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Abstract. We study numerical integration I(f) =
∫ T

0
f(x) dx for functions f with

singularities. Nonadaptive methods are inefficient in this case, and we show that the

problem can be efficiently solved by adaptive quadratures at cost similar to that for

functions with no singularities.

Consider first a class Fr of functions whose derivatives of order up to r are con-

tinuous and uniformly bounded for any but one singular point. We propose adap-

tive quadratures Q∗n, each using at most n function values, whose worst case errors

supf∈Fr |I(f)−Q∗n(f)| = Θ(n−r). On the other hand, the worst case error of non-

adaptive methods is Ω(n−1).

These worst case results do not extend to the case of functions with two or more

singularities; however, adaption shows its power even for such functions in the asymp-

totic setting. That is, let F∞r be the class of r-smooth functions with arbitrary (but

finite) number of singularities. Then a generalization of Q∗n yields adaptive quadra-

tures Q∗∗n such that |I(f)−Q∗∗n (f)| = O(n−r) for any f ∈ F∞r . In addition, we show

that for any sequence of nonadaptive methods there are ‘many’ functions in F∞r for

which the errors converge no faster than n−1.

Results of numerical experiments are also presented.

1. Introduction

It is well known that scalar integrals I(f) =
∫ T

0
f(x) dx can be efficiently approxi-

mated when the integrand is smooth. If f is r-times continuously differentiable then
the composite Gauss or Newton-Cotes quadratures based on equispaced division of the
interval [0, T ] achieve the best possible convergence rate of n−r (where n is the number
of function evaluations). On the other hand, those quadratures fail for functions having
some singularities; even one discontinuity of f suffices to slow down the convergence
to the level n−1. It is intuitively clear that this is because those quadratures use the
same (nonadaptive) sampling for each f even though the singularities may be located
in any part of the interval. Therefore one may hope to do much better by adjusting
the sampling to the underlying function, i.e., by using adaptive methods.

Many adaptive methods for functions with or without singularities have already
been proposed in the literature and used in practice. They include adaptive Simpson’s
quadrature [12, 13], CADRE [7], QUADPACK [16], and an adaptive meta-algorithm
[19], to mention just a few. For more complete list of excellent adaptive methods we refer
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to, e.g., [6, 11]. The superiority of adaptive methods has so far been verified mainly
empirically. More precisely, extensive tests indicate that adaptive quadratures work
very efficiently “most of the time”; however, they fail for some integrands. There are
theoretical results as well, however they hold for rather restrictive classes of functions
or are probabilistic in nature, see, e.g. [9, 14, 20] and [15] for a survey.

On the other hand, there are a number of results stating that, under certain assump-
tions on the classes of functions, nonadaptive methods are as powerful as adaptive
methods for linear problems in the worst case setting. Perhaps the first such result is
due to Kiefer [10] who showed in 1957 that the nonadaptive composite Trapezoid rule is
optimal in the worst case setting for the class of monotone functions with f(0) = 0 and
f(1) = 1. The most general results for approximating linear functionals (e.g., integrals)
is due to Bakhvalov [2] who showed that nonadaptive algorithms are optimal provided
the class of functions is balanced and convex. This result has later been extended to
approximation of linear operators, see [8, 22]. Similar results hold in the average case
and probabilistic settings provided that the probability measure imposed on the class
of functions is Gaussian, see e.g., [21, 24], and for problems with noisy information,
see [17]. Moreover, if the function class is a ball in a Banach space then adaption does
not help also in the asymptotic setting. Recall that in the asymptotic setting one is
interested in the rate of convergence for each individual function f rather than in the
convergence of the worst case error, see [23] and [21].

Convex classes of functions exclude functions with unknown singularity. So do sta-
tistical models that are based on ‘regular’ probability measures such as Gaussian mea-
sures. This is why the theoretical results mentioned above do not contradict the em-
pirical observations. Actually, there have been theoretical results showing in a rigorous
way the power of adaption, see e.g., [15]. In particular, [25] proposed a Gaussian-like
probability measure on classes of functions with unknown singular points and showed
that adaptive quadratures drastically outperform nonadaptive ones in the correspond-
ing probabilistic setting.

In the present paper, we consider the worst case and asymptotic settings. We in-
troduce a rather natural classes of singular integrands for which adaptive methods are
much better than nonadaptive ones. Actually, the adaptive methods we propose make
integrating functions with singularities almost as easy as integrating functions without
singularities.

More specifically, for a given regularity parameter r ≥ 1, let Fr be a class of functions
f : [0, T ]→ R that have continuous and uniformly bounded derivatives f (j), 0 ≤ j ≤ r,
for all but (perhaps) one unknown point. (For a complete definition of Fr, see Section
2 for periodic and Section 5 for nonperiodic case.) At that point, f (s) is discontinuous,
where s is an unknown integer between 0 and r. The magnitude of the discontinuity
jump is also unknown; it can be large or very small. Then any method using n function
values at nonadaptively chosen (i.e., a priori fixed) points has the worst case error with
respect to Fr at least proportional to n−1. On the other hand, we propose a special
adaptive selection of the sampling points leading to a composite quadrature Q∗n (based,
e.g., on Newton-Cotes or Gauss rules) that has the worst case error of order n−r; hence
it is optimal.
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The algorithm relies on finding and removing from the domain a small subinterval
that possibly contains ‘large’ singularity, and then applying the composite quadrature
on the remaining part of the domain. First, for an initial (nonadaptive) division 0 =
x0 < x1 < · · · < xm = T , the divided differences of f are evaluated at all consecutive
r + 1 points xi. If the divided differences do not exceed a given threshold D then the
initial division becomes the final one. This is the case when there is no singularity or the
discontinuity jumps are small enough for the composite rules to work well. On the other
hand, if the largest divided difference, say |f [xi−r, . . . , xi]|, is larger than the threshold
then additional r points are introduced in [xi−r, xi] and the divided differences are
evaluated in that subinterval. This adaptive procedure continues until the length of
the subinterval is of order m−(r+1); see Section 4 for details.

