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Abstract

The thesis discusses an extension of the logic with Henkin quantifiers (a survey of
Henkin quantifers may be found in [Krynicki-Mostowski 1995a]). The extension,
known as logic with branched quantifiers with dualization (LBD), differs from
the usual logic with Henkin quantifiers in that the set of available quantifiers is
additionally closed on a dualization operator (where the dualization of a quantifier
Q is defined as -Q—).

In [Mostowski 1987a] it was shown that LBD is semantically equivalent to
second order logic. In this thesis we use a naturally defined notion of dualization
depth of a quantifier to examine the semantical force of sublogics of LBD. We
prove that for any natural number n, the class of simple positive formulae with
quantifiers of dualization depth at most n is semantically equivalent to the class
»l +1- We also show that the expressive power of the full logic with quantifiers of
dualization depth at most n is bounded by the class AL Lo

One of the corollaries of our results is that Henkin quantifiers of dualization
depth at most n are a natural class of quantifiers capturing the complexity class
EE 11 of the so—called polynomial hierarchy.

Streszczenie

Praca omawia pewne rozszerzenie logiki z kwantyfikatorami Henkina (przeglad
stanu wiedzy na temat kwantyfikatoréw Henkina znalezé mozna w pracy
[Krynicki-Mostowski 1995a]). Rozszerzenie to, znane jako logika z kwantyfika-
torami Henkina z dualizacja (LBD), r6zni sie od zwyktlej logiki z kwantyfikatorami
Henkina tym, ze zbiér dostepnych kwantyfikatoréow jest dodatkowo domkniety na
operator dualizacji (gdzie dualizacja kwantyfikatora @ jest —Q-).

M. Mostowski wykazal w [Mostowski 1987a], ze LBD jest semantycznie
rownowazna logice drugiego rzedu. W niniejszej pracy uzywamy naturalnie zdefi-
niowanego pojecia glebokosci dualizacji kwantyfikatora do badania semantycznej
mocy podlogik LBD. Dowodzimy, ze dla kazdej liczby naturalnej n, klasa prostych
formut pozytywnych z kwantyfikatorami z dualizacja gltebokosci co najwyzej n jest
semantycznie rownowazna klasie Y1 11- Pokazujemy takze, ze sita wyrazu pelnej
logiki z kwantyfikatorami z dualizacja gteboko$ci co najwyzej n jest ograniczona z
géry przez klasg AL to

Jednym z wnioskéw z naszych wynikéw jest to, ze kwantyfikatory Henkina z
dualizacja glebokosci co najwyzej n sa naturalna klasa kwantyfikatorow chwytajaca
klase ztozonosci TF 11 2 tak zwanej hierarchii wielomianowej.



Acknowledgments

We would like to thank: our thesis supervisor, Marcin Mostowski, for suggesting
to us the topic of the thesis, and for providing us with constant guidance and
help without which we certainly would not have obtained our results; Konrad
Zdanowski, who is the co—author of one of the two main theorems of the thesis;
and our Parents, for everything.



Contents

1 Introduction 1
2 Basic definitions and facts 3
2.1 Logic with Henkin quantifiers . . . . . .. ... .. ... ... 3
2.2 Comparing logics . . . . . . .. ... 6
3 Henkin quantifiers with dualization 10
3.1 Dualizing Henkin quantifiers . . . . . .. . ... .. ... ... 10
3.2 Simple formulae with limited dualization depth . . . . . . .. 15
3.3 Logics with limited dualization depth . . . . . . . .. ... .. 18

4 Henkin quantifiers with dualization and computational com-
plexity 21

A Complexity theory 25



1 Introduction

In [Henkin 1961], Leon Henkin introduced a certain extension of first order
quantification. The linear quantifiers of first order logic do not suffice to
express all possible dependencies between the quantified variables. Henkin’s
idea was to overcome this limitation by allowing explicit mention of depen-
dencies between variables. The logic with his quantifiers — originally re-
ferred to as partially ordered quantifiers, nowadays called Henkin quantifiers
or branched quantifiers— turned out to be an interesting, and intensively
studied, enrichment of first order logic!.

The reasons for studying Henkin quantifiers are numerous and varied.
Apart from their purely logical properties, some of which will be discussed in
Chapter 2 of this thesis, Henkin quantifiers have a number of features which
seem to be important from a philosophical point of view. It is, for exam-
ple, sometimes held (see [Hintikka 1974]) that they are indispensable for the
proper reconstruction of the logical forms of some sentences of natural lan-
guage. Furthermore, they considerably enhance the expressive power of our
language (they capture a large fragment of second order logic) at apparently
no ontological cost (they bind only first order variables).

This last feature of Henkin quantifiers becomes almost spectacular once
we introduce an additional, very natural operation known as dualization.
The so—called Henkin quantifiers with dualization at first sight appear to be a
minor variant of the usual Henkin quantifiers. This impression is misleading,
however: in [Mostowski 1987a] it was proved that the logic with Henkin
quantifiers with dualization (LBD?) is semantically equivalent to full second
order logic.

LBD is the central topic of this paper. In Chapter 3, we study its equiva-
lence with second order logic in some detail. We prove two new results on the
structure of this equivalence. In particular, we show that in LBD there is an
exact counterpart of the X! hierarchy of second order logic. We also obtain
an upper bound for the expressive power of certain fragments of LBD?3.

In recent years, another motivation for the study of generalized quanti-
fiers has come from the direction of computational complexity theory. Be-
ginning with Fagin’s theorem (see [Fagin 1974]), we have learned that many

LA comprehensive survey of the research on the logic with Henkin quantifiers may be
found in the paper [Krynicki-Mostowski 1995a]. The paper [Mostowski—Zdanowski 2002]
is a survey on the logic with Henkin quantifiers in finite models. Additionally,
[Mostowski 1995] discusses proof systems for Henkin quantifiers and a non—standard se-
mantics known as the weak semantics.

2Logic of Branched quantifiers with Dualization.

3The upper bound is a joint result with Konrad Zdanowski.



questions of complexity theory are equivalent to questions concerning the
expressibility of properties of finite models in various extensions of first or-
der logic. The discovery of this phenomenon has led to the development
of the so—called descriptive complexity theory, which attempts to tackle the
problems of complexity theory by means of logical considerations. Henkin
quantifiers have played a key role in these considerations since the publication
of the paper [Blass—Gurevich 1986]. Among the results contained there was
the observation that the classes of finite models definable by simple positive
formulae with Henkin quantifiers are exactly those which are NP.

In Chapter 4, the final chapter of the thesis, we apply the complexity—
theoretical approach to LBD. Our results from Chapter 3 allow us to deter-
mine the complexity classes corresponding to Henkin quantifiers with dual-
ization. This, in turn, makes it possible to gain additional insight into the
behaviour of LBD in finite models.

The paper closes with an Appendix on the ideas and facts in complexity
theory essential for understanding our results.



2 Basic definitions and facts

This chapter contains some basic definitions and facts on Henkin quanti-
fiers. As we concentrate almost exclusively on notions and theorems neces-
sary for understanding our results, our exposition is by no means complete.
A (much) more thorough treatment of Henkin quantifiers may be found in
[Krynicki-Mostowski 1995a).

