over two corresponding slaves δm,j and δs,l. Then as in the proof
of Lemma 5 in [44] we obtain

|φk|2H1
H(Ω) � 1 + hi/hj + hi/hl.

The assumption that the parameters hj and hl of slaves are not greater than the
respective parameters of masters, here equal to hi, ends the proof of this case. The
last case is proved in the same way. 2

We now prove Theorem 2.5.1 using the general theory of ASM, see Theorem 1.4.1
in Section 1.4, cf. also [20] or [60].

Proof. By Theorem 1.4.1 the proof reduces to check three key assumptions.

Assumption (i)
We want to prove that for all u ∈ V h, there exist functions u0 ∈ V0, uik ∈ V i

k and
uij ∈ Vij such that u = u0 +

∑N
i=1

∑
xk∈V(Ωi) u

i
k +

∑
Γij⊂Γ uij and

a4(u0, u0) +
N∑
i=1

∑
xk∈V(Ωi)

a4(uik, u
i
k) +

∑
Γij⊂Γ

a4(uij, uij) � (1 + log(H/h))2a4(u, u)

(2.31)

We first select u0 ∈ V0 = V H by making u0(cr) = ucr , where cr ∈ Γ is a crosspoint
and ucr is the average value of u at the vertices of V that coincide geometrically with
cr. We further denote V(cr) as the set of these vertices. Let Ncr be the number of
vertices in V(cr). Thus we have that ucr = (1/Ncr)

∑
x∈V(cr) u(x). Let now define

uik ∈ V i
k by the pointwise interpolation of u− u0 at v, i.e.

uik = (u− u0)(xk) φk

Note that w defined as

w = u− u0 −
N∑
i=1

∑
xk∈V(Ωi)

uik

vanishes at all vertices of V .

We now decompose w in Ωi as

wi = w|Ωi = Piwi +Hiwi,
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where Hiwi is the discrete harmonic part of wi and Piwi is the H1
0 (Ωi) projection onto

◦
Xh (Ωi) = Xh(Ωi) ∩H1

0 (Ωi), i.e. Hiwi = wi on ∂Ωi and

a4(Hiwi, ψ) = 0, a4(Piwi, ψ) = a4(wi, ψ) ∀ψ ∈
◦
Xh (Ωi) (2.32)

Both Piwi and Hiwi, we extend as zero off Ωi.

With each space Vij we associate the common edge Γij = Ωi ∩ Ωj which is the
master γm,i ⊂ ∂Ωi and the slave δm,j ⊂ ∂Ωj. Then let wij ∈ Vij be equal to w on γm,i
and δm,j, be zero on ∂Ωi \ γm,i, ∂Ωj \ δm,j and be extended as the discrete harmonic
function in Ωi and Ωj. Note that wij is zero off Ωi ∪ Ωj because wij ∈ Vij.

We finish the decomposition of u by setting

uij = wij + (1/Ne(i))Piwi + (1/Ne(j))Pjwj,

where Ne(k) is a number of edges Γkl ⊂ Γ∩∂Ωk and Ne(k) is equal to 3 if ∂Ωk∩∂Ω = ∅
and 2 or 1 otherwise. Note that

u = u0 +
N∑
i=1

∑
xk∈V(Ωi)

uik +
∑

Γij⊂Γ

uij

We first estimate a4(u0, u0). Let ui be the average value of u over Ωi. Using an
inverse inequality we have

a4(u0, u0) =
N∑
i=1

|u0|2H1(Ωi)
=

N∑
i=1

|u0 − ui|2H1(Ωi)
�

N∑
i=1

∑
x∈V(Ωi)

|u0(x)− ui|2 (2.33)

We consider one vertex y of Ωi which geometrically coincides with a crosspoint cr and
we have that u0(y) = u0(cr). Hence

|u0(y)− ui|2 = | 1

Ncr

∑
x∈V(cr)

u(x)− ui|2 �
∑

x∈V(cr)

|u(x)− ui|2

Note that from the mortar condition (2.9) follows that average values of u over a
master γm,i and a slave δm,j that geometrically coincide, are equal to each other.
Using this, the standard Sobolev-like inequality for finite elements, see e.g. Lemma
7, p.170 in [20], and the Poincaré’s inequality, we obtain

|u0(y)− ui|2 �
∑

k: x∈V(cr)∩V(Ωk)

(1 + log(H/hk))|uk|2H1(Ωk) (2.34)
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The sum is taken over all subdomains with the common vertex cr. Summing over all
vertices of Ωi we obtain the estimate

|u0|2H1(Ωi)
�

∑
j:∂Ωj∩∂Ωi 6=∅

(1 + log(H/h))|uj|2H1(Ωj)
(2.35)

Summing over all subdomains gives the estimate of a4(u0, u0).

We now estimate
∑N
i=1

∑
xk∈V(Ωi) a4(uik, u

i
k). Let cr be the crosspoint that coincides

geometrically with a vertex xk. By Lemma 2.5.1, we deduce that

a4(uik, u
i
k) = |u(xk)− u0(xk)|2|φk|2H1

H(Ω) � |u(xk)− u0(cr)|2.

We further use the same arguments as for the estimate of a4(u0, u0) to get

a4(uik, u
i
k) �

∑
x∈V(cr)∩V(Ωk)

(1 + log(H/h))|uk|2H1(Ωk) (2.36)

The sum is taken over all subdomains that have a vertex x ∈ V(cr). Summing over
all subdomains and their vertices we obtain

N∑
i=1

∑
xk∈V(Ωi)

a4(uik, u
i
k) �

N∑
i=1

(1 + log(H/h))|ui|2H1(Ωi)
(2.37)

We now estimate
∑

Γij⊂Γ a4(uij, uij). We deduce that

a4(uij, uij) �
{
|wij|2H1(Ωj)

+ |wij|2H1(Ωi)
+ |Piwi|2H1(Ωi)

+ |Pjwj|2H1(Ωj)

}
We first estimate |Piwi|2H1(Ωi)

(|Pjwj|2H1(Ωj)
can be estimated in the same way). Using

(2.35) and (2.36) we get

|Piwi|2H1(Ωi)
� |ui|2H1(Ωi)

+ |u0|2H1(Ωi)
+

∑
xk∈V(Ωi)

|uik|2H1(Ωi)
� |ui|2H1(Ωi)

+

+
∑

j:∂Ωj∩∂Ωi 6=∅
(1 + log(H/h)) |uj|2H1(Ωj)

,

where the last sum is taken over all substructures that have the common vertex to
Ωi.

We now estimate the norms of wij the discrete harmonic part of uij. We first note
that

|wij|2H1
H(Ω) = |Hiwi|2H1(Ωi)

+ |Hjwj|2H1(Ωj)
� ‖wi‖2

H
1/2
00 (γm,i)

+
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+‖wj‖2

H
1/2
00 (δm,j)

� ‖wi‖2

H
1/2
00 (γm,i)

The first inequality follows from the extension property of discrete harmonic functions,
see Lemma 5.1, p.1112 in [21], and the second one from H

1/2
00 stability of functions in

V h over each edge Γij ⊂ Γ, see Lemma 1 in [9]. Thus it remains to prove the estimate
of ‖wi‖2

H
1/2
00 (γm,i)

.

Let us denote by x1, x2 the ends of γm,i. Then let φxj ∈ V i
k , j = 1, 2, denote a

vertex function associated with the vertex xj and we deduce that

wi|γm,i = z −
2∑
j=1

z(xj)φxj − z0 +
2∑
j=1

z0(xj)φxj ,

where z = ui−ui and z0 = u0−ui, where ui is the average value of ui over γm,i = Γij.
Note that φxj is equal to standard nodal function corresponding to xj, j = 1, 2, on
γm,i. From this we obtain

‖wi‖2

H
1/2
00 (γm,i)

� {‖z −
2∑
j=1

z(xj)φxj‖2

H
1/2
00 (γm,i)

+

+‖z0 −
2∑
j=1

z0(xj)φxj‖2

H
1/2
00 (γm,i)

}.

We can estimate the first term by c(1+log(H/hi))
2|ui|2H1(Ωi)

, this result is well known,
see e.g. p.11 [44], but it also follows from Lemma 4.5.1, see below, the property of
standard nodal functions and Poincaré’s inequality. Simple computations give the
estimate of the second term by

‖z0 −
2∑
j=1

z0(xj)‖2

H
1/2
00 (γm,i)

�
2∑
j=1

(1 + log(H/hi))|u0(xj)− ui|2,

cf. also Lemma 4.5.1, below. Now using (2.34) we deduce that

‖wi‖2

H
1/2
00 (γm,i)

� (1 + log(H/h))2
∑
k

|uk|2H1(Ωk),

where the sum is taken over all indices of subdomains that has a vertex that geomet-
rically coincides with one of the ends of γm,i.

Summing over all subspaces Vij we have∑
Γij⊂Γ

a4(uij, uij) � (1 + log(H/h))2|u|2H1
H(Ω) = (1 + log(H/h))2a4(u, u).
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Combining this, (2.35) and (2.37), we get (2.31) what ends the proof of Assumption
(i).
Assumptions (iii)
It is obviously satisfied with ω = 1 as all local forms equals a4(·, ·).
Assumption (ii)
It is satisfied with ρ(E) ≤ C because functions from local spaces Vij and V i

k have local
supports. 2

2.6 Nonlinear domain decomposition method

In this section, we present a nonlinear domain decomposition method of solving prob-
lem (2.10). This method is based on the abstract framework, developed by Dryja and
Hackbusch [59] which is a generalization of the one of ASM.

We consider the nonlinear equation

F (u∗h) = B(u∗h)− f = 0, (2.38)

where u∗h is the solution of (2.22).

We have also to consider the linear system with matrix A = F ′(uh
∗)

The symmetry of A needs additional assumptions on the coefficients ai(x, p), i.e.

∂ai(x, p)

∂pj
=
∂aj(x, p)

∂pi
, i, j = 0, 1, 2. (2.39)

The method for solving (2.38) is based on the subspace decomposition defined in
the previous section and is defined as

un+1 = Φ(un) = un + ωr(un), (2.40)

where

r(un) = RT
0 r0 +

N∑
i=1

∑
xk∈V(Ωi)

(Ri
k)
T rik +

∑
γij⊂Γ

RT
ijrij

and r0 ∈ V0, rik ∈ V i
k and rij ∈ Vij are the respective solutions of

R0F (un −RT
0 r0) = 0

Ri
kF (un − (Ri

k)
T rik) = 0
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and
RijF (un −RT

ijrij) = 0

Here R0, R
i
k and Rij are the restriction operators, the same as in the previous section,

see p.44,124 in [20]. The damping parameter ω will be set later. These local problems
can be solved in parallel.

We now analyze the method (2.40). The first problem is uniqueness and existence
results for local problems. But under Assumptions (2.4)-(2.6) it can be shown, see
e.g. Theorem 1.5 p.3 and Section 2.3 from [59], that there exist solutions of the local
problems and that they are unique.

When we apply the subspace iteration (2.40) to the linear problem G(u) = Au−
b = 0 with A = F ′(u∗h) and b = Au∗h, we obtain a linear iteration with the following
iteration matrix

Mω := I − ω

RT
0A
−1
0 R0A+

N∑
i=1

∑
xk∈V(Ωi)

(Ri
k)
T (Aik)

−1Ri
kA+

∑
γij⊂Γ

RT
ijA
−1
ij RijA

 ,
where A0 = R0AR

T
0 , A

i
k = Ri

kA(Ri
k)
T and Aij = RijAR

T
ij. Note that this linear

iteration is built analogously to the iteration applied to M−1D in Theorem 2.5.1 with
parameter ω. Additionally, it is easy to prove that under Assumptions (2.4)-(2.6) the
matrix A is spectrally equivalent to D, e.g. cf. Inequalities (14) and (15) p.7 in [87]
or p. Inequalities (15) and (16) p.11 in [86]. Thus using Theorem 2.5.1 we have

‖Mω‖ ≤ ζ < 1

for some damping parameter ω and ζ is only dependent on (1 + log(H/h)2.

Hence by Theorem 1.7 from [59] we can conclude that

Proposition 2.6.1 The method (2.40) for the nonlinear problem (2.38) has the same
asymptotic convergence rate ζ as the linearized system with A = F ′(u∗h), dependent
only on C (1 + log(H/h))2, where C is a positive constant independent of H and any
hk, i.e. for any ζ ′ ∈ (ζ, 1) there exists a neighborhood U ′ of u∗h such that

‖Φ(u)− Φ(v)‖ ≤ ζ ′ ∀u,v ∈ U ′.

2.7 Problems with unbounded nonlinearities

In the previous sections, we have considered the nonlinear problems with bounded non-
linearities. In this section, we show how the methods for the problems with bounded
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nonlinearities can be applied to the problems with unbounded nonlinearities, cf. [93]
or [94].

Here we consider a problem of type (2.2)-(2.3). We assume that instead of (2.5)-
(2.6), the functions ai : Ω×<3 → <, i = 0, 1, 2 satisfy the following conditions:

ν(|p|2)
2∑
i=0

ξ2
i ≤

2∑
i,j=0

∂

∂pj
ai(x, p)ξiξj ≤ µ(|p|2)

2∑
i=0

ξ2
i ∀ξ ∈ <3, (2.41)

max{|ai(x, 0, 0, 0)|, | ∂ai
∂xk

(x, p)|} ≤ M0, for i = 0, 1, 2; k = 1, 2, (2.42)

where ν(s), µ(s), 0 ≤ s < ∞, are positive smooth (continuous and with continuous
derivative) functions.

We further assume that the solution u∗ of the respective problem satisfies√
|u∗|2 + |∇u∗|2 ≤M. (2.43)

The class of problems with solutions which satisfy (2.43) is set in [94] or [78], see e.g.
Theorems 1 and 2 in [94], Chapter 3, §8 in [78].

It shows that if the solution of problem with an unbounded nonlinearity satisfies
(2.43), then it is possible to construct an auxiliary quasilinear elliptic problem with
a bounded nonlinearity equivalent to the original one, i.e. the solution of the new
auxiliary problem coincides with the solution u∗ of the original one.

We can next approximate the solution of the auxiliary problem with the mortar
method presented in the previous sections of this chapter.

Following [94] we show how to construct the auxiliary problem. This problem is of
the same form as the problem (2.2)-(2.3). Hence it suffices to define coefficients of the
auxiliary problem, i.e. functions âi(x, p) : Ω×<3 → <, i = 0, 1, 2. Let ξ ∈ C2([0,∞))
be a nonnegative, non-increasing function such that

ξ(s) =

{
1 0 ≤ s ≤ 1
0 s ≥ 2

.

We also introduce a function θ : <+ → <+ defined as

θ(s) = c
µ2(s)

ν(s)
,
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where c is a certain positive constant and µ(·), ν(·) are functions from (2.41). Then
we define

âi(x, p) =

{
ai(x, p)ξ

(
| p
M
|2
)

+ θ(|p|2)pi
(
1− ξ

(
| p
M
|2
))

|p| ≤ 2M

θ(4M2)pi |p| ≥ 2M

for i = 0, 1, 2. Here M is the constant from (2.43).

This auxiliary problem with the coefficients defined above, satisfies (2.5) and (2.6),
see [94] or [93].

2.8 Numerical Experiments

In this section, we present some results of numerical experiments. We carry out a few

Table 2.1: Nine subdomains, nonconforming meshes.

N = H−1 h1 cond(M−1D)
9 H/10 13.6
9 H/20 17.3
9 H/40 22.3
9 H/80 27.6
9 H/160 33.2

experiments to test the ASM preconditioner M−1, see (2.29) and Theorem 2.5.1. We
apply this preconditioner in PCG method for solving a linear problem with a discrete
Laplacian on a unit square, i.e. to the linear system of equations with the matrix
D, see (2.23). Our algorithm has been implemented in PETSCs 2.0 (the Portable,
Extensible Toolkit for Scientific Computation) in C on Sun Sparc Workstation. The
region Ω is the unit square (0, 1) × (0, 1) divided into N ∗ N adjacent squares of
diameter H = 1/N . Each substructure Ωk is divided into a grid of smaller nk ∗ nk
squares. These small squares are then divided into two triangles by drawing the lines
from bottom left to top right. The resulting meshes do not match on the interface.
For each interface Γij, which is the common side of two coarse squares Ωi and Ωj, we
assign as a master the side of this edge for which the mesh parameter is smaller, i.e.
if hi ≤ hj, then the master is γm,i. Here hk = 1/nk.
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Table 2.2: Nine subdomains, conforming meshes.

N = H−1 h cond(M−1D)
9 H/10 15.5
9 H/20 19.1
9 H/40 23.3
9 H/80 28.1
9 H/160 33.6

In Table 2.1, we refer to results of the following experiments: we set the number
of subdomains to nine, i.e. N = 9, set ni = n1 − i+ 1, i = 1, . . . , 9, and in successive
experiments increase n1.

In Table 2.2, we give results of the similar experiments for conforming meshes, i.e.
ni = nj for all i, j = 1, . . . , 9. The meshes are conforming, but the functions are not
continuous at the crosspoints, thus the method is also nonconforming.

In Tables 2.3 and 2.4, we give results of analogous experiments but for sixteen
subdomains.

Table 2.3: Sixteen subdomains, nonconforming meshes.

N = H−1 h1 cond(M−1D)
16 H/20 17.0
16 H/40 22.1
16 H/80 27.4
16 H/160 33.1

Table 2.4: Sixteen subdomains, conforming meshes.

N = 1/H h cond(M−1D)
16 H/20 19.3
16 H/40 23.6
16 H/80 28.3
16 H/160 33.7
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The results of the experiments confirm the theoretical statement of Theorem 2.5.1.
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3.1 Introduction

The goal of this part of the thesis is to construct and analyze a new version of the
mortar method for second order elliptic problems. We consider discretization with
nonconforming elements in each substructure. For our knowledge, there are no results
devoted to those topics, cf. [104] for some related results. In all previous versions of
the mortar methods, it has been assumed that local subspaces contain conforming
continuous functions.

The mortar technique for locally nonconforming elements imposes that the solution
on the two neighboring subdomains has the same L2 projections on the mortar space
that is defined on their common edge. We choose the mortar space that has natural
L2 orthogonal basis and leads to simple computations of the matching conditions.

For second order elliptic problems, we prove that the error estimate is of the same
optimal order as in the standard linear nonconforming finite element method. For the
simplicity of presentation, we consider only the Poisson equation.

We also propose a parallel method for solving the system of linear equations that
arises from our discretization. It is described as an additive Schwarz method (ASM)
using the general framework of ASM’s, see Section 1.4, (cf. [20], [64] or [60]). In
this chapter, the error analysis is done for arbitrary polygonal substructures while the
additive Schwarz method is considered for a partition of the original 2-D region Ω
into triangles that form a coarse triangulation of parameter H. The described ASM
uses a standard coarse space defined on the coarse mesh, i.e. V0 = V H , the space
of piecewise linear continuous functions which vanish on ∂Ω. The remaining spaces
are local and are associated with all mortar edges and with some subdomains. The
problems in these subspaces are independent and can be solved in parallel.

The described method is almost optimal, i.e. the number of iterations required to
decrease the energy norm of the error by a conjugate gradient method is proportional
to (1 + log(H

h
)). Here H and hi are the parameters of the coarse triangulation and

the fine one on Ωi, respectively, and h = infi hi.

Iterative methods for solving linear systems of equations of locally conforming
versions of the mortar finite elements have been described and analyzed in several
papers, e.g. see [2], [4], [44], [56], [88]. In [100], methods for solving systems of
equations of linear nonconforming elements defined on global triangulation of Ω are
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described.

The outline of the chapter is as follows. In Section 3.2, we present the mortar
element method that locally uses the Crouzeix-Raviart linear elements. Section 3.3
is devoted to study the error estimate. In Section 3.4, we describe and analyze the
ASM method. In Section 3.5, we present some numerical results.

3.2 Discrete problem

We consider the Poisson equation as a model problem:
Find u∗ ∈ H1

0 (Ω) such that

a(u∗, v) = f(v) ∀ v ∈ H1
0 (Ω), (3.1)

where
a(u, v) =

∫
Ω
∇u∇v dx, f(v) =

∫
Ω
fv dx

Here f ∈ L2(Ω), ∇u = (ux1 , ux2)
T and Ω is a polygonal region in <2.

We now define our discrete space V h which is a finite element subspace of the
space L2(Ω), but it is not contained in H1

0 (Ω), and in that sense our method is non-
conforming. We consider a geometrically conforming version of the mortar method,
i.e. Ω is divided into polygonal substructures Ωi

Ω =
N⋃
i=1

Ωi

with Ωi ∩ Ωj being the empty set, a vertex or an edge for i 6= j. Thus {Ωk} form
a decomposition of Ω. We assume the shape regularity of that decomposition, cf.
Section 2.3.

With each Ωk, we associate a quasiuniform triangulation made of elements that
are triangles. The mesh parameter hk is equal to the maximum over all the diameters
of elements and let Th(Ωk) denote this triangulation. Let Γij be the open edge that
is common to Ωi and Ωj, i.e. Γij = Ωi ∩ Ωj.

Let the union of all interfaces between the subdomains be denoted by Γ, i.e.
Γ =

⋃
∂Ωi \ ∂Ω. Each edge Γij inherits two triangulations made of segments that are

edges of elements of the triangulations of Ωi and Ωj, respectively. In this way, each
Γij is provided with two independent and different the 1-D meshes which are denoted
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by T ih(Γij) and T jh(Γij). We define the CR nodal points as the nonconforming nodal
points, i.e. the midpoints of the edges of elements in Th(Ωk). The set of CR nodal
points belonging to Ωk, ∂Ωk and ∂Ω are denoted by ΩCR

k,h , ∂ΩCR
k,h and ∂ΩCR

h , respectively.
Finally, let Ωk,h and ∂Ωk,h denote the sets of vertices of the triangulations Th(Ωk) that
are in Ωk and ∂Ωk, respectively.

As the triangulation Th(Ωk) is chosen over each Ωk, we can give the definition of
local finite element spaces.

Figure 3.1: Crouzeix-Raviart element.

We choose locally a nonconforming finite element method that is best suited to
the local properties of the solution. First we define finite element functions locally
and introduce Xh(Ωk) as the local nonconforming P1 (Crouzeix-Raviart) space, i.e.
the space formed by all functions which are piecewise linear in each triangle of Th(Ωk)
and are continuous at the CR nodes of ΩCR

k,h \ ∂ΩCR
k,h , and are equal to zero at the CR

nodes of ∂ΩCR
h , cf. [52] and Figure 3.1.

The degrees of freedom of Crouzeix-Raviart element are the values at the midpoints
of edges of a triangular element.

We also introduce for all uk ∈ Xh(Ωk) the so called broken norm and the broken
seminorm:
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‖uk‖H1
h

(Ωk) =

 ∑
τ∈Th(Ωk)

‖uk‖2
H1(τ)

 1
2

, |uk|H1
h

(Ωk) =

 ∑
τ∈Th(Ωk)

|uk|2H1(τ)

 1
2

.

We can now introduce a global space Xh as

Xh(Ω) =
N∏
k=1

Xh(Ωk)

with the following broken norm ‖u‖H1
H(Ω) = (

∑N
k=1 ‖u‖2

H1
h

(Ωk))
1/2 and the broken semi-

norm |u|H1
H(Ω) = (

∑N
k=1 |u|2H1

h
(Ωk))

1/2. This space can be considered as a subspace of

L2(Ω) formed by all functions which locally restricted over Ωk are in Xh(Ωk).

As each interface is provided with two independent meshes, we must enforce some
matching conditions over the interface. In what follows, we express a condition that
is sufficient to ensure the optimality of the global approximation.

We define one of the sides of Γij as a master (mortar) one, denoted by γm,i and
the other one as a slave (nonmortar) denoted by δm,j. Let the master side for Γij be
chosen by the condition: hi ≤ hj, (i.e. here, the master side is the i-th one). There
are two sets of CR nodal points belong to Γij: the midpoints of elements belonging
to T ih(γm,i) and to T jh(δm,j), denoted by γCRm,i,h and δCRm,j,h, respectively. As hi ≤ hj
and both triangulations are quasiuniform, we can assume that the two elements of
the slave triangulation T jh(δm,j) of Γij that touch the ends of δm,j have longer lengths
than the respective elements of the master triangulation T ih(γm,i) of Γij. The choice
of the master side is due to the technique that is used to prove the results of Section
4, i.e for ASM. The error estimates of Section 3 are independent of that assumption.
We believe that this condition is not necessary at all.

Additionally, we define an auxiliary test (mortar) space M
hj
−1,0(δm,j) being a sub-

space of L2(Γij) of all functions which are piecewise constant on elements of the slave
triangulation of Γij, i.e. inherited from the 2-D triangulation of Ωj (j-th is the slave

side of Γij). The dimension of M
hj
−1,0(δm,j) is equal to the number of midpoints on

δm,j, i.e. to the number of elements on δm,j.

We introduce the L2 orthogonal projection Qm : L2(Γij) → M
hj
−1,0(δm,j) for each

slave δm,j = Γij ⊂ Γ defined as

(Qmu, ψ)L2(δm,j) = (u, ψ)L2(δm,j) ∀ψ ∈M
hj
−1,0(δm,j) (3.2)
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We can now define our discrete space V h as

V h = {uh ∈ Xh(Ω) : ∀ δm,j = γm,i ⊂ Γ, Qmuj = Qmui} (3.3)

The condition of the equality of the L2 projection of traces onto the test space for
each interface can also be called the mortar condition. Note that V h 6⊂ H1

0 (Ω).

Since functions in V h are not continuous, we have to use a ”broken” variational
form aH(·, ·) in the discretized problem.

Let ah,k(·, ·) be the bilinear form defined on triangles belonging to Ωk which is a
subregion of Ω

ah,k(u, v) =
∑

τ∈Th(Ωk)

∫
τ
∇u∇v dx (3.4)

and let aH(u, v) =
∑N
k=1 ah,k(u, v).

The form aH(·, ·) is positive-definite on V h by the argument that aH(v, v) = 0
for v = {vk} ∈ V h implies that vk is constant over each element of Th(Ωk), then the
continuity of vk at midpoints yields that vk constant in Ωk and finally by the mortar
condition and discrete boundary conditions, we get v = 0.

In Section 3.2.1 below, we show that the H1-broken seminorm which is also equal
to the norm induced by the bilinear form aH(·, ·), is equivalent to the L2 norm on
V h with constants independent of any parameters hk and the number and size of
subdomains, see Lemma 3.2.1 below.

The discrete problem is of the form:
Find u∗h ∈ V h such that

aH(u∗h, v) = f(v) ∀v ∈ V h (3.5)

This problem has a unique solution since aH(·, ·) is positive-definite on V h.

3.2.1 Ellipticity of the discrete problem

In this subsection, we prove that aH(·, ·) is elliptic on the discrete space V h with
constant independent of h and, what is also important, number of subdomains. These
results are analogous to those for mortar methods for second order elliptic problems
with locally conforming discretization proved in [17]. The proofs of the results of this
section are based in part on the one of Proposition 2.1 in [17].
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Lemma 3.2.1 There exists a constant C independent of hk and the number of sub-
domains such that for u ∈ V h

N∑
k=1

‖u‖2
H1
h

(Ωk) ≤ C
N∑
k=1

|u|2H1
h

(Ωk).

Proof. It reduces to show
∑N
k=1 ‖u‖2

L2(Ωk) �
∑N
k=1 |u|2H1

h
(Ωk). Let u = (u1, . . . , uN) ∈

V h ⊂ Xh(Ω). For each subdomain Ωk let ũk =Mkuk and ũ = {ũk} ∈
∏N
k=1H

1(Ωk),
where Mk is defined below in Definition 3.3.1. By Lemma 3.3.2, see below, we have

|uk|2Hs
h

(Ωk) � |ũk|2Hs(Ωk) s = 0, 1. (3.6)

We have for any (x1, x2) ∈ Ω

ũ(x1, x2) =
∫ x1

a
ũx1(t, x2) dt+

∑
tkl∈[a,x1]∩Γkl

[ũ](tkl, x2),

where [·] denotes the jump over Γkl at point tkl and (a, x2) ∈ ∂Ω. Here tkl is the point
of intersection of a segment [a, x1] and an interface Γkl ⊂ ∂Ωk ∩ ∂Ωl.

The first term is estimated by

|
∫ x1

a
ũ(t, x2) dt| ≤

∫ b

a
|ũx1(t, x2)| dt ≤ (b− a)1/2(

∫ b

a
|ũx1(t, x2)|2 dt)1/2,

where b satisfies (b, x2) ∈ ∂Ω. The second term is estimated by

|
∑

tkl∈[a,x1]∩Γkl

[ũ](tkl, x2)| ≤
∑

tkl∈[a,b]∩Γkl

|[ũ](tkl, x2)| ≤

≤

 ∑
tkl∈[a,b]∩Γkl

|Γkl|

1/2 ∑
tkl∈[a,b]∩Γkl

|Γkl|−1|[ũ](tkl, x2)|2
1/2

.

In [17], see Lemma 2.2 there, it was proved that the shape regularity of our decom-
position yields that

∑
tkl∈[a,b]∩Γkl |Γkl| � |b− a|. Thus we obtain

|ũ(x1, x2)|2 �
∫ b

a
|ũx1(t, x2)|2 dt+

∑
tkl∈[a,b]∩Γkl

|Γkl|−1|[ũ](tkl, x2)|2.

We now integrate over dx2 and dx1 and get∫
Ω
|ũ|2 dx �

∫
Ω
|∇ũ|2 dx+

∑
Γkl⊂Γ

∫
Γkl

|Γkl|−1|ũk − ũl|2 ds.
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We have also used the fact that ds =
√
dx2

1 + dx2
2, hence

∫
Γkl
|ũk − ũl|2 ds ≥

∫
Γkl
|ũk −

ũl|2 dx2. We now have to estimate the second sum. Each term of the second sum we
estimate separately. By (3.2) uk and ul have equal the average values over an interface
Γkl as

∫
Γkl

(uk − ul) ds = 0. Thus the standard trace theorem, see Theorem 1.5.2.1,
p.42 in [71], Lemma 3.3.2 and the version of Poincaré’s inequality for CR elements,
see Lemma 5, p.392 in [99], yield that

∫
Γkl

|ũk − ũl|2 ds �
1∑
s=0

H2s−1
k |Mkuk|2Hs(Ωk) +

1∑
s=0

H2s−1
l |Mlul|2Hs(Ωl)

�
1∑
s=0

H2s−1
k |uk|2Hs

h
(Ωk) +

1∑
s=0

H2s−1
l |ul|2Hs

h
(Ωl)
� Hk|uk|2H1

h
(Ωk) +Hl|ul|2H1

h
(Ωl)

.

We remind that by definition ũj = Mjuj. Hence summing over all interfaces and
using (3.6) ends the proof of estimate of the L2 norm of u. 2

3.3 Error estimate

In this section, we estimate the error between the discrete solution of (3.5) and the
solution of (3.1). We show that the error is of the same order as in the standard
nonconforming version of the finite element method.

We now state our main result concerning the error estimate:

Theorem 3.3.1 Let u∗, u∗h be the solutions of (3.1) and (3.5), respectively. Let u∗ ∈
H2(Ω). Then

|u∗ − u∗h|H1
H(Ω) �

(
N∑
k=1

h2
k|u∗|2H2(Ωk)

)1/2

.