An important feature of the algorithm Q∗n is that the only parameters of the problem
used are T and the regularity r. Moreover, its worst case error is O(n−r) independently
of the threshold D and bounds Lj on the derivatives f (j), 0 ≤ j ≤ r. On the other hand,
it is clear that the constant in the O-notation and, more generally, the (exact) error of
Q∗n do depend on those parameters and on the basic rule being used. For instance, if
Lr is known then it is wise to set D = Lr/r!, because then the adaptive procedure is
performed only when the ‘large’ singularity has been detected. For more, see Remark 3
where computation of an ε-approximation together with special cases is discussed.

Note that the main idea behind our algorithm is similar to that already proposed
earlier in the literature. To see this, let S(·; a, b) denote basic Simpson’s rule on the
interval [a, b], i.e.,

S(f ; a, b) =
b− a

6
· (f(a) + 4f(c) + f(b)) with c =

a+ b

2
.

A classical derivation of adaptive Simpson’s rule (see, e.g., such textbooks and mono-
graphs as [1, 3, 4, 6, 18]) is based on the observation that

E(f ; a, a+ h) :=
S(f ; a, a+ h/2) + S(f ; a+ h/2, a+ h)− S(f ; a, a+ h)

15

estimates

∫ a+h

a

f(t) dt− (S(f ; a, a+ h/2) + S(f ; a+ h/2, a+ h))

very well if the 4th derivative of f does not change too much in [a, a + h]. Therefore
[a, a + h] is subdivided if the empirical error |E(f ; a, a + h)| is large. One can verify
that

E(f ; a, a+ h) =
2h5

15
· f [a, a+ h/4, a+ h/2, a+ 3h/4, a+ h],

and large values of E correspond exactly to large values of the corresponding divided
differences. However, we choose to divide the interval [a, a+ h] because, as mentioned
earlier and formally shown in Section 3, for our class of integrands, a large value of the
divided difference implies that a singular point is there.

So far we have restricted the class of functions to those with only one singularity.
It turns out that this assumption is essential for adaption to help in the worst case
setting. Indeed, we show in Section 5 that the worst case error of any (adaptive or not)
method is Ω(n−1) for classes of integrands with the number of singularities uniformly
bounded by q, for any q ≥ 2. Moreover, for classes with arbitrarily (but finitely)
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many singularities, there are no methods whose worst case errors converge to zero with
increasing n. This negative conclusion is a result of the pessimistic nature of the worst
case setting; namely, for any n there are functions for which two or more singularities
are so close one to each other that there is no method able to separate them using n
function evaluations. Fortunately, adaption regains its superiority in the less demanding
asymptotic setting.

Recall that, in the worst case setting, for a given number n of function evaluations, we
consider the worst case error of a quadrature Qn, i.e., the error for the ‘most difficult’
integrand f . This integrand may depend on n, and different values of n may have
completely different ‘most difficult’ integrands. In the asymptotic setting, instead of
fixing n and varying f , an integrand f is fixed and then the speed of convergence of
|I(f)−Qn(f)| is analyzed for n→∞.

In Section 6, we consider such an asymptotic setting for the class F∞r of functions
with continuous derivatives of order up to r at all but singular points. Each function
may have arbitrary (yet finite) number of singularities. We show that the adaptive
quadrature Q∗n can be generalized yielding an adaptive quadrature Q∗∗n such that the
error |I(f)−Q∗∗n (f)| converges at least as fast as n−r, and this convergence cannot be
improved. Moreover, we show that for any sequence of nonadaptive quadratures there
are ‘many’ functions in our class for which the error is only Ω(n−1).

The adaptive quadratures Q∗n and Q∗∗n have been implemented and tested for r =
2 and r = 4, where we used, respectively, the Midpoint and Trapezoid rules, and
Simpson’s rule. We stress that both implementations run in O(n) total time. The
numerical results perfectly confirm the theory. Some of them are presented in Section 7.

We believe that the idea of getting some quantitative information about singularities
from analyzing divided differences (see the auxiliary results of Section 3) can be applied
to solve some other related problems. For instance, our results can be extended to the
problem of Lp-approximation (1 ≤ p < ∞) of functions with singularities. It would
also be interesting to consider functions of more than one variable.

2. Problem formulation and main result

For given T > 0 and integer r ≥ 1, let Fr be the set of functions f : [0, T ] → R
that are r-times continuously differentiable at all but perhaps one singular point sf .
For each f the singularity sf is not known a priori. We also assume until Section 5
that f and its derivatives up to rth are periodic. The latter simplifies some technical
considerations. In Section 5 we show that this assumption is not crucial and can be
easily removed.

More specifically, f ∈ Fr iff there are a function gf ∈ Cr([0, T ]) and a point sf ∈
[0, T ) such that

f(x) =

{
gf(T + x− sf) 0 ≤ x < sf ,
gf(x− sf) sf ≤ x ≤ T.

This allows us to view the functions f as T -periodic on R by setting f(sf + kT + x) =
gf(x) for all integers k and x ∈ [0, T ), and to consider the values of f at arguments
x /∈ [0, T ].
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Our aim is to approximate the integral

I(f) =

∫ T

0

f(x) dx

for functions f ∈ Fr. Any method is based on values of f at finitely many points. It
could be a quadrature

(1) Qn(f) =

n∑

j=1

ajf(xj),

where n ≥ 1, aj ∈ R, and xj ∈ [0, T ), 1 ≤ j ≤ n, are independent of f , or more
generally, it could be

Qn(f) = ϕ(f(x1), . . . , f(xn)),

where xj are again chosen independently of f , and ϕ : Rn → R is an arbitrary mapping.
Such methods (or quadratures) are called nonadaptive. (Examples are provided by, e.g.,
composite Newton-Cotes or Gauss quadratures.) We also allow adaptive methods where
the choice of successive xj and/or the number n of them may depend on the previously
obtained information about f , i.e., x1 is fixed but

xj = xj
(
f(x1), . . . , f(xj−1)

)
for j ≥ 2.