2.1 Logic with Henkin quantifiers

Definition 2.1 A Henkin prefiz is a triple Q = (Aq, Eq, Dg), where Ag and
Eq are disjoint finite sets of variables (the universal and ezistential variables
of Q, respectively) and Dg C Ag X Eqg. Dg is the dependency relation of
Q. Whenever (z,y) € Dg, we say that the existential variable y depends on
the universal variable x in Q). We say that Q) is linear if there is a linear
ordering < on AgU Eq such that (z,y) € Dg iff x <y, forx € Ag,y € Eqg.

Henkin prefixes are usually written down not as triples, but in a more
elegant and readable form. We write them as rows of standard first order
prefixes, in such a way that each existential variable depends exactly on
those universal variables which are on the left of it and in the same row. For
example, the prefix H = ({z, 2z}, {y, w}, {(x,y), (z,w)}) is:

Ve Jdy
Vz Jw.

In the case of more complex prefixes, the notational convention is slightly
modified. We may use parentheses to divide prefixes into blocks. It is then
the rule that an existential variable depends on all universal variables which
are on the left of its block. Within a single block, the dependencies are
determined as previously. For example, the prefix

({1’1, T2, 21, Z2}7 {yb Y2, Wy, w2}7

{(@1,91), (22, y2), (71, 1), (21, wa), (T2, w1), (T2, w2), (21, w1), (22, w2)})

would be written down as:

Vl‘l Elyl \V/Zl Elwl
VZ’Q Hyg VZQ ng '
From now on, we shall not distinguish precisely between prefixes and
quantifiers. Generally, “quantifier” is both a syntactical and a semanti-

cal concept, whereas “prefix” is a purely syntactical one. A prefix may be
thought of as a quantifier once we disregard its specific variables.



‘H is the set of all Henkin prefixes. We follow the standard convention
and use H also to denote the class of all Henkin quantifiers. L7 is the
logic obtained from first order logic in vocabulary ¢ by adding all Henkin
quantifiers.

We now proceed to define the set of formulae and the satisfaction relation
for L. The set of terms of L is the same as for first order logic. The set of
formulae of L} is defined as follows:

Definition 2.2 Fp. is the smallest set satisfying the following conditions:
e for any terms ty,ty of vocabulary o, "t, =t € Fp-,

e for any R, k—ary relation in o, and for any terms t1,...,tx of vocabu-
lary o, "R(ty, ..., tx)" € Fr:

o forany v and , if ), p € Fr., then™ 7 € Fr. and " (Y A@)" € Fis,
e for any variable v and o, if ¢ € Fp:, then "Jxp ' € Fp-,

o for any Q € H and ¢, if p € Fr:, then "Qp ' € Fp:.

To define the semantics for Henkin quantifiers, we need the concept of
skolemization of a formula relative to a prefix:

Definition 2.3 Let Q € H. Let xq,...,x, be the uniwersal and vy, ...,y
the existential variables of Q). For i = 1,...,k, let x; be the sequence of
all the universal variables on which y; depends in Q). Then the skolemization
sk(Q, @) of Qp relative to Q is the result of substituting f;(x;) fory; in ¢ (for
i=1,...,k). The function symbols f1,..., fr have to be new and mutually
distinct. They are called the Skolem functions introduced by skolemization of
Q relative to Q.

Definition 2.4 The satisfaction relation |=p- is defined inductively as for
first logic, with the following inductive condition added:

M =1+, Qo (a] if and only if there are operations Fy, ..., Fy, on |M]
such that(M, Fi, ..., Fy) =i, Vxsk(Q, ¢) [a],

where Fy, ..., Fy interpret the respective Skolem functions introduced by
skolemization of Qo relative to Q, o' is the extension of o by these Skolem
functions, and x is the sequence of all the universal variables of ().



It is natural to ask whether the logic with Henkin quantifiers is semanti-
cally stronger than first order logic. The answer is positive, as is evidenced
by the following example.

4

Example. The Ehrenfeucht sentence® is a sentence of Ly of the form

00V (=2 =y = w) At £ ).

=

The Ehrenfeucht sentence is true exactly in infinite models.
Indeed, by the definition of the semantics for L, the Ehrenfeucht
sentence is true in a model M if and only if there is a one-to-one function
on |M| which is not onto, i.e. exactly if M is infinite (in Dedekind’s sense). O

The semantics for Henkin quantifiers defined above is known as the func-
tional semantics. This semantics has a certain drawback: its correctness de-
pends on the correctness of the skolemization technique, which in turn relies
on the Axiom of Choice. For this reason, in [Mostowski 1987] an alternative
semantics, called the relational semantics, was proposed.

To develop the relational semantics, we will have to adopt a somewhat
different definition of the set of Henkin prefixes.

Definition 2.5 (The set of quantifier prefixes PREF) The set PREF
and the natural mapping PREF — H are defined by parallel induction as
follows:

e for any variable x: Yx € PREF, Ay, = {z}, By, = 0, and Dy, =
(0; also 3x € PREF, A3, =0, E3, = {z}, and D3, = (;

o for any Q,Q" € PREF such that the sets Ag, Ag, Eg, and E¢g are

mutually disjoint: € PREF, Aq = AgU Ay, Eq = Eg U Eg,
Q’ Q’

Q

Q’

and Dq = DgU Dy
Q/

also QQ' € PREF, AQQ/ = AQ UAQ/, Eqqg = EqgUEg, and Dgg =

Do U Dg U (AQ X EQ/).

Q@
Ql
the horizontal composition of () and ). It should be noted that the natural
mapping from PREF to H, defined by Q) — (Ag, Eq, Dg), is not surjective.

For prefixes , @Q', the prefix is called the vertical, while QQ" —

4This sentence was discovered by Andrzej Ehrenfeucht and first appeared in
[Henkin 1961].



For a vocabulary o, the set of formulae L} (where L" is the logic with
quantifiers from PREF) is defined analogously to L%, with H replaced by

PREF. The satisfaction relation for the relational semantics is then defined
thus:

Definition 2.6 The satisfaction relation =, is defined inductively as for
first order logic, with the following inductive conditions added:

M = (QQ")y [a] if and only if M =1, Q(Q'¢) [al;

M E=pr 8, ¢ [a] if and only if there are relations R, R’ on |M| such that

(M,R,R) ):L;, QP(x) N Q'P'(x') N\vxx'(P(z) A P (') = ) [a],

where R, R interpret the predicates P, P' (respectively), P and P’ do not
occur in o, the vocabulary o' is the extension of o by these predicates, and
x, X are sequences of all the variables of Q and @', respectively.

The question arises whether the relational semantics is equivalent to the
functional semantics. To see that such an equivalence indeed does hold, we
need another definition.

Definition 2.7 The L*—form of an L"—formula ¢ is a formula ©* obtained
from ¢ by replacing all occurences of quantifier prefizes from PREF by pre-
fixes from H assigned to them by means of the natural mapping.