For the proof we need several auxiliary results, one of them is the second Strang
lemma, see [12] and Lemma 8.1.9, p.198 in [38], which we now remind.

Lemma 3.3.1 Under the assumptions of Theorem 3.3.1 we have

|u∗ − u∗h|H1
H(Ω) ≤ inf

v ∈ V h

|u∗ − v|H1
h

(Ω) + (3.7)
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+ sup
w ∈ V h

N∑
k=1

∑
τ∈Th(Ωk)

∫
∂τ

∂u

∂n

∗
(w/|w|H1

H(Ω)) ds.

The first term in (3.7) is known as the approximation error while the second one is
called the consistency error and is a consequence of the discontinuities of the functions
of V h through the edges of elements.

We first present some auxiliary technical tools that we need to prove our results.
Some of them will be used in the next section.

Let Ṽ h/2(Ωk) be the conforming space of piecewise linear continuous functions on
the triangulation Th

2
(Ωk) which is constructed by dividing each triangle from Th(Ωk)

into four ones by joining the midpoints of the edges of this element and let Ṽ
h/2

0 (Ωk)
be the subspace of Ṽ h/2(Ωk) of functions with zero traces on ∂Ωk. We first introduce
two local equivalence maps (isomorphisms), as in [100], to obtain some properties of
local nonconforming spaces Xh(Ωk). We now define a local equivalence map Mk :
Xh(Ωk)→ Ṽ h/2(Ωk), see [100].

Definition 3.3.1 Given u ∈ Xh(Ωk), we define Mku ∈ Ṽ h/2(Ωk) by the values of
Mku at the vertices of the triangulation Th

2
(Ωk). The vertices are divided into three

sets of points:

• If p ∈ ΩCR
k,h , then

(Mku)(p) = u(p).

• If p ∈ Ωk,h \ ∂Ωk,h and p is a vertex of an element of Th(Ωk), then

(Mku)(p) = 1/(N(p))
∑
τhj

u|τhj (p),

where the sum is taken over all triangles τhj with the common vertex p and N(p)
is the number of these triangles.

• If q ∈ ∂Ωk,h, then

(Mku)(q) =
|qlq|
|qlqr|

u(ql) +
|qqr|
|qlqr|

u(qr),

where ql, qr are the left and right neighboring CR nodal points of q.
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Lemma 3.3.2 Let Mku be defined as above, then for all u ∈ Xh(Ωk), we have

|u|H1
h

(Ωk) � |Mku|H1(Ωk),

‖u‖L2(Ωk) � ‖Mku‖L2(Ωk),∫
∂Ωk

(Mku)(s) ds =
∫
∂Ωk

u(s) ds,

‖Mku− u‖L2(Ωk) � hk |u|H1
h

(Ωk),

‖Mku− u‖L2(E) � h
1/2
k |u|H1

h
(Ωk).

Here E is an edge of Ωk.

Proof. The proof of the first four inequalities can be found in [99], see Lemma 5.3,
p.102 there, cf. also Lemma 3, p.390 in [100]. We now prove the last inequality. Using
the standard trace theorem, see Theorem 1.5.2.1 p.42 in [71], on each subsegment of
E that is an edge of a triangle in Th(Ωk) combined with a scaling argument, we get

‖Mku− u‖2
L2(E) =

∑
e∈Tk

h
(E)

‖Mku− u‖2
L2(e) �

1∑
s=0

∑
τ :∂τ∩ E6=∅

h2s−1
k |Mku− u|2Hs(τ) ≤

≤ 1

hk
‖Mku− u‖2

L2(Ωk) + hk|Mku− u|2H1
h

(Ωk).

The first and the fourth inequalities of the lemma yield the desired bound. 2

We now define, for each edge E of Ωk (E can be either a master or a slave) XEh (Ωk)
as a subspace of Xh(Ωk) of functions that are equal to zero at all nodes of ∂ΩCR

k,h \ECRh .

Let ME
k : XEh (Ωk) → Ṽ h/2(Ωk) be a local equivalence map defined as follows, cf.

[100]:

Definition 3.3.2 Given u ∈ XEh (Ωk), we define ME
ku ∈ Ṽ h/2(Ωk) by the values of

ME
ku at the vertices of the triangulation Th

2
(Ωk).

• If p ∈ ΩCR
k,h or p ∈ Ωk,h \ ∂Ωk,h, then the value (ME

ku)(p) is defined as for Mku,
see Definition 3.3.1.

• If q ∈ ∂Ωk,h \ Eh, then (ME
ku)(q) = 0.
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• If q ∈ Eh \ ECRh , then

(ME
ku)(q) =

|qqr|
|qlqr|

u(ql) +
|qlq|
|qlqr|

u(qr),

where ql, qr are the left and right neighboring CR nodal points of q.

Note that ME is piecewise linear between nodes of ECRh . The next lemma states the
properties of ME

k .

Lemma 3.3.3 Let ME
ku be defined as in Definition 3.3.2, then for all u ∈ XEh (Ωk),

we have
|u|H1

h
(Ωk) � |ME

ku|H1(Ωk), ‖u‖L2(Ωk) � ‖ME
ku‖L2(Ωk),

‖ME
ku− u‖L2(Ωk) � hk |u|H1

h
(Ωk), ‖ME

ku− u‖L2(E) � h
1/2
k |u|H1

h
(Ωk).

The proof is analogous to the proof of the previous lemma.

We define a pseudo-inverse map (Mk)
† : Ṽ h/2(Ωk)→ Xh(Ωk), as in [100], by

(Mk)
†u(p) = u(p)

for all p ∈ ΩCR
k,h .

It follows from the definition that for all u ∈ Xh(Ωk), we have

(Mk)
†Mku = u

and for u ∈ Ṽ h/2(Ωk)

|(Mk)
†u|H1

h
(Ωk) � |u|H1

h
(Ωk) ‖(Mk)

†u‖L2
h

(Ωk) � ‖u‖L2
h

(Ωk), (3.8)

as ΩCR
k,h are contained in the set of nodes of Ṽ h/2(Ωk), see [100]. Note that for u ∈

XEh (Ωk), we also obtain
(Mk)

†ME
ku = u.

We now split of any local function uk ∈ Xh(Ωk) into two parts that are orthogonal
to each other in terms of the form ah,k(·, ·), i.e.

uk = Hkuk + Pkuk. (3.9)
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Here Hkuk is a discrete harmonic part of uk and Pkuk is the orthogonal projection
onto the special subspace X̃h(Ωk) ⊂ Xh(Ωk) defined as follows. Let Ak be the special
set of CR nodes containing all nodes that belong to ∂ΩCR

k,h and those that are midpoints
of the edges of triangles which have one (or possibly two) sides on a master γm,k (or
possibly two masters). Then we define X̃h(Ωk) as a space of functions of Xh(Ωk) which
are equal to zero at all nodes of Ak. In other words, a function is in this subspace if
it is equal to zero in ∂ΩCR

k,h and over all triangles τ ∈ Th(Ωk) such that ∂τ ∩ γm,k is an
edge of τ for any master γm,k ⊂ ∂Ωk.

We now define the discrete harmonic part of u ∈ Xh(Ωk) as{
ah,k(Hkuk, vk) = 0 ∀vk ∈ X̃h(Ωk),
Hkuk(p) = uk(p) for p ∈ Ak

and Pkuk is the orthogonal projection (in the sense of ah,k(·, ·)) of u ∈ Xh(Ωk) onto
X̃h(Ωk) defined by

ah,k(Pkuk, vk) = ah,k(uk, vk) ∀vk ∈ X̃h(Ωk).

Note that Hk = I − Pk, and hence, Hkuk is orthogonal (in the sense of ah,k(·, ·)) to
Pkuk.

We now define an auxiliary operator Πm : L2(δm,j)→ W
hj
0 (δm,j), where W

hj
0 (δm,j)

is the space formed by all continuous functions which are equal to zero at the ends of
δm,j and are piecewise linear over all segments which have their ends in δCRm,j,h. Πmu

is a function in W
hj
0 (δm,j) which interpolates Qmu at the nodes of δCRm,j,h. Thus it is

sufficient to define values of Πmu in this set of points. For p ∈ δCRm,j,h set

Πmu(p) = Qmu(p). (3.10)

Here Qmu is the L2 orthogonal projection onto M
hj
−1,0(δm,j) defined in (3.2). Thus Qmu

is constant over each element of T jh(δm,j) and the value of Qmu is properly defined at
any point p ∈ δCRm,j,h (which is a midpoint of an element e ∈ T jh(δm,j)).

The next lemma states the L2 and H
1/2
00 stability of Πm.

Lemma 3.3.4 For Πm : L2(δm,j)→ W
hj
0 (δm,j) defined above, we have

‖Πmu‖L2(δm,j) � ‖u‖L2(δm,j) ∀u ∈ L2(δm,j),

‖Πmu‖H1/2
00 (δm,j)

� ‖u‖
H

1/2
00 (δm,j)

∀u ∈ H1/2
00 (δm,j).
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Proof. The L2 stability is fairly obvious as

‖Πmu‖2
L2(δm,j)

� hj
∑

p∈δCR
m,j,h

|Πmu(p)|2 =

= hj
∑

p∈δCR
m,j,h

|Qmu(p)|2 � ‖Qmu‖2
L2(δm,j)

≤ ‖u‖2
L2(δm,j)

.

In order to prove the H1
0 stability, we define an additional operator IWhj : H1

0 (δm,j)→
W

hj
0 (δm,j) as pointwise linear interpolant defined by the values of function at δCRm,j,h. It

follows from the continuous embedding H1 ⊂ C0 (in 1-D), see e.g. Theorem 1.4.4.1,
p.27 in [71], that for all u ∈ H1

0 (δm,j), we have

|IWhju|H1(δm,j) � |u|H1(δm,j), (3.11)

e.g. see Corollary 4.4.24, p.109 in [38]. Then for u ∈ H1
0 (δm,j), we can derive that

|Πmu|H1(δm,j) ≤ |Πmu− IWhju|H1(δm,j) + |IWhju|H1(δm,j).

The second term is estimated by utilizing (3.11). For the first one we use an inverse
inequality and obtain

|Πmu− IWhju|2H1(δm,j)
� 1

h2
j

‖Πmu− IWhju‖2
L2(δm,j)

�

� 1

hj

∑
p∈δCR

m,j,h

|Qmu(p)− u(p)|2 � |u|2H1(δm,j)
.

Here we have used the observation that Qmu(p) = 1
|e|
∫
e u(s)ds where e is an element of

T jh(δm,j) with the midpoint p, and then the local embedding H1(e) ⊂ C0(e), Poincaré’s
inequality and a scaling argument.

Thus using the interpolation technique, e.g. see Proposition 12.1.5, p.279 in [38],
we end the proof. 2

The next lemma states that the seminorm over a subregion of discrete harmonic
(in the sense of ah,j(·, ·)) function uj which is nonzero only at CR nodes of a slave

δm,j ⊂ Aj can be estimated by the H
1/2
00 -norm of ME

j uj over this slave.

Lemma 3.3.5 Let u be discrete harmonic in the terms of ah,j(·, ·) in Ωj and u = 0
at CR nodes of Aj \ δm,j. Then we have

|u|H1
h

(Ωj) � ‖M
E
j uj‖H1/2

00 (δm,j)
.

Here ME
j is the local equivalence map defined in Definition 3.3.2 for E = δm,j.
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Proof. We need another auxiliary operator: H : Ṽ
h
2 (∂Ωj)→ Ṽ

h
2 (Ωj) - the discrete

harmonic extension (in the conforming sense) defined by{
(∇Hv,∇ψ)L2(Ωj) = 0 ∀ψ ∈ Ṽ h/2

0 (Ωj),
Hv = v on ∂Ωj.

We now estimate |u|H1
h

(Ωj) as follows, cf. the proof of Lemma 5.3, p.127 in [99]. We
first note that

|(Mj)
†HME

j u|H1
h

(Ωj) � |HM
E
j u|H1

h
(Ωj) � ‖M

E
j u‖H1/2

00 (δm,j)
. (3.12)

The first inequality follows from (3.8) and the second one from the extension property
of conforming discrete harmonic functions (in the sense as in the definition of H), see
Lemma 5.1, p.1112 in [21]. The function (Mj)

†HME
j u can differ from u at all CR

nodes of Aj that are not in ∂ΩCR
j,h . We then modify the function (Mj)

†HME
j u by

setting its values in Aj \ ∂ΩCR
j,h to zero. The new function denoted by ũ is equal to u

at nodes of Aj and we have

|ũ|H1
h

(Ωj) ≤ |(Mj)
†HME

j u|H1
h

(Ωj) + |ũ− (Mj)
†HME

j u|H1
h

(Ωj) � |(Mj)
†HME

j u|H1
h

(Ωj),

as ũ and (Mj)
†HME

j u may differ only in the set of points that are associated with
the triangles that have one edge on ∂Ωj \ δm,j, and the second function is zero in
∂ΩCR

j,h \ δCRm,j,h. Thus we have

|u|H1
h

(Ωj) � |ũ|H1
h

(Ωj) � |(Mj)
†HME

j u|H1
h

(Ωj) � ‖M
E
j u‖H1/2

00 (δm,j)
.

The first inequality follows from the fact that u has the smallest energy norm on Ωj

among all functions w ∈ Xh(Ωj) such that w(p) = u(p) for p ∈ Aj, since u is discrete
harmonic (in the sense of ah,j(·, ·)). This can be proved in the same way as in the
conforming case. The last estimate is the result of (3.12). 2

The next result is the approximation property of Qm the L2 orthogonal projection
onto M

hj
−1,0(δm,j) defined in (3.2). The proof utilizes the Hilbertian interpolation and

standard arguments, cf. the proof of Lemma 3.3.4 above and e.g. [47] or [32].

Lemma 3.3.6 If g ∈ Hs(δm,j), then holds

‖g −Qmg‖L2(δm,j) � hsj|g|Hs(δm,j) s ∈ {0, 1

2
, 1},

where Qm is the L2 orthogonal projection onto M
hj
−1,0(δm,j) defined in (3.2).
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3.3.1 Analysis of the consistency error

Let us turn to the consistency term. Our main result concerning this error we give in
the following lemma:

Lemma 3.3.7 Under the assumptions of Theorem 3.3.1, we have

N∑
k=1

∑
τ∈Th(Ωk)

∫
∂τ

∂u

∂n

∗
w ds �

(
N∑
k=1

h2
k|u∗|2H2(Ωk)

)1/2

|w|H1
H(Ω).

Proof.

First the consistency term can be rewritten as the sum of two terms: the first one
being the sum over edges of fine elements contained in the subdomains and in ∂Ω,
and the second one being the sum of edges contained in the interface Γ, i.e.

N∑
k=1

∑
τ∈Th(Ωk)

∫
∂τ

∂u

∂n

∗
wk ds =

N∑
k=1

∑
τ∈Th(Ωk)

∑
e⊂(∂τ\Γ)

∫
e

∂u

∂n

∗
[w] ds+

∑
Γij⊂Γ

∫
Γij

∂u

∂n

∗
[w] ds,

where e is an edge of element τ , [w] - jump across the edge e or Γij, and for e ⊂ ∂Ω
we have [w] = w.

The first term is estimated by c (h2
k

∑N
k=1 |u∗|2H2(Ωk))

1/2|w|H1
H(Ω) by Lemma 8.3.7

and Lemma 8.3.9 of [38] for e ⊂ Ω \ Γ and e ⊂ ∂Ω, respectively.

We now estimate the second term. Let Qm be the standard L2- orthogonal pro-
jection onto M

hj
−1,0(δm,j), see (3.2). By (3.3), we have∫
δm,j

∂u∗

∂n
[w] ds =

∫
δm,j

(
∂u∗

∂n
−Qm

∂u∗

∂n
) (wi − wj) ds =

=
∫
δm,j

(
∂u∗

∂n
−Qm

∂u∗

∂n
)(wi −Miwi +Miwi −QmMiwi) ds−

−
∫
δm,j

(
∂u∗

∂n
−Qm

∂u∗

∂n
)(wj −Qmwj) ds,

where Miui,Mjuj are defined in Definition 3.3.1. We have also used the fact that
for all u, v ∈ L2(δm,j), we have (Qmu, (I − Qm)v)L2(δm,j) = 0 what follows from the
properties of Qm - the L2-orthogonal projection. Now using Schwarz inequality, we
have ∫

δm,j

∂u∗

∂n
[w] ds ≤ ‖∂u

∗

∂n
−Qm

∂u∗

∂n
‖L2(δm,j)(‖wi −Miwi‖L2(δm,j)+
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+‖Miwi −QmMiwi‖L2(δm,j) + ‖wj −Qmwj‖L2(δm,j)).

The first and third terms, see Lemma 3.3.6, can be estimated by

‖∂u
∗

∂n
−Qm

∂u∗

∂n
‖L2(δm,j) � h

1/2
j |

∂u∗

∂n
|H1/2(δm,j) � h

1/2
j |u∗|H2(Ωj)

and

‖Miwi −QmMiwi‖L2(δm,j) � h
1/2
j |Miwi|H1/2(δm,j) � h

1/2
j |Miwi|H1(Ωi).

We have also used the standard trace bound, see Theorem 1.5.2.1, p.42 in [71]. Next
Lemma 3.3.2 yields that

‖Miwi −QmMiwi‖L2(δm,j) � h
1/2
j |wi|H1

h
(Ωi)

and
‖wi −Miwi‖L2(δm,j) � h

1/2
i |wi|H1

h
(Ωi) ≤ h

1/2
j |wi|H1

h
(Ωi).

Here we have considered the case when hi ≤ hj. The case hi > hj is discussed below.
The last term, ‖wj −Qmwj‖2

L2(δm,j)
, is estimated as follows:

∫
δm,j

(wj −Qmwj)
2 ds =

∑
e∈T j

h
(δm,j)

∫
e
(wj −Qewj)

2 ds,

where Qe is the L2- orthogonal projection onto the one-dimensional space of constant
functions on an element e. We have used the fact that functions in M

hj
−1,0(δm,j) being

constant on one element and equal to zero on others form the L2 orthogonal basis.
Now using the reference element ê ⊂ ∂τ̂ , we have for any constant d

∫
e
(wj −Qewj)

2 ds ≤
∫
e
(wj − d)2 ds � hj

∫
ê
(ŵj − d)2 dŝ

� hj ‖ŵj − d‖2
H1(τ̂) � hj |ŵj|2H1(τ̂) � hj |wj|2H1(τ).

We used the trace bound, see [6], and Poincaré’s inequality for τ̂ .

Finally, summing over all elements of the slave triangulation of δm,j, we obtain

‖wj −Qmwj‖L2(δm,j) � h
1/2
j |wj|H1

h
(Ωj)

Summing over all slaves δm ⊂ Γ ends the proof of the lemma.
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We now consider the case when hi ≥ hj. Then as before, we have

∫
δm,j

∂u∗

∂n
[w] ds ≤ ‖∂u

∗

∂n
−Qm

∂u∗

∂n
‖L2(δm,j)·

·
(
‖wi −Qmwi‖L2(δm,j) + ‖wj −Qmwj‖L2(δm,j)

)
,

since Qmwi = Qmwj, see (3.3). The first and the third term are estimated as above.
We only have to deal with the second term. As before we obtain

‖wi −Qmwi‖2
L2(δm,j)

=
∑

e∈T j
h

(δm,j)

∫
e
(wi −Qewi)

2 ds,

where Qe is the same as in the first part of the proof. The sum over elements e such
that e is contained in one of element of hi-triangulation T ih(γm,i) can be estimated in
the same manner as above. Note that then wi|e is continuous. The problem is with the
remaining elements. Let e = [a, b] be a such element with the left end denoted by a,
the right end by b and let c ∈ [a, b] be an end of two joint elements of hi-triangulation
T ih(γm,i). We denote them as [d, c] and [c, p]. Thus we have a ∈ [d, c], b ∈ [c, p] and
there is a jump of function wi at c. We denote the left value of wi at x as wli(x)
and the right one as wri (x), where x can be any of d, c, p. Then we define a constant
β = 0.5 (wli(c) + wri (c)) and we have

‖wi −Qewi‖2
L2(e) ≤ ‖wi − β‖2

L2(e) =
∫ c

a
(wi − β)2 dt+

∫ b

c
(wi − β)2 dt.

We now straightforwardly calculate∫ b

c
(wi − β)2 dt � hj |wri (c)− wli(c)|2 + (h3

j/h
2
i ) |wli(p)− wri (c)|2 �

� hj
∑
c∈∂τ
|wi|2H1(τ).

The last sum is taken over all triangles τ with the common vertex c. The norm over
ac is estimated in the same way. Summing over all elements e of the T jh(δm,j), we
obtain

‖wi −Qmwi‖2
L2(δm,j)

� h
1/2
j |wi|H1

h
(Ωi),

what ends the proof of this case. 2
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3.3.2 Analysis of the approximation error

Let us turn to the best approximation error. The estimate of it follows from the
following result.

Lemma 3.3.8 For any function u ∈ H1
0 (Ω) with u|Ωk ∈ H2(Ωk), we have

inf
v ∈ V h

|u− v|H1
H(Ω) �

(
N∑
k=1

h2
k |u|2H2(Ωk)

)1/2

.

Proof. Let ṽk be a continuous piecewise linear interpolant of u define by the values
of u at the vertices of all triangles of Th(Ωk) - the hk triangulation of Ωk. We have
ṽk ∈ Xh(Ωk) and, see e.g. Corollary 4.4.24, p.109 in [38],

h−2
k ‖u|Ωk − ṽk‖

2
L2(Ωk) + |u|Ωk − ṽk|

2
H1(Ωk) � h2

k|u|Ωk |
2
H2(Ωk). (3.13)

That function ṽ = (ṽ1, . . . , ṽN) ∈ Xh(Ω) may not satisfy the matching condition
across the interfaces. To deal with this, we define a function w such that v = w + ṽ
satisfies the mortar condition. To do it, we first determine w at nodal points of
Ak, k = 1, . . . , N . Let w be equal to zero at all nodes associated with masters, i.e. in
Ak \

∑
s δ

CR
s,k,h, and on the slave side of an interface Γkl (in δCRm,k,h) be defined by∫

δm,k

w ψ ds =
∫
δm,k

(ṽl − ṽk)ψ ds ∀ψ ∈Mhk
−1,0(δm,k),

where Mhk
−1,0(δm,k) is the test space defined on the slave triangulation of δm,k. We

next define w as discrete harmonic in the sense of (3.9) in all subdomains. Then it is
obvious that v = w + ṽ satisfies the matching condition (3.3). Thus we can deduce
that

|u− v|H1
H(Ω) ≤ |u− ṽ|H1

H(Ω) + |w|H1
H(Ω).

The first term is estimated by (3.13), hence we only need to estimate |w|H1
H(Ω).

Let us consider one substructure and decompose w|Ωk as

w|Ωk =
∑

δm,k⊂∂Ωk

wm,k,

where the sum is taken over all slaves of Ωk and wm,k is the function which is equal
to w in δCRm,k,h, to zero at the remaining nodes of Ak and is discrete harmonic in Ωk as
in (3.9).
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Thus we deduce that

|w|2H1
H(Ω) ≤

N∑
k=1

|wk|2H1
h

(Ωk) ≤
N∑
k=1

∑
δm,k⊂∂Ωk

|wm,k|2H1
h

(Ωk).

We consider wm,k for one slave δm,k ⊂ ∂Ωk with the corresponding master γm,l ⊂ ∂Ωl.
From Definition 3.3.2 and (3.10) follows that ME

jwm,k = Πm(ṽl − ṽk) on δm,k. Then
by Lemmas 3.3.4 and 3.3.5, we have

|wm,k|H1
h

(Ωk) � ‖ME
jwm,k‖H1/2

00 (Γkl)
= ‖Πm(ṽl − ṽk)‖H1/2

00 (Γkl)
�

� ‖ṽl − ṽk‖H1/2
00 (Γkl)

≤ ‖ṽl − u‖H1/2
00 (Γkl)

+ ‖u− ṽk‖H1/2
00 (Γkl)

.

Using the trace theorem, see e.g. Theorem 1.5.2.1, p.42 in [71], combined with a
scaling argument on each element of the hl triangulation of Γkl and (3.13), we obtain

‖ṽl − u‖L2(Γkl) + hl|ṽl − u|H1(Γkl) � h
3/2
l |u|H2(Ωl).

We remind that ṽl is the local continuous piecewise linear interpolant of u defined
by the values of u at nodal points of Th(Ωl). Then an interpolation argument, see

e.g. Proposition 12.1.5, p.279 in [38], (as H
1/2
00 (Γkl) = [L2(Γkl), H

1
0 (Γkl)]1/2) yields the

following estimate
‖ṽl − u‖H1/2

00 (Γkl)
� hl|u|H2(Ωl).

The H
1/2
00 norm of ṽk − u can be estimated in the same way. Finally, we get

|wm,k|H1
h

(Ωk) � hl|u|H2(Ωl) + hk|u|H2(Ωk).

Summing over the slaves δm,k ⊂ ∂Ωk and afterwards over the subdomains ends the
proof of the lemma. 2

3.4 Additive Schwarz method

In this section, we propose a parallel method for solving the problem (3.5) arising
from discretization of the boundary value problem (3.1) by the method described in
Section 3.2. The method is designed and analyzed using the general ASM framework,
see Section 1.4.
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Using this framework, the method is defined in terms of a decomposition of V h

into subspaces and projections on these subspaces in terms of certain bilinear forms.
We want to remind that we can straightforwardly develop another algorithm for solv-
ing the problem (3.5) - a multiplicative Schwarz method (MSM) based on the same
decomposition of the discrete space and the same local bilinear forms, cf. Section 1.4.

3.4.1 Description of ASM

For simplicity of presentation, we describe the method with the additional assumption
that the subdomains Ωi are triangles and form a quasiuniform triangulation with a
parameter H, cf. [47]. We remind that the master sides of an interface Γij = γm,i =
δm,j is chosen according to the rule hi ≤ hj. This assumption is here necessary.

We first have to define a decomposition of the discrete space V h. We now introduce
nodal basis functions of the subspace V h. We divide nodes that are not on slaves into
two sets, first of nodes of Ak for any Ωk, cf. (3.9), and the second set of remaining
nodes. With each CR nodal point that is not on a slave side, we associate a basis
function which is equal to one at this point and zero at all CR nodal points that are
not in any δCRs,h . A basis function associated with a node of the second set is a standard
nonconforming nodal basis function, i.e. equal to one at the respective node and zero
at all remaining nodes. A basis function associated with a node of the first set is one
at this node, zero at remaining nodes except ones in any δCRs,h , where is determined by
the mortar condition, see (3.3), at nodes of each slave. In this way, a basis function
of the first set associated with a node of any Ak \

⋃
δCRs,k,h can be nonzero not only at

this node but also at some CR nodes on one or two slave sides of substructures that
have a common side to Ωk.

We first define a conforming coarse space denoted by V H = V0, the space of
continuous functions which are piecewise linear on the coarse triangulation and equal
to zero on ∂Ω, obviously V0 ⊂ V h. We next define local spaces V s

i associated with
subregions which have slaves as all their edges contained in Γ. Let S denote the set
of indices of those subdomains. Then let u ∈ V s

i for i ∈ S if u be locally in Xm(Ωi)
and zero in all remaining subdomains. Here Xm(Ωi) is a subspace of Xh(Ωi) formed
by the functions which are equal to zero at all CR nodes of Ai.

To define local subspaces Vm associated with masters, we introduce for each master
γm,k a set of CR nodal points Aγm,k which is a subset of Ak defined as follows. Let

Aγm,k = γCRm,k,h ∪ A(0)
γm,k

,
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where

A(0)
γm,k

= {p ∈ Ak \ ∂ΩCR
k,h : p ∈ ∂τ and ∂τ ∩ γm,k = e an edge for τ ∈ Th(Ωk)}.

We see that Aγm,k contains CR nodal points which are either in γCRm,k,h or in ΩCR
k,h \∂ΩCR

k,h

as midpoints of edges of triangles that have an edge on γm,k, (cf. definition of Ak).
Note that those sets for two masters of Ωk which have the common end can have
common points (near the common end of those masters). Then we can define a local
subspaces Vm associated with that master γm,k ⊂ ∂Ωk as follows: let u ∈ Vm if

• is zero in Ak \ Aγm,k for Ωk,

• is discrete harmonic in all substructures Ωj that have a slave which is the com-
mon edge to Ωk and is zero in Aj \ δCRm,j for those Ωj,

• is zero in all remaining substructures.

Thus we introduce the decomposition:

V h = V0 +
∑
i∈S

V s
i +

K∑
m=1

Vm,

whereK is the number of all masters γm,k ⊂ Γ. It is easy to see that this decomposition
is properly defined. We now introduce bilinear forms defined on the these subspaces.
We set that all local bilinear forms for V0, V

s
i for i ∈ S are equal to the original form

aH(·, ·) and for the master local subspaces we set that bm(·, ·) = ah,i(·, ·) where Ωi is
the substructure such that γm is its master, i.e. γm ⊂ ∂Ωi.

Let us introduce operators T0, Pk, k ∈ S, and Tm,m = 1, . . . , K, as

aH(T0u, v) = aH(u, v) ∀v ∈ V0,

aH(Pku, v) = aH(u, v) ∀v ∈ V s
k ,

and
bm(Tmu, v) = aH(u, v) ∀v ∈ Vm.

Let

T = T0 +
∑
i∈S

Pi +
K∑
m=1

Tm.



Nonconforming elements 70

The problem (3.5) is replaced by

Tu∗h = gh, (3.14)

where

gh = g0 +
∑
i∈S

gsi +
K∑
m=1

gm,

g0 = T0u
∗
h, gsi = Piu

∗
h, gm = Tmu

∗
h

and u∗h is the solution of (3.5). We ought to point out that these functions can be
computed without knowing u∗h.

The main result of this section is given in the following theorem.

Theorem 3.4.1 For all u ∈ V h we have

(1 + log(H/h))−2aH(u, u) � aH(Tu, u) � aH(u, u),

where h = infk hk.

3.4.2 Technical tools

We first prove some technical lemmas which are used in the proof of Theorem 3.4.1.

Lemma 3.4.1 For a master γm,i ⊂ ∂Ωi with its associated slave δm,j ⊂ ∂Ωj holds

|uj|H1
h

(Ωj) � |ui|H1
h

(Ωi) ∀u ∈ Vm,

where Vm is the local subspace associated with the master γm,i.

Proof. We first note that for u ∈ Vm and p ∈ δCRm,j,h, we have (E = δm,j)(
ME

j uj
)

(p) = uj(p) = (Qmuj)(p) = (Qmui)(p) = (Πmui)(p), (3.15)

what follows from Definition 3.3.2, (3.10) and (3.3).

By Lemma 3.3.5, we have

|uj|H1
h

(Ωj) � ‖M
E
j uj‖H1/2

00 (δm,j)
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and then from Lemma 3.3.4, we get with the help of the operator Πm

|uj|H1
h

(Ωj) � ‖M
E
j uj − ΠmME

i ui‖H1/2
00 (δm,j)

+ ‖ΠmME
i ui‖H1/2

00 (δm,j)
�

� 1

h
1/2
j

‖ME
j uj − ΠmME

i ui‖L2(δm,j) + ‖ME
i ui‖H1/2

00 (δm,j)
.