An adaptive method is called an adaptive quadrature if it is of the form (1) when
restricted to any collection of functions f ∈ Fr for which information f(xj), 1 ≤ j ≤ n,
is evaluated at the same points xj. (For more discussion on adaptive methods we refer
to, e.g., [17, 21].)

Given positive L0 and Lr, define the function class

Fr = Fr(L0, Lr) =
{
f ∈ Fr : ‖gf‖C ≤ L0, ‖g(r)

f ‖C ≤ Lr

}
,

where ‖g‖C = max0≤t≤T |g(t)|.

Remark 1. Note that functions in Fr have all the derivatives (up to rth) uniformly

bounded, i.e., there are Lj > 0 (dependent on L0, Lr, and T ) such that ‖g(j)
f ‖C ≤ Lj,

1 ≤ j ≤ r − 1.

In the worst case setting, the quality of any method Qn is measured by its worst case
error with respect to Fr, i.e.,

ewor(Qn;Fr) = sup
f∈Fr
|I(f)−Qn(f)|.

If we knew a priori the exact location of sf , for all f ∈ Fr, then our problem would be
equivalent to integrating functions g ∈ C (r)([0, T ]) with ‖g‖C ≤ L0 and ‖g(r)‖C ≤ Lr.
It is well known that in this case adaptive methods are not better than nonadaptive
ones. Furthermore, the minimal worst case error of methods that use no more than n
function evaluations is Θ(n−r), and this is achieved by, e.g., the composite Newton-
Cotes quadratures of degree r that are based on equispaced knots.

Our assumption that the singularity is not known a priori radically changes the
picture; namely, we have the following result.
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Theorem 1. Let r ≥ 2.
(i) For any nonadaptive method Qn that uses n function evaluations,

ewor(Qn;Fr) ≥
TL0

n + 1
.

(ii) There exist adaptive quadratures Q∗n, each using no more than n function evalu-
ations, such that

ewor(Q∗n;Fr) ≤ CrT
r+1Lrn

−r

holds for all sufficiently large n. Here Cr is independent of T , Lr, and L0.

To show (i), suppose that Qn is a nonadaptive quadrature using the points 0 ≤ x1 <
x2 < . . . < xn < T . Then there exists 1 ≤ k ≤ n such that xk+1−xk ≥ T/n (where, by
convention, xn+1 = T + x1). Let h = xk+1 − xk − δ, where 0 < δ < min{T, xk+1} − xk,
and c = 2L0/(T + h). Let f be generated by gf(x) = cx− L0 with sf = xk + δ, and f̃
be generated by gf̃(x) = c(x+ h)−L0 with sf̃ = xk+1 (or sf̃ = x1 if k = n). Obviously

f, f̃ ∈ Fr. Moreover,

(f̃ − f)(x) =

{
2L0 − ch x ∈ [xk + δ, xk+1),
0 otherwise.

Since f(xk) = f̃(xk) for all k, we have Qn(f̃) = Qn(f) and I(f̃)− I(f) = h(2L0 − ch).
Hence

ewor(Qn;Fr) ≥ h(L0 − ch/2) =
hL0T

T + h
.

The fact that h can be arbitrarily close to T/n completes the proof of (i).
The proof of (i) requires some auxiliary results from the next section. It is presented

in Section 4 together with the quadrature Q∗n.

3. Auxiliary lemmas

For a function f ∈ Fr, we denote

∆
(j)
f := f (j)(s−f )− f (j)(s+

f ) = g
(j)
f (T )− g(j)

f (0), 0 ≤ j ≤ r.

Let Sr be an arbitrary (nonadaptive) quadrature for approximating
∫ 1

0
h(y) dy that

is exact for all polynomials of degree r − 1,

Sr(h) =

r∑

j=1

ajh(yj).

For any a < b, let Sr(·; a, b) be the quadrature for approximating
∫ b
a
h(x) dx obtained

from Sr by

Sr(h; a, b) = (b− a) ·
r∑

j=1

ajh(xj) where xj = a + yj(b− a).

For instance, Sr(·; a, b) can be a (basic) Newton-Cotes rule with r ≥ r for r odd, and
r ≥ r − 1 for r even, or (Legendre) Gauss rule with r ≥ dr/2e.
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Lemma 1. For any f ∈ Fr with sf ∈ (a, b] and ‖g(r)
f ‖C ≤ Lr we have

∣∣∣∣
∫ b

a

f(x) dx − Sr(f ; a, b)

∣∣∣∣ ≤
r−1∑

j=0

αj |∆(j)
f | (b− a)j+1 + αr Lr (b− a)r+1

for some αj’s that are independent of a, b, and f .

Proof. We have

f(x) =

{
f−(x) 0 ≤ x < sf ,
f+(x) sf ≤ x ≤ T,

where

f−(x) =
r−1∑

j=0

g(j)(T )(x− sf)j/j! + g(r)(ξx)(x− sf )r/r!

f+(x) =

r−1∑

j=0

g(j)(0)(x− sf)j/j! + g(r)(ξx)(x− sf )r/r!

Since Sr(·; a, b) is exact for polynomials of degree r− 1, the error for f equals the error

for f̃ defined as

f̃(x) = f(x) −
r−1∑

j=0

g(j)(0)(x− sf)j/j!