Assuming the Axiom of Choice, we now have a theorem establishing the
equivalence of the two semantics.

Theorem 2.8 The following holds:

(i) if p is an L"~formula and ©* is its L*~form, then for any model M and
any valuation a in M we have: M = ¢ [a] if and only if M = ¢* [a].

(i1) every L*—formula is equivalent to the L*—form of some L"—formula.

2.2 Comparing logics

We have already seen that the logic with Henkin quantifiers is more powerful
than ordinary first order logic. As a matter of fact, we can characterize its
expressive power more precisely. This is carried out by comparing the logic
with Henkin quantifiers to appropriate fragments of second order logic.

We recall the most important concepts used in comparing logics. Any
logic is a functor (proper class function) L which assigns to every vocabulary
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o a pair (F,r,F,1), where F, is the set of L-sentences of vocabulary o
and =, is a (proper class) relation between models of vocabulary o and
elements of F,; (the truth relation). It is assumed that logics satisfy some
general conditions. In this paper, we consider only natural logics which
obviously satisfy these conditions®.

Definition 2.9 For a sentence ¢ € F,1, we define Mod, () as the class of
models of vocabulary o in which ¢ is true (that is, in which M =,1, ¢ holds).
Two sentences @, 1 are logically equivalent if Mod,r (@) = Modyr (1) for
any vocabulary o containing the vocabularies of ¢ and 1.

We will skip the indices L and ¢ whenever they will be clear from the
context.

Definition 2.10 Let L, L' be logics. We define:

o [ < L' (L is semantically weaker or equivalent to L') if for every
vocabulary o and every ¢ € F, there exists an L' —sentence ¢ € F,p,
logically equivalent to .

o L =1L" (L is semantically equivalent to L') if L < L' and L' < L.

o L <L (L is semantically weaker than L") if L < L' but not L' < L.

Within second order logic, there is a well-known classification of for-
mulae. A second order formula in normal form (i.e. with all second order
quantifiers at the beginning, followed by a series of first order quantifiers
and a quantifier—free formula®) is X1 if all of its second order quantifiers are
existential, IT] if all of its second order quantifiers are universal. A formula is
¥, 4 if it consists of a series of second order existential quantifiers followed
by a IT}—formula; it is IT},, if it consists of a series of second order universal
quantifiers followed by a X! —formula. This classification can also be applied
to classes of models.

Definition 2.11 Let K be a class of models of vocabulary o (closed on iso-
morphisms). K is:

o XL if there is a XL —sentence ¢ in vocabulary o such that K = Mod, ().

°For the general concept of (model-theoretic or abstract) logic see e.g. the book
[Chang—Keisler 1990].

6 Assuming AC, every second order formula is equivalent to a formula in such a normal
form.



o II! if there is a IIL —sentence ¢ in vocabulary o such that K = Mod, ().
o Al if it is both X} and TI}.

It is fairly easy to notice that for every n € w — {0}, II} contains exactly
those classes of models which correspond to negations of X! -sentences (and
vice versa). By adding superfluous quantifiers, we also see that for all n <
m, ¥, C X, and II} C II}. Furthermore, ¥, C X, ,, II} C II; ., and
¥, C AL, € X, (the same holds for A— and IT-classes). In fact, all of
these inclusions are, in general, strict. Thus, we obtain a hierarchy of classes
of models (which can also be viewed as a hierarchy of logics), sometimes
referred to as the second order hierarchy.

The semantical strength of L" is comparable to the lower levels of the
second order hierarchy.

Definition 2.12 For a set Q of quantifiers, the set NT(Q) of simple formu-
lae with quantifiers from Q consists of all formulae of the form Qi, where

Q € Q and v is first order.
Fact 2.13 N*(H) = N*(PREF).

The folowing theorems give a precise description of the semantical power
of the logic with Henkin quantifiers.

Theorem 2.14 ([Enderton 1970], [Walkoe 1970]) There is an effective
procedure assigning to a X1-formula ¢ a formula @ € NT(H) such that @ is
semantically equivalent to .

Theorem 2.15 ([Enderton 1970]) For any L*-formula ¢ we can effec-
tively find 13— and Y1 —formulae semantically equivalent to .

Theorem 2.16 ([Mostowski 1991a]) There is a Al—class of models not
expressible i L*.

Summarizing these results, we obtain:
Corollary 2.17 The following holds’ :
(i) NY(PREF) = X4;
(ii) L™ < Al.

"The notation L < AL has not been formally defined, but it should be understood as
(proper) inclusion between appropriate families of classes of models.

8



Hence, the logic with Henkin quantifiers captures a significant though
limited fragment of second order logic. It turns out, however, that there
exists an apparently slight modification of L™ which enhances its expressive
power even further. This modification will be the topic of the remaining two
chapters.



3 Henkin quantifiers with dualization

We are now ready to discuss the main topic of this paper, a certain modifica-
tion of Henkin quantifiers. The modification consists in allowing dualization
of quantifier prefixes.

3.1 Dualizing Henkin quantifiers

We think of a quantifier () as dual to a quantifier @’ if @) is equivalent to
—()’—. The most basic example is 3, which is dual to V (actually, since
the duality relation is obviously symmetrical, also V is dual to 3). It is
interesting that the only Henkin quantifiers which have dual Henkin quanti-
fiers are the linear ones, i.e. those already definable in first order logic (see
e.g. [Mostowski 1991]). One might therefore wonder about the effects of
extending the set of quantifier prefixes by introducing an explicit dualization
operator.

Definition 3.1 (The set of prefives with dualization PREF?). The set
PREF? is defined analogously to PREF, with the following inductive con-
dition added:

e for Q € PREF?: Q¢ € PREF?.

From now on, we write “DHQ” to denote “Henkin quantifier with dual-
ization”. The logic with DHQs is called LBD. For any vocabulary o, the
set of LBD—-formulae of vocabulary o is defined in the natural way. The
satisfaction relation is also defined as expected:

Definition 3.2 The satisfaction relation for LBD is defined as for L, with
the following inductive condition added:

M t=rpp, (QY)¢ [a] if and only if M =rpp, ~Q— [a].

There is an important normal—form theorem for LBD, which does not
hold for the logic with ordinary Henkin quantifiers:

Theorem 3.3 ([Mostowski 1987a], [Mostowski 1987b]) For every
LBD-formula ¢ there is Q € PREF?® and a quantifier free LBD—formula
W of the same vocabulary such that = (p <= Qv), i.e. ¢ and Qi are
logically equivalent.

10



We have already hinted at the fact that LB D is more expressive than L".
It is not very difficult to find examples for this.

Example. It is known — see [Mostowski 1991] — that a sentence of L*
(and hence L") in empty vocabulary has an infinite model if and only if it has
a countable model. Therefore, there is no sentence of L™ in empty vocabulary
true exactly in countable models. However, there are such sentences in LBD.
An example is the sentence £ in N*(PREF?) consisting of the prefix

Vi 3y
Vo Jyo
dz \V/tl Elul

\V/tg ElUQ
Jw

followed by a quantifier—free formula
(x1 =20 =11 =y2) A ((t1 = ta = ug = ug) = 9),
where ¢ is:
{ti#n A== =2) A i # 2} A
/\{[(t1 =z=>th=u)AN(Li=21 ANty =y1 Aup = Tg = uy = )] =
= (thh=wAw=u)}

The sentence £ is a considerably simplified version of the sentence ob-
tained by applying the translation procedure used in the proof of theorem
3.10 (see below) to a second order sentence expressing countability.