We have used an inverse inequality and Lemma 3.3.4. The second term is estimated
using the standard trace theorem, cf. Theorem 1.5.1.2, p.37 in [71], and Lemma 3.3.3.
The first term is estimated using (3.15) and we have

1

hj
‖ME

j uj − ΠmME
i ui‖2

L2(δm,j)
�

∑
p∈δCR

m,j,h

|Qmui(p)−QmME
i ui(p)|2 �

� 1

hj
‖Qm(ui −ME

i ui)‖2
L2(δm,j)

≤ 1

hj
‖ui −ME

i ui‖2
L2(δm,j)

� hi
hj
|ui|2H1(Ωi)

.

The last inequality follows from Lemma 3.3.3. Using the assumption hi ≤ hj ends the
proof of this lemma. 2

In the next lemma, we state a Sobolev like inequality for nonconforming finite
element functions. It directly follows from a Sobolev like inequality for conforming
P1 functions, e.g. see Lemma 7, p.170 in [20], and the properties of Mi, cf. Lemma
3.3.2.

Lemma 3.4.2 For a function u ∈ Xh(Ωk) holds

‖u‖2
L∞(Ωk) � (1 + log(Hk/hk))

(
1

H2
k

‖u‖2
L2(Ωk) + |u|2H1

h
(Ωk)

)
,

where Hk is the diameter of Ωk.

We now introduce an auxiliary function associated with each master.

Definition 3.4.1 Let θm,k be discrete harmonic in the sense of (3.9) in all substruc-
tures and equal to

• 1
2

at points of Aγm,k ∩ (
⋃
s 6=mAγs,k),

• one in Aγm,k \ (
⋃
s 6=mAγs,k),
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• zero at all other CR nodes of Ak and of Aj \ δCRl,j,h for j 6= k, where δl,j is a slave
that is the common edge to Ωk and Ωj.

Note that θm,k can be nonzero only in Ωk and in Ωj that have the common edge to
Ωk.

The next lemma states one property of θm,k .

Lemma 3.4.3 Let for u ∈ V h define um,k as a function equal to ICRh (θm,ku) in Aj,
for j = 1, . . . , N , and discrete harmonic in the sense of (3.9) in all subdomains. Then

ah,k(u
m,k, um,k) � (1 + log(Hk/hk))

2

{
1

H2
k

‖u‖2
L2(Ωk) + |u|2H1

h
(Ωk)

}
,

where Hk is the diameter of Ωk and ICRh is the pointwise interpolant at CR nodes.

In the proof of this lemma, similar ideas to those of the proof of Lemma 4.5,
p.1676 in [60], are used. The seminorm |um,k|H1

h
(Ωk) can be estimated by constructing

a special function which is equal to um in Ak and for which our estimate is done and
by noting that the discrete harmonic function has minimal energy.

3.4.3 Proof of the main theorem

We now give the proof of Theorem 3.4.1.

Proof. Using the general ASM framework, we have to check three key assumptions
specified in Theorem 1.4.1 in Section 1.4.

Assumption (i)
We want to prove that there is a positive constant c independent of hi and H such
that for all u ∈ V h there exist functions u0 ∈ V0, ui ∈ V s

i and um ∈ Vm such that
u = u0 +

∑
i∈S ui +

∑K
m=1 u

m and

aH(u0, u0) +
∑
i∈S

aH(ui, ui) +
K∑
m=1

bm(um, um) ≤ c (1 + log(H/h))2aH(u, u). (3.16)

We first select u0 ∈ V0 = V H by making u0(xr) = (1/Nxr)
∑
ui, where xr ∈ Γ is

a crosspoint. Here the sum is taken over the subdomains that have xr as a vertex,
Nxr is the number of such subdomains and ui is the average value of u over Ωi. Let
w = u− u0. We now decompose w as

w = Hw + Pw,



Nonconforming elements 73

where

Hw =
N∑
k=1

Hiw, Pw =
N∑
k=1

Piw.

Hiw,Piw are defined as in (3.9) and extended as zero onto other substructures. We
simply define for i ∈ S

ui = Piw.

We next decompose Hw as

Hw =
K∑
m=1

vm,

where vm ∈ Vm is defined as equal to ICRh (θm,ku) in Aj, for j = 1, . . . , N and discrete
harmonic in all subdomains. Then we can define um ∈ Vm as

um = vm + (1/N(k)) Pkw,

where N(k) is the number of masters γl,k ⊂ ∂Ωk. Note that

u = u0 + w = u0 +
∑
i∈S

ui +
K∑
m=1

um.

We first estimate aH(u0, u0) as

aH(u0, u0) =
N∑
k=1

|u0 − uk|2H1
h

(Ωk) �
N∑
k=1

∑
xr∈∂Ωk

|u0(xr)− uk|2,

where the second sum is taken over vertices of Ωk. Then we consider |u0(xr) − uk|2
and have

|u0(xr)− uk|2 �
∑
i 6=k
|uk − ui|2,

where the sum is taken over all subdomains that have xr as the common vertex.

Using the fact that the average values of u ∈ V h over a master γm,i and a slave
δm,j that occupies geometrically the same place, are equal to each other, since Qmui =
Qmuj, see (3.3), and Poincaré’s inequality for nonconforming elements, see Lemma 5,
p.392 in [100], we obtain

aH(u0, u0) �
N∑
i=1

|ui|2H1
h

(Ωi)
≤ aH(u, u). (3.17)
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We now note that for a master γm ⊂ ∂Ωk

bm(um, um) � aH(Pkw,Pkw) + ah,k(v
m, vm).

Thus

K∑
m=1

bm(um, um) +
∑
i∈S

aH(ui, ui) �
N∑
k=1

aH(Pkw,Pkw) +
K∑
m=1

ah,k(v
m,k, vm,k).

The first sum can estimated as

N∑
k=1

aH(Pkw,Pkw) �
N∑
k=1

{aH(Pku0, Pku0) + aH(Pku, Pku)} ≤

≤ aH(u0, u0) + aH(u, u) � aH(u, u).

We have used (3.17) and the fact that Pk is the orthogonal projection in terms of
ah,k(·, ·). We next estimate the seminorm of vm,k over Ωk. At nodes of Ak we have

vm,k = ICRh (θm,k(u0 − uk)) + ICRh (θm,k(uk − u)).

Those functions are extended onto slave sides by the mortar condition and further as
discrete harmonic. The seminorm of the second function we estimate by Lemma 3.4.3
and Poincaré’s inequality for nonconforming elements. The seminorm of the first one
can be estimated using Lemma 3.4.3 and (3.17). Thus we have

ah,k(v
m,k, vm,k) � (1 + log(H/h))2|u|2H1

h
(Ωk).

Summing over all masters yields the desired estimate.

Assumption (iii)
We notice that ω = 1 for V0 and V s

i , i ∈ S, since we have set aH(·, ·) as our local
bilinear forms for these subspaces. We now estimate ω for Vm,k. We want to prove
that

aH(u, u) � bm(u, u) ∀ u ∈ Vm,k.
Let u ∈ Vm,k for a master γm,k ⊂ ∂Ωk. This function is nonzero only in the sub-
structures which have a slave that is the common edge to Ωk. We first estimate the
seminorm over Ωj one of subdomains such that ∂Ωj ∩ ∂Ωk = δs,j = γs,k 6= γm,k. By
Lemma 3.3.5 and an inverse inequality, we have

|uj|H1
h

(Ωj) � ‖M
E
j uj‖H1/2

00 (δm,j)
� 1

h
1/2
j

‖ME
j uj‖L2(δm,j) � (

∑
p∈δCR

s,j,h

|uj(p)|2)
1
2 .
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Here E = δm,j. Then by (3.15), we have

|uj|2H1
h

(Ωj)
�

∑
p∈δCR

s,j,h

|Qmuj(p)|2 =
∑

p∈δCR
s,j,h

|Qmuk(p)|2 �

� 1

hj
‖Qmuk‖2

L2(Γkj)
� 1

hj
‖uk‖2

L2(Γkj)
=

1

hj

∑
e∈Tk

h
(γs,k)

‖uk‖2
L2(e).

Note that uk can be nonzero only in few elements of the hk triangulation of γs,k, (near
the common end to γm,k), and that

uk(p) = 0, p ∈ γCRs,k,h, (3.18)

what follows from the definition of Vm,k. Since uk is linear over each segment e that is
the edge of τ an element of Th(Ωk) the hk - triangulation of Ωk, we have 1

|e|
∫
e uk ds = 0

what follows from (3.18). Then using the trace theorem, the Poincaré’s inequality for
each e and a scaling argument, we have

|uj|2H1
h

(Ωj)
� (hi/hj) |uk|2H1

h
(Ωk) ≤ |uk|

2
H1
h

(Ωk).

We have used the assumption that hi ≤ hj.

Finally, the seminorm over the subdomain Ωl such that ∂Ωl ∩ ∂Ωk = δm,l = γm,k
can be estimated from Lemma 3.4.1 by the seminorm of u over Ωk.

Assumption (ii)
It is satisfied as functions from Vm and V s

i have local supports. 2

3.4.4 Implementation

In this subsection, we briefly describe an implementation of our method. For simplic-
ity, we present our method in terms of Richardson iteration, while in practice a CG
method is used.

un+1 = un − τ {T (un)− g} = un − τ {rn0 +
∑
i∈S

rni +
K∑
m=1

rnm},

where τ is a properly chosen parameter, rn0 = T0(un− u∗h), rni = Pi(u
n− u∗h) for i ∈ S

and rnm = Tm(un − u∗h) for each master γm ⊂ Γ, cf. (3.14).

Algorithm 3.4.1 • Let u0 ∈ V h be arbitrary.
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• For n = 0 until convergence,

– Compute rn0 = T0(un − u∗h), solving

aH(rn0 , v) = aH(un, v)− (f, v) ∀v ∈ V0

– Compute rni = Pi(u
n − u∗h) for i ∈ S, solving

aH(rni , v) = aH(un, v)− (f, v) ∀v ∈ Vi

– Compute rnm = Tm(un − u∗h) for all masters γm ⊂ Γ, solving

bm(rnm, v) = aH(un, v)− (f, v) ∀v ∈ Vm (3.19)

– un+1 = un − τ (rn0 +
∑
i∈S r

n
i +

∑K
m=1 r

n
m)

• End n.

The rn0 and rni , i ∈ S can be computed in the standard way. We now briefly discuss the
case of rnm for a master γm,k ⊂ ∂Ωk. The right-hand side of (3.19) is a sum of integrals
over Ωk and over the substructures which have slaves that are common edges to Ωk.
From the definition follows that v ∈ Vm is discrete harmonic over those subdomains
and therefore the right-hand side of (3.19) has to be computed in a special way, see
p.101-110 in Chapter 4 from [20]. After solving (3.19), we obtain the function rnm
locally over Ωk, then (3.3) sets its values over each slave δl,j = γl,k and further its
values at the nodes of ΩCR

j,h \ Aj are determined by the values in δCRl,j,h as rnm ∈ Vm is
discrete harmonic in Ωj, in the sense of (3.9), and zero in Aj \ δCRl,j,h, cf. [20].

3.5 Numerical Experiments

In this section, we present some preliminary results of numerical experiments. We
carry out a few numerical experiments to test the error estimates and then some to
test the convergence our method. Our algorithm has been implemented in PETSCs
2.0 (the Portable, Extensible Toolkit for Scientific Computation) in C on Sun Sparc
Workstation. The region Ω is the rectangle (0, 2) × (0, 1) divided into two adjacent
unit squares. Each substructure Ωk is divide into a grid of smaller squares. These
small squares are then divided into two triangles by drawing the lines from bottom
left to top right. The meshes do not match on the interface. We assign the right side
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of the interface as a master one and in our tables we denote the number of unknowns
of the subspace of the right subdomain as Nm and the one of the left one as Ns. hm
is a diameter of the small triangles in the right (master) subdomain and hs is the
parameter of the mesh of the left (slave) substructure.

Table 3.1: Accuracy tests.

l=0 hs hm H1 L2

l=0 1/5 1/6 0.1962 0.0257
l=1 1/10 1/12 9.7585D-02(2.01) 6.13813D-03(4.19)
l=2 1/20 1/24 4.8734D-02(2.00) 1.50103D-03(4.09)
l=3 1/40 1/48 2.4360D-02(2.00) 3.71052D-04(4.05)
l=4 1/80 1/96 1.2179D-02(2.00) 9.22363D-05(4.02)
l=5 1/160 1/192 6.0893D-03(2.00) 2.29932D-05(4.01)

We first compute the unknowns of the solution of the inner nodes of the left
subdomain and then compute the values of the remaining unknowns (of the right
subdomain) by CG method using as a preconditioner the exact solver over the right
(master) substructure, i.e. we use a preconditioner of Neumann-Dirichlet type, see
p.112-116 in [20]. We first perform a few numerical experiments to support the ac-

Table 3.2: hs = 0.1 constant

Nm Ns hm/hs No. of iteration
1180 280 1/2 6
10740 280 1/6 6
29900 280 1/10 6
76640 280 1/16 6
119800 280 1/20 6
287990 280 1/30 6

curacy theory developed in the Section 3. In this accuracy tests, we assume that the
exact solution u∗ has the form

u∗(x, y) = sin(
π

2
x) ∗ sin(πy).
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We denoted by u = (u1, u2) ∈ V h the computed solution. Let ICRhi be the pointwise
piecewise linear interpolation operator in Xh(Ωi). The error we report in Table 3.1 is

Table 3.3: hm/hs constant

Nm Ns No. of iteration
1180 280 6
4760 1160 8
10740 2640 8
19120 4720 8
76640 19040 8
119800 29800 8

defined by e = (e1, e2) = (ICRh1
u∗ − u1, I

CR
h2
u∗ − u2). The norm L2 and the seminorm

H1
h are used to measure the error. In the first initial test, we take hs = h1 = 1/5 and

hm = h2 = 1/6. Then in the following tests the refinement is done by cutting each
triangle into four equal triangles. We use l to denote the level of refinement. The

Table 3.4: hm = 0.1 constant

Nm Ns hm/hs No. of iteration
290 2640 3 10
290 7400 5 10
290 14560 7 11
290 29800 10 11
290 67200 15 12

results are summarized in Table 3.1. In row l the number in ( ) is the ratio of the
error in row l to the one in row l − 1. One can see that the error in H1

h seminorm is
of first order.

In the next tables, we present the results of the experiments in which we test the
convergence of our Neumann-Dirichlet method and its dependence on the ratio of
parameters. In Table 3.2, we set the value of Ns and increase Nm, thus the ratio of
hm to hs diminishes. In Table 3.3, we present the experiments in which we set the
ratio of hm to hs to 1/2 and increase the number of unknowns.



Nonconforming elements 79

The results show that the method for two subdomain is independent of the number
of unknowns and the ratio of hm to hs if hm ≤ hs. In Table 3.4, we presents the results
of the experiments in those we check if the assumption hm ≤ hs is really necessary
(cf. Lemma 3.4.1). We set the value of hm and decrease hs. The results show that
the number of iterations may be independent or weakly dependent on the ratio of hm
to hs what implies that the choice of the mortar side of an edge may be arbitrary.
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4.1 Introduction.

In this chapter, we study certain mortar element methods for the clamped plate
problem. For our knowledge, there are no results concerning such topics. Belhachmi
[8] discussed the mortar method for the biharmonic problem, but his results concern
only the case of local spectral discretizations. He carried out the error analysis for
that case only.

We consider locally the conforming bicubic element, the reduced Hsieh-Clough-
Tocher (HCT) and the Hsieh-Clough-Tocher macro elements, cf. [48], and the non-
conforming Adini and Morley finite element methods. We present the error analysis
for all these discretizations and discuss some methods for solving the discrete prob-
lems. We restrict ourselves to the geometrically conforming version of mortar method,
i.e. the polygonal domain Ω is divided into polygonal subdomains Ωi which form a
coarse triangulation: the intersection of two subregions is either the empty set, an
edge or a vertex.

We first introduce independent local discretizations of one of the five types men-
tioned above in all subdomains. The 2-D meshes of two neighboring subregions do not
necessarily match on their common interface. Then the mortar technique for plate
problems which we present here requires the continuity of the solution at the vertices
of subdomains and that the solution on the two neighboring subdomain satisfies two
mortar conditions of the L2 type. Those conditions depend on the local discretization
methods.

For the locally conforming methods (i.e. bicubic, HCT and reduced HCT), the
mortar conditions on the common edge of two subdomains are equivalent to the
equality of the L2 projections on two mortar spaces of the solutions and of the normal
derivatives of the solutions on these two subdomains. The mortar spaces defined on
the common interface depend on the local discretization methods.
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For the two nonconforming methods (i.e. Adini and Morley elements), the mortar
conditions are of the same type, but additionally involve some interpolants which
are defined locally on each interface. One of the reason of the introduction of these
interpolants into mortar conditions, for Adini and Morley mortar methods, is the fact
that the respective traces of local functions depend also on the values of degrees of
freedom at interior nodal points.

We have for the cases of conforming local discretizations that there are degrees
of freedom at each vertex which are associated with some derivatives of the first or
even second order. Because we do not assume continuity of partial derivatives at
the vertices of the substructures, the mortar element functions will not, generally, be
C1 continuous over Ω and therefore they will not be in the space H2(Ω), even if the
meshes match across the interface between two adjacent subdomains.

We propose four parallel methods for solving some of discrete problems. These
algorithms are described as additive Schwarz methods (ASM), see Section 1.4, (cf.
also [20], [64] or [60]). All these methods, except one, are of iterative substructuring
type. They are applied to the Schur complement of respective discrete problems, i.e.
interior variables are first eliminated using some direct methods.

There are many iterative methods for mortar finite elements for second order
elliptic problems, e.g. see [1], [2], [4], [3], [5], [43], [44], [58], [57], [83], [80]. For iterative
substructuring methods for plate problems with globally conforming or nonconforming
discretizations defined on one global triangulation of Ω, we refer e.g. to [39], [82].

The first two methods, described in Sections 4.5.1 and 4.5.2, are designed for
mortar methods with local HCT or reduced HCT discretizations and are based on
analogous decomposition of the discrete space. The first method is of iterative sub-
structuring type and the second one is not. In the definition of both methods, we
represent a discrete space as a sum which consists of a coarse space, local one dimen-
sional spaces associated with degrees of freedom of order one at vertices of subdomains
and of certain local spaces associated with interfaces. The difference lies in the fact
that the first method is of iterative substructuring type, but the second one is not.
Additionally, the second method uses a nonstandard outer coarse grid. Therefore, we
have to introduce a special interpolation operator which maps the coarse grid onto
the mortar discrete space.

The next method is of Neumann-Neumann type, cf. [82], [64]. The origin of the
Neumann-Neumann algorithms can be traced back to the work of Dihn, Glowinski and
Périaux [54]. These algorithms have been developed further by a number of French
scientists in particular Bourgat, Le Tallec and Vidrascu [23], De Roeck and Le Tallec
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[53] and Le Tallec, De Roeck and Vidrascu [81].

Our Neumann-Neumann method is designed for mortar methods built on the de-
composition which satisfies one additional condition: we assume that it is possible
to choose master edges of substructures in such way that each subdomain has all its
edges either as masters or as slaves. This assumption is due to the property of func-
tions in discrete spaces built by the mortar method. Namely, if we have the common
interface of two subdomains with master γm,k ⊂ ∂Ωk and slave δm,l ⊂ ∂Ωl, then some
norms over this interface of trace Tr ul|δm,l can be bounded by the respective norms
of Tr uk|γm,k , but not vice versa.

This Neumann-Neumann method is based on the modified abstract scheme of Le
Tallec, Mandel and Vidrascu [82] and can be applied for mortar methods with all
conforming local discretizations.

The last method, presented in Section 4.5.4, is the adaptation of the first method
to the case of the mortar method with locally nonconforming Adini discretizations.
We distinguish this case because the analysis requires special coarse grid and technical
tools necessary to overcome some technical difficulties which are due to the local non-
conformity of the solution.

All methods presented in this chapter are almost optimal, i.e. the number of
iterations required to decrease the energy norm of the error by a conjugate gradient
method is proportional in each case to (1+log(H

h
)). Here H and hi are the parameters

of the coarse decomposition and the fine triangulation on Ωi, respectively, and h =
infi hi.

The outline of this chapter is as follows. In Section 4.2, we formulate the differential
problem and discuss the mortar element methods for different locally conforming and
nonconforming discretizations. We also consider the problems of the existence and
uniqueness of the arising discrete problems. In Section 4.3, we prove the ellipticity of
discrete bilinear forms over mortar discrete spaces and in Section 4.4, we state and
prove the error estimates of the mortar elements methods introduced in Section 4.2.
Finally, Section 4.5 is devoted to parallel algorithms of solving discrete problems.
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4.2 Discrete problem

4.2.1 Clamped plate problem

Let Ω be a polygonal domain in <2. The differential problem is to find u∗ ∈ H2
0 (Ω)

such that
a(u∗, v) =

∫
Ω
fv dx ∀v ∈ H2

0 (Ω), (4.1)

where u∗ is the displacement, f ∈ L2(Ω) is the body force,

a(u, v) =
∫

Ω
[4u4v + (1− ν) (2ux1x2vx1x2 − ux1x1vx2x2 − ux2x2vx1x1)] dx.

Here
H2

0 (Ω) = {v ∈ H2(Ω) : v = ∂nv = 0 on ∂Ω},
∂n is the normal unit derivative outward to ∂Ω, and uxixj := ∂2u

∂xi∂xj
for i, j = 1, 2.

The Poisson ratio ν satisfies 0 < ν < 1/2. The Lax-Milgram theorem, utilizing
the continuity and ellipticity of the bilinear form a(·, ·) yields the existence and the
uniqueness of the solution, see e.g. [38] or [47].

Assumptions: Let Ω be a union of non-overlapping polygonal subdomains that are
arbitrary for the Morley, reduced HCT and HCT elements and rectangles for the
bicubic and Adini elements, i.e.

Ω =
N⋃
k=1

Ωk with Ωk ∩ Ωl = ∅, k 6= l.

We assume that the intersection of boundaries of two different subdomains ∂Ωk ∩
∂Ωl, k 6= l, is either the empty set, a vertex or a common edge. Thus {Ωk} forms
a decomposition of Ω that we call the coarse triangulation with a parameter H =
maxkHk.

We assume the shape regularity of that decomposition, cf. Section 2.3.

We triangulate each subdomain Ωk into nonoverlapping rectangles for bicubic and
Adini elements and into triangles for Morley, reduced HCT and HCT methods. The
rectangles (or triangles) of this triangulation are denoted by τi and called elements.
We assume that the arising fine triangulation Th(Ωk) is quasiuniform with parameter
hk = max( diam τ) for τ ∈ Th(Ωk), cf. [38]. We also introduce additional notation.
Let the set of all vertices of elements of the triangulation of Ωk, Ωk ∂Ωk and E be
denoted by Ωk,h, Ωk,h, ∂Ωk,h and Eh, respectively. Here E is an edge of a subdomain.
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4.2.2 Bicubic element

In this subsection, we present a mortar method for plate problem with locally bicubic
element, known as the Bogner-Fox-Schmit rectangle, see [22] and Figure 4.1.

The local finite element space XB
h (Ωk) ⊂ H2

C(Ωk) is defined by

XB
h (Ωk) = {v ∈ C1(Ωk) : v|τi ∈ Q3(τi) and v = ∂nv = 0 on ∂Ωk ∩ ∂Ω},

where H2
C(Ωk) = {v ∈ H2(Ωk) : v = ∂nv = 0 on ∂Ωk ∩ ∂Ω}.

Figure 4.1: Bicubic element.

The degrees of freedom of the bicubic element are given by

{v(p), vx1(p), vx2(p), vx1x2(p)} ,

where p is a vertex of an rectangular element, see Figure 4.1, and a bullet means the
value, circle the gradient and an oblique arrow the mixed derivative of a finite element
function.

To define a mortar finite element method, we introduce some notations and spaces.
Define a global space

XB
h (Ω) = XB

h (Ω1)× . . .×XB
h (ΩN) ⊂

N∏
k=1

H2
C(Ωk)
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and
Γ =

⋃
k

∂Ωk \ ∂Ω.

Let Γkl denote a common edge to Ωk and Ωl. Each interface Γkl = ∂Ωk ∩ ∂Ωl has two
sides corresponding to Ωk and to Ωl.

We now select an open side of Γkl and name it as master (mortar) and denote by
γm,k if it is a side of ∂Ωk. The side of Γkl belonging to ∂Ωl is the slave (nonmortar)
and is denoted by δm,l. Thus we have Γ =

⋃
γm,i⊂Γ γm,i. Let W hk(Γkl) be the subspace

of C1 continuous functions that are piecewise cubic on the 1-D hk-triangulation of Γkl
inherited from the 2-D hk-triangulation of Ωk. Note that on Γkl = γm,k = δm,l there
are two 1-D triangulations and two different spaces W hk(γm,k) and W hl(δm,l).

Let Mhl
1,3(δm,l) denote the subspace of W hl(δm,l) formed by functions which are

piecewise linear on two segments that touch the ends of Γkl, i.e.

Mhl
1,3(δm,l) = {v ∈ C1(δm,l) : v|e ∈ P3(e) for e ∩ ∂Γkl = ∅ (4.2)

and v|e ∈ P1(e) for e ∩ ∂Γkl 6= ∅},

where e is an edge of an element of Th(Ωl) belonging to δm,l. Note that, actually, for
interfaces with one end touching ∂Ω, we have Mhl

1,3(δm,l) 6⊂ W hl(δm,l) since for any
function v ∈ W hl(δm,l), we have v(p) = v′(p) = 0 for p = ∂Ω ∩ δm,l. We say that
uk ∈ XB

h (Ωk) and ul ∈ XB
h (Ωl) on ∂Ωk ∩ ∂Ωl = Γkl satisfy the mortar conditions if∫

δm
(uk − ul)|Γklψ ds = 0 ∀ψ ∈Mhl

1,3(δm,l) (4.3)

and ∫
δm

(∂nuk − ∂nul)|Γkl ψ ds = 0 ∀ψ ∈Mhl
1,3(δm,l). (4.4)

We now define the discrete space V B
h as the subspace of XB

h (Ω) formed by func-
tions which satisfy the mortar conditions (4.3) and (4.4) and are continuous at all
crosspoints, where a crosspoint cr ∈ Γ is a common point of some substructures.

Remark 4.2.1 For each interface Γkl with the master (mortar) γm,k and slave δm,l
and any u ∈ V B

h , the trace Tr|δm ul is determined by Tr|γm uk and the values of degrees
of freedom of ul at ends (which are also vertices of substructure Ωl) of this slave δm,l.
Note that by the assumption, uk = ul at the ends of Γkl. Here Tr|Ck vk = (v|Ck ,∇v|Ck)
and Ck is ∂Ωk or Γkj, an edge of substructure Ωk. Tr|Cl vl is defined in a similar way.
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The discretization of (4.1) using V B
h is of the form:

Find uBh ∈ V B
h such that

aH(uBh , v) =
∫

Ω
fv dx ∀v ∈ V B

h , (4.5)

where aH(u, v) =
∑N
k=1 ah,k(u, v) and

ah,k(u, v) =
∑

τ∈Th(Ωk)

∫
τ
[4u4v + (1− ν)(2ux1x2vx1x2

−ux1x1vx2x2 − ux2x2vx1x1)] dx.

By calculations, cf. e.g. (5.9.2), p.143 in [38], we get

|aH(u, v)| ≤ (1 + ν)|u|H2
H(Ω)|v|H2

H(Ω) ∀u, v ∈ XB
h (Ω) (4.6)

and
aH(u, u) ≥ (1− ν)|u|2H2

H(Ω) ∀u ∈ X
B
h (Ω), (4.7)

where

|v|2H2
H(Ω) =

N∑
k=1

|v|2H2
h

(Ωk) =
N∑
k=1

∑
τ∈Th(Ωk)

|v|2H2(τ)

and
|v|2H2(τ) =

∫
τ
(v2
x1x1

+ 2v2
x1x2

+ v2
x2x2

) dx.

The form aH(·, ·) is positive definite over V B
h since aH(u, u) = 0 implies that u is

linear in all Ωk and from the mortar condition follows that u linear in Ω. Then the
boundary conditions yield u = 0. Thus we have

Proposition 4.2.1 The problem (4.5) has a unique solution.

The nodal basis

Here we introduce a nodal basis, and present a matrix form of the discrete problem.

We divide sets of nodes into the following three groups:

• all nodes interior to the substructures,
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• all nodes interior to the masters,

• all nodes of vertices of subregions except those on ∂Ω.

We associate a basis function with each respective degree of freedom (nodal values)
at each node of these sets, i.e. if x ∈ Ωk,h is a nodal point in one of these three sets
and α is an admissible multi-index, (here for bicubic element the set of admissible
multi-indices is the following one {(0, 0), (1, 0), (0, 1), (1, 1)}), then we define a basis
function φαk,x as follows:

∂βφαk,x(y) = 1 for β = α and y = x,
∂βφαk,x(y) = 0 for β 6= α or y 6= x,

where y is an arbitrary nodal point of one of these three sets.

Note that φαk,x is properly defined, i.e. the values of degrees of freedom of φαk,x at
all nodal points are uniquely determined: at nodal points which are vertices or are
interior to subdomains as zero or one (the value of α degree of freedom at x) and at
nodal points on a slave (nonmortar) δr by the values of degrees of freedom at ends
of this slave and at nodal points of its associated master γr by the mortar conditions
(4.3) and (4.4), cf. Remark 4.2.1.

We now describe these basis functions in a more detailed way.

The functions corresponding to degrees of freedom at nodes in the interiors of the
substructures are standard nodal basis functions as in the conforming finite element
discretization of plate problems, cf. e.g. p.77 in [47].

A basis nodal function associated with an α degree of freedom and a node x interior
to the master γm,i, can be defined as follows. The value of its α degree of freedom
at x is one, the values of remaining degrees of freedom at this node are zero and the
values of all admissible degrees of freedom at the remaining nodes defined above are
also zero. The values of respective degrees of freedom of this basis function at the
interior nodes of slave δm,j = γm,i are determined by the mortar conditions (4.3) and
(4.4), with zero values of respective degrees of freedom at the ends of δm,j.

We now define basis functions associated with the degrees of freedom at vertices
of the substructures. We first define basis functions that correspond to multi-indices
of length greater than zero. Let cr be a crosspoint, i.e. cr is a common vertex of four
substructures, i.e. cr ∈

⋂4
k=1 ∂Ωik . The set of indices of substructures {Ωik}k=1,2,3,4.

we denote by N (cr). Note that ∇v and vxy for v ∈ V B
h can be discontinuous at cr

(only the value of a function is continuous at a crosspoint by the definition of V B
h ).
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Thus we can distinguish between the vertices of all subdomains Ωk for k ∈ N (cr)
despite the fact that these vertices occupy the same geometrical position of cr. The
set of these vertices we denote by V(cr). We also denote by V(Ωk) ⊂ Γ the set of
vertices of Ωk ∩ Γ and introduce V :=

⋃N
k=1 V(Ωk).

Let α be a multi-index of length greater than zero, i.e. |α| > 0 and vi ∈ V(cr)
be a vertex of Ωi. Then φαi,vi , a basis function associated with α and vi ∈ V(cr), has
∂αφαi,vi(vi) equal to one. All remaining degrees of freedom are zero at vi, at all other
vertices of V , and at all interior nodes of all substructures. We now define φαi,vi on Γ,
i.e. on all masters and slaves. There are three possible situations: the vertex vi can
be the common end of two masters γn,i and γm,i, the common end of two slaves δl,i
and δk,i, or the common end of a slave δs,i and a master γp,i.