=
r−1∑

j=0

∆
(j)
f φj,s(x) + g(r)(ξx)(x− sf )r/r!(2)

Here and elsewhere

φj,s(x) :=
(x− s)j−

j!
=

(min{x− s, 0})j
j!

.

Changing variables to y = (x− a)/(b− a), we obtain that αj can be defined as

(3) αj := max
0≤s≤1

∣∣∣∣
∫ 1

0

φj,s(y)dy − Sr(φj,s; 0, 1)

∣∣∣∣ for j ≤ r − 1,

and

αr := sup
0≤s≤1

sup

{∣∣∣∣
∫ T

0

ψ(x) dx− Sr(ψ; 0, 1)

∣∣∣∣ : ψ : [0, T ]→ R ,(4)

|ψ(x)| ≤ |x− s|r/r! ∀ x ∈ [0, 1]

}
.

�

Remark 2. Lemma 1 together with Remark 1 yields the following property of non-
adaptive quadratures. Let m ≥ 1. Let QC

n (f) =
∑m

i=1 Sr(f ; (i − 1)h, ih) be the corre-
sponding to Sr composite quadrature, where h = T/m and n is the number of function
evaluations used. Let Fr(s) = Fr ∩ Cs−1([0, T ]) with s ≥ 1. Then

ewor(QC
n ;Fr(s)) = O(n−(s+1)) where s = min{s, r}.
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In what follows, we use the following notation: ti := ih for all (not necessarily
integer) i, where h = T/m for some integer m ≥ r. By f [ti−j, ti−j+1, . . . , ti] we denote
the divided difference of the function f with respect to the j + 1 points ti−j, . . . , ti.

Lemma 2. Let wr−1 be a polynomial of degree at most r − 1, and let

f(x) =

{
wr−1(x) x < tk+1,
0 x ≥ tk+1.

If
f [ti−r, . . . , ti] = 0 k + 1 ≤ i ≤ k + r,

then wr−1 ≡ 0.

Proof. Since f(tj) = 0 for all j ≥ k+1, vanishing of the divided difference for i = k+r
implies that also f(tk) = wr−1(tk) = 0. Using the same argument for i = k + r − 1,
we get that also f(tk−1) = wr−1(tk−1) = 0, and next that f(ti−r) = wr−1(ti−r) = 0 for
i = k + r − 2, . . . , k + 1. However, then wr−1 vanishes at r different points ti−r which
completes the proof. �
Lemma 3. There exist M,E > 0 (dependent on r) with the following property. For

any D ≥ 0, h > 0, and f ∈ Fr with sf ∈ (tk, tk+1] and ‖g(r)
f ‖C ≤ Lr, if the divided

differences satisfy

|f [ti−r, ti−r+1, . . . , ti]| ≤ D k + 1 ≤ i ≤ k + r,

then
|∆(j)

f | ≤ M(D + ELr) · hr−j 0 ≤ j ≤ r − 1.

Proof. The divided differences of f at r + 1 points equal the corresponding divided
differences of f̃(x) = f(x)−∑r−1

j=0 g
(j)(0)(x− sf )j/j!. Letting τ = (sf − tk)/h we have

from (2) that

f̃(tm) = hrLrcr,m(τ) +

{ ∑r−1
j=0 h

j∆
(j)
f cj,m(τ) m ≤ k,

0 m ≥ k + 1,

where cj,m(τ) = (m − k − τ)j/j!, 0 ≤ j ≤ r − 1, and |cr,m(τ)| ≤ |m − k − τ |r/r! We
also have

f̃ [ti−r, . . . , ti] = h−r
i∑

m=i−r
bm−i+rf̃(tm),

with bs =
∏r

s6=`=0(s− `)−1. Hence

(5) f [ti−r, . . . , ti] =

r−1∑

j=0

ai,j(τ)hj−r∆(j)
f + ei(τ) k + 1 ≤ i ≤ k + r,

where

ai,j(τ) =
k∑

m=i−r
cj,m(τ)bm−i+r 0 ≤ j ≤ r − 1

and

ei(τ) = Lr ·
i∑

m=i−r
cr,m(τ)bm−i+r.
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Let Aτ be the r × r matrix of the coefficients ai,j(τ). Formally τ ∈ (0, 1], but we
naturally extend the definition of Aτ to τ = 0. We need to know that Aτ is nonsingular.
Indeed, the equality Aτz = 0, z = (z1, . . . , zr−1)T , means vanishing of the divided
differences of the function

v(x) =

{ ∑r−1
j=0 ∆(j)(x− tk − τ)j/j! x < tk+1,

0 x ≥ tk+1,

where ∆(j) = hr−jzj+1. By Lemma 2 this implies z ≡ 0.
Observe that the coefficients of Aτ and, consequently, the coefficients of A−1

τ depend
continuously on τ . Hence the quantity

(6) M := max
0≤τ≤1

‖A−1
τ ‖∞

is well defined and finite. Writing (5) as a linear system of r × r equations with the
matrix Aτ ,

d = Aτz + eτ ,

we obtain that
‖z‖∞ ≤ ‖A−1

τ ‖∞ (‖d‖∞ + ‖eτ‖∞) .

This implies

|hj−r ∆
(j)
f | ≤ M · (D + ELr)

where

(7) E := max
0≤τ≤1

max
k+1≤i≤k+r

∣∣∣∣∣
i∑

m=i−r
cr,m(τ)bm−i+r.

∣∣∣∣∣ ,

which completes the proof. �
Lemma 4. For any integer i we have

|f [ti−r, ti−r+1, . . . , ti]| ≤ max
2i−r≤j≤2i

|f [t(j−r)/2, t(j−r+1)/2, . . . , tj/2]|.