We will outline the proof that £ is indeed true exactly in countable models.
We use P, R, S, T as relational variables and s, f, possibly with indices, as
unary functional variables.

By definition of the semantics for LBD, £ is logically equivalent to &;:

Voo 3 \V/tl E|u1
apaRaz{W; HZ; (P(21, T2, Y1, y2)) A ;tg Tuy | (<Rt ta, ur, g, w)) A
w

VAN ‘v’x1‘v’m2‘v’y1‘7y2Vt1Vt2Vu1Vu2Vw[P(xl, X2, Y1, yg) N R(tl, to, U1, Usg, w) =
= ((r1 =22 = y1 = y2) A ((ty = ta = uy = uy) = V))]}.

We need to translate &; into a logically equivalent second order formula
true exactly in countable models. We shall limit ourselves to the basic steps

11



of the translation procedure and omit the details. The procedure is based on
applying a series of tricks. One of these consists in replacing formulae such
as

Vo 3
HS{VZ Elzgjj S(z, z,y,w) ANVaVyVzvYw[S(x, z,y, w) =

= (z=2=y=w)Ao(z,2y )]}

by the equivalent 3fVaVzo(x, z, f(x), f(2)). Another trick makes use of the
equivalence of Vaxp(x) with VfVze(f(z)).

Let us now observe that in & we may take P(x1,xs,¥y1,¥y2) to be simply
y1 = s(x1) A yo = s(xo) for an appropriate function s. Thus, when we elimi-
nate the non—linear Henkin quantifiers, we see that &; is logically equivalent

to ot
s3RIz{ 3 f13 f2FuwVt Vi (mR(t1, b, w, f1(t1), f2(t2))) A
AV 1V foVa Vo Vi ViV
[R(t1, o, w, fi(th), fo(t2)) A (0 =2 = fi(th) = fa(ta)) =
= {a1 # s(21) A (s(21) = s(22) = 21 = 22) As(x1) # 2 A
NA(E) =2 A (t = s(t) = falts) = s(fi(t))) =
= (v =w = fi(t))]}] }.
It is fairly easy to see that & is logically equivalent to &s:
Is3T3z{ -3 fFwVt, (T (t, w, f(t1))) A
AV [V VoV Vw [T (t, w, f(t)) =
{1 # s(x1) A (s(x1) = s(x2) = 21 = 22) A s(x1) # 2 A
Nf(2) =2 A (F(s(t) = s(f (1)) = (b =w = f(t)]}] }.
Finally, & is logically equivalent to:
ds3z{ “s satisfies the successor axioms (is injective, has no fized point,
and never has the zero element as value) with zero z” A
VIf(2) = 2 AVz(f(s(2)) = s(f(2))) = VI(f(t) = )]}

This last sentence is obviously true exactly in models of cardinality w. [

Actually, the growth in expressive power is enormous, as is shown by the
next theorem:

12



Theorem 3.4 ([Mostowski 1987a], [Mostowski 1987b]) ® LBD = SO
(second order logic).

Thus, LBD is a curious logic which, on the one hand, uses only quantifi-
cation over first order variables, on the other hand, is semantically equivalent
to full second order logic!?

In the remainder of this chapter and in the next chapter —i.e. in the core
of this paper — we delve deeper into the structure of this equivalence, proving
some more detailed results and pointing out a few interesting consequences.

Before that, however, we prove two lemmas on DHQs as generalized quan-
tifiers (we will need them later on). First, we recall the notion of a generalized
quantifier'?:

Definition 3.5 A generalized quantifier Q of type (ny,...,nx) is a functor
which assigns to every set X a k—ary relation Q(X) between relations on X
such that if (Ry,...,Ry) € Q(X), then R; is an n;—ary relation on X, for
1 =1,...,k. Q has to be preserved by bijections, i.e. if f: X — Y s a
bijection then for every k—tuple (Ry, ..., Ry) of relations on X:

(Ri,...,Ry) € Q(X) if and only if (fRy,..., fRy) € Q(Y),

where fR={(f(x1),..., f(z;)): (z1,...,2;) € R}, for R C X7.
A quantifier @ of type (nq,...,n) binds ny +. ..+ ny first order variables

and k formulae. For formulae v1,..., 9, a model M, and a valuation a in
| M|, we have
M = Qx(iy, ...,y [a] if and only if (M= @) ¢ Q(|M]),

where 2Y is the relation defined by the formula ¢ in M under valuation
a with respect to the variables y, and the x;’s are sequences of distinct
variables, each of length n; (for i« = 1,... k), from which the sequence x
arises by concatenation.

Both ordinary Henkin quantifiers and DHQs always bind only one formula
and thus are of type (m), for some m € w. We say that a DHQ of type (m) is
m~—ary. The interpretations of Henkin quantifiers and DHQs as generalized
quantifiers are, for the most part, obvious. We note only that if () is an
m—ary quantifier, X is a set and R C X™, then R € Q4(X) if and only if
X" — R ¢ Q(X).

We may now state and prove the lemmas.

8 A proof of this theorem may also be found in [Mostowski 1991].

9A non-standard semantics for branched quantifiers, under which the logic with
branched quantifiers itself is equivalent to SO, was introduced in the paper [Harel 1979].

OFor a short overview of generalized quantifiers, and a bibliography, we refer to
[Krynicki-Mostowski 1995].
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Lemma 3.6 DHQ)s are monotone, i.e. if QQ is an m—ary DHQ, X is any
set, and S, T are m—ary relations on X such that S C T, then: if S € Q(X),
then T € Q(X).

Proof. We fix a set X and use induction on quantifier structure.

The thesis is obvious for V and 4. Assume () is monotone and take
S CTCX™ where S € Q4X). In that case X™ — S ¢ Q(X), so, by the
inductive assumption, X™ — T ¢ Q(X), which gives T' € Q%(X). Hence, Q?
is also monotone.

Now assume that ) and ()’ are monotone, where @ is m;—ary, Q' is
mo—ary, and let m = my + mo.

Consider g, . Take SCT C X™ S € g, (X). Any relations Ry, Ry
which witness that S € g, (X) also witness that T € g, (X).

Now consider QQ’. Take S C T C X™ S € QQ'(X). For an m-ary
relation R on X, denote by Ag the set {x € X™ : {y € X" : (x,y) €
R} € Q' (X)}!. Tt is easy to observe that S € QQ'(X) is equivalent to
As € Q(X). But @' is monotone, which means Ag C Ap. Again, @ is
monotone, so Ar € Q(X) and therefore T' € QQ'(X). O

Lemma 3.7 If Q is an m—ary DHQ, then for every non—empty set X, () ¢
Q(X) and X™ € Q(X).