In the first case, Tr|γn,iφ
α
i,vi

and Tr|γm,iφ
α
i,vi

are the traces (in the sense of Tru =
(u,∇u)) of a standard nodal function corresponding to the multi-index α and to vi,
i.e. the one with α degree of freedom equal to one at vi and all other admissible
degrees of freedom at vi and all degrees of freedom at the remaining nodes of the both
masters equal to zero. On slaves δn = γn,i and δm = γm,i, the traces (in the sense
of the triple Tr) of this function are determined by the mortar conditions (4.3) and
(4.4) with all degrees of freedom equal to zero at the ends of δn and δm, respectively.

In the second case, the traces Tr|γlφ
α
i,vi

and Tr|γkφ
α
i,vi

are zero and the traces on δl,i
and δk,i are determined by the mortar conditions with the α degree of freedom equal
to one at vi and all remaining degrees of freedom at vi and all ones at the other ends
of δl,i and δk,i equal to zero.

In the last case, Tr|γp,iφ
α
i,vi

is equal to the trace of the respective standard nodal
function and on slave δp = γp is defined as in the first case while on the slave δs,i (and
γs = δs,i) is defined analogously to the second case. In all cases, Tr φαi,vi is zero on the
remaining masters and slaves.

As functions in V B
h are continuous at crosspoints, we have to consider only one

basis function that corresponds to the multi-index α = (0, 0) and a crosspoint cr
which is a common vertex of four subdomains. We denote this function by φ(0,0)

cr . On
each master γm,i which have cr as one end, Tr φ(0,0)

cr is equal to the trace of standard
nodal function which corresponds to the hi triangulation of this master and to the
multi-index (0, 0) which denotes a degree of freedom at cr. On each slave, its trace
is determined by the trace on respective master, mortar conditions and the values of
admissible degrees of freedom at ends of this slave in the same manner as above.
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It is obvious that all those functions form a basis of the space V B
h , i.e.

V B
h =

N∑
k=1

∑
x

∑
α

span{φαk,x},

where the sums are taken over all subdomains Ωk, all respective nodal points of those
three sets corresponding to Ωk, and admissible multi-indices.

Let the solution of (4.5) be represented as uBh =
∑N
k=1

∑
x

∑
α u

B,α
h,k,xφ

α
k,x with uB,αh,k,x =

∂αuBh,k(x). We next introduce a symmetric, positive definite matrix A and a vector f
by

A = {aα,βk,x,l,y}
k,x,α
l,y,β and f = {fβl,y}l,y,β,

where aα,βk,x,l,y = aH(φαk,x, φ
β
l,y) and fβl,y = (f, φβl,y)L2(Ω). Here and below, if u is a function

in V B
h , then u denotes the vector representation of u in terms of the nodal basis, i.e.

if u =
∑
k,x,α u

α
k,xφ

α
k,x, then u = {uαk,x}.

Utilizing this notations, we can rewrite the problem (4.5) as the following system
of linear equations

AuBh = f . (4.8)

Utilizing Corollary 4.3.1, see below, and an inverse inequality, we can obtain a bound
of the condition number of the matrix A, i.e.

Proposition 4.2.2 If we assume that hi � hj, for an interface Γij = ∂Ωi∩∂Ωj, then

cond(A) � h−4,

where h = infk hk.

4.2.3 Adini element

In this subsection, we introduce a mortar method that locally uses the Adini element,
cf. [7] and Chapter 7, Section 49, p.298 in [48]. The local finite element space XA

h (Ωk)
of Adini element is defined by

XA
h (Ωk) = {v ∈ L2(Ωk) : v|τ ∈ P3(τ)⊕ span{x3

1x2, x1x
3
2} for τ ∈ Th(Ωk),

v, vx1 , vx2 continuous at the vertices and

v(a) = vx1(a) = vx2(a) = 0 for a vertex a ∈ ∂Ωk ∩ ∂Ω},
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Figure 4.2: Adini element.

where τ ∈ Th(Ωk) is an rectangular element, cf. [7] and Figure 4.2.

The degrees of freedom of the Adini element are given by

{v(p), vx1(p), vx2(p)} ,

where p is a vertex of an element, cf. Figure 4.2.

As in the previous subsection, we introduce the global space XA
h (Ω) with the same

local bilinear forms ah,k(·, ·) and the same global form aH(·, ·). For each interface
Γkl = ∂Ωk ∩ ∂Ωl, we choose one side as a master denoted by γm,k ⊂ ∂Ωk and the
second one as a slave δm,l ⊂ ∂Ωl if hk ≤ hl. This assumption is necessary for the
proofs of some technical results and is due to the fact that any local finite element
function is not sufficiently regular, cf. Section 4.4.2 and Section 4.5.5.

We introduce additional auxiliary spaces on each slave (nonmortar) δm. Let the
first one denoted by Mhl

1,3(δm,l) be the space introduced in the previous subsection, i.e.
C1 smooth functions that are piecewise cubic except for two elements, that touch the
ends of slave, where are piecewise linear, see (4.2). We now define a class of spaces
for all positive integer, cf. [9]. In this subsection, we need only the space with index
s = 1, but later we will also need the one with index s = 2. Let the space denoted
by Mhl

0,s(δm,l) be the space formed by continuous functions that are polynomials of
degree s over each element of the hl triangulation of δm,l except of two elements which
touch the ends of this slave and on these two elements functions from this space are
polynomials of order s−1. Thus Mhl

0,1(δm,l) is the space of continuous piecewise linear
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functions which are constant on the two elements which touch the ends of the slave
δm,j.

We say that uk ∈ XA
h (Ωk) and ul ∈ XA

h (Ωl) for ∂Ωl∩∂Ωk = Γkl, satisfy the mortar
conditions if ∫

δm
(uk − ul)ψ ds = 0 ∀ψ ∈Mhl

1,3(δm,l), (4.9)∫
δm

(Ihk∂nuk − Ihl∂nul)ψ ds = 0 ∀ψ ∈Mhl
0,1(δm,l), (4.10)

where Ihl , Ihk are the standard piecewise linear interpolants onto the hl and hk meshes
of δm,l and γm,k, respectively. Note that Ihi∂nui, for i = k, l, equals the trace of the
piecewise bilinear interpolant defined over Ωi by the values of ∂nui at the vertices of
rectangular elements of Th(Ωi).

We now define the discrete space V A
h as the subspace of XA

h (Ω) formed by func-
tions which satisfy the mortar conditions (4.9) and (4.10) and are continuous at all
crosspoints.

The discretization of (4.1) using V A
h is of the form:

Find uAh ∈ V A
h such that

aH(uAh , v) =
∫

Ω
fv dx ∀v ∈ V A

h . (4.11)

The form aH(·, ·) is positive definite over V A
h what follows from the fact that

aH(u, u) = 0 implies that u is linear in all rectangles of Ωk, then from the continuity
of u, ux1 , ux2 at all vertices of Ωk,h follows that u linear in Ωk and from the mortar
condition follows that u linear in Ω. Then the boundary conditions yield u = 0. Hence

Proposition 4.2.3 The problem (4.11) has a unique solution.

As in Section 4.2.2, we can introduce a nodal basis, i.e. with each degree of freedom
at all nodal points which are not in ∂Ω or in any slave δm, we associate one nodal
basis function. Then we can rewrite the discrete problem (4.11) into a system of linear
equations. If we additionally assume that hi � hj, for an interface Γij = ∂Ωi ∩ ∂Ωj,
we can see that the condition number of the resulting matrix is bounded by Ch−4,
where h = infk hk and C is a positive constant independent of any hk and the number
of subdomains.
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4.2.4 HCT and reduced HCT methods

In this subsection, we introduce two mortar methods the first one that locally uses
the reduced Hsieh-Clough-Tocher (HCT) macro element, cf. Chapter 7, Section 46,
p.285 in [48], and the second one that uses the Hsieh-Clough-Tocher (HCT) macro
element, cf. [49] and Chapter 7, Section 46, p.279 in [48]. The local finite element
space XH

h (Ωk) for HCT element is defined by, cf. Figure 4.3,

XH
h (Ωk) = {v ∈ C1(Ωk) : v|τ ∈ P3(τi), for triangles τi, i = 1, 2, 3,

formed by connecting the vertices of τ ∈ Th(Ωk)

to its centroid, v = ∂nv = 0 on ∂Ωk ∩ ∂Ω}.

The local finite element space of reduced HCT element denoted by XRH
h (Ωk) is a

subspace of XH
h (Ωk) defined by

XRH
h (Ωk) = {v ∈ XH

h (Ωk) : ∂nv|e ∈ P1(e)

for any side e of a triangle τ ∈ Th(Ωk)},
cf. [49], [48] and see Figure 4.3.

Figure 4.3: HCT and reduced HCT macro elements.

The degrees of freedom of the reduced HCT element are given by

{v(p), vx1(p), vx2(p)}
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and of HCT element
{v(p), vx1(p), vx2(p), ∂nv(m)} ,

where p is a vertex of an element and m the midpoint of an edge of an element, cf.
Figure 4.3

As in the previous subsection, we introduce the global spaces XRH
h (Ω) and XH

h (Ω)
with the same local bilinear forms ah,k(·, ·) and the same global form aH(·, ·). For
each interface Γkl = ∂Ωk ∩ ∂Ωl, we choose one side as a master (mortar) denoted
by γm,k ⊂ ∂Ωk and the second one as a slave δm,l ⊂ ∂Ωl. Here the choice of the
master side is arbitrary. The test spaces Mhl

1,3(δm,l), M
hl
0,1(δm,l) and Mhl

0,2(δm,l) are the
auxiliary spaces defined over a slave δm,l introduced in the previous subsection, i.e.
e.g. Mhl

0,2(δm,l) is the space of continuous piecewise quadratic functions which are
linear on the two elements which touch the ends of the slave δm,j.

We say that uk ∈ XRH
h (Ωk) and ul ∈ XRH

h (Ωl) (uk ∈ XH
h (Ωk) and ul ∈ XH

h (Ωl))
for ∂Ωl ∩ ∂Ωk = Γkl, satisfy the mortar conditions if∫

δm
(uk − ul)ψ ds = 0 ∀ψ ∈Mhl

1,3(δm,l) (4.12)

for both reduced HCT and HCT methods, and∫
δm

(∂nuk − ∂nul)ψ ds = 0 ∀ψ ∈Mhl
0,1(δm,l) (4.13)

in the case of reduced HCT method, and∫
δm

(∂nuk − ∂nul)ψ ds = 0 ∀ψ ∈Mhl
0,2(δm,l) (4.14)

in the case of HCT method.

We now define the discrete space V RH
h as the subspace of XRH

h (Ω) formed by
functions which satisfy the mortar conditions (4.12) and (4.13) and are continuous
at all crosspoints, and analogously the discrete space V H

h as the subspace of XH
h (Ω)

formed by functions which satisfy the mortar conditions (4.12) and (4.14) and are
continuous at all crosspoints.

The discretization of (4.1) using V RH
h (or V H

h ) is of the form
Find uRHh ∈ V RH

h and uHh ∈ V H
h such that

aH(uRHh , v) =
∫

Ω
fv dx ∀v ∈ V RH

h , (4.15)
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aH(uHh , v) =
∫

Ω
fv dx ∀v ∈ V H

h . (4.16)

The form aH(·, ·) is positive definite over V RH
h and V H

h what follows from the fact
that aH(u, u) = 0 implies that u is linear in all subdomains Ωk and from the mortar
conditions follows that u linear in Ω. Then the boundary conditions yield u = 0.

Proposition 4.2.4 The problems (4.15) and (4.16) have unique solutions.

As in Section 4.2.2, we can introduce nodal bases for the methods, i.e. in each
case with each degree of freedom at each nodal point which is not in ∂Ω and a slave
δm, we associate one nodal basis function. Then we can rewrite the discrete problems
(4.15) and (4.16) as systems of linear algebraic equations. If we additionally assume
that hi � hj, for an interface Γij = ∂Ωi ∩ ∂Ωj, we can get that the condition numbers
of the resulting matrices are bounded by Ch−4, where h = infk hk and C is a positive
constant independent of any hk and the number of subdomains.

4.2.5 Morley element

In this subsection, we introduce a mortar method that locally uses the Morley element,
cf. [90] or [79]. The local finite element space XM

h (Ωk) is defined by, see Figure 4.4,

XM
h (Ωk) = {v ∈ L2(Ωk) : v|τ ∈ P2(τ), v continuous at vertices of τ ∈ Th(Ωk)

and ∂nv continuous at midpoints of edges of τ and

v(p) = ∂nv(m) = 0 for a vertex p ∈ ∂Ω and a midpoint m ∈ ∂Ω}.

The degrees of freedom of the Morley element are given by

{v(p), ∂nv(m)} ,

where p is a vertex of an element and m is the midpoint of an edge of an element, cf.
Figure 4.4.

We also define a global space XM
h (Ω) =

∏N
k=1X

M
h (Ωk) as in the previous subsec-

tions.

We now select an open disjoint side of Γkl ⊂ Γ ∩ ∂Ωk denoted by γm,k and name
it master (mortar) if hk ≤ hl. This assumption is necessary for the proofs of some
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Figure 4.4: Morley element.

technical results and is due to the fact that any local finite element function is not
sufficiently regular, cf. Section 4.2.3 and Section 4.4.4. The side of Γkl ⊂ ∂Ωl is called
slave (nonmortar) and is denoted by δm,l. As hk ≤ hl and the both triangulations
are quasiuniform, we can assume that the two side elements of the slave triangulation
T lh(δm,l), i.e. the ones that touch the ends of δm,j, are longer than the respective
elements of the master (mortar) triangulation T kh (γm,k).

We introduce additionally two auxiliary spaces on each slave (nonmortar) δm,l.
Let the first one denoted by Mhl

−1,0(δm,l), be the space of functions which are piecewise
constant on the hl-triangulation of this slave.

For the simplicity of presentation, we also assume that the both 1-D triangulations
of the interface Γkl, the hk one of its master γm,k and the hl one of its slave δm,l, have
even numbers of the elements. Let consider δm,l and let δm,l,h = {p0, p1, . . . , pNm,l} be
a set of vertices of the hl triangulation of this slave, (Nm,l is even). Then we introduce
an operator I2hl,2 : C0(Γkl)→ L2(Γkl) as follows

Definition 4.2.1 Let I2hl,2 : C0(Γkl) → L2(Γkl) and I2hl,2u be defined by the values
of u at all points of δm,l,h as follows:

• I2hl,2u ∈ P2 on each [pi, pi+2] for even i,
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• I2hl,2u(pi) = u(pi) pi ∈ δm,l,h.

In other words, I2hl,2u is the piecewise quadratic interpolant defined over the 2hl
triangulation of δm,l that is made of elements [pi, pi+2], i = 0, 2, . . . , Nm,l − 2. The
operator I2hk,2 that corresponds to the hk mesh of master γm,k,h we define in the same

way. We next define an auxiliary space M2hl
0,2 (δm,l) as follows

M2hl
0,2 (δm,l) = {v ∈ C0(δm,l) : v ∈ P2([pi, pi+2]) for even i 6= 0, Nm,l − 2, (4.17)

and v ∈ P1([pi, pi+2]) for i = 0, Nm,l − 2}.
This space is defined in the same way as Mh

0,2 in Section 4.2.3, but over the 2hl
triangulation of δm,l which is made of segments [pi, pi+2], i = 0, 2, . . . , Nm,l − 2. We
now introduce two following mortar conditions on the interface Γkl = γm,k = δm,l:∫

δm
(I2hk,2uk − I2hl,2ul)ψ ds = 0 ∀ψ ∈M2hl

0,2 (δm,l) (4.18)

and ∫
δm

(∂nuk − ∂nul)φ ds = 0 ∀φ ∈Mhl
−1,0(δm,l). (4.19)

We now define the discrete space V M
h as the subspace of XM

h (Ω) formed by func-
tions which satisfy the mortar conditions (4.18) and (4.19), and are continuous at all
crosspoints.

Remark 4.2.2 The special interpolation operators I2hl,2 and I2hk,2 are introduced in
the mortar condition (4.18) because of the non-conformity of Morley FE local spaces.
If we consider an element τ ∈ Th(Ωk) such that one of its edges e is contained in one
of interfaces of Ωk, i.e. ∂τ ∩Γkl = e, then Tr uk|e is determined not only by the nodal
points that belong to Γkl, but also by degrees of freedom at the remaining nodal points
of this element τ (which are in interior of Ωk). Therefore the choice of test spaces
and the formulation of mortar conditions are not standard, as in the case of mortar
method with locally conforming elements.

The discretization of (4.1) using V M
h is of the form:

Find uMh ∈ V M
h such that

aH(uMh , v) =
∫

Ω
fv dx ∀v ∈ V M

h , (4.20)
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where aH(u, v) =
∑N
k=1 ah,k(u, v) and ah,k(u, v) are defined as in Section 4.2.2. The

form aH(·, ·) is positive definite over V M
h what follows from the fact that aH(u, u) = 0

implies that u is linear in all triangles of Ωk, then from the continuity of u at all
vertices and of ∂nu at all midpoints of elements of Th(Ωk) follows that u is linear in
Ωk and from the mortar condition follows that u is linear in Ω. Then the boundary
conditions yield u = 0.

Proposition 4.2.5 The problem (4.20) has a unique solution.

As in Section 4.2.2, we can introduce nodal basis, i.e. with each degree of freedom
at all nodal points which are not in ∂Ω and a slave δm, we associate one nodal basis
function. Then we can rewrite the discrete problem (4.20) as a system of linear
algebraic equations. If we additionally assume that hi � hj, for an interface Γij =
∂Ωi ∩ ∂Ωj, we can see that the condition number of the resulting matrix is bounded
by Ch−4, where h = infk hk and C is a positive constant independent of any hk and
the number of subdomains.

4.3 Ellipticity of discrete problems

In this subsection, we prove that aH(·, ·) is elliptic on the considered discrete spaces
of the mortar methods with a constant independent of hk and, what is also very
important, the number of subdomains. These results are analogous to those for mortar
method for second order elliptic problems proved in [16], The proofs of the results of
this section utilize similar ideas to those of [16]. We distinguish the cases of mortar
methods with conforming and nonconforming local discretizations. The proof of the
first case is simpler due to the fact that in each subdomain we have properly smooth
functions.

4.3.1 Ellipticity for locally conforming elements

In this subsection, we prove ellipticity for the discrete space of mortar method with
local C1 functions.

Lemma 4.3.1 There exists a constant C independent of hk and the number of sub-
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domains such that for u ∈ V B
h

N∑
k=1

‖u‖2
H2(Ωk) ≤ C

N∑
k=1

|u|2H2(Ωk).

This is also valid for u ∈ V RH
h and u ∈ V H

h .

Proof. The proof is given for the case of locally bicubic elements, but after minor
modifications it would be also valid for the mortar method with locally HCT or
reduced HCT elements. We first prove that

∑N
k=1 ‖ux1‖2

L2(Ωk) �
∑N
k=1 |u|2H2(Ωk). Here

and below, we consider ∂αu for an admissible multi-index |α| ≤ 2 and u ∈ V B
h as the

L2 function such that ∂αu|Ωk = ∂αuk.

We have for any (x1, x2) ∈ Ω

ux1(x1, x2) =
∫ x1

a
ux1x1(t, x2) dt+

∑
tkl∈[a,x1]∩Γkl

[ux1 ](tkl, x2),

where [·] denotes the jump over Γkl at point tkl and (a, x2) ∈ ∂Ω. Here tkl is the point
of intersection of a segment [a, x1] and an interface Γkl ⊂ ∂Ωk ∩ ∂Ωl.

The first term can be estimated by

|
∫ x1

a
ux1x1(t, x2) dt| ≤

∫ b

a
|ux1x1(t, x2)| dt ≤ (b− a)1/2(

∫ b

a
|ux1x1(t, x2)|2 dt)1/2,

where b satisfies (b, x2) ∈ ∂Ω. The second one by

|
∑

tkl∈[a,x1]∩Γkl

[ux1 ](tkl, x2)| ≤
∑

tkl∈[a,b]∩Γkl

|[ux1 ](tkl, x2)| ≤

≤

 ∑
tkl∈[a,b]∩Γkl

|Γkl|

1/2 ∑
tkl∈[a,b]∩Γkl

|Γkl|−1|[ux1 ](tkl, x2)|2
1/2

.

We have
∑
tkl∈[a,b]∩Γkl |Γkl| � |b − a|. It is obvious for V B

h since all subdomains are
rectangles, for V RH

h , V H
h we could use the result of [16], see Lemma 2.2 there. Note

that ux1 equals ∂nu on Γkl that are included in the above sum. Thus we have

(ux1(x1, x2))2 �
∫ b

a
|ux1x1(t, x2)|2 dt+

∑
tkl∈[a,b]∩Γkl

|Γkl|−1|[ux1 ](tkl, x2)|2.
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We now integrate over dx1 and dx2 and get∫
Ω

(ux1)
2 dx �

∫
Ω
|ux1x1|2 dx+

∑
Γkl⊂Γ

∫
Γkl

|Γkl|−1|∂nuk − ∂nul|2 ds.

We now have to estimate this sum over all interfaces. Each term of that sum is
estimated separately. By (4.4), the average values of ∂nuk and ∂nul over interface
Γkl are equal to each other since

∫
Γkl

(∂nuk − ∂nul) ds = 0. Thus the standard trace
theorem and Poincare’s inequality yield that∫

Γkl

|∂nuk − ∂nul|2 ds � Hk|uk|2H2(Ωk) +Hl|ul|2H2(Ωl)
.

Thus summing over all interfaces ends the proof of estimate of the L2 norm of ux1 .
The estimate of L2 norm of u by

∑N
k=1 |∇uk|2L2(Ωk) can be proved in similar way, cf.

also [16]. 2

Remark 4.3.1 This proof was done for mortar discretizations of a clamped plate
problem. But for a simply supported plate problem, cf. Chapter 5, Section 5.9 p.144
in [38], the proof of the same ellipticity property proceeds in a similar way since we
have that on the part of boundary that is parallel to axis OXk uxk = 0 for k = 1, 2;
cf. also the proof of Lemma 4.3.2 below.

We obtain also a straightforward corollary from the previous lemma i.e.

Corollary 4.3.1 We have

(u, u)L2(Ω) � aH(u, u) � h−4(u, u)L2(Ω) ∀u ∈ V B
h (V RH

h , V H
h ),

where h = infi hi.

The proof directly follows from an inverse inequality and Lemma 4.3.1.

4.3.2 Ellipticity for locally nonconforming elements

In this subsection, we prove ellipticity for the discrete space of mortar method with
locally nonconforming functions of Adini element and Morley elements.
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Lemma 4.3.2 There exists a constant C independent of hk and the number of sub-
domains such that for u ∈ V A

h

N∑
k=1

‖u‖2
H2
h

(Ωk) ≤ C
N∑
k=1

|u|2H2
h

(Ωk).

This is also valid for V M
h .

For the proof of this lemma, we need a local equivalence mapping MA
k : XA

h (Ωk) →
XB
h (Ωk), see [35], where XB

h (Ωk) is a space of C1 smooth functions that are bicubic in
each rectangular element of Th(Ωk). We also introduce (MA

k )† : XB
h (Ωk) → XA

h (Ωk)
a quasi-inverse mapping of MA

k which we use below, cf. Section 4.5.5.

Definition 4.3.1 We define MA
k : XA

h (Ωk) → XB
h (Ωk) and (MA

k )† : XB
h (Ωk) →

XA
h (Ωk) by setting their values of all respective degrees of freedom at all nodal points

of Ωk,h, as follows, let p be a nodal point of Ωk,h, u ∈ XA
h (Ωk) and v ∈ XB

h (Ωk), then

MA
k u (p) = u(p),

∂xiMA
k u (p) = uxi(p) i = 1, 2,

∂x1x2MA
k u (p) = 0,

and

(MA
k )†v (p) = v(p),

∂xi(MA
k )†v (p) = vxi(p) i = 1, 2.

In the following lemma, we state some properties of these mappings. The proof of the
first and second inequalities can be found in [35], see Lemma 5.1 there, the remaining
equality and inequality follows from the definition of (MA

k )†.

Lemma 4.3.3 Suppose u ∈ XA
h (Ωk) and v ∈ XB

h (Ωk). Then

|MA
k u|Hs(Ωk) � |u|Hs

h
(Ωk) s = 0, 1, 2,

‖u−MA
k u‖L2(Ωk) + hk|u−MA

k u|H1(Ωk) � h2
k|u|H2

h
(Ωk),

(MA
k )†MA

k u = u,

|(MA
k )†v|Hs(Ωk) � |v|Hs

h
(Ωk) s = 0, 1, 2.
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Proof. (Lemma 4.3.2) The proof is similar to the proof of the previous lemma, but
instead of the mortar conditions we want to use the continuity of functions of V A

h (V M
h )

at crosspoints. There is another difficulty: the local functions are not contained in the
space H2. The proof is the same for both elements. Therefore we restrict ourselves
to the case of the Adini element. The proof of the case of the Morley element follows
the same lines, we only have to utilize local operator MM

k and its properties, see
Definition 4.4.1 and Lemma 4.4.13, instead of MA

k in each substructure Ωk.

Let u = (u1, . . . , uN) ∈ V A
h ⊂ XA

h (Ω). First, for each subdomain Ωk, we define
ũk = MA

k uk, see Definition 4.3.1. Next we define global function ũ ∈ XB
h (Ω) ⊂∏N

k=1H
2(Ωk) as equal to ũk in Ωk. By Lemma 4.3.3, we have

|uk|2Hs
h

(Ωk) � |ũk|2Hs(Ωk) s = 0, 1, 2. (4.21)

We have for any (x1, x2) ∈ Ω

ũx2(x1, x2) =
∫ x1

a
ũx1x2(t, x2) dt+

∑
tkl∈[a,x1]∩Γkl

[ũx2 ](tkl, x2).

And then, as in the proof of the previous lemma, we conclude that∫
Ω

(ũx2)
2 dx �

∫
Ω
|ũx1x2|2 dx+

∑
Γkl⊂Γ

∫
Γkl

H−1
k |∂sũk − ∂sũl|2 ds.

Here ∂s is the tangential derivative over an interface Γkl. We estimate the first term
by

∑N
k=1 |uk|2H2

h
(Ωk). We have used (4.21). We now have to estimate the second sum.

Each term of the second sum is estimated separately.

From the continuity of u ∈ V A
h at the crosspoints, we see that ũk(a) = uk(a) =

ul(a) = ũl(a) if a is an end of Γkl. Then the linear interpolation polynomials of ũk and
ũl over Γkl are equal and thus the standard trace theorem, a quotient space argument,
e.g. see Theorem 3.1.1, p.115 in [47], and (4.21) yield that∫

Γkl

|∂sũk − ∂sũl|2 ds � Hk|uk|2H2(Ωk) +Hl|ul|2H2(Ωl)
.

Thus summing over all interfaces ends the proof of estimate of L2 norm of ux2 . The
estimate of L2 norm of u by

∑N
k=1 |uk|2H2

h
(Ωk) can be proved in a very similar way. 2

4.4 Error estimates

In this section, we prove the error estimate for the mortar methods presented in the
previous section.
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The error estimates in the H2
h norm, we obtain from the second Strang lemma, cf.

e.g. [12] or Lemma 8.1.9, p.198 in [38] which here is formulated as

‖u∗ − uh‖h ≤ inf
v ∈ V h

‖u∗ − v‖h + sup
w ∈ V h \ {0}

|aH(u∗ − uh, w)|
‖w‖h

, (4.22)

where u∗ is the solution of (4.1), uh is the respective solution of (4.5), (4.11), (4.15),
(4.16) or (4.20), V h is V B

h , V A
h , V RH

h , V H
h or V M

h , respectively, and ‖ · ‖h = aH(·, ·)1/2.

The first term is called the approximation error while the second one is the con-
sistency error.

We obtain the L2 estimates of errors under the following regularity assumption for
Ω:

Regularity assumption
For any g ∈ L2(Ω) the problem

a(φ, v) =
∫

Ω
gv dx ∀v ∈ H2

0 (Ω)

has a unique solution φ ∈ H4(Ω) ∩H2
0 (Ω) and

‖φ‖H4(Ω) � ‖g‖L2(Ω). (4.23)

This regularity assumption holds for example for a polygonal domain which has the
largest angle equal to π/2, cf. Chapter 7, Section 7.3.2, Remark 7.3.2.3 and Lemma
7.3.2.4, p.338-339 in [71], or for domains with sufficiently smooth boundary, cf. [84].
Then utilizing the standard duality technique for nonconforming elements, we obtain
an L2 estimate for mortar methods with locally conforming elements stated in the
following proposition, for the proof see e.g. the proof of Theorem 2.2, p.17-18 in [79],
cf. also [47] or [24].

Proposition 4.4.1 Assume that the regularity assumption (4.23) holds and u∗ is the
solution of (4.1). Then

‖u∗ − uh‖L2(Ω) � sup
φ ∈ H4(Ω)

 inf
φh ∈ V h

|E(u∗, uh, φ, φh)|
‖φ‖H4(Ω)

 ,
where

E(u∗, uh, φ, φh) = aH(u∗ − uh, φ− φh)− Eh(φ, u∗ − uh)− Eh(u∗, φ− φh)
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and

Eh(ψ, v) = aH(ψ, v)− (42ψ, v)L2(Ω) ∀ψ ∈ H4(Ω) ∩H2
0 (Ω), ∀v ∈

N∏
k=1

H2
C(Ωk).

Here uh is the respective solution of (4.5), (4.15) or (4.16) and V h is V B
h , V RH

h or
V H
h , respectively.

Proposition 4.4.1 is also valid for the mortar methods that locally use noncon-
forming elements, i.e. Adini and Morley elements, but our proof technique fails to get
proper error bounds in these two cases. This is due to the fact that in the proofs of
consistency errors of Lemma 4.4.7 and Lemma 4.4.12, we use special local equivalence
mappings (MA

k , MM
i ) that are not defined for any locally H2 function what in turn

is necessary to obtain L2 bounds.

4.4.1 Bicubic element

We now state our main result for the mortar method in V B
h , i.e. for the local bicubic

discretizations presented in Section 4.2.2.

Theorem 4.4.1 Assume that u∗ the solution of (4.1), is in the space H2
0 (Ω)∩H4(Ω).

Then holds

|u∗ − uBh |H2
H(Ω) �

(
N∑
k=1

h4
k|u∗|2H4(Ωk)

)1/2

. (4.24)

If also the regularity assumption (4.23) holds, then we have

‖u∗ − uBh ‖L2(Ω) � h
2

(
N∑
k=1

h4
k|u∗|2H4(Ωk)

)1/2

,

where uBh is the solution of (4.5) and h = maxk hk.

Proof. The proof of the H2
h estimate follows directly from (4.22) by using Lemmas

4.4.1 and 4.4.3, see below.

The L2 estimate is obtained from Proposition 4.4.1. Each term of E(u∗, uh, φ, φh)
is estimated separately. The first one can be bounded by

aH(u∗−uBh , φ−φh) � |u∗−uBh |H2
H(Ω)|φ−φh|H2

H(Ω) � |φ−φh|H2
H(Ω)

(
N∑
k=1

h4
k|u∗|2H4(Ωk)

)1/2

.
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We have used (4.24).