Proof. Suppose without loss of generality that f [ti−r, . . . , ti] > 0 and that the lemma
does not hold. Let wr be the polynomial of degree at most r interpolating f at tj,

i− r ≤ j ≤ i, and define f̃ := f − wr. Note that divided differences of wr at any r + 1
different points are the same and, hence, equal to f [ti−r, . . . , ti]. Therefore,

f̃ [t(j−r)/2, t(j−r+1)/2, . . . , tj/2] < 0 2i− r ≤ j ≤ 2i.

This implies that the divided differences based on r successive points,

f̃ [t(j−r+1)/2, t(j−r+2)/2, . . . , tj/2] 2i− r − 1 ≤ j ≤ 2i,

decrease with j and, consequently, they change sign at most ones (where hitting zero
is also considered a sign change). Proceeding inductively we obtain that the divided
differences based on successive r − 1 points change sign at most twice, those based on
r − 2 differences change sign at most three times, and so on. We eventually conclude
that the values f(tj/2), 2(i − r) ≤ j ≤ 2i, change sign at most r times. This is a

contradiction since f̃ vanishes at r + 1 points tj for i− r ≤ j ≤ i. �
Note that Lemma 4 holds true for arbitrary (not necessarily equidistant) increasing

sequence of knots tj/2, 2(i− r) ≤ j ≤ 2i.
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4. The adaptive quadrature

We are ready to prove (ii) of Theorem 1 by constructing the adaptive quadrature
Q∗n. The quadrature uses divided differences (corresponding to an initial equidistant
division of the domain [0, T ]) to get some information about the size of the discontinu-

ity jumps ∆
(j)
f . If these are ‘small’, the composite quadrature based on Sr is applied on

[0, T ]. Otherwise an adaptive procedure is performed to determine a small interval sus-
pected to contain a ‘large’ singularity. This interval is then removed and the composite
quadrature is applied on the remaining part of the domain.

The following pseudocode describes Q∗n. In this algorithm, the threshold D is formally
an arbitrary real number, and b > 0.

THE ALGORITHM
01 begin
02 choose m ≥ r; h := T/m;
03 for i := 0, 1, . . . , m− 1 do di := f [(i− r)h, . . . , (i− 1)h, ih];
04 s := arg max0≤i≤m−1 |di|;
05 if |ds| ≤ D then Q∗n(f) :=

∑m
i=1 Sr(f ; (i− 1)h, ih) else

06 begin
07 u := kh; δ := h;
08 while rδ ≥ bhr+1 do
09 begin
10 δ := δ/2;
11 for i := 0, 1, . . . , r do ei := f [u− δ(i + r), . . . , u− δ(i+ 1), u− δi];
12 s := arg max0≤i≤r |ei|;
13 u := u− δs
14 end;
15 l1 := min{i : ih > u}; l2 := max{i : ih < u+ T − bhr+1};
16 Q∗n(f) := Sr(f ; u, l1h) + Sr(f ; l2h, u+ T − bhr+1)

17 +
∑l2

i=l1+1 Sr(f ; (i− 1)h, ih)
18 end
19 end.

To prove that Q∗n has the desired properties, we set ti = ih ∀i, and assume that
the singularity sf ∈ (tk, tk+1]. We also introduce βr to be such that for any a < b and
f ∈ Cr([a, b])

(8)

∣∣∣∣
∫ b

a

f(x) dx− Sr(f ; a, b)

∣∣∣∣ ≤ βr‖f (r)‖C([a,b])(b− a)r+1.

(Obviously, one can take βk = αk from Lemma 1, but better estimates are available;
see, e.g., Remark 3.)

We consider two cases dependent on the size of the largest divided difference |ds|
computed in lines 03 and 04.

Case 1: |ds| ≤ D.
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Then by Lemmas 1 and 3 we have
∣∣∣∣
∫ tk+1

tk

f(x) dx − Sr(f ; tk, tk+1)

∣∣∣∣ ≤ hr+1Lr (αr +BD)

where BD = M(D/Lr + E)
∑r−1

j=0 αj, which implies that

|I(f)−Q∗n(f)| ≤ m−rT r+1Lr
(
βr +m−1(BD + αr − βr)

)
.

In this case the quadrature uses at most m(r + 1) points.

Case 2: |ds| > D.
If, in addition, |ds| > Lr/r! then by Lemma 4 the singularity is in the removed

interval. Using (8) we obtain

|I(f)−Q∗n(f)| ≤ m−rT r+1Lr(βr +m−1bL0/Lr).

On the other hand, if |ds| ≤ Lr/r! (which can be the case only when D < Lr/r!) then

|I(f)−Q∗n(f)| ≤ m−rT r+1Lr(βr +m−1(B + αr − βr + bL0/Lr))

where B = M(1/r! + E)
∑r−1

j=0 αj.

The adaptive procedure 06 to 18 is in this case performed br log2 m+log2(r/(bT r))c+
1 times, and each time r new function values are evaluated. Hence the total number of
points used is at most

(9) (m + 1)(r + 1) + (br log2 m + log2(r/(bT r))c+ 1) r.

We now let Cr > rrβr and m = m(n) be chosen such that it is the largest integer
for which n is not smaller than (9). Then, for sufficiently large n we obtain

ewor(Q∗n;Fr) ≤ CrT
r+1Lrn

−r,

as claimed in Theorem 1 (ii).