Proof. We fix X and use induction on quantifier structure.

The thesis is obvious for V and 4. Assume the thesis holds for ¢). Since
Xm—(=Xme Q(X), then ) ¢ Q4X). Again, since X"—X™ =0 ¢ Q(X),
then X™ € Q4(X). Hence, the thesis holds for Q%.

Now assume the thesis holds for () and @', which are m;— and msy-ary,
respectively, and let m = my + ma.

Consider g, . Assume that there are R and R’ — subsets of X™* and
X™2 respectively — which witness that () € 8,
that R € Q(X), R € Q' (X), and R x R" C (). Then either R or R’ is

empty. Assume without loss of generality that R = (). In that case, by the
inductive assumption, R ¢ Q(X), which contradicts the choice of R. So

(X), in other words, such

'We use freely the natural identification of X™ x X™2 with X™1+m2,
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)¢ g, (X). On the other hand, any R, R’ such that R € Q(X), R’ € Q'(X)

satisfy R x R C X™ and thus witness that X™ € 8, (X).

Now consider QQ’. As Ay (we use the notation from the previous proof)
is — by the inductive assumption — empty and does not belong to Q(X),
we have () ¢ QQ'(X). Likewise, Axm is all of X™  which belongs to Q(X),
so X™ e QQ'(X). O

Lemma 3.7 will be necessary in the proof of theorem 3.11. We use there
the fact that if @) is a DHQ and 1 is any formula such that the variables of
@ and v are disjoint, then Qp A v is logically equivalent to Q(¢ A 1)) and
that the same holds for disjunctions. For this to be true, it is sufficient that
(Q satisfies the thesis of the lemma!?.

3.2 Simple formulae with limited dualization depth

Once the correspondence between LB D and second order logic is established,
it is only natural to ask about its details. In particular, one might attempt
to generalize Enderton and Walkoe’s theorems (theorems 2.14 and 2.15) and
ask whether in LBD there is any counterpart to the second order hierarchy.
Finding such a counterpart would not only be interesting for its own sake,
but would also be of some relevance e.g. for descriptive complexity theory.

The obvious way to search for such a counterpart is to restrict one’s at-
tention to fragments of LB D in which only quantifiers of limited dualization
depth are allowed.

Definition 3.8 The dualization depth (d) of DHQs is defined by induction
on quantifier structure:

e d(Q) = 0if Q € PREF, i.e. if Q is a Henkin quantifier without
dualization;

e d(Q%) =d(Q)+1;

Q) =d( & ) =mas((dQ). d@)))

1276 see that the logical equivalence of Qp A 1) and Q(p A 1)) does not have to hold in
general, take for example a tautology ¢, an inconsistent sentence ¢, and @ such that for
some set X, ) € Q(X). In that case, Qp A v is always false, whereas Q(p A1) is true in
some models.
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Definition 3.9 Forn € w, the set PREF? is a subset of PREF® consisting
of those quantifiers Q for which d(Q) <n

The logic formed by restricting LBD to formulae with all quantifiers in
PREF? is denoted by LBD,,.

In [Mostowski 1991] it is stated as a corollary of the proof of theorem 3.4
that for every n € w, ¥ < N*(PREF? ). It will now be our aim to prove
the converse, and thus to obtain a suitable generalization of theorem 2.14,
or, more precisely, of the first part of corollary 2.17.

We prove the following;:

Theorem 3.10 For any n € w, we have N*(PREF?) =%, ..

Proof. The proof is by induction on n.

Since PREF{ = PREF, the case n = 0 is simply the first part of corol-
lary 2.17. The (_) direction is obvious due to fact 2.13, the (>) direction
follows from theorem 2.14.

Now assume that N*(PREF!) = X!,,. We need to prove that
N*(PREF],) =%, .

(<) What must be shown is that every formula of the form Qy, where
Q € PREF!. | and ¢ is first order, is equivalent to some X!, ,—formula. We
prove — by induction on quantifier structure — that for every Q € PREF? 1
we have:

(*) if ¢ is a first order formula, then Qg is equivalent to a X}, ,—formula.

The thesis (*) holds for quantifiers in PREF?. To see this, notice that
by the normal form theorem for first order logic, a first order formula ¢ is
equivalent to a formula of the form Qgp, where Q is a linear quantifier (and
thus belongs to PREFY), while ¢ is quantifier—free. Consequently, Q¢, for
Q € PREF?, is equivalent to QQ, which is a formula in N*(PREFY) and
thus — by the inductive assumption — is equivalent even to some X} -
formula.

To complete the inductive proof, we have to show that (*) holds also for
dualizations of quantifiers in PREF? and that it is preserved by vertical and
horizontal composition of quantifiers. This suffices because the set PREF?,
is the closure of the set of all quantifiers in PREF? and their dualizations
on vertical and horizontal composition.

Let us first show that (*) holds for dualizations of quantifiers in PREF?.
Take Q%p, where Q € PREFY and ¢ is first order. This is equivalent to

16



=Q—p, which in turn is equivalent to some II},, ,~formula (since - is first

order), and thus also to some X} ,~formula.

Now let (*) hold for @, @’ and consider g, © with ¢ first order. By defini-

tion, g, ¢ is equivalent to IRIR(QTRTNQ'T R'T' A\VZZ'(RT A R'T = ¢)).

In the latter formula, the first two of the three conjuncts are (up to equiv-
alence) %! 4o by the inductive assumption, and the third is first order, i.e.
also X} ,,. The whole conjunction is therefore in X} ,,, and adding the two
existential relational quantifiers at the beginning keeps us within this class.

Finally, assume (*) holds for @, Q’, and consider QQ’. Let ¢ be a first
order formula. Assume also, for the sake of simplicity, that QQ’¢ is a sentence
(the general case is easily reducible to this one). Then the following sentences
are logically equivalent:

(i) QQ,

(i) QQ'v),

(ili) IR[VZ(RZ <= Q'yp(Zy)) N QTRz],

(iv) 3IR|VZ(Rz = Q'yp(zy)) N QTRzT].
The equivalences (i)<=>(ii) and (ii)<=>(iii) are obvious, so we show only
(iii)<=-(iv). Of course, (iii)=(iv) holds. On the other hand, assume that
(iv) is true in some model M and consider a relation R on M such that
Vz(RT = Q'yp(zy)) holds in M. Let S be the relation defined in M by
Q'yp(zy). By (iv), we have R C S, but also R € Q(|M]). Hence, by the
monotonicity of @ (lemma 3.6), S € Q(|M]), and therefore S witnesses that
(iii) is true in M.

It remains to observe that (iv) is (up to equivalence) ¥, ,. This sentence
is a conjunction preceded by an existential second order quantifier, so it is
enough to check that both of the conjuncts are ¥ _,, which easily follows
from the inductive assumption.

(>) To show that every ¥, ,—formula is equivalent to some formula in
NT(PREF? 1), we shall apply a generalized version of the procedure used
in proving theorem 2.14.