Note that Lemma 4.4.1 is valid not only for w ∈ V B
h , but also for w + v with

w ∈ V B
h and v ∈ H2

0 (Ω) what is easy to observe in the proof of this lemma. Thus we
get

Eh(φ, u
∗ − uBh ) �

(
N∑
k=1

h4
k|φ|2H4(Ωk)

)
|u∗ − uBh |H2

H(Ω) � h
2|φ|H4(Ω)

(
N∑
k=1

h4
k|u∗|2H4(Ωk)

)1/2

.

We have used Lemma 4.4.1 and (4.24). Next again by Lemma 4.4.1, we obtain

Eh(u
∗, φ− φh) � |φ− φh|H2

H(Ω)

(
N∑
k=1

h4
k|u∗|2H4(Ωk)

)1/2

.

Summing these three estimates and utilizing Lemma 4.4.3, we have

inf
φh ∈ V B

h

|E(u∗, uh, φ, φh)| � h
2|φ|H4(Ω)

(
N∑
k=1

h4
k|u∗|2H4(Ωk)

)1/2

.

And this ends the proof of the L2 estimate. 2

The consistency error

Here we prove the bound for the consistency error. We state it in the following lemma.

Lemma 4.4.1 Under assumptions of Theorem 4.4.1, holds

|aH(u∗ − uBh , w)| = |Eh(u∗, w)| � |w|H2
H(Ω)

(
N∑
k=1

h4
k|u∗|2H4(Ωk)

)1/2

∀w ∈ V B
h .

Before we prove this lemma, we state an additional result, namely, the approximation
property of the L2 projection onto M

hj
1,3(δm,j).

Lemma 4.4.2 If g ∈ Hs(δm,j) for s ∈ {0, 1
2
, 1, 3

2
, 2} then

‖g −Q1g‖L2(δm,j) � hsj|g|Hs(δm,j).

Here Q1 is the L2 orthogonal projection onto the space M
hj
1,3(δm,j).
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The space M
hj
1,3(δm,j) is nonstandard, but the proof follows standard arguments, e.g.

cf. Section 3 and the proof of Proposition 4.1 in [32].

Proof. (Lemma 4.4.1) Using the Green’s formulas, e.g. see (1.2.5) and (1.2.9), p.14-15
in [47], and (4.5), we have

aH(u∗ − uBh , w) = aH(u∗, w)− f(w) = Eh(u
∗, w) = E1(u∗, w) + E2(u∗, w) + E3(u∗, w)

with

E1(u∗, w) =
∫

Γ
−∂n(4u∗)[w] ds, E2(u∗, w) =

∫
Γ
(1− ν)∂n∂su

∗[∂sw] ds,

and
E3(u∗, w) =

∫
Γ
(4u∗ − (1− ν)∂2

su
∗)[∂nw] ds.

Here ∂n, ∂s are normal and tangential derivatives, [·] is the jump over interface Γ.

Utilizing the fact that [w] is equal to zero at the ends of any interface Γkl, we
obtain

E2(u∗, w) = −
∑
Γij

(1− ν)
∫

Γij
∂s∂n∂su

∗[w] ds.

Let E0(u∗, w) = E1(u∗, w) + E2(u∗, w) and we have E0(u∗, w) =
∫

ΓG3u
∗[w] ds with

G3u
∗ = −∂n4u∗ − (1− ν)∂s∂n∂su

∗.

We now consider one interface Γij with the master γm,i and slave δm,j. The mortar
condition (4.3) yields that (Q1wi = Q1wj)∫

Γij
G3u

∗[w] ds =
∫

Γij
((I −Q1)G3u

∗) [w] ds =

=
∫

Γij
((I −Q1)G3u

∗) (I −Q1)wi ds−
∫

Γij
((I −Q1)G3u

∗) (I −Q1)wj ds.

Then using Schwarz inequality, Lemma 4.4.2, and the trace theorem, see Theorem
1.5.2.1, p.42 in [71], we have∫

Γij
G3u

∗[w] ds ≤ ‖(I −Q1)G3u
∗‖L2(δm,j)·

·
{
‖(I −Q1)wi‖L2(δm,j) + ‖(I −Q1)wj‖L2(δm,j)

}
� h

1/2
j |G3u

∗|H1/2(δm,j)·

·h3/2
j (|wi|H3/2(δm,j) + |wj|H3/2(δm,j)) � h2

j |u∗|H4(Ωj)(|wi|H2(Ωi) + |wj|H2(Ωj)).

Summing over all interfaces yields the estimate of E0(u∗, w).
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Let G2u
∗ = 4u∗ − (1− ν)(∂2

su
∗), then in the same manner by (4.4), we obtain∫

Γij
G2u

∗[∂nw] ds ≤ ‖(I −Q1)G2u
∗‖L2(δm,j){‖(I −Q1)∂nwi‖L2(δm,j)+

+‖(I −Q1)∂nwj‖L2(δm,j)} � h2
j |G2u

∗|H3/2((δm)(|∂nwi|H1/2(δm)+

+|∂nwj|H1/2(δm)) � h2
j |u∗|H4(Ωj)(|wi|H2(Ωi) + |wj|H2(Ωj)).

Summing over all interfaces yields the estimate of E3(u∗, w). 2

The approximation error

The approximation error is stated in the following lemma

Lemma 4.4.3 If u ∈ H4(Ω) ∩H2
0 (Ω), then we have

inf
v ∈ V B

h

|u− v|2H2
H(Ω) �

N∑
k=1

h4
k|u|2H4(Ωk).

Before we prove this lemma, we introduce some technical tools. First we define
a new operator associated with a slave δm,j and state its stability property. The
stability of this operator is crucial and further will be used to obtain approximation
error bounds and in the analysis of algorithms.

Let Π1
m,j : L2(δm,j)→ H2

0 (δm,j) ∩W hj(δm,j) be defined by∫
δm,j

(
I − Π1

m,j

)
u ψ ds = 0 ∀ψ ∈Mhj

1,3(δm,j). (4.25)

Here W hj(δm,j) is a subspace of C1(δm,j) formed by functions which are piecewise
cubic over elements of the hj-triangulation of this slave.

Lemma 4.4.4 Let u be a cubic polynomial and ũ be a linear polynomial defined on
the unit segment [0, 1] such that u(0) = u′(0) = 0, u(1) = ũ(1) and u′(1) = ũ′(1).
Then holds

‖u‖2
L2([0,1]) � ‖ũ‖2

L2([0,1]) �
∫

[0,1]
uũ ds.
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Proof. We can interpret the norms of u and ũ as norms of vector (u(1), u′(1))T =
(A,B)T therefore the first equivalence is obvious. To prove the second estimate it is
sufficient to show that function g(A,B) = (

∫
[0,1] uũ ds)

1/2 is a norm over <2. First we

get that u(t) = (3A−B)t2 + (B − 2A)t3 and ũ(t) = A−B +Bt. Then∫
[0,1]

uũ ds = (1/3)(A−B)(3A−B) + (1/4)[(A−B)(B − 2A) +B(3A−B)]+

+(1/5)B(B − 2A) = (1/2)A2 − (7/30)AB + (1/30)B2 = (Mp,p)<2 ,

where (·, ·)<2 is the standard inner product in <2, p is a vector and M is a 2 × 2
symmetric matrix, i.e.

p =

(
A
B

)
M =

(
1/2 −7/60
−7/60 1/30

)
.

It easy to check that M is positive definite, what ends the proof of the lemma. 2

Next lemma states the Hs stability of Π1
m,j, s ∈ [0, 2].

Lemma 4.4.5 For all u ∈ [L2(δm,j), H
2
0 (δm,j)]s holds

‖Π1
m,ju‖[L2(δm,j),H2

0 (δm,j)]s � ‖u‖[L2(δm,j),H2
0 (δm,j)]s s ∈ [0, 2],

where [L2(δm,j), H
2
0 (δm,j)]s is a Hilbertian interpolation space between L2(δm,j) and

H2
0 (δm,j).

Proof. We first prove the L2 stability. Let w = Π1
mu and w̃ be function in M

hj
1,3(δm,j)

such that at all nodal points w̃(s)(p) = w(s)(p), s = 0, 1. Note that this function is
properly defined and it differs from w only on two segments that touch the ends of the
slave. Let one of those segment be denoted by e. Mapping to the reference element
[0, 1] and utilizing Lemma 4.4.4, we obtain

‖w‖2
L2(e) � ‖w̃‖2

L2(e) �
∫
e
w̃w ds.

Thus we have
‖w‖2

L2(δm,j)
�

∑
e⊂δm,j

∫
e
w̃w ds =

∫
δm,j

w̃u ds ≤

≤ ‖w̃‖L2(δm,j)‖u‖L2(δm,j) � ‖w‖L2(δm,j)‖u‖L2(δm,j).

We have used the definition of Π1
m, see (4.25), and Schwarz inequality. Dividing both

sides by ‖w‖L2(δm,j) ends the proof of the L2- stability.
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Next we prove the H2
0 stability. Let Q be the L2 projection onto H2

0 (δm,j) ∩
W hj(δm,j). It can be proved by using similar ideas to those in [32], cf. Section 3 and
the proof of Proposition 4.1 there, that the projection Q is stable in Hs norm for
s = 0, 1, 2, and satisfies

|u−Qu|Hs(δm,j) � h2−s
j |u|H2(δm,j) ∀u ∈ Hs

0(δm,j) s = 0, 1, 2. (4.26)

Since Π1
m,j is also an L2 projection (but not orthogonal) onto H2

0 (δm,j) ∩W hj(δm,j),
we have Π1

m,jQ = Q. Thus we can conclude that

|Π1
m,ju|H2(δm,j) ≤ |Π1

m,ju−Qu|H2(δm,j) + |Qu|H2(δm,j) �

� h−2
j ‖Π1

m,j(u−Qu)‖L2(δm,j) + |Qu|H2(δm,j) �

� h−2
j ‖u−Qu‖L2(δm,j) + |u|H2(δm,j) � |u|H2(δm,j).

We have used an inverse inequality, the L2 stability of Π1
m,j, the H2 stability of Q

and (4.26). A Hilbertian interpolation argument, e.g. see Proposition 12.1.5, p.279 in
[38], ends the proof. 2

The next lemma is a discrete analog of the extension theorem for Sobolev spaces,
cf. [71]. The proof for HCT element can be found in [39], see Lemma 4.6 there, and
for reduced HCT element in [82], see Theorem 4.4 there, and the proof for bicubic
element can be done in similar way to that of results of [39] or [82].

Lemma 4.4.6 Consider a local subdomain Ωk and let XB
h (Ωk) (XRH

h (Ωk) or XH
h (Ωk))

be the bicubic (reduced HCT or HCT) finite element space constructed on a quasiu-
niform triangulation made of rectangles (or triangles) of Ωk. Let v ∈ Tr XB

h (Ωk)
(Tr XRH

h (Ωk) or Tr XH
h (Ωk)). Then there exists Ext(v) ∈ XB

h (Ωk) (XRH
h (Ωk) or

XH
h (Ωk)) such that

Tr Ext(v)|∂Ωk = v,

|Ext(v)|H2(Ωk) � |∇v|H1/2(∂Ωk),

where Tr v = (v|∂Ωk ,∇v|∂Ωk) for v ∈ H2(Ωk).

Proof. (Lemma 4.4.3) Let ũ = (ũ1, . . . , ũN) be in XB
h (Ω) such that ũk is the local

piecewise bicubic interpolant of u defined by the values of all degrees of freedom of
bicubic element at all nodal points of Ωk,h. Then we have, cf. e.g. Theorem 48.1,
p.296 in [48],

|u− ũk|Hs(Ωk) � h4−s
k |u|H4(Ωk) s = 0, 1, 2. (4.27)
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We next define for each interface Γij with the master γm,i and respective slave δm,j
two functions wm, ∂nwm ∈ H2

0 (δm,j) ∩W hj(δm,j) by conditions∫
δm
wmψ ds =

∫
δm

(ũi − ũj)|Γijψ ds ∀ψ ∈M
hj
1,3(δm,j)

and ∫
δm
∂nwmψ ds =

∫
δm

(∂nũi − ∂nũj)|Γijψ ds ∀ψ ∈M
hj
1,3(δm,j),

where ũi, ũj, ∂nũi, ∂nũj are respective traces onto the master γm,i and the slave δm,j.
Then we define a global function w = (w1, . . . , wN) ∈ XB

h (Ω) as follows: if δm,j is
parallel to axis OX1 and p ∈ δm,j,h, then we set wj(p) = wm(p), wj,x1(p) = ∂x1wm(p)
and wj,x2(p) = ∂nwm(p), wj,x1x2(p) = ∂x1∂nwm(p). On slaves parallel to axis OX2,
we define w analogously. Next we set wj zero at all degrees of freedom of remaining
nodes of ∂Ωj,h i.e. at ones that are not on any slave δm,j. Thus we have w defined
at all degrees of freedom of all nodes of Γ. By Lemma 4.4.6, we know that for each
subdomain exists wj = Ext(w|∂Ωj) ∈ XB

h (Ωj). Then on each slave δm, we have
wj = wm, ∂nwj = ∂nwm and function v = ũ+w is in V B

h what follows from (4.3) and
(4.4).

We can conclude that

|u− v|H2
H(Ω) ≤ |u− ũ|H2

H(Ω) + |w|H2
H(Ω).

The first term we estimate from (4.27).

We next estimate the seminorm of w. Note that any degrees of freedom of this
function can be nonzero at nodal points of ∂Ωj,h only at nodes of any δm,j,h.

By Lemma 4.4.6, we have

|w|2H2
H(Ω) �

∑
δm,j⊂Γ

‖∇wj‖2

H
1/2
00 (δm,j)

�

�
∑

δm,j⊂Γ

{‖∂swm‖2

H
1/2
00 (δm,j)

+ ‖∂nwm‖2

H
1/2
00 (δm,j)

}.

Note that on δm,j, we have w = wm = Π1
m,j(ũi − ũj) and ∂nw = ∂nwm = Π1

m,j(∂nũi −
∂nũj). Thus by Lemma 4.4.5, we have

|w|2H2
H(Ω) �

∑
δm⊂Γ

{
‖∂sũi − ∂sũj‖2

H
1/2
00 (δm,j)

+ ‖∂nũi − ∂nũj‖2

H
1/2
00 (δm,j)

}
�
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�
∑
γm⊂Γ

{
‖∂sũi − ∂su‖2

H
1/2
00 (γm,i)

+ ‖∂nũi − ∂nu‖2

H
1/2
00 (γm,i)

}
+

+
∑
δm⊂Γ

{
‖∂su− ∂sũj‖2

H
1/2
00 (δm,j)

+ ‖∂nu− ∂nũj‖2

H
1/2
00 (δm,j)

}
.

Utilizing (4.27) and ideas as in the proof of Lemma 3.3.8 in Section 3.3 and afterwards
summing over all interfaces, we obtain

|w|2H2
H(Ω) �

∑
Γij⊂Γ

[h4
i |u|2H4(Ωi)

+ h4
j |u|2H4(Ωj)

] �
N∑
k=1

h4
k|u|2H4(Ωk),

what ends the proof. 2

4.4.2 Adini element

In this subsection, we present error estimates for the mortar method in V A
h , see Section

4.2.3, i.e. for the one that contains locally continuous, but not C1- smooth functions.

Theorem 4.4.2 Assume that u∗, the solution of (4.1), is in the space H2
0 (Ω)∩H4(Ω).

Then

|u∗ − uAh |2H2
H(Ω) �

N∑
k=1

(
h2
k|u∗|2H3(Ωk) + h4

k|u∗|2H4(Ωk)

)
,

where uAh is the solution of (4.11).

The proof follows from the second Strang lemma, see (4.22), and Lemmas 4.4.7
and 4.4.8, see below.

The consistency error

The main result of this paragraph is stated in the following lemma.

Lemma 4.4.7 Under assumptions of Theorem 4.4.2, holds

sup
w ∈ V A

h \ {0}

|aH(u∗ − uAh , w)|
|w|H2

H(Ω)

�
(

N∑
k=1

(h2
k|u∗|2H3(Ωk) + h4

k|u∗|2H4(Ωk))

)1/2

.



Plate problem 112

Proof. Using the Green’s integral formulas, cf. (1.2.5) and (1.2.9), p.14-15 in [47],
and (4.11), we obtain for w ∈ V A

h

aH(u∗ − uAh , w) = aH(u∗, w)− f(w) = E1(u∗, w) + E2(u∗, w) + E3(u∗, w)

with

E1(u∗, w) =
∫

Γ
−∂n(4u∗)[w] ds, E2(u∗, w) =

∫
Γ
(1− ν)∂n∂su

∗[∂sw] ds

and

E3(u∗, w) =
N∑
k=1

∑
τ∈Th(Ωk)

∫
∂τ

(4u∗ − (1− ν)∂2
su
∗)∂nw ds.

Here ∂n, ∂s are normal and tangential derivative, [·] is the jump over interface Γ. We
have used the fact that XA

h (Ωk) ⊂ H1(Ωk).

Proceeding in the same way as in the case of bicubic element, see the proof of
Lemma 4.4.1, we have

E1(u∗, w) + E2(u∗, w) =
∑

Γij⊂Γ

∫
Γij
G3u

∗[w] ds,

where G3u
∗ = −∂n4u∗ − (1− ν)∂s∂n∂su

∗.

We now estimate this term. Let consider one interface Γij with the slave δm,j and

master γm,i and let Q0,1 and Q1 be L2- orthogonal projections onto M
hj
0,1(δm,j) and

M
hj
1,3(δm,j), respectively, cf. Sections 4.2.2 and 4.2.3. Then by the mortar condition

(4.9), we obtain ∫
δm,j

G3u
∗[w] ds =

∫
δm,j

(I −Q1)G3u
∗ [w] ds =

=
∫
δm,j

(I −Q1)G3u
∗ ([w] +Q1MA

j wj −Q1MA
i wi) ds,

where MA
j ,MA

i are defined in Definition 4.3.1. We can write [w] = (wi −MA
i wi) +

MA
i wi − (wj −MA

j wj)−MA
j wj and by Schwarz and triangle inequalities, we obtain∫

δm
G3u

∗[w] ds = ‖G3u
∗ −Q1G3u

∗‖L2(δm,j) {‖wi −MA
i wi‖L2(δm,j)+

+‖wj −MA
j wj‖L2(δm,j) + ‖MA

i wi −Q1MA
i wi‖L2(δm,j) + ‖MA

j wj −Q1MA
j wj‖L2(δm,j)}.
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Note that G3u
∗ ∈ H1/2(δm) and MA

i wi,MA
j wj restricted to Γij = δm,j belong to

H3/2(δm,j), thus the first, fourth and fifth terms we estimate using Lemma 4.4.2 and
the trace bound, e.g. see Theorem 1.5.2.1, p.42 in [71]. The two remaining terms are
estimated as follows, for s = i and s = j

‖ws −MA
s ws‖2

L2(δm) � h−1
s ‖ws −MA

s ws‖2
L2(Ωs)+

+hs|ws −MA
s ws|2H1

h
(Ωs)
� h3

s|ws|2H2
h

(Ωs)
.

We used the simple trace bound, see Theorem 1.5.2.1, p.42 in [71], on each element, a
scaling argument and Lemma 4.3.3. The last term can be estimated in the same way.

We finally conclude that∫
δm
G3u

∗[w] ds � h2
j |u∗|H4(Ωj)

{
|wj|H2

h
(Ωj) + |wi|H2

h
(Ωi)

}
.

We have also used the assumption hi ≤ hj.

Summing over all slaves, we get the estimate for E1(u∗, w) + E2(u∗, w).

We now estimate the third remaining term E3(u∗, w). Let G2u
∗ = (4u∗ − (1 −

ν)∂2
su
∗). Adding and subtracting Ihk∂nwk over all edges of elements belonging to

Th(Ωk), we see that

E3(u∗, w) =
∑

Γkl⊂Γ

∫
Γkl

G2u
∗(Ihk∂nwk − Ihl∂nwl) ds+

+
N∑
k=1

∑
τ∈Th(Ωk)

∫
∂τ
G2u

∗(∂nwk − Ihk∂nwk) ds.

In [47], see the proof of Theorem 6.2.3, p.369-373 there, is proven that for each
rectangle τ ∈ Th(Ωk), we have∫

∂τ
G2u

∗(∂nwk − Ihk∂nwk) ds � hk|u∗|H3(τ)|wk|H2(τ).

Thus summing over all elements of all Th(Ωk) and then the resulting estimate over
all subdomains, we can conclude that the second term is estimated by the following(∑N

k=1 h
2
k|u∗|2H3(Ωk)

)1/2
|w|H2

H(Ω).

We next estimate the remaining term of E3(u∗, w). We now consider a single
interface Γkl with the slave δm,k and master γm,l. By the mortar condition (4.10), we
have∫

Γkl

G2u
∗(Ihk∂nwk − Ihl∂nwl) ds =

∫
Γkl

(I −Q0,1)G2u
∗(Ihk∂nwk − Ihl∂nwl) ds.
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Utilizing the properties of Q0,1 an L2 orthogonal projection, the fact that Ihk∂nwk =
Ihk∂nMA

kwk and Ihl∂nwl = Ihl∂nMA
l wl, and proceeding similar as above, we obtain∫

Γkl

G2u
∗(Ihk∂nwk − Ihl∂nwl) ds ≤ ‖G2u

∗ −Q0,1G2u
∗‖L2(δm)·

·{‖∂nMA
l wl −Q0,1∂nMA

l wl‖L2(δm) + ‖∂nMA
kwk −Q0,1∂nMA

kwk‖L2(δm)+

+‖∂nMA
l wl − Ihl∂nMA

l wl‖L2(δm) + ‖∂nMA
kwk − Ihk∂nMA

kwk‖L2(δm)}.
We now use standard properties of Ihs , s = k, l; see e.g. Corollary 4.4.24, p.109 in [38]
and of Q0,1, see e.g. Remark 3.4 in [25], and get∫

Γkl

G2u
∗(Ihk∂nwk − Ihl∂nwl) ds � hk|G2u

∗|H1/2(δm){|∂nMA
kwk|H1/2(δm)

+|∂nMA
l wl|H1/2(δm)} � hk|u∗|H3(Ωk){|wk|H2

h
(Ωk) + |wl|H2

h
(Ωl)}.

We have also used the trace bound, Lemma 4.3.3 and the fact that hl ≤ hk. Summing
over all interfaces ends the proof. 2

The approximation error

In this paragraph, we estimate the approximation error of the mortar Adini method.
The main result we state in the following lemma.

Lemma 4.4.8 For u ∈ H2
0 (Ω) ∩H3(Ω), holds

inf
v ∈ V A

h

|u− v|2H2
H(Ω) �

N∑
k=1

h2
k|u|2H3(Ω).

For the proof we need to introduce Π0
m,j,s : L2(δm,j) → H1

0 (δm,j), an operator
corresponding to δm,j, a slave, defined as follows, cf. [9]. For u ∈ L2(δm,j) let Π0

m,j,su
be a continuous function which is a polynomial of order s in all elements of the hj
triangulation of δm,j vanishing at ends of this slave and satisfying∫

δm,j

(
I − Π0

m,j,s

)
u ψ ds = 0 ∀ψ ∈Mhj

0,s(δm,j). (4.28)

Next lemma was proven in [9], see Lemma 1 there, and states the stability property
of Π0

m,j,s.
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Lemma 4.4.9 For the operator Π0
m,j,s for positive integer s holds

‖Π0
m,j,su‖L2(δm,j) � ‖u‖L2(δm,j) ∀u ∈ L2(δm,j)

and
‖Π0

m,j,su‖H1/2
00 (δm,j)

� ‖u‖
H

1/2
00 (δm,j)

∀u ∈ H1/2
00 (δm,j).

We will also use the operator Π1
m,j, defined in (4.25).

Proof. (Lemma 4.4.8) Let ũ = (ũ1, . . . , ũN) be a function in XA
h (Ω) such that for

each subdomain
|u− ũk|Hs(Ωk) � h3−s

k |u|H3(Ωk) s = 0, 1, 2 (4.29)

We set that ũk is the interpolant of u defined at all degrees of freedom of Adini element
at all nodal points of Ωk,h, e.g. see Theorem 3.1.6, p.124 in [47].

Let Γij = γm,i = δm,j. We define two functions on δm,j: the first one wm ∈ H2
0 (δm,j)

- C1 smooth, piecewise cubic and a piecewise linear one ŵm ∈ H1
0 (δm,j) by conditions,

cf. the mortar conditions (4.9) and (4.10),∫
δm
wmψ ds =

∫
δm

(ũi − ũj)|Γijψ ds ∀ψ ∈M
hj
1,3(δm,j)

and ∫
δm
ŵmψ ds =

∫
δm

(Ihi∂nũi − Ihj∂nũj)|Γijψ ds ∀ψ ∈M
hj
0,1(δm,j),

where ũi, ũj, ∂nũi, ∂nũj are respective traces onto the master γm,i and the slave δm,j.
Note that wm = Π1

m,j(ũi − ũj) and ŵm = Π0
m,j,1(Ihi∂nũi − Ihj∂nũj). We now define

a global function w ∈ XA
h (Ω) by setting the values of all degree of freedom at all

nodal points of all subdomains. We first set to zero all degrees of freedom of w at all
nodal points which are not in any δm,k,h. Then we set values of degrees of freedom of
w at nodal points of slaves as follows: For any p ∈ ⋃δm,k⊂Γ δm,k,h let w(p) = wm(p),
∂sw(p) = ∂swm(p) and ∂nw(p) = ŵm(p). We next define v = ũ + w. This function
obviously satisfies mortar conditions (4.9) and (4.10) what follows from its definition.

We can further conclude that

|u− v|H2
H(Ω) ≤ |u− ũ|H2

H(Ω) + |w|H2
H(Ω).

The first term is estimated by (4.29).

It remains to estimate the seminorm of w. Note that this function in not zero only
for an element τ ⊂ Ωj such that ∂τ ∩ δm,j = e, an edge of the rectangular element τ .
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Let now consider this element. Let the slave δm,j be parallel to the axis OX1. Thus
∂nw|δm,j = wx2|δm,j Using the reference rectangle and a scaling argument, we have

|w|2H2(τ) �
∑
p∈∂τ

{
h−2
j w2(p) + w2

x1
(p) + w2

x2
(p)
}
,

where the sum is taken over all vertices of τ .

Note that ‖ŵm‖2
L2(δm,j)

� ∑
p∈δm,j hjŵ

2
m(p) =

∑
p∈δm,j hjw

2
x2

(p) and ‖wm‖2
L2(δm,j)

�∑
p∈δm,j(hjw

2
m(p) + h3

j(w
′
m)2(p)) =

∑
p∈δm,j(hjw

2
m(p) + h3

jw
2
x1

(p)). Thus summing over
all nodes of δm,j,h and then over all slaves, we have

|w|2H2
H(Ω) �

∑
δm⊂Γ

{
h−3
j ‖wm‖2

L2(δm,j)
+ h−1

j ‖ŵm‖2
L2(δm,j)

}
.

The sum of first terms, i.e.
∑
δm⊂Γ h

−3
j ‖wm‖2

L2(δm,j)
, we can estimate utilizing Lemma

4.4.5 and the sum of second terms using Lemma 4.4.9 and have

|w|2H2
H(Ω) �

∑
Γij⊂Γ

{
h−3
j ‖ũi − ũj‖2

L2(δm,j)
+ h−1

j ‖Ihi∂nũi − Ihj∂nũj‖2
L2(δm,j)

}
≤

≤
∑

Γij⊂Γ

h−3
j

{
‖ũi − u‖2

L2(δm,j)
+ ‖u− ũj‖2

L2(δm,j)

}
+

+
∑

Γij⊂Γ

h−1
j

{
‖Ihi∂nũi − ∂nu‖2

L2(δm,j)
+ ‖∂nu− Ihj∂nũj‖2

L2(δm,j)

}
.

By (4.29), the trace theorem (utilized on each element of the hi triangulation of γm,i),
see Theorem 1.5.2.1, p.42 in [71], and a scaling argument, we conclude that

h−3
j ‖ũi − u‖2

L2(δm,j)
� h−3

j h−1
i ‖ũi − u‖2

L2(Ωi)
+ h−3

j hi|ũi − u|2H1
h

(Ωi)
� h2

i |u|2H3(Ωi)
.

We have also used the assumption hi ≤ hj. Analogously, we can obtain

h−3
j ‖ũj − u‖2

L2(δm,j)
� h2

j |u|2H3(Ωj)
.

We now estimate all remaining terms. We first note that at a nodal point p of any
master or slave, e.g. let p ∈ γm,i,h, we have Ihi∂nũi(p) = Ihi∂nu(p), what follows from
definition of ũ. Thus we get for any interface Γij with the slave δm,j and master γm,i

h−1
j ‖∂nu− Ihi∂nũi‖2

L2(δm,j)
= h−1

j ‖∂nu− Ihi∂nu‖2
L2(δm,j)

�

h−1
j h−1

i ‖∂nu− Ihi∂nu‖2
L2(Ωi)

+ h−1
j hi|∂nu− Ihi∂nu|2H1(Ωi)

� h2
i |u|2H3(Ωi)

.
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Here Ihi∂nui, Ihj∂nui are the piecewise bilinear interpolants defined by the values of
∂nui, ∂nuj at the vertices of rectangular elements of Th(Ωi), Th(Ωj), respectively. We
have used the trace bound on each element of the hi triangulation of γm,i, the standard
finite element interpolation estimate, e.g. see Theorem 3.1.6, p.124 in [47], and the
assumption hi ≤ hj. Analogously, we get

h−1
j ‖∂nu− Ihj∂nũj‖2

L2(δm,j)
� h2

j |u|2H3(Ωj)
.

Summing over all interfaces and utilizing all above estimates ends the proof of this
lemma. 2

4.4.3 HCT elements

We now state our main result for the mortar methods presented in Section 4.2.4, i.e.
the that locally contain smooth functions from reduced HCT finite element method
or HCT method.

Theorem 4.4.3 (For reduced HCT method) Assume that u∗, the solution of
(4.1), is in the space H2

0 (Ω) ∩H4(Ω). Then holds

|u∗ − uRHh |H2
H(Ω) �

(
N∑
k=1

(h2
k|u∗|2H3(Ωk) + h4

k|u∗|2H4(Ωk))

)1/2

.

If the regularity assumption (4.23) holds, then we have

‖u∗ − uRHh ‖L2(Ω) � h

(
N∑
k=1

(h2
k|u∗|2H3(Ωk) + h4

k|u∗|2H4(Ωk))

)1/2

,

where h = maxk hk and uRHh is the solution of (4.15).

Theorem 4.4.4 (For HCT method) Assume that u∗, the solution of (4.1), is in
the space H2

0 (Ω) ∩H4(Ω). Then holds

|u∗ − uHh |H2
H(Ω) �

(
N∑
k=1

h4
k|u|2H4(Ωk)

)1/2

.

If the regularity assumption (4.23) holds, then we have

‖u∗ − uHh ‖L2(Ω) � h
2

(
N∑
k=1

h4
k|u∗|2H4(Ωk)

)1/2

,

where h = maxk hk and uHh is the solution of (4.16).
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The proofs are analogous to the one of Theorem 4.4.1 and follow from the second
Strang lemma, see (4.22), Proposition 4.4.1 and Lemmas 4.4.10 and 4.4.11, see below.
Therefore some details are omitted.