Remark 3. Suppose one wants to be sure that the error is at most ε > 0. Then the
choice of m depends on ε, parameters r, T , L0, Lr of the problem, parameters D and
b of the algorithm, and on the choice of Sr through βr and αj, 0 ≤ j ≤ r, defined
by (8) and (3)-(4). For instance, let D = Lr/r! and b = (B + αr − βr)Lr/L0. Then
|I(f)−Q∗n(f)| ≤ ε ∀f ∈ Fr if

m−rT r+1Lr(βr + γr/m) ≤ ε,

where γr = B + αr − βr.
Consider now special cases when the Midpoint, Trapezoid, or Simpson’s rules are

used as the basic quadrature Sr.
For Midpoint and Trapezoid rules the regularity parameter is set to r = 2. We have

α0 = 1/2, α1 = 1/8, and α2 = 7/24, β2 = 1/24 for the Midpoint, and α2 = 5/12,
β2 = 1/12 for the Trapezoid. The constant E given by (7) equals 3/2. To find M given
by (6), we check that

Aτ =
1

2
·
(

1 −τ + 1
−1 τ

)
and A−1

τ = 2 ·
(
τ τ − 1
1 1

)
,

which leads to M = 4. Hence γ2 = 21/4 for the Midpoint and γ2 = 16/3 for the
Trapezoid rules.
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For Simpson’s rule the regularity is r = 4. We have α0 = 1/3, α1 = 1/24, α2 = 1/324,
α3 = 1/1152, α4 = 49/2880, β4 = 1/2880, and E = 17/144. The constant M is now
more difficult to get. However, one can verify that

Aτ =
1

24
·




1 −τ + 1 1
2
τ 2 − τ + 1

2
−1

6
τ 3 + 1

2
τ 2 − 1

2
τ + 1

6

−3 3τ − 2 − 3
2
τ 2 + 2τ 1

2
τ 3 − τ 2 + 2

3

3 −3τ + 1 3
2
τ 2 − τ − 1

2
−1

2
τ 3 + 1

2
τ 2 + 1

2
τ + 1

6

−1 τ −1
2
τ 2 1

6
τ 3




and

A−1
τ = 24 ·




1
6
τ 3 + 1

2
τ 2 + 1

3
τ 1

6
τ 3 − 1

6
τ 1

6
τ 3 − 1

2
τ 2 + 1

3
τ 1

6
τ 3 − τ 2 + 11

6
τ − 1

1
2
τ 2 + τ + 1

3
1
2
τ 2 − 1

6
1
2
τ 2 − τ + 1

3
1
2
τ 2 − 2τ + 11

6

τ + 1 τ τ − 1 τ − 2
1 1 1 1


 ,

which leads to M = 96. Hence γ4 = 5.8273 . . .

5. Nonperiodic functions with multiple singularities

We now consider the integration problem for functions that are not necessarily pe-
riodic and may have more than one singularity.

Specifically, let F∞r be the set of r-smooth functions f : [0, T ) → R with finitely
many singularities. That is, f ∈ F∞r iff there are an integer k = k(f) ≥ 0, points

0 = s0 < s1 < · · · < sk < sk+1 = T,

and functions gj ∈ Cr([sj, sj+1]), 0 ≤ j ≤ k, such that f(x) = gj(x) for all x ∈ [sj, sj+1),
0 ≤ j ≤ k, and f(T ) = gk(T ). Let F q

r be the set of functions with at most q singularities,
i.e.,

F q
r = { f ∈ F∞r : k = k(f) ≤ q }.

Obviously, F 0
r ⊂ F 1

r ⊂ · · · ⊂ F q
r ⊂ · · · and F∞r = ∪∞q=0F

q
r .

Given positive L0 and Lr, we analyze the worst case errors ewor(Qn;F qr ) of quadra-
tures Qn with respect to the classes

F qr = F qr (L0, Lr) =
{
f ∈ F q

r : ‖gj‖C ≤ L0 and ‖g(r)
j ‖C ≤ Lr for 0 ≤ j ≤ k(f)

}
,

0 ≤ q ≤ ∞. We consider four cases depending on q.

Case 1: q = 0.
This corresponds to functions with no singularities. Then nonadaptive quadratures,

e.g., composite Newton-Cotes, achieve the minimal error of Θ(n−r).

Case 2: q = 1.
This is almost the case considered in Theorem 1. Despite the fact that now the

functions need not be periodic, Theorem 1 holds true for F 1
r ; however, the adaptive

quadrature Q∗n has to be modified. Indeed, Lemma 3 cannot be applied for the initial
equidistant sampling to detect a ‘large’ singularity at

s1 ∈ [0, (r − 1)h) ∪ [T − (r − 1)h, T ] (h = T/m).

To avoid this difficulty, we just add some new sample points in the vicinities of 0 and T .
For instance, we can use sampling of size h on the interval [2rh, T − 2rh], sampling of
size h/2 on [rh, 2rh] and [T−2rh, T−rh], of size h/4 on [rh/2, rh] and [T−rh, T−rh/2],
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and generally, sampling of size 2−jh on [21−jrh, 22−jrh] and [T − 22−jrh, T − 21−jrh]
for 1 ≤ j ≤ k, where k = dr log(1/h)e. It is easy to verify, using Lemma 3 and the
adaptive procedure, that if s1 ∈ [δ, T − δ], δ = 22−krh ≤ 4rhr+1, and the singularity
is ‘large’ then it can be detected with precision O(hr+1). This in turn is sufficient to
approximate the integral with the worst case error O(n−r).

Case 3: 2 ≤ q <∞.
It is clear that for a fixed value of q, the worst case error of the composite Newton-

Cotes quadratures is Θ(n−1) with the constant in the Θ-notation depending on q.
It turns out that this error level cannot be improved. Indeed, we have the following
proposition.

Proposition 1. For any q ∈ [2,∞), any n, and any (in general adaptive) method Qn,

ewor(Qn;F qr ) ≥ L0 T max

{bq/2c
n + 1

, 1

}
.