Let £ be a X!, ,—formula. Since we may assume that all of our second
order quantifiers are functional, ¢ is of the form 3f,Vf, ... = f, 00, where ¢
is first order and = is V or 4 depending on the parity of n. We first observe
that Vfs ... 2 00 is equivalent to —=3fs...Z%f, o, which is — by the
inductive assumption — equivalent to =Q1 (for some Q; € PREF? and
quantifier—free 1), and thus also to Q{—; and Qf belongs to PREFZ, .

Therefore, all we need to do now is eliminate the functional quantifiers from
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the initial sequence 3 f;.

This can be done on a “one by one” basis. We will show that there is a
formula in N*(PREF? ) equivalent to 3fQV, where Q € PREF?,, and ¢
is quantifier—free. Moreover, the first order part of this formula will also be
quantifier—free.

Let f(ti1, - tim), -+, f(tk1, - - -, tkm) be all occurences, taken as tokens,
of f in ¥. Without loss of generality, we may assume that the ¢;;’s are

terms not containing any occurences of f!3. In that case, a suitable
N*(PREFY, ,)-formula equivalent to 3fQ is:

\V/$11 ce V:ElmEIyl

‘ At =211 Ao Atk = i) = V)],
kalv.a:kmElyk [Iu (( M H ¥ k) )]

Q

where pis (11 = X Ao AT = Tom = Y1 = Yo) A e A (211 = TaA .. A
Tim = Tgm = Y1 = Yr), whereas ¢ is obtained from ¢ by replacing: first,
the ¢;;’s with the variables z;;, and then, the terms f(z;1,...,%:,) by the
variables y; (fori=1,....k; j=1,...,m). O

The argument in the (>) direction of the proof is the one originally used
to prove theorem 3.4.

3.3 Logics with limited dualization depth

We have managed to obtain an exact estimate of the semantical force of sim-
ple formulae with DHQs of limited dualization depth. This is a generalization
of the first part of corollary 2.17. Another interesting question concerning
the expressive power of DHQs is whether any corresponding estimate can
be found for whole logics with limited dualization depth, i.e. whether the
second part of corollary 2.17 also allows a similar generalization.

A partial positive answer is provided by the next theorem.

Theorem 3.11 (with Konrad Zdanowski) For any n € w, we have
LBD, < Al,,.

Proof. The proof goes by induction on n.

13To see that there really is no loss of generality, observe that for example n(f(t)), where
t is some complex term, may be replaced by Jz(x = t An(f(z)). The extra quantifier may
then be moved to the beginning of ¥ and absorbed by Q.
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The case for n = 0 is a weaker version of the second part of corollary
2.17. We assume that the thesis is true for n and show that it is also true
for n 4+ 1. More exactly, we show that:

(#) every LBD, ;—formula ¢ is equivalent to some formula of the form
()Q1(7)Q2 ... (m)Qxtp, where Q; € PREFY | (for i =1,...,k), ¢ is
quantifier—ree, and the (—)’s stand for either negations or nothing at
all.

Let us first see why proving (#) will be enough. Observe that by replacing
negations with the d-operator where appropriate, (—)Q1(—)Qs . .. (—)Q may
be turned into a sequence of k quantifiers from PREF?,, (plus possibly one
negation at the end), which is equivalent to one quantifier from PREF? 125
namely the horizontal composition of these quantifiers (plus possibly the
negation). Thus, (#) would imply LBD, 1 < NT(PREF?,), which by
theorem 3.10 gives LBD,, 1 < ¥,.3. Since LBD,,.; is closed on negation,
and A}, is the largest subclass of ¥} which is closed on negation, this
would yield LBD,,+1 < A}, which is exactly what we need.

By the inductive assumption, (#) holds for formulae in LBD,,. Indeed,
the inductive assumption implies LBD,, < N*(PREFY ), and any formula
in N"(PREF?,) is of the form required in (#).

Obviously, assuming that ¢ satisfies (#), also —¢ and Qg (for @) €
PREF?)) satisty (#).

Finally, assume ¢ and ¢ satisfy (#). We will prove that ¢ A also satisfies
(#). By (#), ¢ is equivalent to (=)Q1(—)Qs . .. (7)Qx and 9 is equivalent to
(7)Q1(—7)Q% ... (m)Qjy' for some k,l. We replace negations by dualizations
to get that ¢ is equivalent to Q... Qy(—)v, where the Q;’s are now from
PREF? ,. Thus, ¢ is also equivalent to Q, ()1, where Q,, is the horizontal
composition of all Q;’s. Similarly, 9 is equivalent to Qo(—)Y'.

Hence, ¢ A ¥ is equivalent to Q,(—)¥ A Qy(—)Y’'. Renaming bound
variables if necessary, we may assume that (), does not contain any variables
from ¢’ and that @y does not contain any variables from . In that
case, Qu(7)Y A Qu(—)Y is equivalent to Q,Qu[(—)y A (—)y'] (for this last
equivalence to hold, it is enough that both of the quantifiers satisfy the
thesis of lemma 3.7). “Unwinding” the dualizations (that is, replacing the
dualizations back by negations where appropriate), we get that ¢ A 9 is

equivalent to (=)Q1 ... ()@k(2)Q - (MQ()[()Y A ()] O
The special case of theorem 3.11 for n = 0 was originally proved by

Herbert Enderton in [Enderton 1970] as theorem 2.15. Enderton’s proof
essentially uses a fairly sophisticated second order tautology. Once we have
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the notion of dualization, a simpler proof can be given, as our inductive
argument from the proof of theorem 3.11 can be modified so as to prove the
case n = 0 directly.

We remark that theorem 3.11 generalizes only a weaker version of the
result we have for L", since we have not proved LBD,, < A, _,. As a matter
of fact, Marcin Mostowski has observed that by using the method of truth
definitions one can show that LBD, < Al ., indeed does hold (in infinite
models). We do not prove this result here; see the abstract [Mostowski 1996]
for some more information.
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4 Henkin quantifiers with dualization and
computational complexity

This chapter concentrates on the interrelation between our results and de-
scriptive complexity theory. Descriptive complexity theory is a systematical
attempt to provide descriptive (i.e. logical) counterparts for notions known
from computational complexity theory. For a very brief account of the main
ideas of DCT, see the Appendix; for a comprehensive treatment, we refer to
[Immerman 1998] or to [Ebbinghaus-Flum 1995].

There are some interesting theorems showing that certain sublogics of the
logic with Henkin quantifiers capture important computational complexity
classes. We give two key examples. Firstly, it is an easy corollary of Fa-
gin’s theorem (theorem A.12) and corollary 2.17 that the class of all simple
formulae with (standard) Henkin quantifiers captures NP.

Theorem 4.1 ([Blass—Gurevich 1986]) N*(H) captures NP.

Secondly, let a Blass-Gurevich quantifier'* be a quantifier of the form

Yz, ... Vx, Jo
VZl . Vzk 36,

where n, k are natural numbers and «, § are boolean variables — in other
words, variables which may assume only two possible values. We write BG to
denote the set of all Blass-Gurevich quantifiers. Blass and Gurevich proved
the following theorem.

Theorem 4.2 ([Blass—Gurevich 1986]) N*(BG) captures NL over or-
dered models.