The consistency error

In the following lemma, we state estimates of the consistency errors.

Lemma 4.4.10 Under the assumptions of Theorem 4.4.3, holds

|aH(u∗ − uRHh , w)| � |w|H2
H(Ω)

(
N∑
k=1

(h2
k|u∗|2H3(Ωk) + h4

k|u∗|2H4(Ωk))

)1/2

∀w ∈ V RH
h ,

|aH(u∗ − uHh , w)| � |w|H2
H(Ω)

(
N∑
k=1

(h4
k|u∗|2H4(Ωk))

)1/2

∀w ∈ V H
h .

The proof of this lemma is very similar to the proof of Lemma 4.4.1 therefore we omit
it.

The approximation error

The approximation error is stated in the following lemma.

Lemma 4.4.11 If u ∈ H3(Ω) ∩H2
0 (Ω), then for reduced HCT element

inf
v ∈ V RH

h

|u− v|2H2
H(Ω) �

N∑
k=1

h2
k|u|2H3(Ωk)

and if u ∈ H4(Ω) ∩H2
0 (Ω), then for HCT element

inf
v ∈ V H

h

|u− v|2H2
H(Ω) �

N∑
k=1

h4
k|u|2H4(Ωk).

Proof. The proof uses similar arguments to that of Lemma 4.4.3. We first define
ũ = (ũ1, . . . , ũN) ∈ XRH

h (Ω) or (XH
h (Ω)) as the local interpolant of u using all degrees
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of freedom of reduced HCT (or HCT) local discretizations. This function has desired
approximation properties, but not necessarily belong to the discrete space V RH

h (or
V H
h ). Then we add a correction w ∈ XRH

h (Ω) (XH
h (Ω)) such that ũ+w ∈ V RH

h (V H
h )

and have
|u− v|H2

H(Ω) ≤ |u− ũ|H2
H(Ω) + |w|H2

H(Ω).

We define w locally, first only on boundaries of all subdomains: by zero on masters
and on slaves by (4.12) and (4.13) or in case of HCT element by (4.12) and (4.14),
respectively, as in the proof of Lemma 4.4.3. Then applying Lemma 4.4.6 from which
follows that there exists an extension of wk from ∂Ωk onto Ωk such that

|w|2H2
H(Ω) �

∑
δm⊂Γ

{|∂sw|2H1/2
00 (δm)

+ |∂nw|2H1/2
00 (δm)

},

and next proceeding as in the proof of Lemma 4.4.3, and utilizing Lemmas 4.4.5 and
4.4.9, we obtain the estimates of Lemma 4.4.11. 2

4.4.4 Morley element

In this subsection, we prove the error estimate for the mortar methods with locally
Morley nonconforming discretizations, see Section 4.2.5.

Theorem 4.4.5 If u∗ ∈ H4(Ω) ∩H2
0 (Ω), then

|u∗ − uMh |H2
H(Ω) �

{
N∑
k=1

(h2
k|u∗|2H3(Ωk) + h4

k|u∗|2H4(Ωk))

}1/2

,

where uMh is the solution of (4.20).

The proof follows from the second Strang lemma, see (4.22), Lemmas 4.4.12 and
4.4.15, see below.

The consistency error

The main result of this paragraph is the following result.

Lemma 4.4.12 Under the assumptions of Theorem 4.4.5, holds

sup
w ∈ V M

h \ {0}

|aH(u∗ − uMh , w)|
‖w‖h

�
{

N∑
k=1

(h2
j |u∗|2H3(Ωk) + h4

j |u∗|2H4(Ωk))

}1/2

.
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For the proof we introduce a local mapping, see Section 3, (3.2) in [39], MM
k :

XM
h (Ωk) → XH

h (Ωk), where XH
h (Ωk) is a local subspace of C1 smooth functions,

the Hsieh-Clough-Tocher (HCT) macro element, cf. Section 4.2.4.

In the definition, the fact is used that for quadratic polynomial q ∈ P2([a, b]) we
have

q′((a+ b)/2) =
q(b)− q(a)

b− a
.

Thus ∇u for u ∈ XM
h (Ωk) is well defined at all midpoints. Let mp be an adjacent

midpoint of the vertex p if both points belong to the same edge in Th(Ωk). The choice
of the midpoint is not unique.

Definition 4.4.1 We define MM
k : XM

h (Ωk) → XH
h (Ωk) by setting its degrees of

freedom at all vertices and midpoints of Ωk, i.e. let p be a vertex and m the midpoint
of an edge of an element of Th(Ωk), then

MM
k u (p) = u(p) ∀ vertices p,

∂nMM
k u (m) = ∂nu(m) ∀ midpoints m,

∇MM
k u (p) = ∇u(mp) ∀ vertices p, where mp is an adjacent midpoint.

In the following lemma, we state some properties of the local equivalence mapping
defined above.

Lemma 4.4.13 For all u ∈ XM
h (Ωk), holds

|MM
k u|Hs(Ωk) � |u|Hs

h
(Ωk) s = 0, 1, 2,

‖u−MM
k u‖L2(Ωk) + hk|u−MM

k u|H1
h

(Ωk) � h2
k|u|H2

h
(Ωk),

‖u−MM
k u‖L2(Γkl) + hk‖∂nu− ∂nMM

k u‖L2(Γkl) � h
3/2
k |u|H2

h
(Ωk).

Here Γkl is an edge of Ωk.

The proof of the first two statements can be found in [39], cf. Section 3, Corollary
3.3 and the proof of Lemma 3.1 there. The last inequality can be proved by the
application of the trace bound on each hk element of Γkl, see Theorem 1.5.2.1, p.42
in [71], and a scaling argument, and then by utilizing the second inequality of the
lemma.

For the proof of Lemma 4.4.12, we need also the following result.



Plate problem 121

Lemma 4.4.14 If g ∈ Hs(Γij), s ∈ [0, 2], where Γij = γm,i = δm,j, then holds

‖g − I2hk,2g‖L2(Γij) � hsk|g|Hs(Γij) s ∈ {1, 3

2
, 2,

5

2
, 3}; k = i, j,

‖g −Q2g‖L2(Γij) � hsj|g|Hs(Γij) s ∈ {0, 1

2
, 1,

3

2
, 2}.

Here Q2 is the L2 orthogonal projection onto the space M
2hj
0,2 (δm,j), cf. (4.17), and

I2hk,2, k = i, j, is defined in Definition 4.2.1.

Proof. The cases of s = 1, 2, for I2hk,2, k = i, j, are proved exactly as in [47], see
Theorem 3.1.6, p.124 there, and of s = 0, 1, 2, for Q2 are proved as in [32], see the
proof of Proposition 4.1 there. For other s we use an interpolation argument, e.g. see
Proposition 12.1.5, p.279 in [38]. 2

Proof. (Lemma 4.4.12) As in the proof of Lemma 4.4.1, utilizing Green’s integral
formulas, e.g. see (1.2.5) and (1.2.9), p.14-15 in [47], we obtain

aH(u∗ − uMh , w) = aH(u∗, w)− f(w) = E1(u∗, w) + E2(u∗, w) + E3(u∗, w)

with

E1(u∗, w) = −
N∑
k=1

{
∑

τ∈Th(Ωk)

∫
∂τ\∂Ωk

∂n(4u∗)w ds+
∫

Γ
∂n(4u∗)[w] ds},

E2(u∗, w) =
N∑
k=1

{
∑

τ∈Th(Ωk)

∫
∂τ\∂Ωk

(1− ν)∂n∂su
∗∂sw ds+

∫
Γ
(1− ν)∂n∂su

∗[∂sw] ds},

and

E3(u∗, w) =
N∑
k=1

{
∑

τ∈Th(Ωk)

∫
∂τ\∂Ωk

(4u∗ − (1− ν)∂2
su
∗)∂nw ds+

+
∫

Γ
(4u∗ − (1− ν)∂2

su
∗)[∂nw] ds}.

Here ∂n, ∂s are normal and tangential derivatives and [·] denotes the jump.
Each first term of Ej(u

∗, w), j = 1, 2, 3, is estimated by C
∑N
k=1(h2

k|u∗|2H3(Ωk) +

h4
k|u∗|2H4(Ωk))

1/2|w|H2
h

(Ωk), where C is a positive constant independent of any hk. The
proof is given in [79], see Lemma 3.5, p.26 there.
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Using the fact that [w](p) = 0 for p, an end of the common edge of two adjacent
substructures, we can conclude that for the second term of E2(u∗, w), holds∫

Γ
(1− ν)∂n∂su

∗[∂sw] ds =
∑

Γij⊂Γ

−
∫

Γij
(1− ν)∂s∂n∂su

∗[w] ds.

Thus we have to estimate two terms, the first one:
∑

Γij⊂Γ

∫
Γij
G3u

∗[w] ds, where
G3u

∗ = −∂n4u∗ − (1 − ν)∂s∂n∂su
∗. And the second one

∫
ΓG2u

∗[∂nw] ds, where
G2u

∗ = (4u∗ − (1− ν)∂2
su
∗), as in the proof of Lemma 4.4.1.

Let consider one interface Γij = δm,j = γm,i and let Q2 and Q−1,0 be the L2

standard orthogonal projections onto M
2hj
0,2 (δm,j) and M

hj
−1,0(δm,j), respectively, cf.

Section 4.2.5.

We first estimate the second term. By the mortar condition (4.19), we obtain∫
Γ
G2u

∗[∂nw] ds =
∫

Γ
(I −Q−1,0)G2u

∗[∂nw] ds.

Using the following equality [∂nw] = ∂nwi − ∂nMM
i wi + ∂nMM

i wi − ∂nMM
j wj +

∂nMM
j wj − ∂nwj, we obtain∫
Γ
G2u

∗[∂nw] ds ≤ ‖(I −Q−1,0)G2u
∗‖L2(Γij){

∑
s=i,j

‖∂nws − ∂nMM
s ws‖L2(Γij)+

+
∑
s=i,j

‖(I −Q−1,0)∂nMM
s ws‖L2(Γij)}.

Utilizing Lemma 3.3.6, the trace bound, e.g. see Theorem 1.5.2.1, p.42 in [71], a
scaling argument, and Lemma 4.4.13, we have∫

Γ
G2u

∗[∂nw] ds � (
N∑
k=1

h2
k|u∗|2H3(Ωk))

1/2|w|H2
H(Ω).

By the mortar condition (4.18), we obtain∫
δm
G3u

∗[w] ds =
∫
δm
G3u

∗(wi − I2hi,2wi) ds−

−
∫
δm
G3u

∗(wj − I2hj ,2wj) ds+
∫
δm

(I −Q2)G3u
∗ (I2hi,2wi − I2hj ,2wj) ds.

We represent I2hs,2ws as follows I2hs,2ws = I2hs,2MM
s ws−MM

s ws+MM
s ws for s = i, j,

and by Schwarz inequality we obtain∫
δm
G3u

∗[w] ds ≤ ‖G3u
∗‖L2(δm) {

∑
s=i,j

(‖ws −MM
s ws‖L2(δm)+
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+2 ‖I2hs,2MM
s ws −MM

s ws‖L2(δm) + ‖MM
s ws −Q2MM

s ws‖L2(δm))}.

We have used the facts that I2hs,2ws = I2hs,2MM
s ws, s = i, j, and that Q2 is the L2

orthogonal projection onto M
2hj
0,2 (δm,j). We now estimate the terms for s = i. The

case s = j is estimated utilizing the same arguments.

We haveMM
i wi ∈ H3/2(Γij), thus all terms we estimate using Lemmas 4.4.14 and

4.4.13, the assumption hi ≤ hj, and the trace bound, e.g. see Theorem 1.5.2.1, p.42

in [71], by h
3/2
i |wi|H2

h
(Ωi).

Utilizing the trace bound on each element of the hi triangulation of γm,i and a
scaling argument, we get ‖G3u

∗‖L2(δm) � (h−1
j |u∗|2H3(Ωj)

+ hj|u∗|2H4(Ωj)
)1/2. We finally

conclude that∫
δm
G3u

∗[w] ds � (h2
j |u∗|2H3(Ωj)

+ h4
j |u∗|2H4(Ωj)

)1/2
{
|wj|H2

h
(Ωj) + |wi|H2

h
(Ωi)

}
.

Summing over all interfaces ends the proof. 2

The approximation error

In this paragraph, we estimate the approximation error of the mortar Morley method.
The main result is stated in the following lemma.

Lemma 4.4.15 For u ∈ H2
0 (Ω) ∩H3(Ω), holds

inf
v ∈ V M

h

|u− v|2H2
H(Ω) �

N∑
k=1

h2
k|u|2H3(Ω).

Proof. The scheme of this proof is similar to that of Lemma 4.4.8, therefore some
details are omitted.

Let ũ ∈ XM
h (Ω) be defined as the local interpolant of u using respective degrees

of freedom at respective Morley nodal points (vertices and midpoints of edges of
elements) in each subdomain. This function satisfies the estimate of the lemma, but
may not be in V M

h , in general.

Then we define two functions on each interface Γkl = γs,k = δs,l. Let the first
one ws ∈ H1

0 (δs,l) be piecewise quadratic on the 2hl triangulation of the slave δs,l,
i.e. in the segments [pi, pi+2], i = 0, 2, . . . , Ns,l − 2, where {pi} are the vertices of the
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elements of the hl mesh of this slave. We remind the assumption that Ns,l, the number
of elements of the hl mesh of δs,l, is even. And let ws satisfy∫

δs
wsψ ds =

∫
δs

(Ihk,2ũk − Ihl,2ũl)ψ ds ∀ψ ∈M
2hl
0,2 (δs,l).

The second one ŵs ∈ L2(δs), piecewise constant on the hl mesh of δs,l, is defined
by ∫

δs
ŵsψ ds =

∫
δs

(∂nũk − ∂nũl)φ ds ∀φ ∈Mhl
−1,0(δs,l).

We now define a global function w ∈ XM
h (Ω) by setting its values of all respective

degrees of freedom at all nodal points of all subdomains. We first set all degrees
of freedom of w to zero at all nodal points that are not in any slave δs,l. Then
we set values of degrees of freedom of w at nodal points of slaves as follows: For
a vertex p ∈ δs,l,h, let w(p) = ws(p) and for a midpoint m of an element of the hl
triangulation of δs,l, let ∂nw(m) = ŵs(m). Thus w is properly defined and it is obvious
that v = ũ + w satisfies the mortar conditions (4.18) and (4.19). Further, we have
|u− v|H2

H(Ω) ≤ |u− ũ|H2
H(Ω) + |w|H2

H(Ω) and because the first term satisfies the desired
bound we must only estimate the second one.

Following the proof of Lemma 4.4.8, we obtain

|w|2H2
H(Ω) �

∑
δs,l⊂Γ

 ∑
p∈δs,l,h

h−2
l |w(p)|2 +

∑
m∈δs,l

|∂nw(m)|2
 �

�
∑
δs,l⊂Γ

{
h−3
l ‖ws‖2

L2(δs) + h−1
l ‖ŵs‖2

L2(δs)

}
.

We next consider one slave δs,l with its associated master γs,k. Note that ws =
Π0
s,l,2(Ihk,2ũk−Ihl,2ũl), where Π0

s,l,2 is a special projection operator defined as in (4.28)

for M2hl
0,2 (δs,l) and ŵs = Q−1,0(∂nũk−∂nũl), where Q−1,0 is the L2 orthogonal projection

onto Mhl
−1,0(δs,l).

Following the lines of Lemma 4.4.8 and using the L2 stability of Π0
s,j,2 stated in

Lemma 4.4.9 and the standard stability property ofQ−1,0, an L2 orthogonal projection,
we get the desired estimate. 2
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4.5 Additive Schwarz methods

In this section, some methods for solving discrete problems considered in Section 4.2,
are described. We design and analyze these methods in terms of Additive Schwarz
method, see Section 1.4, (or [20], [64], [70], [105]). We want to remind that for each
ASM method, we have a corresponding multiplicative Schwarz method (MSM) based
on the same decomposition of the discrete space and the same local bilinear forms, cf.
Section 1.4.

4.5.1 First method

The method presented in this subsection is of iterative substructuring type, i.e. in-
terior variables are first eliminated using direct methods. The method is for solving
(4.15), i.e. for the discrete problem of the mortar method with locally reduced HCT
discretizations, but it could be also applied for the mortar method with HCT local
elements.

We now define Piui, Hiui ∈ XRH
h (Ωi). Let Piui be the orthogonal projection

(in the sense of local form ah,i(·, ·)) of a function ui ∈ XRH
h (Ωi) onto XRH

0,h (Ωi) =
H2

0 (Ωi)∩XRH
h (Ωi) and let Hiui = ui−Piui be the discrete biharmonic part of ui, i.e.

ah,i(Piui, v) = ah,i(ui, v) ∀v ∈ XRH
0,h (Ωi) (4.30)

and {
ah,i(Hiui, v) = 0 ∀v ∈ XRH

0,h (Ωi),
T r Hiui = Tr ui on ∂Ωi,

where Trui = (ui|∂Ωi ,∇ui|∂Ωi), e.g. cf. [60] or [82]. We next define a decomposition of
any function u ∈ V RH

h into two parts, u = Pu + Hu, where Pu = (P1u1, . . . , PNuN)
and Hu = (H1u1, . . . , HNuN). Since Piui is orthogonal to Hiui (in terms of ah,i(·, ·)),
Pu and Hu also are orthogonal in the terms of aH(·, ·). Besides we have

ah,i(Hiui, Hiui) = inf{ah,i(vi, vi) : vi ∈ XRH
h (Ωi) such that Tr vi = Tr ui}. (4.31)

We next define Ṽ RH
h = {Hu : u ∈ V RH

h }, i.e. the subspace of V RH
h of discrete

biharmonic functions. We can decompose uRHh , the solution of (4.15), into uRHh =
PuRHh +HuRHh . The first term we can compute solving N independent local problems

ah,i(Piu
RH
h , v) = f(v) ∀v ∈ XRH

0,h (Ωi) i = 1, . . . , N.
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The discrete biharmonic part of uRHh , further denoted by ũRHh = HuRHh , is a solution
of a new variational discrete problem

aH(ũRHh , v) = f(v) ∀v ∈ Ṽ RH
h . (4.32)

We are now going to present a parallel algorithm for solving this problem. Note that
a function v = (v1, . . . , vN) ∈ Ṽ RH

h is uniquely defined in Ωk by Tr vk|∂Ωk .

Our method of ASM type is described in terms of decomposition of Ṽ RH
h into

several subspaces and some bilinear forms defined on these subspaces, see Section 1.4.

We first define V
(1)

0 ⊂ Ṽ RH
h , a coarse space. A function v = {vk} is in V

(1)
0 if

for each interface Γkl with the master γm,k and the slave δm,l it satisfies the following
conditions

• Tr vk |∂Ωk∩γm,k = Tr vl |∂Ωl∩δm,l ,

• v|Γkl is a cubic polynomial,

• ∂nv|Γkl is a linear polynomial.

Note that v ∈ V (1)
0 is a C1 smooth function, discrete biharmonic in all subdomains,

defined by its value and the value of its gradient at all crosspoints.

We next define local vertex spaces. Let cr be a crosspoint, i.e. cr is the common
vertex of a few subregions. We remind that we can distinguish between the vertices
of Ωk, for k ∈ N (cr), despite the fact that these vertices occupy the same geometrical
position of cr, cf. Section 4.2.2.

Let φαk,x ∈ Ṽ RH
h be a discrete biharmonic nodal function associated with a nodal

point x ∈ γm,k,h ⊂ ∂Ωk,h and a multi-index α such that

∂αφαk,x(x) = 1,

∂βφαk,x(y) = 0 for β 6= α or y 6= x

for |β| ≤ 1 and any nodal point y ∈ γs,h, where γs a master or y a vertex in V . This
definition is analogous to the one of nodal basis in Section 4.2.2. Note that φαk,x is
properly defined, as the values of degrees of freedom at points in a slave (nonmortar)
δr are uniquely determined by its values of degrees of freedom at the ends of this slave
and at nodal points of its associated master γr by the mortar conditions (4.12) and
(4.13).
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Equivalently, we can say that φαk,x for a multi-index α and a nodal point x of any
γm is the discrete biharmonic part of a nodal basis function corresponding to α and x
defined analogously to Section 4.2.2. Both functions we denote by the same symbol,
but it will follows from the context which one we consider at a moment.

Next for each vertex x ∈ V(Ωk) and a multi-index α such that |α| = 1, we define
V (1)
x,α = span{φαk,x}, a one-dimensional subspace of Ṽ RH

h . With each vertex x ∈ V(Ωk),
we associate two spaces of this type, i.e. for α = (1, 0), (0, 1). Here V(Ωk) ⊂ Γ is the
set of all vertices of Ωk ∩ Γ.

We next define subspaces associated with masters. Let for an interface Γkl, γm,k
be the master and δm,l its associated slave. Then let V (1)

m = Ṽ RH
h ∩H2

0 (Ωk ∪Ωl ∪Γkl),
i.e. let V (1)

m be a space formed by all functions v ∈ Ṽ RH
h for which

∂αv(x) = 0 for x ∈
⋃
s 6=m

γs,h ∪
N⋃
i=1

V(Ωi) and |α| ≤ 1.

Thus functions of V (1)
m can be nonzero only in Ωk∪Ωl∪γm,k∪δm,l. The values of degrees

of freedom at nodal points of slave δm,h are determined by the mortar conditions (4.12)
and (4.13).

We take the original form aH(·, ·) for all local bilinear forms, cf. Section 1.4. Then
we have the following decomposition

Ṽ RH
h = V

(1)
0 +

∑
γm⊂Γ

V (1)
m +

N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

V (1)
x,α .

Next we define operators T
(1)
0 : Ṽ RH

h → V
(1)

0 , T (1)
m : Ṽ RH

h → V (1)
m and T (1)

x,α : Ṽ RH
h →

V (1)
x,α as orthogonal projections onto respective subspaces, i.e.

aH(T
(1)
0 u, v) = aH(u, v) ∀v ∈ V (1)

0 ,

aH(T (1)
m u, v) = aH(u, v) ∀v ∈ V (1)

m

for all masters γm, and

aH(T (1)
x,αu, v) = aH(u, v) ∀v ∈ V (1)

x,α

for all vertices x ∈ V(Ωk), k = 1, . . . , N, and all multi-indices α of length one.

We define T (1) : Ṽ RH
h → Ṽ RH

h as

T (1) = T
(1)
0 +

∑
γm⊂Γ

T (1)
m +

N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

T (1)
x,α.
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Then we replace problem (4.32) by

T (1)ũRHh = g, (4.33)

where g = g0 +
∑
γm⊂Γ gm+

∑N
k=1

∑
x∈V(Ωk)

∑
|α|=1 gx,α and g0 = T

(1)
0 ũRHh , gm = T (1)

m ũRHh
and gx,α = T (1)

x,αũ
RH
h . The right-hand side g can be computed without knowing ũRHh .

We now state the main result of this subsection.

Theorem 4.5.1 For any u ∈ Ṽ RH
h , holds

(1 + log(H/h))−2aH(u, u) � aH(T (1)u, u) � aH(u, u),

where h = infk hk and H = maxkHk.

The proof of this theorem can be found in Section 4.5.6.

4.5.2 Second method with outer coarse space

In this section, we present another ASM method for solving (4.15). We now decompose
the discrete space V RH

h instead of Ṽ RH
h .

We additionally assume that subdomains are triangles that form a coarse, shape
regular triangulation of Ω with the coarse parameter H, this assumption is not re-
strictive, see below Remark 4.5.1.

We first introduce an outer coarse space, i.e. one that is not contained in the
discrete space V RH

h . Let V̂ RH
H ⊂ H2

0 (Ω) be a reduced HCT finite element space built
on the coarse triangulation. Unfortunately, we have V̂ RH

H 6⊂ V RH
h .

Therefore, we define an additional interpolation (grid transitional) operator MRH
h :

V̂ RH
H → V RH

h by setting the values of all respective degrees of freedom of MRH
h u at

the nodal points of all subdomains as follows:

∂αMRH
h u(p) = ∂αu(p) for p ∈ Ωk,h ∀u ∈ V̂ RH

H .

Note that MRH
h u is in V RH

h , i.e. satisfies the mortar conditions because u|Γij and
∂nu|Γij are cubic and linear polynomials, respectively. Hence

u|Γij = MRH
h u|γm,i = MRH

h u|δm,j , ∂nu|Γij = ∂nM
RH
h u|γm,i = ∂nM

RH
h u|δm,j .
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We next define a coarse space V
(2)

0 = MRH
h V̂ RH

H and a non-exact bilinear form

b
(2)
0 (·, ·) : V

(2)
0 × V (2)

0 → < by

b
(2)
0 (u, v) = a(û, v̂) ∀u, v ∈ V (2)

0 ,

where
u = MRH

h û, v = MRH
h v̂ for û, v̂ ∈ V̂ RH

H .

We also define one dimensional spaces corresponding to all degrees of freedom of
order one at vertices of subdomains. Let x ∈ V(Ωk) be a vertex of Ωk ∩ Γ and α a
multi-index of length one, then we define a special vertex function ψαk,x as follows. Let
ψαk,x(p) = φαk,x(p) for p ∈ ∂Ωj,h for j = 1, . . . , N. The function φαk,x was defined in the
previous subsection. Thus ψαk,x = φαk,x on Γ. We extend ψαk,x as discrete biharmonic in
all subdomains Ωj, j 6= k and we set its all degrees of freedom to zero at all nodes of
Ωk,h. Thus both functions differs only at Ωk,h, where φαk,x is set as discrete biharmonic
and ψαk,x has the values of respective degrees of freedom equal to zero at the interior

nodal points. Next let V (2)
x,α = span{ψαk,x} and its associated bilinear form be equal to

the original one, i.e. aH(·, ·).

We next define the spaces corresponding to masters. Let γm,k ⊂ Ωk be a master
and δm,l ⊂ Ωl its associated slave. Then let V (2)

m ⊂ V RH
h be defined as follows

V (2)
m = {v ∈ V RH

h : ∂αv(p) = 0 for p ∈
N⋃
i=1

Ωi,h \ (γm,k,h ∪ δm,l,h ∪ Ωk,h ∪ Ωl,h)}.

Here |α| ≤ 1. We take the exact bilinear form aH(·, ·) for local bilinear forms associated
with these local subspaces in ASM scheme, cf. Section 1.4.

Thus we have the following decomposition:

V RH
h = V

(2)
0 +

∑
γm⊂Γ

V (2)
m +

N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

V (2)
x,α .

Next we define operators T
(2)
0 : V RH

h → V
(2)

0 , T (2)
m : V RH

h → V (2)
m and T (2)

x,α : V RH
h →

V (2)
x,α . Except of the first one, they are set as orthogonal projections onto respective

subspaces, i.e.
b

(2)
0 (T

(2)
0 u, v) = aH(u, v) ∀v ∈ V (2)

0 ,

aH(T (2)
m u, v) = aH(u, v) ∀v ∈ V (2)

m



Plate problem 130

for all masters γm, and

aH(T (2)
x,αu, v) = aH(u, v) ∀v ∈ V (2)

x,α

for all vertices x ∈ V(Ωk), k = 1, . . . , N , and all multi-indices α of length one.

Further, we follow the previous section and define T (2) : V RH
h → V RH

h by

T (2) = T
(2)
0 +

∑
γm⊂Γ

T (2)
m +

N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

T (2)
x,α.

Then we replace problem (4.15) by

T (2)uRHh = g, (4.34)

where g = g0 +
∑
γm⊂Γ gm+

∑N
k=1

∑
x∈V(Ωk)

∑
|α|=1 gx,α and g0 = T

(2)
0 uRHh , gm = T (2)

m uRHh
and gx,α = T (2)

x,αu
RH
h . The right-hand side g can be computed without knowing uRHh .

We now state the main result of this subsection.

Theorem 4.5.2 For any u ∈ V RH
h , holds

(1 + log(H/h))−2aH(u, u) � aH(T (2)u, u) � aH(u, u),

where h = infk hk and H = maxkHk.

The proof is given in Section 4.5.6.

Remark 4.5.1 We have described the ASM under the assumption that subdomains
are triangles, but it is easy to see that if subdomains are polygonal, then we can divide
each subdomain into coarse triangles which form a coarse triangulation of Ω. Further,
we can define analogously an outer coarse space Ṽ RH

H as reduced HCT finite element
space built over this coarse triangulation. All results and their proofs can be carried
out in a very similar way.

Remark 4.5.2 If we assumed that hi ≤ hj, for an interface Γij = ∂Ωi ∩ ∂Ωj, then
in the definition of V (2)

x,α , we could replace a function ψαk,x by the one which is equal to
ψαk,x on Γ and in Ωk and has all degrees of freedom equal to zero at the interior nodal
points of all substructures Ωj. The resulting ASM algorithm would be simpler, since
it would not utilize the discrete biharmonic extensions, and the statement of Theorem
4.5.2 would also be valid for the modified ASM.
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4.5.3 Algorithm of Neumann-Neumann type

In this subsection, we present a Neumann-Neumann algorithm following [82], where
the conforming finite element was considered. Our algorithm is for the mortar meth-
ods. In this subsection, we assume that we can choose master sides of interfaces in
such a way that we get two sets of subdomains: the first one of substructures that have
all edges as masters and the second one of ones which have all their edges as slaves.
The subdomains of the first set we call subdomains of Neumann type and the ones of
the second set we call subdomains of Dirichlet type. Thus we have a ”chess-board”
ordering of subdomains. This assumption is due to the fact that in mortar methods
the values of the degrees of freedom at nodes in a slave δm,j are determined by the
values of the degrees of freedom at ends of the slave and at nodes of the associated
master γm,i.

In the case of mortar method that uses locally piecewise bicubic element, this
choice of master sides of the interfaces is always possible, but in the case of locally
reduced HCT or HCT element this assumption can be not satisfied by some parti-
tionings of the domain.

We define a decomposition of u ∈ V h, where V h = V B
h or V H

h , V
RH
h into two parts

u = Pu + Hu orthogonal to each other in the sense of aH(·, ·). In Section 4.5.1,
we have considered the case of reduced HCT local discretizations. In the cases of
locally piecewise bicubic or HCT mortar methods, we have to replace XRH

0,h (Ωi) by
XB

0,h(Ωi) = H2
0 (Ωi) ∩XB

h (Ωi) or XH
0,h(Ωi) = H2

0 (Ωi) ∩XH
h (Ωi), respectively.

We further consider only case of locally piecewise bicubic mortar element method,
but this method can be analogously defined for reduced HCT or HCT mortar methods.

We next decompose uBh , the solution of (4.5), as uBh = PuBh + HuBh . The first
function can be computed by solving N independent problems, cf. Section 4.5.1, and
the second one ũBh = HuBh is the unique solution of the following problem

aH(ũBh , v) = f(v) ∀v ∈ Ṽ B
h , (4.35)

where Ṽ B
h = {Hu : u ∈ V B

h }.

We rewrite the problem (4.35) in the operator form:

SũBh = f,

where
< Su, v >:= aH(u, v) ∀u, v ∈ Ṽ B

h .
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We use a modified version of abstract scheme of [82].