Proof. Let x1 ≤ x2 ≤ · · · ≤ xn be the points at which the function values are computed
for f ≡ 0. With x0 and xn+1 denoting respectively 0 and T , let K be the set of indices
i ∈ {1, . . . , n+ 1} for which xi−1 6= xi. Clearly its cardinality k = |K| is at least 1 and∑

i∈K(xi − xi−1) = T . If q/2 ≤ k, let P ⊂ K be a set of bq/2c indices for which

∑

i∈P
(xi − xi−1) ≥ T

bq/2c
n+ 1

.

If q/2 > k, we choose P = K. For 0 < δ < mini∈P (xi− xi−1)/2, consider two functions
f−1,δ and f+1,δ defined as follows:

f`,δ(x) =

{
`L0 if x ∈ (xi−1 + δ, xi − δ) for i ∈ P ,
0 otherwise.

Clearly, for ` = ±1, we have that f`,δ ∈ F qr , and I(f`,δ) = `L0bq/2c(T/(n + 1) − 2δ)
when q/2 < k and I(f`,δ) = `(L0T − kδ) otherwise. Moreover, since both functions
vanish at the xi’s, the method uses those points to evaluate both functions and, as a
result of that, Qn(f−1,δ) = Qn(f+1,δ). This and the fact that δ can be arbitrarily small
complete the proof. �

Case 4: q =∞.
It follows from Proposition 1 that the worst case error of any method is bounded

from below by L0T regardless of n.

We summarize this is the following theorem.

Theorem 2. The minimal worst case errors for classes F q
r that can be achieved by

nonadaptive and adaptive methods using n function values are given as follows:

class of nonadaptive adaptive
functions methods methods

F0
r Θ(n−r) Θ(n−r)
F1
r Θ(n−1) Θ(n−r)

F qr , 2 ≤ q <∞ Θ(n−1) Θ(n−1)
F∞r Θ(1) Θ(1)
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In particular, adaption helps in the worst case setting only when q = 1.

6. The asymptotic setting

In this section we show that the convergence rate of n−r can be preserved even for the
class F∞r if we switch from the worst case to the asymptotic setting. That is, instead of
fixing n and considering the worst function for that n, we now fix a function f and see
how fast the error |I(f)−Qn(f)| goes to zero when n→∞. We assume that f ∈ F∞r ,
i.e., the only a priori knowledge used is that f has r continuous derivatives (except at
an arbitrary, but finite number of singular points). In particular, the bounds on the
derivatives and the number of singularities are unknown.

Theorem 3. There exist adaptive quadratures Q∗∗n , n ≥ 1, each using at most n func-
tion evaluations, such that for all f ∈ F∞r we have

lim sup
n→∞

nr · |I(f)−Q∗∗n (f)| < ∞.

Proof. The quadrature Q∗∗n is constructed based on Q∗n from Section 4. Let f ∈ F∞r
and sj, 1 ≤ j ≤ k, be the singular points of f , 0 = s0 < s1 < · · · < sk < sk+1 = T .

In the preliminary step we choose m ≥ r and compute the divided differences di =
f [ti−r, . . . , ti] for r ≤ i ≤ m (tj = jh ∀j). Observe that if m is large enough so that

(10) h =
T

m
≤ 1

2r
min

0≤j≤k
(sj − sj−1)

then all the divided differences from Lemma 3 corresponding to each singularity are
computed and, moreover, these cover different intervals for different sj.

Then we choose l = l(m) (which will be specified later) and l∗ ≤ l indices i1, . . . , il∗

as follows. If the largest divided difference, say |ds|, does not exceed a given threshold
D then l∗ = 0, otherwise i1 = s. Suppose we have defined i1, . . . , ij−1, 1 ≤ j ≤ l.
Consider the set Zj consisting of all the divided differences that are at least D and
use points different from those used by di1 , . . . , dij−1

. If Zj is empty then l∗ = j − 1,
otherwise ij is the index of the largest element in Zj.

Next we perform the adaptive procedure separately for each of the l∗ disjoint intervals
[tij−r, tij ] obtaining l∗ disjoint intervals (aj, bj), a1 < b1 < a2 < b2 < · · · < al∗ < bl∗

where (bj − aj) = O(hr+1) ∀j.
Finally, Q∗∗n (f) is obtained by applying the composite quadratures (based on Sr) on

the l∗ + 1 intervals [0, a1], [b1, a2], . . . , [bl∗−1, al∗], [bl∗, T ].
Observe that if, in addition to (10), we have l ≥ k then all ‘large’ singularities, i.e.,

those for which some of the corresponding differences from Lemma 3 are larger than
max

{
D, ‖f (r)‖C/r!

}
, are in ∪l∗j=1(aj, bj). Similar arguments to those for Q∗n show that

this is sufficient for the error to be O(m−r).
Since k = k(f) is not known, the condition l ≥ k can be guaranteed only by varying

l with m. It turns out that it suffices to choose l = l(m) such that limm→∞ l(m) = ∞
and

lim sup
m→∞

l(m) logm

m
<∞.
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Indeed, then for sufficiently large m (dependent on f) we have (10) and l(m) ≥ k, so
that the total number of points used is

n = O(m+ l(m) logm) = O(m),

the total length of the intervals removed from the domain is O(n−r log−1 n), and

|I(f)−Q∗∗n (f)| = O(n−r),

as claimed. �

We want to stress that the convergence n−r cannot be improved. Indeed, the general
results of Trojan [23], see [21, Sect. 2, Chapt. 10], imply that for any sequence of
positive numbers δn converging to zero and for any ball in F 0

r (with the norm defined
as ‖f‖ = max{‖f‖C, ‖f (r)‖C}) one can find functions f for which |I(f) − Qn(f)|
converges no faster than δnn

−r. Since δn can converge to zero arbitrarily slowly, faster
convergence than n−r cannot be guaranteed even for functions from F 0

r .

To complete the picture we now show that nonadaptive methods can converge at
rate at most n−1 which means that the use of adaption is crucial in the asymptotic
setting.