It is perhaps worth mnoting that the original theorem of
[Blass—Gurevich 1986] was that N7T(BG) captures co-NL, the class of
problems whose complements are in NL. We now know that this is
equivalent to theorem 4.2, since NL = co-NL.

The connection of our results from Chapter 3 with DCT is twofold. On
the one hand, our results imply new theorems similar to the ones above.
These theorems provide us with new examples of natural logics capturing
important complexity classes between NP and PSPACE. On the other
hand, thanks to results form DCT, we are able to gain new insight into the
behaviour of sublogics of LBD in finite ordered models.

Let us recall a well-known theorem of descriptive complexity theory (XF
are levels of the so—called polynomial hierarchy, cf. Appendix):

14In [Blass-Gurevich 1986], Blass—Gurevich quantifiers were called narrow quantifiers.
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Theorem 4.3 ([Stockmeyer 1977]) For any n € w — {0}, XL captures
L

Via this result, we have an immediate but interesting corollary of theorem
3.10:

Corollary 4.4 For any n € w, NY(PREFY) captures ¥, ;.

Another corollary follows easily from a theorem proved by Gottlob. To
state the theorem, we will need to define some additional notions.

Definition 4.5 A problem L over alphabet A is NP —reducible to a problem
L' if there exists an NP —transducer M such that for each w € A*, w € L iff
outpy(w) N L' # O, where outp(w) consists of all outputs of the transducer
M on input w. A complexity class C is closed under NP —reductions if every
problem which is NP —reducible to a problem in C is itself in C.

Definition 4.6 A complexity class C is closed under conjunctions if for any
L in C, also (L#)*L (the set of finite, non-empty strings of words from L
separated by some symbol # not in the alphabet of L) is in C15.

Definition 4.7 The marked union L & L' of two problems L and L’ is the
problem OL U 1L'. A complezity class C is closed under marked union if for
all L, L' in C, also L ® L' is in C.

Theorem 4.8 ([Gottlob 1997]) Let C be a complexity class closed under
NP —reductions, under conjunctions, and under marked union. If Q is a

set of quantifiers such that NT(Q) captures C over ordered models, then
FO(Q)' captures LC over ordered models.

Corollary 4.9 For any n € w, LBD,, captures L3w+1 over ordered models.

Proof. LBD, is FO(PREF?Y) by definition, so we only have to check
that the XF classes satisfy the required closure conditions. This is a known
fact, but we give a brief justification nonetheless.

NP -reductions. Let L be a problem which is NP-reducible (using a
transducer T) to a problem L’ in X¥. Let M be a ¥P-machine for L'. A
3P _machine M for L may be constructed as follows. On input word w, M

15Formally, if we treat complexity classes as functors (see the Appendix), we should say
that C is closed under conjunctions if for any alphabet A, any L € C4, and any symbol
# ¢ A, we have (L#)"L € Cauqyy-

16The paper [Gottlob 1997] uses the notation QF for N*(Q). FO(Q) is first order logic
extended by adding all quantifiers from Q, for example FO(PREF) is L".
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simulates T' — using, for example, an extra work tape instead of the output
tape of T" — until an accepting state is reached. Let v be the word written
on the extra work tape at that point. M now simulates M on v and accepts
w whenever M accepts v.

Congunctions. Let M be a XF-machine for some problem L. We can
modify M to obtain a X -machine M for (L#)*L, where # is some symbol
not in the alphabet of L. Consider a word w over the alphabet obtained
from the alphabet of L by adding #. M first checks whether w is of the
form wq# ... #wy, where the w;’s are words over the alphabet of L. If not,
M rejects. Otherwise, M starts to simulate M on w;. Then, once some
computation reaches an accepting state, M begins to simulate M on w,, and
so on, until all of the w;’s have been accepted. Then — and only then — M
accepts.

Marked union. This proof is by induction on n. We skip the base step
as it is only a simplified version of the inductive step. Assume that XF
is closed on marked union and consider L and L' in X} ;. Let M, M’
be X% ;-machines for L and L', respectively (using Xf oracles S and
S', respectively). The %P -machine M for L @ L' uses oracle S @ S'
(which is in ¥F by the inductive assumption). Let w = av be an input
for M (where o is 0 or 1). M first checks whether o is 0 or 1. Assume
o = 0 (the case for a = 1 is analogous). Then M operates exactly as M on
v, the sole exception being that all oracle queries must be preceded by a 0. [J

Gottlob also proved a theorem which provides us with a certain normal
form for LBD,, (and hence, LBD) in finite ordered models.

Definition 4.10 For a set of quantifiers Q, an FO(Q)—formula is in Stew-
art Normal Form (SNF) if it is of the form

W(QTY(z,9)) A (~Q'ZY (2, 7)),
where Q,Q" € Q and ¥, are first order formulae.

Theorem 4.11 ([Gottlob 1997]) Let Q be a set of generalized quantifiers
such that N*(Q) captures the complexity class C over ordered models. If C is
closed under NP —reductions, under conjunctions, and under marked union,
then for each FO(Q)-formula ¢ there exists an FO(Q)-formula ¢ in SNF
such that ¢ and 1 are equivalent in finite ordered models.

We immediately obtain:

Corollary 4.12 If ¢ is an LBD,—formula, then there exists an LBD,—
formula 1 in SNF such that p and ¢ are equivalent in finite ordered models.

23



Obviously, as every LBD-formula is an LBD,~formula for some n, we
also have that for every LB D-formula there exists a formula in SNF equiv-
alent to it in finite ordered models. Moreover, the dualization depth of the
quantifiers in the SNF—formula does not exceed the maximum of the dual-
ization depths of quantifiers in the original formula.

Definition 4.13 For a class of formulae C, Bool(C) is the closure of C on
boolean combinations; QQBool(C) is the closure of C on boolean combinations
and first order quantification.

Theorem 4.11 implies that over finite ordered models, LBD, =
QBool(2; ) (and hence, that QBool(X}) captures L% over ordered mod-
els). Indeed, by corollary 4.12 and theorem 3.10 every LBD,—formula is
equivalent in finite ordered models to a formula in QBool(Z} ). Also by
theorem 3.10, it is obvious that LBD,, > QBool(X! ) holds in general.

Over infinite models, the inclusions
%, € Bool(%,,) € QBool(%,) C ATILH

are all strict. Nothing is known about the strictness of these inclusions over
finite ordered nor even simply finite models. It is widely believed that some
if not all of the inclusions are strict. However, this could be difficult to prove,
since the strictness of any of the inclusions would imply P # NP.
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A Complexity theory

In order to make the thesis reasonably self-contained, we list a few key defi-
nitions, ideas, and facts from complexity theory and descriptive complexity
theory (DCT). For more on complexity theory, see [Balcazar et al. 1995]; for
more on DCT, see [Immerman 1998] or [Ebbinghaus—Flum 1995].