We first denote the set of indices of Neumann subdomain by N (Ω), and the set
of ones of Dirichlet ones by D(Ω). We next introduce local subspaces formed by
functions defined only in respective subdomains as follows:

V N
i = HiX

B
h (Ωi) for i ∈ N (Ω)

and
V D
j =

∑
x∈V(Ωj)

span{φαj,x} for j ∈ D(Ω) and α = (1, 0), (0, 1), (1, 1),

where V(Ωj) is the set of all vertices of Ωj ∩Γ and φαj,x is a nodal discrete biharmonic
function which corresponds to α degree of freedom at the vertex x defined analogously
as in Section 4.5.1. Here for bicubic mortar method, we have the following set of
possible multi-indices {(0, 0), (1, 0), (1, 0), (1, 1)}. Note that from the definition x, a
vertex of a subdomain of Dirichlet type, is the common end of two slaves, thus we see
that the support of φαj,x is contained in Ωj.

We next define BN
i : V N

i → Ṽ B
h for i ∈ N (Ω) and BD

j : V D
j → Ṽ B

h for j ∈ D(Ω).
prolongation operators for which

Ṽ B
h =

∑
i∈N (Ω)

BN
i V

N
i +

∑
j∈D(Ω)

BD
j V

D
j .

Let BD
j , for j ∈ D(Ω), be defined by BD

j uj = (0, . . . , 0, uj, 0, . . . , 0) and BN
i , for

i ∈ N (Ω), we define by setting the values of degrees of freedom of BN
i ui at all nodes

of the masters and the vertices as follows:

• If p ∈ V(Ωk) or p ∈ γs,k,h for k 6= i, then let

∂αBN
i ui(p) = 0.

• Next if p ∈ ∂Ωi,h \ V(Ωi), then we set

∂αBN
i ui(p) = ∂αui(p).

• For a vertex x ∈ V(Ωi) ∩ V(cr), we define

∂αBN
i ui(x) = ∂αui(x) for α = (1, 0), (0, 1), (1, 1),

BN
i ui(x) = (2/Ncr)ui(x),

where Ncr = card(V(cr)). Here Ncr = 4.



Plate problem 133

Note that, for a function v = {vk} ∈ Ṽ B
h , the values vk(x) for x ∈ V(cr) are equal to

each other, but ∂αvk(x) for x ∈ V(cr) may be not equal to each other.

We also need a decomposition of V N
i for i ∈ N (Ω) into

V N
i = V N

0,i ⊕ ZN
i ,

where V N
0,i is a subspace of V N

i over which Si is nonsingular. Here Si : V N
i → V N

i is
defined by

< Siu, v >= ai,h(u, v) ∀u, v ∈ V N
i

and
ZN
i = {v ∈ V N

i :< Siv, w >= 0 ∀w ∈ V N
0,i}.

In our case, we define V N
0,i , i ∈ N (Ω) as follows:

V N
0,i = {v ∈ V N

i : ∂αv(x) = 0 ∀x ∈ V(Ωi), α = (0, 0), (1, 1)}.

We now define our algorithm. This method is a variant of ASM and is presented in
terms of decomposition of Ṽ B

h into several subspaces and special local bilinear forms
defined on these subspaces, see Section 1.4. The coarse space we define by

V N
0 =

∑
i∈N (Ω)

span{BN
i Z

N
i }+

∑
j∈D(Ω)

span{BD
j V

D
j }.

Note that in our case ZN
i for i ∈ N (Ω) and V D

j for j ∈ D(Ω) are of small dimensions
equal to eight or twelve, respectively.

We now define local subspaces

V N,†
i = (I − TN0 )BN

i V
N
i , i ∈ N (Ω),

where TN0 is the orthogonal projection (in terms of S) onto V N
0 , i.e.

< STN0 u, v >=< Su, v > ∀v ∈ V N
0

An associated bilinear form is defined as follows

bi(u, v) = ai,h(ũ0, ṽ0) =< Siũ0, ṽ0 >, u, v ∈ V N,†
i ,

where ũ0, ṽ0 are the unique elements of V N
00,i for which

u = (I − TN0 )BN
i ũ0, v = (I − TN0 )BN

i ṽ0.
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The space V N
00,i ⊂ V N

0,i is defined as

V N
00,i = {v ∈ V N

0,i :< Siv, w >= 0 ∀w ∈ V N
0,i ∩Ker(I − TN0 )BN

i }.

We next define TNi : Ṽ B
h → V N,†

i for i ∈ N (Ω) by

bi(T
N
i u, v) = aH(u, v) =< Su, v > ∀v ∈ V N,†

i

and TN : Ṽ B
h → Ṽ B

h by
TN = TN0 +

∑
i∈N (Ω)

TNi .

Then we replace problem (4.35) by

TN ũBh = g, (4.36)

where g = g0 +
∑
i∈N (Ω) gi and g0 = TN0 ũ

B
h , gi = TNi ũ

B
h .

We now state the main theorem of this subsection.

Theorem 4.5.3 For any u ∈ Ṽ B
h , holds

< Su, u >≤< STNu, u >� (1 + log(H/h))2 < Su, u >,

where h = mink hk and H = maxkHk.

The proof follows from Theorem 4.5.4 and Lemma 4.5.5, see below.

Theorem 4.5.4 For any u ∈ Ṽ B
h , holds

< Su, u >≤< STNu, u >≤ (1 + max
i∈N (Ω)

C(i)) ω < Su, u >,

where

ω = max sup
i ∈ N (Ω) v ∈ V N

00,i \ {0}

< SBN
i v,B

N
i v >

< Siv, v >

and

C(i) = card
(
{j ∈ N (Ω) :< SBN

i ui, B
N
j uj >6= 0 ∀ui ∈ V N

i , ∀uj ∈ V N
j }

)
.

This theorem is a slightly changed version of Theorem 3.4 in [82], so we omit the proof
which can be rewritten in a similar way.
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Implementation

We now make some remarks on the implementation of this method following [82], see
Sections 3.2 and 3.3 there.

The value of TNi u for the operator TNi : Ṽ B
h → V N,†

i can be computed as follows:
TNi u = (I − TN0 )BN

i ũ0, where ũ0 ∈ V N
0,i is the solution of

b0(TNi u, v) = ai,h(ũ0, ṽ0) =< Su, (I − TN0 )BN
i ṽ0 >=

=< (BN
i )T (I − TN0 )TSu, ṽ0 > ∀ṽ0 ∈ V N

0,i ,

where v = (I−TN0 )BN
i ṽ0. Note that we take the space V N

0,i instead of V N
00,i, it changes

u0, but not (I − TN0 )BN
i u0, what follows from the orthogonal decomposition of V N

0,i

into V N
00,i ⊕Ker(I − TN0 )BN

i ∩ V N
0,i .

Thus we can represent operator TNi : Ṽ B
h → V N,†

i as

TNi = (I − TN0 )BN
i S
−1
i,0 (BN

i )T (I − TN0 )TS = (I − TN0 )BN
i S
−1
i,0 (BN

i )TS(I − TN0 ),

where Si,0 is the restriction of Si to V N
0,i .

And finally the operator TN equals

TN = TN0 +
∑

i∈N (Ω)

(I − TN0 )BN
i S
−1
i,0 (BN

i )TS(I − TN0 ).

In application, to solve the problem (4.36), we use CG method, but for the sim-
plicity of presentation, we restrict ourselves to the Richardson iterations.

Let u0 be an arbitrary vector. Then in first step, we compute u1 = u0−TN0 (u0−ũBh )
that satisfies

TN0 (u1 − ũBh ) = 0.

Then the Richardson iteration is defined as follows:

un+1 = un − τ TN(un − ũBh ) n = 1, 2, . . .

where τ is a parameter chosen according to the spectral properties of T .

Note that by induction, we get

TN0 (un+1 − ũBh ) = TN0 (un − ũBh )− τ TN0 (un − ũBh )+
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+τ TN0 (I − TN0 )
∑

i∈N (Ω)

BN
i S
−1
i,0 (BN

i )TS(I − TN0 )(un − ũBh ) = 0.

Hence our iterative method can be represented by

un+1 = un − τ (I − TN0 )
∑

i∈N (Ω)

BN
i S
−1
i,0 (BN

i )TS(un − ũBh ) n = 1, 2, . . .

Thus we have to apply TN0 only once per iteration.

4.5.4 ASM method for the mortar method with locally non-
conforming Adini discretization

In this subsection, we present an ASM for solving the discrete problem (4.11) of Sec-
tion 4.2.3, i.e. the discrete problem arising from discretization of the plate problem
(4.1) by a mortar finite element method that locally in each subdomain uses noncon-
forming Adini element. The ASM is analogous to the one described in Section 4.5.1.
We keep the same notations of subspaces and respective projections.

We first decompose each function u ∈ V A
h into two parts orthogonal in terms of

aH(·, ·) as follows
u = Pu+Hu,

where Pu = (P1u, . . . , Piu, . . . , PNu) and Hu = (H1u, . . . , Hiu, . . . , HNu). Here the
orthogonal projection Piu ∈ XA

0,h(Ωi) and the discrete biharmonic part Hiu ∈ XA
h (Ωi)

are defined by
ah,i(Piu, v) = ah,i(u, v) ∀v ∈ XA

0,h(Ωi)

and {
ai,h(Hiu, v) = 0 ∀v ∈ XA

0,h(Ωi),
∂αHiu(p) = ∂αu(p) ∀p ∈ ∂Ωi,h, |α| ≤ 1,

where
XA

0,h(Ωi) = {v ∈ XA
h (Ωi) : ∂αu(p) = 0 ∀p ∈ ∂Ωi,h |α| ≤ 1}.

We next define Ṽ A
h = {Hu : u ∈ V A

h }, i.e. the subspace of discrete biharmonic
functions of V A

h . We can decompose uAh , the solution of (4.11), into uAh = PuAh +HuAh .
We can compute PuAh solving N independent local problems. The discrete biharmonic
part of uAh further denoted by ũAh = HuAh is the solution of the following variational
discrete problem

aH(ũAh , v) = f(v) ∀v ∈ Ṽ A
h . (4.37)
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We describe ASM for solving this problem in terms of decomposition of the space
Ṽ A
h into several subspaces, cf. Section 1.4.

Let define a coarse space as follows

V A
0 = {u ∈ Ṽ A

h : vk|γm,k = vl|δm,l ∈ P3(Γkl), Ihk∂nvk|γm,k =
Ihl∂nvl|δm,l ∈ P1(Γkl) and ∂αv is
continuous at all crosspoints, for |α| ≤ 1 }.

Here Ihk , Ihl are piecewise linear interpolants defined over hk and hl meshes of master
γm,k = Γkl and slave δm,l, respectively.

We next define V A
x,α, a one-dimensional space associated with a multi-index α of

length one and a vertex x ∈ V(Ωk). We define V A
x,α = span{φαk,x}, where φαk,x ∈ Ṽ A

h is
the locally discrete biharmonic vertex function associated with α degree of freedom
and a vertex x ∈ ∂Ωk, defined analogously as the one in Section 4.5.1.

We next define subspaces associated with masters as in Section 4.5.1. Let γm,k be
a master and δm,l its associated slave. Then let V A

m be a space formed by all functions
v ∈ V A

m for which

∂αv(x) = 0 for x ∈

 ⋃
γs⊂Γ

γs,h ∪ V

 \ γm,k,h.
We remind that V =

⋃N
s=1 V(Ωs) is the set of the vertices of all subdomains contained

in Γ. Note that V A
m contains functions which have nonzero degrees of freedom only at

nodes of γm,k,h and by the mortar conditions at ones of δm,l,h, and in Ωk,h and Ωl,h.

We obtain the following decomposition:

Ṽ A
h = V A

0 +
∑
γm⊂Γ

V A
m +

N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

V A
x,α.

We next define operators TA0 : Ṽ A
h → V A

0 , TAm : Ṽ A
h → V A

m and TAx,α : Ṽ A
h → V A

x,α as
orthogonal projections (in terms of ah(·, ·)) onto respective subspaces.

We define TA : Ṽ A
h → Ṽ A

h by

TA = TA0 +
∑
γm⊂Γ

TAm +
N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

TAx,α.
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Then we replace problem (4.37) by

TAũAh = g, (4.38)

where g = g0 +
∑
γm⊂Γ gm +

∑N
k=1

∑
x∈V(Ωk)

∑
|α|=1 gx,α and g0 = TA0 ũ

A
h , gm = TAmũ

A
h

and gx,α = TAx,αũ
A
h .

We now state the main result of this subsection.

Theorem 4.5.5 For any u ∈ Ṽ A
h , holds

(1 + log(H/h))−2aH(u, u) � aH(TAu, u) � aH(u, u),

where h = infk hk and H = maxkHk.

The proof is given in Section 4.5.6.

4.5.5 Technical tools

In this subsection, we present some technical lemmas.

We first consider one subdomain Ωk with boundary ∂Ωk =
⋃
γm,k ∪

⋃
δl,k, where

first sum is over all masters γm,k and the second one of all slaves contained in ∂Ωk.

For proof of the first lemma, see e.g. Section 4, Lemma 4.1 in [82].

Lemma 4.5.1 If u ∈ H1/2(∂Ωk) satisfies condition u = 0 on ∂Ωk \ E and
‖∂su‖L∞(E) � h−1

k ‖u‖L∞(E), then holds

|u|2H1/2(∂Ωk) � |u|
2
H1/2(E) + (1 + log(|E|/hk))‖u‖2

L∞(E),

where |E| is the diameter of this edge.

The second lemma gives a Sobolev like inequality. The proof of this lemma can
be found e.g. in [107], see Lemma 4.2.2, p.45 there. It can also be proved using the
discrete Sobolev inequality for piecewise linear functions, see Lemma 7, p.170 in [20],
cf. also Lemma 4.2 in [82].

Lemma 4.5.2 If u ∈ XRH
h (Ωk), (XB

h (Ωk), X
H
h (Ωk)), then holds

|u|2W 1,∞(Ωk) � (1 + log(Hk/hk))
(
H−2
k |u|2H1(Ωk) + |u|2H2(Ωk)

)
.
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From the previous lemma, we get the following corollary.

Corollary 4.5.1 If γm,i ⊂ ∂Ωi is a master and δm,j ⊂ ∂Ωj is the corresponding slave,
then

‖∇(ui − uj)‖2
L∞(Γij)

� (1 + log(H/h))
∑
s=i,j

|u|2H2(Ωs) ∀u ∈ V
RH
h .

Proof. We have

‖∇(ui − uj)‖2
L∞(Γij)

� ‖∂s(ui − uj)‖2
L∞(Γij)

+ ‖∂n(ui − uj)‖2
L∞(Γij)

.

Let js : L2(Γij)→ Ps(Γij) be the L2 orthogonal projection onto the space of polyno-
mials of degree s. By the mortar conditions (4.12) and (4.13), we know that

j1ui |γm,i = j1uj |δm,j and j0∂nui |γm,i = j0∂nuj |δm,j ,

where ui |γm,i , uj |δm,j , ∂nui |γm,i and ∂nuj |δm,j equal the respective traces of ui, uj, ∂nui
and ∂nuj onto the master γm,i and the slave δm,j, respectively.

Let estimate the term associated with tangential derivative. We have

‖∂sui − ∂suj‖2
L∞(Γij)

� ‖∂sui − (j1ui)
′‖2
L∞(Γij)

+ ‖∂suj − (j1uj)
′‖2
L∞(Γij)

�

‖∂sui +w′1‖2
L∞(Γij)

+ ‖(j1(ui +w1)′‖2
L∞(Γij)

+ ‖∂suj + v′1‖2
L∞(Γij)

+ ‖(j1(uj + v1)′‖2
L∞(Γij)

,

where w1, v1 are arbitrary linear polynomials.

Using Lemma 4.5.2, we can bound the first term by

‖∂sui + w′1‖2
L∞(Γij)

� (1 + log(Hi/hi))(
2∑
s=1

H2s−4
i |ui + w1|2Hs(Ωi)

).

Since j1 is the L2 orthogonal projection onto the space of linear polynomials, we obtain

‖(j1(ui + w1)′‖2
L∞(Γij)

� H−3
i ‖j1(ui + w1)‖2

L2(γm,i)
�

2∑
s=0

H2s−4
i |u+ w1|2Hs(Ωi)

.

We have used an inverse inequality over the master γm,i, the trace theorem, e.g. see
Theorem 1.5.2.1, p.42 in [71], and a scaling argument.

Since w1 was an arbitrary linear polynomial, we get by a quotient space argument,
e.g. see Theorem 3.1.1, p.115 in [47],

|∂sui(x)− (j1ui)
′(x)|2 � (1 + log(Hi/hi))|u|2H2(Ωi)

.
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The terms associated with the slave are estimated in the same way. Finally, the term
associated with the normal derivative, we estimate in a very similar way and get the
same bound.

2

The next lemma states property of vertex discrete biharmonic functions defined
in Section 4.5.1.

Lemma 4.5.3 For a vertex x ∈ V(Ωk) ∩ V(cr) and a multi-index α of length one,
holds

|φαk,x|2H2
H(Ω) � (1 + log(Hk/hx)),

where hx = infj hj for j for which cr = x is an end of Γkj and φαk,x ∈ Ṽ RH
h was defined

in Section 4.5.1.

Proof. Note that on each edge denoted by E (that can be a master or a slave),
Tr u|E = (u|E ,∇u|E) can be represented as

Tr u|E = (u|E , ∂su, ∂nu).

We use this observation afterwards in this proof.

We can have three situations, the first one, where x is the common end of two
slaves, of two masters, and of a slave and a master of Ωk. Let consider the first one,
i.e. x = δm,k ∩ δl,k. Then φαk,x is nonzero only in Ωk. We also have Tr φαk,x = 0 on
∂Ωk \ (δm,k ∪ δl,k ∪ {x}). Additionally, we can represent Tr φαk,x as

Tr φαk,x = Tr φα,Nk,x + (ψ0,m, ψ
′
0,m, ψ1,m) + (ψ0,l, ψ

′
0,l, ψ1,l),

where φα,Nk,x is the standard biharmonic nodal function associated with the α-degree
of freedom at the vertex x. We have

Tr φα,Nk,x |δm = (φα,Nk,x |δm , φ
′α,N
k,x |δm , ∂nφ

α,N
k,x |δm).

The functions ψ0,m, ψ1,m are defined as follows

ψ0,m = −Π1
m,kφ

α,N
k,x|δm , ψ1,m = −Π0

m,k,1∂nφ
α,N
k,x|δm

on the slave δm,k and as equal to zero on ∂Ωk \ δm,k. Here Π1
m,k was defined by (4.25)

and Π0
m,k,1 by (4.28). The functions ψ0,l, ψ1,l are defined in the same way for the
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second slave δl,k. This representation of Tr φαk,x follows from the mortar conditions
(4.12) and (4.13).

Next by Lemma 4.4.6 and (4.31), we obtain

|φαk,x|H2
H(Ω) = |φαk,x|H2(Ωk) � |∇φαk,x|H1/2(∂Ωk) � |∇φ

α,N
k,x |H1/2(∂Ωk)+

+‖ψ′0,m‖H1/2
00 (δm,k)

+ ‖ψ1,m‖H1/2
00 (δm,k)

+ ‖ψ′0,l‖H1/2
00 (δl,k)

+ ‖ψ1,l‖H1/2
00 (δl,k)

.

The first term by the trace theorem, see e.g. Theorem 1.5.1.2, p.37 in [71], and the
properties of standard nodal functions can be bounded by a constant.

The remaining terms we estimate as follows

‖ψ′0,m‖2

H
1/2
00 (δm,k)

� h−3
k ‖ψ0,m‖2

L2(δm,k) = h−3
k ‖Π1

m,kφ
α,N
k,x|δm‖

2
L2(δm,k) �

� h−3
k ‖φ

α,N
k,x|δm‖

2
L2(δm,k) ≤ (Const).

We have used an inverse inequality, Lemma 4.4.5 and properties of standard nodal
functions of reduced HCT element. Analogously, we get

‖ψ1,m‖2

H
1/2
00 (δm,k)

� h−1
k ‖Π0

m,k,1∂nφ
α,N
k,x|δm‖

2
L2(δm,k) �

� h−1
k ‖∂nφ

α,N
k,x|δm‖

2
L2(δm,k) ≤ (Const).

We have used an inverse inequality, Lemma 4.4.9 and properties of standard nodal
functions.

The two remaining terms associated with the slave δs,k we estimate in exactly the
same way.

Let now consider the case, where x is the common end of two masters γm,k and γs,k.
Let δm,i and δs,j be the slaves associated with the masters γm,k and γs,k, respectively.

Then φαk,x is nonzero in three subdomains Ωk, Ωi and Ωj because Tr φαk,x = Tr φα,Nk,x
on ∂Ωk, but also Tr φαk,x|δm,i and Tr φαk,x|δs,j are nonzero.

On δm,i, we have
Tr φαk,x|∂Ωi

= (ψ0,m,i, ψ
′
0,m,i, ψ1,m,i),

where
ψ0,m,i = Π1

m,iφ
α,N
k,x|γm , ψ1,m,i = Π0

m,i,1(∂nφ
α,N
k,x|γm),

and on the master γm,k

Tr φαk,x|γm,k = Tr φα,Nk,x|γm,k = (φα,Nk,x|γm,k , φ
′α,N
k,x|γm,k , ∂nφ

α,N
k,x|γm,k).



Plate problem 142

We remind that φα,Nk,x is the standard nodal function associated with the hk triangu-
lation of Ωk and the α degree of freedom at the vertex x ∈ V(Ωk). In the same way,
we can introduce the similar functions ψ0,s,j and ψ1,s,j for the second master γs,k and
its associated slave δs,j.

Thus by Lemma 4.4.6 and (4.31), we obtain

|φαk,x|2H2
H(Ω) =

∑
l=k,i,j

|φαk,x|2H2(Ωl)
�

∑
l=k,i,j

|∇φαk,x|2H1/2(∂Ωl)
�

� |∇φα,Nk,x |2H1/2(∂Ωk) + ‖ψ′0,m,i‖2

H
1/2
00 (δm,i)

+

+‖ψ1,m,i‖2

H
1/2
00 (δm,i)

+ ‖ψ′0,s,j‖2

H
1/2
00 (δs,j)

+ ‖ψ1,s,j‖2

H
1/2
00 (δs,j)

.

The first term by the trace theorem and the properties of standard nodal functions
can be bounded by a constant.

We now estimate the two terms associated with slave δm,i. If hk ≤ hi, the proof can
be carried out as in the previous case. Thus we assume that hi ≤ hk. Additionally,
let φα,Ni,y|δm,i be a trace of the nodal function φα,Ni,y associated with the hi triangulation

of Ωi, the α degree of freedom and y, the vertex of Ωi such that y ∈ V(cr). Note that
y and x occupy the same geometrical position of cr.

By an inverse inequality and Lemma 4.4.5, we have

‖ψ′0,m,i‖2

H
1/2
00 (δm,i)

� ‖∂sΠ1
m,i(φ

α,N
k,x|γm − φ

α,N
i,y|δm,i)‖

2

H
1/2
00 (δm,i)

+

+‖∂sΠ1
m,iφ

α,N
i,y|δm,i‖

2

H
1/2
00 (δm,i)

� ‖∂s(φα,Nk,x|γm − φ
α,N
i,y|δm,i)‖

2

H
1/2
00 (δm,i)

+

+h−3
i ‖φ

α,N
i,y|δm,i‖

2
L2(δm,i)

.

The second term we estimate by constant in the same way as before. The first one
we estimate by Lemma 4.5.1 and get

‖∂s(φα,Nk,x|γm − φ
α,N
i,y|δm,i)‖

2

H
1/2
00 (δm,i)

� |∂s(φα,Nk,x|γm − φ
α,N
i,y|δm,i)|

2
H1/2(δm,i)

+

+(1 + log(|Γki|/hi))‖∂s(φα,Nk,x|γm − φ
α,N
i,y|δm,i)‖

2
L∞(δm,i)

.

Then by properties of nodal functions associated with degrees of freedom of the first
order, we estimate all these terms by constant and finally get

‖ψ′0,m,i‖2

H
1/2
00 (δm,i)

� (1 + log(|Γki|/hi)).
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Using Lemma 4.4.9 instead of Lemma 4.4.5 and similar arguments, we can get

‖ψ1,m,i‖2

H
1/2
00 (δm,i)

� (1 + log(|Γki|/hi)).

The two analogous terms associated with the second master we estimate in the same
way. The proof of the third case can be done combining arguments used in the proofs
of the first and second cases.

2

Remark 4.5.3 The statement of Lemma 4.5.3 is also true for analogously defined
vertex functions for mortar methods that use locally HCT or piecewise bicubic ele-
ments. The proofs proceed in the same way.

Next lemma states stability of interpolation (grid transitional) MRH
h in H2

H semi-
norm.

Lemma 4.5.4 For the operator MRH
h : V̂ RH

H → V RH
h defined in Section 4.5.2, holds

|MRH
h u|H2(Ωk) � |u|H2(Ωk) ∀u ∈ V̂ RH

H .

Proof. Let u ∈ V̂ RH
H and let w = MRH

h u|Ωk . We have u ∈ P3(Kj), j = 1, 2, 3,, where
Kj is a triangle formed by connecting vertices of Ωk to its centroid.

Let τ ∈ Th(Ωk). Then we have from definition of MRH
h

|w|2H2(τ) �
∑
p 6=q

diam(τ)−2|u(p)− LHq u(p)|2 +
∑
p6=q

∑
|α|=1

|∂αu(p)− ∂αu(q)|2,

where the first sum is over all vertices of this element that differs from q which is a
vertex of τ . The vertex q can be chosen in an arbitrary way. Here LHq is the linear

Hermitian interpolant defined by LHq f(x) = f(q) +
∑2
k=1 fxk(q)(xk − qk) for a point

q = (q1, q2) ∈ <2.

We first consider a case, where τ ⊂ Kj for a triangle Kj. Then u|τ ∈ P3(τ) and
using a scaling argument, equivalence of all norms over finite dimensional space P3(τ̂)
for a reference triangle τ̂ , and a quotient space argument, e.g. see Theorem 3.1.1,
p.115 in [47], we get

diam(τ)−2|u(p)− LHq u(p)|2 � |u|2H2(τ)
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and
|∂αu(p)− ∂αu(q)|2 � |u|2H2(τ).

In other cases, i.e. τ ∩Kj 6= ∅ for more than one triangle Kj, the situation is more
complicated. Let assume that τ cuts through two triangles K1 and K2. Let q ∈ K1

and p1, p2 ∈ K2. We consider all terms, where p1 appears. This nodal point is the
common end of some triangles τ ′. We assume that p1 and q are vertices of a triangle
τ1 and τq, respectively, such that τ1 ⊂ K2 and τq ⊂ K1. If not, we would have to
consider a triangle S of diameter diam(S) � diam(τ) such that p1 ∈ S ⊂ K2 ∩ τ ′ for
an element τ ′ which have p1 as a vertex and S satisfies the shape regularity condition
of Th(Ωk). The existence of such a triangle follows from the shape regularity of the
triangulation. Then instead of the triangle τ1, we would consider S. The same is valid
for q and τq. Next we can conclude that for any linear polynomial w1, we obtain

|u(p1)− LHq u(p1)|2 � |(u+ w1)(p1)|2 + |LHq (u+ w1)|2 �

�
∑

τ ′∩τ 6=∅

2∑
s=0

diam(τ ′)2s−2|u+ w1|2Hs(τ ′) �
∑

τ ′∩τ 6=∅
diam(τ ′)2|u|2H2(τ ′).

We have used the fact that u|τ1 ∈ P3(τ1) and u|τq ∈ P3(τq), a scaling argument, and a
quotient space argument for the region G =

⋃
τ ′∩τ 6=∅ τ

′, see e.g. Theorem 3.1.1, p.115
in [47]. In the same manner, we get

|∂αu(p1)− ∂αu(q)|2 �
∑

τ ′∩τ 6=∅
|u|2H2(τ ′).

The terms associated with p2 we estimate in the same way.

There is one triangle τc such that cuts through all Kj. But the estimate of norm
of w over this element can be done in the same manner as above. We now sum over
all elements τ and get the desired estimate. 2

The next lemma is necessary in the proof of Theorem 4.5.3. In the proof, we use
similar arguments to those of Lemma 4.3 in [82].

Lemma 4.5.5 Under the assumptions Theorem 4.5.3, see Section 4.5.3, holds

sup
u ∈ V N

0,i

< SBiu,Biu >

< Siu, u >
� (1 + log(Hi/hi))

2,

where hi = min{hj : ∂Ωi ∩ ∂Ωj 6= ∅}.
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Proof. We first note that Biu is nonzero only in Ωi and subdomains that share a
common edge with Ωi, it follows from the fact that u(x) = 0 for a vertex x of Ωi.

By the definition of Bi, Lemma 4.4.6 and (4.31), we have

aH(Biu,Biu) �
∑
|α|=1

∑
x∈V(Ωi)

|∂αu(x)|2 |∇φαi,x|2H2
H(Ω)+

+
∑
|α|=1

∑
∂Ωj∩∂Ωi=Γij

|∂αu−
∑

x∈V(Ωi)

∂αu(x)∂αφαi,x|2H1/2(∂Ωj)
.

By the trace theorem, see e.g. Theorem 1.5.1.2, p.37 in [71], Remark 4.5.3, and
Lemma 4.5.2, we can estimate the first double sum. The second sum we can estimate
proceeding in the same way as in the proof of Theorem 4.5.1, see below, and we finally
get

aH(Biu,Biu) � (1 + log(Hi/hi))
2

2∑
s=0

H2s−4
i |u|2Hs(Ωi)

�

� (1 + log(Hi/hi))
2|u|2H2(Ωi)

.

We have used a scaling argument and the fact that the seminorm | · |H2(Ωi) and the
norm ‖ · ‖H2(Ωi) are equivalent over a subspace of H2 formed by functions which are
equal to zero at three or more points. Here these points are the vertices of Ωi. 2

We now state some technical lemmas for the mortar Adini method.

First we define Π̃1
m,j : L2(δm,j) → H2

0 (δm,j) ∩W hj(δm,j), an auxiliary operator as-
sociated with the slave δm,j ⊂ ∂Ωj. Here W hj(δm,j) is the space of traces of functions
which are in the bicubic finite element space defined on Th(Ωj), the hj triangulation
of Ωj, i.e. is the space of C1 continuous piecewise cubic (in elements of the hj trian-
gulation of δm,j) functions. These functions are uniquely defined by the their values
and values of their derivatives at all nodes of δm,j,h. Thus we set the values of Π̃1

m,j

as follows

Π̃1
m,ju(p) = Π0

m,j,1u(p) and
d

dt
Π̃1
m,ju(p) = 0 ∀p ∈ δm,j,h,

where Π0
m,j,1 is the mortar projection defined in (4.28).

Note that for u ∈ V A
h hold

∂nMA
j uj|δm,j = Π̃1

m,jIhi∂nui|γm,i , MA
j uj|δm,j = uj|δm,j = Π1

m,jui|γm,i , (4.39)

what follows from the mortar conditions (4.9) and (4.10), and the definition of MA
j

the local equivalence mapping, see Definition 4.3.1. Here Ihi are linear interpolants
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onto the hi mesh of a master γm,i, and δm,j is the associated slave, and Π1
m,j is the

mortar projection defined in (4.25).

Lemma 4.5.6 For u ∈ [L2(δm,j), H
1
0 (δm,j)]s, s ∈ [0, 1], holds

‖Π̃1
m,ju‖[L2(δm,j),H1

0 (δm,j)]s � ‖u‖[L2(δm,j),H1
0 (δm,j)]s ,

where [L2(δm,j), H
1
0 (δm,j)]s is a Hilbertian interpolation space between L2(δm,j) and

H1
0 (δm,j).