For any function f : [0, T ]→ R, ε ∈ R, and u ∈ [0, 1), we let

fε,u(x) =

{
f(x) + ε 0 ≤ x < u,
f(x) u ≤ x ≤ T,

and fε,1(x) = f(x) + ε ∀x. Obviously, if f ∈ F∞r then also fε,u ∈ F∞r .

Lemma 5. Let {Qn}∞n=1 be a sequence of nonadaptive methods, each using at most n
function evaluations. Then for any f ∈ F∞r and any ε 6= 0 the set

A =
{
u ∈ [0, 1] : lim

n→∞
n · |I(fε,u)−Qn(fε,u)| = 0

}

is of Lebesgue measure zero, i.e., λ(A) = 0.

Proof. Suppose Qn uses the points 0 ≤ xn1 < xn2 < · · · < xnn ≤ T . Since for functions
fε,u, u ∈ [0, 1], the information takes only n+ 1 different values

( f(x1) + ε, . . . , f(xi) + ε, f(xi+1), . . . , f(xn) ) ,

0 ≤ i ≤ n, the method Qn(fε,u) takes at most n + 1 different values. On the other
hand, I(fε,u) = I(f) + εu. Hence, for any c > 0 and any n the set

Bc
n =

{
u ∈ [0, 1] : |I(fε,u)−Qn(fε,u)| ≤ c(n+ 1)−1

}

has measure at most 2c/|ε|.
Letting

Acn =
{
u ∈ [0, 1] : |I(fε,u)−Ql(fε,u)| ≤ c(n + 1)−1 ∀l ≥ n

}

we have Ac
n ⊂ Bc

n, Ac1 ⊂ Ac2 ⊂ · · · , and A ⊂ ∪∞n=1A
c
n. Therefore

λ(A) ≤ lim
n→∞

λ(Acn) ≤ 2c/|ε|.

Since c can be arbitrarily small, λ(A) = 0. �
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7. Numerical results

We implemented and tested the adaptive quadratures Q∗n and Q∗∗n using the Midpoint
and Trapezoid rules (r = 2), and Simpson’s rule (r = 4) as the basic quadrature Sr.

Note that both quadratures can be implemented (for any r ≥ 1 and any Sr) in such
a way that they run in O(n) time. Indeed, this is obvious for Q∗n. In case of Q∗∗n the only
difficulty lies in the selection of l∗ indices corresponding to largest divided differences.
However, this can be realized using a heap, see, e.g., [5, Sect. 7, Chapt. 2]. The heap of
O(n) divided differences can be built in O(n) time, and then O(l∗) removals of largest
elements cost O(l∗ logn) which is O(n) since l∗ = O(n/ logn).

In all the tests the parameter b is set to one. The results are presented in the logarith-
mic scale, i.e., − log10 |I(f)−Qn(f)| versus log10 n. Each graph is the piecewise linear
interpolation of data obtained by running the corresponding quadrature for m = 10z/10

where z are successive integers from some range.
In Fig. 1 to Fig. 3 the adaptive quadratures (marked with ‘a’) are compared to the

corresponding nonadaptive quadratures (marked with ‘n’). We generally observe much
smoother behavior of adaptive quadratures.

In Fig. 1 the periodic function f1 with one discontinuity is defined by T = 6,
gf1(x) = sin(x), and sf1 = π. In Fig. 2 the comparison is done for the ‘peak’ function

f2(x) = sin(8x)/16 + exp(−16|x− 1|)
with T = π. Since f2 is continuous, the nonadaptive quadratures converge in this case
at rate n−2; hence adaptive Midpoint and Trapezoid are not worse than their adaptive
counterparts.

In Fig. 3 we have T = 3 and

f3(x) =
(
exp

(
−(x− 1)2

))
+

5∑

j=1

cjχ[0,sj)(x)

where [c1, c2, c3, c4, c5] = [0.8,−0.14, 0.06,−0.10, 0.2] and sj = jπ/6, 1 ≤ j ≤ 5. This is
an example of many well separated discontinuities, where the convergence n−r of the
adaptive quadratures occurs rather quickly.

Fig. 4 shows results for the three adaptive quadratures in case of a function with
discontinuities very close one to another; f4 is defined as f3, however, we now have

[s1, s2, s3, s4, s5] = [π/6, π/6 + 0.03, π/2, π/2 + 0.07, π/2 + 0.073].

The behavior of the errors is rather poor for a long time, and it suddenly becomes n−r

when all the singularities have been detected. It is clear that for such functions the
error n−r can occur arbitrarily late, which follows from the fact that the worst case
error for F∞r does not converge to zero.

In all the proceeding tests l(m) was equal to the number k(f) of singularities. In
such cases the choice of D is not crucial since then the adaptive procedure is never
performed more than k times. The situation is more subtle if k(f) is not known. For
example, Fig. 5 shows the convergence of the adaptive Simpson for the function f3,

for l(m) = bn/ log2(m)c, and for different values of D. Obviously, D1 = 0.5 = ‖f (4)
3 ‖/4!

is the best choice.



POWER OF ADAPTION 17

1.5 2 2.5 3 3.5 4
0

5

10

15

a

n

Simpson

1.5 2 2.5 3 3.5 4

2

4

6

8

10

a

n

Midpoint

1.5 2 2.5 3 3.5 4

2

4

6

8

10

n

a

Trapezoid

0 2 4 6
−1

−0.5

0

0.5

1

Test function

Fig. 1: Adaptive versus nonadaptive quadratures for the periodic function f1 with
one dicontinuity.

For the same reason, the choice of l(m) is not crucial as long as D = ‖f (r)‖C/r!
Fig. 6 shows the convergence of the adaptive Simpson for f3, for D = 0, and for
different functions l(m).
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