Proof. The proof follows from the respective stability properties of the operator
Π0
m,j,1, see Lemma 4.4.9, an obvious observation that

|Π̃1
m,ju|2Hs(δm,j)

� |Π0
m,j,1u|2Hs(δm,j)

s = 0, 1,

and an interpolation argument, e.g. see Proposition 12.1.5, p.279 in [38]. 2

Corollary 4.5.2 For u = {uk} ∈ Ṽ A
h for which TrMA

i ui = 0 on ∂Ωi \ γm,i and
TrMA

j uj = 0 on ∂Ωj \ δm,j = 0, we have

|uj|H2
h

(Ωj) � |∇M
A
i ui|H1/2(∂Ωi) � |ui|H2

h
(Ωi),

Proof. By Lemma 4.3.3, Lemma 4.4.6, (4.31) and (4.39), we obtain

|uj|2H2
h

(Ωj)
≤ |(MA

j )†Ext(MA
j u)|2H2

h
(Ωj)
� |∇MA

j u|2H1/2(∂Ωj)
�

� ‖∂sMA
j uj‖2

H
1/2
00 (δm,j)

+ ‖∂nMA
j uj‖2

H
1/2
00 (δm,j)

=

= ‖∂sΠ1
m,jui‖2

H
1/2
00 (δm,j)

+ ‖Π̃1
m,jIhi∂nui|γm,i‖2

H
1/2
00 (δm,j)

.

The first term we estimate with the help of Lemma 4.4.5, (4.39) and the trace theorem,
e.g. see Theorem 1.5.1.2, p.37 in [71], and get

‖∂sΠ1
m,jui‖2

H
1/2
00 (δm,j)

� ‖∂sui‖2

H
1/2
00 (γm,i)

� |MA
i u|2H2(Ωi)

.

The second term we estimate as follows

‖Π̃1
m,jIhi∂nui|γm,i‖2

H
1/2
00 (δm,j)

� ‖Ihi∂nui|γm,i‖2

H
1/2
00 (δm,j)

�
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� h−1
i ‖(I − Ihi)∂nMA

i ui‖2
L2(δm,j)

+ ‖∂nMA
i ui|γm,i‖2

H
1/2
00 (δm,j)

.

We have used Lemma 4.5.6, the fact that Ihi∂nui|γm,i = Ihi∂nMA
i ui|γm , and an inverse

inequality. The second term we estimate by the trace theorem and the first term by
a scaling argument, the trace theorem applied to each element of the hi triangulation
of γm,i, see e.g. Theorem 1.5.2.1, p.42 in [71], and a quotient space argument, e.g. see
Theorem 3.1.1, p.115 in [47], and get

‖Π̃1
m,jIhi∂nui|γm,i‖2

H
1/2
00 (δm,j)

� |MA
i u|2H2(Ωi)

.

Finally, Lemma 4.3.3 yields the desired estimate.

The equivalence of the norm |∇MA
i u|H1/2(∂Ωi) and the seminorm |MA

i u|H2(Ωi) fol-
lows from Lemma 4.3.3, Lemma 4.4.6, and (4.31), cf. beginning of this proof. 2

The next lemma states property of coarse grid space V A
0 defined in Section 4.5.4.

Lemma 4.5.7 For any u0 ∈ V A
0 ⊂ Ṽ A

h , a coarse grid function, holds

ah,k(u0, u0) �
∑

p∈V(Ωk)

∑
|α|≤1

H
2|α|−2
k |∂αu0(p)|2,

where V(Ωk) ⊂ Γ is the set of all vertices of Ωk ∩ Γ.

Proof. We first note that u0 is uniquely defined in Ωk by the values of respective
degrees of freedom at all vertices. We can conclude that

u0 =
∑

p∈V(Ωk)

∑
|α|≤1

∂αu0(p) φCoark,p,α,

where φCoark,p,α is a function in V A
0 such that

∂βφCoark,p,α(q) =

{
0 p 6= q or β 6= α,
1 p = q and β = α.

Thus to finish the proof it suffices to prove the bound of H2
h seminorm of these

functions.

Let first consider such a function for a multi-index α and a vertex p ∈ ∂Ωk. Then
by Lemma 4.3.3, Lemma 4.4.6, and (4.31), we have

|φCoark,p,α|2H2
h

(Ωk) ≤ |(M
A
j )†Ext(MA

j φ
Coar
k,p,α)|2H2

h
(Ωj)
� |∇MA

k φ
Coar
k,p,α|2H1/2(∂Ωk).
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We next note that the trace of a function which corresponds to a vertex p is nonzero
only on two interfaces Γkl and Γkj for which p is their common end.

Let consider φCoark,p,α for α = (0, 0). We have that ∂nMA
k φ

Coar
k,p,(0,0) = 0 on both

interfaces. We can conclude that TrMA
k φ

Coar
k,p,(0,0) on ∂Ωk is equal to the trace of a

coarse Adini nodal function which is defined on the rectangle Ωk and has all degrees
of freedom equal to zero at all vertices of Ωk except of the one associated with multi-
index (0, 0) and the vertex p. This function has H2

h seminorm over Ωk bounded by
H−1
k .

Hence by the standard trace theorem, e.g. see Theorem 1.5.1.2, p.37 in [71], we
have

|φCoark,p,α|2H2
h

(Ωk) � H−2
k , α = (0, 0).

Let consider the function associated with α = (1, 0) (the norm of the one corre-
sponding to (0, 1) we can estimate in the same way). We have that one of interfaces,
say Γkl is parallel to axis OX1, and the second one Γkj to OX2.

We can note that

TrMA
k φ

Coar
k,p,α = (MA

k φ
Coar
k,p,α, ∂sMA

k φ
Coar
k,p,α, 0) on Γkl

and
TrMA

k φ
Coar
k,p,α = (0, 0, ∂nMA

k φ
Coar
k,p,α) on Γkj.

We introduce φ̃Coark,p,α ∈ Tr H2(Ωk), an auxiliary function defined on ∂Ωk, as follows

Tr φ̃Coark,p,α =

{
TrMA

k φ
Coar
k,p,α on ∂Ωk \ Γkj,

(0, 0, Ihk∂nMA
k φ

Coar
k,p,α) on Γkj.

Note that Ihk∂nMA
k φ

Coar
k,p,α is the linear function equal to one at p and to zero at the

other end of Γkj what follows from the definition of V A
0 , i.e if we assume that p = (0, 0)

and Γkj = [0, Hk], then we have ∂nφ̃
Coar
k,p,α(t) = 1− t/Hk for t ∈ Γkj.

Thus we can conclude that

|φCoark,p,α|2H2
h

(Ωk) � |∇M
A
k φ

Coar
k,p,α −∇φ̃Coark,p,α|2H1/2(∂Ωk) + |∇φ̃Coark,p,α|2H1/2(∂Ωk).

Using a reference rectangle we can estimate the second term by a constant. Note that
at all nodal points pki of the hk mesh of Γkj, we haveMA

k φ
Coar
k,p,α(pki ) = φ̃Coark,p,α(pki ). Thus

the first term we further estimate as follows

|∇MA
k φ

Coar
k,p,α −∇φ̃Coark,p,α|2H1/2(∂Ωk) � ‖∂nM

A
k φ

Coar
k,p,α − ∂nφ̃Coark,p,α‖2

H
1/2
00 (Γkj)

�
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� h−1
k ‖∂nMA

k φ
Coar
k,p,α − ∂nφ̃Coark,p,α‖2

L2(Γkj)
�

∑
pki ∈Γkj

|∂nφ̃Coark,p,α(pki+1)−

−∂nφ̃Coark,p,α(pki )|2 � max
i
|pki+1 − pki |2H−2

k (Hk/hk) � (hk/Hk) ≤ 1.

We have used an inverse inequality, the fact that ∂nφ̃
Coar
k,p,α is the linear function on Γkj

that equals one at p and zero at the other end of this interface and that the number
of pki is bounded by (Const)Hk/hk what follows from the quasi-uniformity of the hk
triangulation of Γkj. 2

The next corollary is analogous to Lemma 4.5.3.

Corollary 4.5.3 For φαk,x ∈ Ṽ A
h , the vertex function corresponding to a vertex x ∈

V(cr) ∩ V(Ωk) and a multi-index α of length one, holds

|φαk,x|H2
H(Ω) � (1 + log(Hk/hx)),

where hx = infj hj for j for which cr is an end of Γkj. The function φαk,x ∈ Ṽ A
h was

defined in Section 4.5.4.

The proof follows the lines of the ones of Lemma 4.5.3 and Corollary 4.5.2, therefore
we omit it.

4.5.6 Proofs of the main theorems of ASM methods

In this subsection, we give the proofs of Theorems 4.5.1, 4.5.2 and 4.5.5.

Proof. (Theorem 4.5.1) Using the general ASM framework, we have to check three
key assumptions, see Theorem 1.4.1 in Section 1.4.

Assumption (iii)
Here it is satisfied with ω = 1 because we have set aH(·, ·) as our local bilinear forms
for the subspaces.

Assumption (ii)
It is satisfied with a constant independent of the number of subdomains since the
supports of functions from both local subspaces are contained only in two (for spaces
associated with masters) or in several (for the vertex spaces) subdomains.
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Assumption (i)
We have to prove that there is a decomposition of u ∈ Ṽ RH

h

u = u0 +
∑
γm⊂Γ

um +
N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

ux,α, (4.40)

where u0 ∈ V (1)
0 , um ∈ V (1)

m and ux,α ∈ V (1)
x,α are such that

aH(u0, u0) +
∑
γm⊂Γ

aH(um, um) +
N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

aH(ux,α, ux,α)

� (1 + log(H/h))2aH(u, u). (4.41)

We now define this decomposition. We first define u0 ∈ V
(1)

0 . Note that it is
defined by the values of all degrees of freedom of u0 associated with cr for a crosspoint
cr.

We set
u0(cr) = u(cr) and ∂αu0(cr) =

∑
x∈V(cr)

(1/Ncr)∂
αuk(x),

where Ncr is the number of subdomains with a crosspoint cr as a common point. We
use the fact that if vertices x ∈ ∂Ωk and y ∈ ∂Ωl are in V(cr), then uk(x) = ul(y).

Let w = u− u0. We next define ux,α ∈ V (1)
x,α by

ux,α = ∂αw(x) φαk,x, |α| = 1.

Let w̃ = w −∑N
k=1

∑
x∈V(Ωk)

∑
|α|=1 ux,α. Then we have

∂αw̃(x) = 0 for x ∈ V and |α| ≤ 1.

Let γm,k be a master, then we define um ∈ V (1)
m by setting the values of all degrees

of freedom at the nodal points of γm,k,h. We set

∂αum(p) = ∂αw̃(p) ∀p ∈ γm,k,h, |α| ≤ 1.

Note that (4.40) is satisfied.

We first estimate aH(u0, u0). We have

aH(u0, u0) �
N∑
k=1

|u0|2H2(Ωk).
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We now estimate each term separately. By Lemma 4.4.6 and (4.31)

|u0|2H2(Ωk) = |u0 − Lku0|2H2(Ωk) � |∇(u0 − Lku0)|2H1/2(∂Ωk),

where Lku
0 is the linear interpolant of u0 defined by the values of u0 at three arbitrary

vertices of Ωk. We will also use the fact that Lku
0 = Lku = Lkuk.

By the trace theorem, see e.g Theorem 1.5.1.2, p.37 in [71], and the definition of

V
(1)

0 , we conclude that

|u0|2H2(Ωk) �
∑

q∈V(Ωk)

(H−2
k |u0(q)− Lku0(q)|2 +

∑
|α|=1

|∂αu0(q)− ∂αLku0(q)|2). (4.42)

Let now consider one vertex q. The term from the first sum corresponding to this
vertex, we estimate by the Sobolev inequality of continuous embedding C0 ⊂ H2, e.g.
see Theorem 1.4.4.1, p.27 in [71], a scaling argument, and a quotient space argument,
e.g. see Theorem 3.1.1, p.115 in [47], and get

H−2
k |u0(q)− Lku0(q)|2 = H−2

k |uk(q)− Lkuk(q)|2 � |u|2H2(Ωk).

We next estimate a term from the second sum in (4.42). We also introduce the
Hermitian linear interpolant LHq associated with the vertex q defined by LHq f(x) =

f(q) + fx1(x1 − q1) + fx2(x2 − q2) for a function f ∈ C1(Ωk).

Then we have

|∂αu0(q)− ∂αLku0(q)|2 � |∂αu0(q)− ∂αLHq uk(q)|2 + |∂αLHq uk(q)− ∂αLkuk(q)|2 �

�
∑

y∈V(q)

|∂αui(y)− ∂αuk(q)|2 + |∂αLHq uk(q)− ∂αLkuk(q)|2. (4.43)

Here V(q) = V(cr), for a crosspoint cr, is the set of all vertices of substructures which
geometrically coincides with the vertex q and with the crosspoint cr. The second
term we estimate by Lemma 4.5.2, the Sobolev inequality of continuous embedding
C0 ⊂ H2, e.g. see Theorem 1.4.4.1, p.27 in [71], a scaling argument and, a quotient
space argument, e.g. see Theorem 3.1.1, p.115 in [47], and get

|∂αLHq uk(q)− ∂αLkuk(q)|2 � (1 + log(Hk/hk))|u|2H2(Ωk), |α| = 1.

The first sum in (4.43), we can bound by∑
y∈V(q)

|∂αui(y)− ∂αuk(q)|2 �
∑
x 6=y
|∂αus(x)− ∂αur(y)|2 �
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�
∑
x 6=y
‖∇(us − ur)‖2

L∞(Γsr),

where the last sum is taken over all pairs of geometrically coinciding vertices x, y ∈
V(q) such that x is an end of the master γm,s and y is an end of the associated slave
δm,r.

Using Corollary 4.5.1 and summing first over all masters with one end as q, then
over all vertices of Ωk and adding the resulting estimates to the previous ones, we get

ah,k(u
0, u0) � (1 + log(H/h))

∑
∂Ωi∩∂Ωk 6=∅

|ui|2H2(Ωi)
. (4.44)

Summing over all subdomains yields

aH(u0, u0) � (1 + log(H/h))|u|2H2
H(Ω). (4.45)

We next consider one crosspoint cr, a vertex x ∈ V(cr)∩ V(Ωk) and a multi-index
α of length one and we estimate aH(ux,α, ux,α) for ux,α ∈ V (1)

x,α . We have

aH(ux,α, ux,α) � |∂αw(x)|2|φαk,x|2H2(Ω) � (1 + log(H/h))|∂αuk(x)− ∂αu0(x)|2.

We have used Lemma 4.5.3. Note that u0(x) = Lku
0(x) = Lkuk(x), where Lk is the

linear interpolant defined by the values of a function at x and two other vertices of
∂Ωk. Then we have

|∂αuk(x)− ∂αu0(x)|2 � |∂αLku0(x)− ∂αu0(x)|2 + |∂αuk(x)− ∂αLkuk(x)|2

and the first term has already appeared in (4.42). Hence by the arguments that we
needed to prove (4.44), we can conclude that

aH(ux,α, ux,α) � (1 + log(H/h))2
∑

cr∈∂Ωi

|u|2H2(Ωi)
.

The sum is taken over all subdomains that have cr as a vertex. Next summing over
all vertices and all multi-indices of length one, we get

N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

aH(ux,α, ux,α) � (1 + log(H/h))2|u|2H2
H(Ω). (4.46)

It remains to prove a bound for aH(um, um). Let consider one term associated
with a master γm,i and the corresponding slave δm,j. Then um ∈ V (1)

m can be nonzero
only over Ωi and Ωj. Thus by Lemma 4.4.6 and (4.31), we get

aH(um, um) � |∇umi |2H1/2
00 (γm,i)

+ |∇umj |2H1/2
00 (δm,j)

� |∇umi |2H1/2
00 (γm,i)

.
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The last bound follows from Lemmas 4.4.5 and 4.4.9.

By Lemma 4.5.1, we obtain

aH(um, um) � |∇umi |2H1/2(γm,i)
+ (1 + log(H/hi))‖∇umi ‖2

L∞(γm,i)
. (4.47)

The first term in (4.47), we can estimate by the trace theorem, e.g. see Theorem
1.5.1.2, p.37 in [71], and obtain

|∇umi |2H1/2(γm,i)
� |ui|2H2(Ωi)

+ |u0
i |2H2(Ωi)

+ |ux,α|2H2(Ωi)
+ |uy,α|2H2(Ωi)

�

� (1 + log(H/h))2
∑

∂Ωi∩∂Ωk 6=∅
|uk|2H2

h
(Ωk),

where x, y are the ends of the master. We have used the fact that these terms have
already been estimated.

We now estimate the second term in (4.47). Note that we have Tr ux,α |γm =

∂αw(x)Trφαk,x |γm and that Trφαk,x |γm = Trφα,Nk,x |γm , where φα,Nk,x |γm is the standard nodal
function of reduced HCT element method associated with the α degree of freedom
and the vertex x. Thus we have

‖∇ux,α‖2
L∞(γm,i)

� |∂αw(x)|2 � (1 + log(H/h))
∑

cr∈∂Ωi

|u|2H2
h

(Ωi)
.

The last bound is obtained in the same way as above. The same result holds for the
term corresponding to y, the second end of this master.

We next estimate ‖ui−u0
i ‖2
W 1,∞(γm,i)

. We again use the linear interpolant Li defined
by the values of a function at three vertices of Ωi and can conclude that

‖ui − u0
i ‖2
W 1,∞(γm,i)

� ‖ui − Liui‖2
W 1,∞(γm,i)

+ ‖u0
i − Liu0

i ‖2
W 1,∞(γm,i)

.

We used the fact that Liui = Liu
0
i , what follows from the definition of u0. The first

term we can estimate by Lemma 4.5.2 and a quotient space argument, cf. Theorem
3.1.1, p.115 in [47], and the second one in a similar way to the one that we have used
to prove (4.44). Finally, summing all these bounds, we get

aH(um, um) � (1 + log(H/h))2
∑

∂Ωi∩∂Ωk 6=∅
|uk|2H2(Ωk).

Summing over all masters yields∑
γm⊂Γ

aH(um, um) � (1 + log(H/h))2|u|2H2
H(Ω). (4.48)
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To get (4.41), we add the estimates (4.45), (4.46), and (4.48) and this ends the proof.
2

Proof. (Theorem 4.5.2) We now use again the general ASM framework. We have to
check three key assumptions, see Theorem 1.4.1 in Section 1.4. Some parts of this
proof are the same or very similar to the one of Theorem 4.5.1.

Assumption (iii)

Here it is satisfied with ω = 1 for all subspaces except for V
(2)

0 as in the proof of

Theorem 4.5.1. For the coarse space V
(2)

0 , we obtain

aH(u, u) � b
(2)
0 (u, u) ∀u ∈ V (2)

0 ,

what follows from Lemma 4.5.4.

Assumption (ii)
As in the proof of Theorem 4.5.1, it is satisfied with a constant.

Assumption (i)
We first define a decomposition of u ∈ V RH

h

u = u0 +
∑
γm⊂Γ

um +
N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

ux,α,

where u0 ∈ V (2)
0 , um ∈ V (2)

m and ux,α ∈ V (2)
x,α are such that

b
(2)
0 (u0, u0) +

∑
γm⊂Γ

aH(um, um) +
N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

aH(ux,α, ux,α) �

� (1 + log(H/h))2aH(u, u). (4.49)

We set u0 = MRH
h û0, where û0 ∈ V̂ RH

H is defined by

û0(cr) = u(cr), ∂αû0(cr) =
∑

x∈V(cr)

(1/Ncr)∂
αuk(x),

where Ncr = card(V(cr)).

We next define ux,α ∈ V (2)
x,α by

ux,α = (∂αu− ∂αu0)(x) ψαk,x.

Let w = u− u0 −∑N
k=1

∑
x∈V(Ωk)

∑
|α|=1 ux,α.
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We next decompose w into two parts w = Pw+Hw, see Section 4.5.1 and (4.30).
Note that for all respective multi-indices α and nodes p ∈ ∂Ωk,h, we have ∂αw(p) =
∂αHw(p).

Let γm,k be a master and δm,l the corresponding slave, then we define an auxiliary
discrete biharmonic function ũm ∈ V (2)

m by setting its values of all degrees of freedom
at all nodal points of γm,k,h. We set

∂αũm(p) = ∂αw(p) for p ∈ γm,k,h.

Finally, we define um ∈ V (2)
m as

um = ũm + (1/Nk)Pkwk + (1/Nl)Plwl, (4.50)

where Ni, i = k, l, is the number of edges Γij contained in ∂Ωi ∩ Γ and Piw was
defined in (4.30) and extended as zero onto other subdomains, i.e. we identify Piw
with (0, . . . , 0, Piwi, 0, . . . , 0).

Note that

u = u0 +
∑
γm⊂Γ

um +
N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

ux,α.

We first estimate b
(2)
0 (u0, u0). By the definition of V

(2)
0 = MRH

h V̂ RH
H and using

properties of coarse nodal functions of reduced HCT method, we have

b
(2)
0 (u0, u0) = a(û0, û0) �

N∑
k=1

{
∑

q∈V(Ωk)

(H−2
k |û0(q)− Lkû0(p)|2+

+
∑
|α|=1

|∂αû0(q)− ∂αLkû0(q)|2)},

where Lkû
0 is the linear interpolant of û0 defined by the values of û0 at the vertices

of Ωk.

Proceeding in the same way as in the proof of Theorem 4.5.1, we obtain

b
(2)
0 (u0, u0) � (1 + log(H/h))|u|2H2

H(Ω). (4.51)

The bound for vertex functions we can get noting that the estimates of Lemma
4.5.3 are also valid for vertex functions ψαk,x and further following the proof of Theorem
4.5.1. Hence

N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

aH(ux,α, ux,α) � (1 + log(H/h))2|u|2H2
H(Ω). (4.52)
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It remains to prove a bound for the sum of aH(um, um). Let consider one term
associated with a master γm,i and the corresponding slave δm,j. Then um ∈ V (2)

m is
nonzero only over Ωi and Ωj.

We have, see (4.50),

aH(um, um) � aH(ũm, ũm) +
∑
s=i,j

as,h(Psw,Psw) ≤ aH(ũm, ũm) +
∑
s=i,j

as,h(w,w).

We have used the fact that Ps, s = i, j, are the orthogonal projections in terms of
as,h(·, ·), s = i, j, respectively. Using the definition of w, we can estimate the second
term by

as,h(w,w) � as,h(u, u) + as,h(u
0, u0) +

∑
x∈∂Ωs

∑
|α|=1

as,h(ux,α, ux,α), s = i, j.

Summing over all masters and utilizing Lemma 4.5.4, we obtain∑
γm⊂Γ

aH(um, um) � aH(u, u) + b
(2)
0 (u0, u0)+

+
N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

aH(ux,α, ux,α) +
∑
γm⊂Γ

aH(ũm, ũm).

The second term is estimated by (4.51), the third term - the triple sum by (4.52), and
the last term - the sum over all masters proceeding in a very similar way to that of
the proof of Theorem 4.5.1. Finally, we obtain∑

γm⊂Γ

aH(um, um) � (1 + log(H/h))2|u|2H2
H(Ω). (4.53)

Adding (4.51), (4.52), and (4.53), we get (4.49). The proof of Theorem 4.5.2 is
completed. 2

Proof. (Theorem 4.5.5) The lines of this proof are similar to that of Theorem 4.5.1.
Assumptions (ii) and (iii) are satisfied with constant independent of H and all hk,
as in Theorem 4.5.1.

Assumption (i)
We have to prove the existence of decomposition of u ∈ Ṽ A

h that satisfies an inequality
analogous to (4.41) in the proof of Theorem 4.5.1.

We set u0 ∈ V A
0 by

u0(cr) = u(cr) and ∂αu0(cr) =
∑

x∈V(cr)

(1/Ncr)∂
αuk(x),
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where Ncr = card({k : k ∈ N (cr)}) = card({x : x ∈ V(cr)}).

Let w = u− u0. We next define ux,α ∈ V A
x,α by

ux,α = ∂αw(x) φαk,x

and introduce w̃ = w −∑N
k=1

∑
x∈V(Ωk)

∑
|α|=1 ux,α.

Let γm,k be a master, then um ∈ V A
m is defined by setting its values of all degrees

of freedom at the nodal points of γm,k,h, as follows

∂αum(p) = ∂αw̃(p) ∀p ∈ γm,k,h, |α| ≤ 1.

Note that

u = u0 +
∑
γm⊂Γ

um +
N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

ux,α.

We now prove an estimate that is analogous to (4.41). Lemma 4.5.7 yields that

aH(u0, u0) �
N∑
k=1

∑
q∈V(Ωk)

(H−2
k |u0(q)− Lku0(q)|2 +

∑
|α|=1

|∂αu0(q)− ∂αLku0(q)|2).

Here Lku
0 is the linear interpolant of u0 defined by the values of u0 at three arbitrary

vertices of Ωk. Note that LkMA
k uk = Lkuk = Lku

0, cf. Definition 4.3.1.

Let consider a vertex q. The term H−2
k |u0(q) − Lku

0(q)|2 corresponding to this
vertex is estimated utilizing Lemma 4.3.3, the Sobolev inequality of continuous em-
bedding C0 ⊂ H2, e.g. see Theorem 1.4.4.1, p.27 in [71], a scaling argument, and a
quotient space argument, e.g. see Theorem 3.1.1, p.115 in [47], and we get

H−2
k |u0(q)− Lku0(q)|2 = H−2

k |MA
k u

0(q)− LkMA
k u

0(q)|2 � |u|2H2
h

(Ωk).

We next estimate one term from the second sum in which derivatives of the first
order appear. We also introduce the Hermitian linear interpolant LHq associated with
this vertex q and defined by LHq f(x) = f(q) +fx1(x1− q1) +fx2(x2− q2) for a function

f ∈ C1(Ωk).

Note that LHqMA
k uk = LHq uk. We will use this fact below. We also have

∂αLHq uk(q) = ∂αuk(q). Hence

|∂αu0(q)− ∂αLku0(q)|2 �
∑

y∈V(q)

|∂αui(y)− ∂αuk(q)|2 + |∂αLHq uk(q)− ∂αLkuk(q)|2.

(4.54)
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The second term is estimated by Lemma 4.3.3, Lemma 4.5.2, a scaling argument, and
a quotient space argument, see e.g. Theorem 3.1.1, p.115 in [47], and it gives

|∂αLHq uk(q)− ∂αLkuk(q)|2 � (1 + log(Hk/hk))|u|2H2
h

(Ωk).

The first sum in (4.54) is bounded by∑
y∈V(q)

|∂αui(y)− ∂αuk(q)|2 �
∑
x 6=y

(|∂nui(x)− ∂nuj(y)|2 + |∂sui(x)− ∂suj(y)|2),

where the sum is taken over all pairs of vertices x, y ∈ V(q) such that x ∈ V(Ωi) is an
end of master γm,i and y ∈ V(Ωj) is an end of the associated slave δm,j, both vertices
geometrically occupy the same place.

Let now consider one term at the right hand-side corresponding to a master γm,i.
The terms in which the tangential derivative appears can be estimated as in the
proof of Corollary 4.5.1. Let consider a term corresponding to normal derivatives.
We introduce j0 : L2(Γij) → P0(Γij) the orthogonal projections onto the space of
polynomials of degree zero. By the mortar condition (4.10), we have

j0Ihi∂nui,γm,i = j0Ihj∂nuj,δm,j ,

where Ihi and Ihj are piecewise linear interpolants defined on the hi and hj triangu-
lations of Γij, respectively.

Then we have

|∂nui(x)− ∂nuj(y)|2 � |∂nui(x)− j0Ihi∂nui(x)|2 + |∂nuj(y)− j0Ihj∂nuj(y)|2 �

|∂n(ui + w1)(x)|2 + |j0Ihi∂n(ui + w1)(x)|2 + |∂n(uj + v1)(y)|2 + |j0Ihj∂n(uj + v1)(y)|2,

where w1, v1 are arbitrary linear polynomials.

By Lemma 4.5.2, we bound the first term as

|∂n(ui + w1)(x)|2 = |∂nMA
i (ui + w1)(x)|2 �

� (1 + log(Hi/hi))
2∑
s=1

H2s−4
i |MA

i (ui + w1)|2Hs(Ωi)
.

Since j0 is an L2 orthogonal projection, we have

|j0Ihi∂n(ui + w1)(x)|2 � H−1
i ‖j0Ihi∂n(ui + w1)‖2

L2(γm,i)
≤
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≤ H−1
i ‖Ihi∂n(ui + w1)‖2

L2(γm,i)
� H−1

i ‖∂n(MA
i ui + w1)‖2

L2(γm,i)
�

�
2∑
s=1

H2s−4
i |MA

i ui + w1|2Hs(Ωi)
.

We have used the trace theorem. see e.g. Theorem 1.5.2.1, p.42 in [71], and the
properties of MA

i , see Definition 4.3.1. Using the fact that w1 is an arbitrary linear
polynomial, a quotient space argument, see e.g. Theorem 3.1.1, p.115 in [47], and
Lemma 4.3.3, we obtain

|∂nui(x)− j0Ihi∂nui(x)|2 � (1 + log(Hi/hi))|u|2H2
h

(Ωi)
.

The terms associated with the slave are estimated in the same way. Next summing
first over all masters which have q as one end and next over all vertices of Ωk yields
the following bound:

ah,k(u
0, u0) � (1 + log(H/h))

∑
∂Ωi∩∂Ωk 6=∅

|ui|2H2
h

(Ωi)
.

Finally, summing over all subdomains yields

aH(u0, u0) � (1 + log(H/h))|u|2H2
H(Ω). (4.55)

Following the proof of Theorem 4.5.1 and utilizing Corollary 4.5.3, we can bound
the terms associated with vertices by

N∑
k=1

∑
x∈V(Ωk)

∑
|α|=1

aH(ux,α, ux,α) � (1 + log(H/h))2
N∑
k=1

|u|2H2
h

(Ωi)
. (4.56)

It remains to prove a bound for the sum of aH(um, um). Let consider one term
associated with a master γm,i and the corresponding slave δm,j. Then um ∈ V A

m can
be nonzero only in Ωi and Ωj. Hence by Corollary 4.5.2 and Lemma 4.5.1, we get

aH(um, um) � ‖∇MA
i u

m‖2

H
1/2
00 (γm,i)

�

� |∇MA
i u

m|2H1/2(γm,i)
+ (1 + log(H/hi))‖∇MA

i u
m
i ‖2

L∞(γm,i)
.

The first term can be estimated by the trace theorem, see e.g. Theorem 1.5.2.1, p.42
in [71], and the previously obtained estimates, cf. the proof of Theorem 4.5.1, and
the second one can be estimated in a very similar way to that of proof of Theorem
4.5.1, additionally applying Lemma 4.3.3.
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Finally, summing all these bounds, we get

aH(um, um) � (1 + log(H/h))2
∑

∂Ωi∩∂Ωk 6=∅
|uk|2H2

h
(Ωk).

Summing over all masters yields∑
γm⊂Γ

aH(um, um) � (1 + log(H/h))2|u|2H2
H(Ω). (4.57)

Adding (4.55), (4.56), and (4.57), we get the estimate needed in Assumption (i). The
proof is completed. 2
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