Definition A.1 A (nondeterministic) Turing machine (TM) is a tuple M =
(A, Q,qs,qa,0), where:

A 1is a finite non—empty set (the alphabet of M ; we shall normally assume
that A contains at least the symbols 0 and 1),

Q is a finite non—empty set (the set of states of M),

s, qa are distinguished states (initial and accepting, respectively), and

§:A2x Q — P(AxQx{L,R,N}?) is a partial function known as the
transition function of M.

M is a deterministic Turing machine (DTM) if for all ay,a9 € A,q € Q
the set §(aq,aq,q) contains at most one element. Otherwise M is essentially
nondeterministic.

A TM is thought of as a device consisting of two semi—infinite tapes, the
work tape and the input tape, both divided into cells (with a leftmost but
no rightmost cell)!”. Each of the tapes is equipped with a tape head which
can move right or left, scanning the cells of the tape, one at a time.

TMs operate on words over A, i.e. finite strings of symbols from A (the
set of words over A is denoted by A*). A machine operating on an input
word w starts in the initial state with the input tape containing w followed
by a fixed symbol “blank” in all other cells, and all cells of the work tape also
containing “blank”. The heads initially scan the leftmost cells of the tapes.
At any given moment, the machine is in one of the states. It then reads the
contents of the scanned cells on both tapes. Now, it may change the contents
of the work tape cell by writing a new alphabet symbol on it (the input tape
is read—only), move each of the heads right or left to scan a new cell, and
change the state. Together, these operations form a step. What the machine
actually does in a given step depends on its current state and the contents
of the scanned cells — via the transition function. If the transition function
for a given state and cell contents is undefined, the machine stops.

Definition A.2 Given a machine M, a configuration of M 1is a triple
(q,a1,as), where q is the current state of M, ay represents the contents of

1"We may allow Turing machines to have more than one work tape. The formal definition
must then be appropriately modified.
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the input tape, and ao represents the contents of the work tape. The a;’s are
elements of A*#A*® where # is some symbol not in A, used to denote the
position of the tape head (the convention is that the head scans the symbol
immediately to the right of #). All symbols on the tape not appearing in the
appropriate a; are assumed to be the symbol “blank”.

A configuration is initial if it contains the initial state and the heads scan
the leftmost symbols of the cells; it is accepting if it contains the accepting
state. A configuration ¢ is a successor of cqo if the transition function 0
allows the transition from cq to ¢q to occur in one step.

A computation of M on input w € A* is a finite sequence cy,...,cy of
configurations of M such that cq is an initial configuration with w on the input
tape, ¢; is a successor of ¢;_q1 (fori=1,...,k), and ¢ is a configuration for
which the transition function is undefined. An accepting computation is one
which ends in an accepting configuration. The length of a computation is the
number k + 1.

From now on, we consider only such machines M that for each word w,
there is at least one computation of M on w.

Proposition A.3 If M is a DTM and w € A*, then there is exactly one
computation of M on w.

A problem (or language) L over alphabet A is any subset of A*. For a
given machine M we define L(M) — the problem recognized by M — as the
set of those words w over A for which there is an accepting computation of
M on input w.

We may now define notions of running time and work space of a TM.
Note that both these notions have two versions, deterministic and general
(nondeterministic); the former make sense only for deterministic machines.
Note also that the length of a word w is the number of symbols in w.

Definition A.4 Let M be a Turing machine.

o if M is a DTM and w is a word, then the deterministic computation
time of M on w is the length of the computation of M on input w.

o if M is a DTM, its deterministic running time is the partial function
defined by: dtimey(n) = the maximum deterministic computation time
of M on an input of length n.

8There is a convention that if L and L’ are problems, then LL’ is the problem consisting
of words which are concatenations of a word from L and a word in L', in that order.
Furthermore, when L is a one-word problem {w}, we write wL’ instead of {w}L'.
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if w is a word, then the computation time of M on w is the length of
the shortest accepting computation of M on w, if w € L(M); otherwise
it is 1.

the running time of M s the function defined by: timey(n) = the
mazimum computation time of M on an input of length n.

if M is a DTM and w is a word, then the deterministic computation
space of M on w is the number of work tape cells scanned during the
computation of M on w.

if M is a DTM, its deterministic work space is the partial function de-
fined by: dspaceyr(n) = the mazimum deterministic computation space
of M on an input of length n.

if w is a word, then the computation space of M on w is the minimal
number of work tape cells scanned during an accepting computation of
M on w, ifw e L(M); otherwise it is 1.

the work space of M s the function defined by: spacey;(n) = the maz-
imum computation space of M on an input of length n.

It is possible to define classes of problems which can be recognized within

resources limited by some given function:

Definition A.5 Let f : w — w and g : w — w be total functions. Then
g = O(f)* if for some natural number v > 0, g(n) < r - f(n) for all but
finitely many n.

Definition A.6 Let L C A* and let f : w — w be a total function.

L € DTIME(f) if and only if there exists a DTM M such that L(M) =
L and dtimey; = O(f);

L € NTIME(f) if and only if there exists a TM M such that L(M) =
L and timey, = O(f);

L € DSPACE(f) if and only if there exists a DTM M such that
L(M) = L and dspaceyr = O(f);

L € NSPACE(f) if and only if there exists a TM M such that L(M) =
L and spacey = O(f).

9The notation g = O(f) is slightly awkward, but it is the most common in the literature.

O(f) is a set of functions somehow related to f, which would suggest the notation g € O(f).
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Complexity classes are, in general, just classes of problems computable
within some limit of resources. Formally, we treat a complexity class as
a functor C which assigns to every alphabet A the appropriate set C4 of
problems over A.

The following list contains definitions of some of the most important
complexity classes.

Definition A.7 (basic complexity classes)
e L = DTIME(logan);

e NL = NTIME(logan);

P = Uy, DTIME(nk);

NP = (J,., NTIME(n*);

PSPACE = |J,., DSPACE(n*);

EXPTIME = |J,_, DTIME(2").

The above classes are listed in order of inclusion. It is suspected that all
of these inclusions are strict, although only the inclusions NL C PSPACE
and P C EXPTIME are known to be strict. Proving (or disproving) the
strictness of the remaining inclusions is one of the main tasks of complexity
theory.

We need to outline two more important concepts of complexity theory,
oracles and many—one reductions. To use oracles, we introduce a new type
of TMs — oracle machines — with an additional tape called the oracle tape
(the definition of the transition function is modified accordingly). The oracle
tape is write-only. During a computation, an oracle machine may enter a
special state called the query state. Entering the query state is interpreted as
asking a (truthtul and competent) oracle whether the word currently written
on the oracle tape belongs to some fixed problem .S (which is called the oracle
set and may be any subset of A*, even an uncomputable one, i.e. one which
is not recognized by any TM). Once the query is made, in unit time the
query tape is erased and the machine enters a special ?YES” or "NO” state
according to whether the word which was written on the oracle tape belongs
to S or not. The computation then continues.

Obviously, the problem recognized by an oracle machine depends in gen-
eral not only on the machine itself, but also on the oracle set. We use the
notation L({M}*) to indicate the set recognized by M with oracle set S.
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By analogy to the non-oracle case, we may speak of oracle complexity
classes. If C, D are complexity classes, then a problem L is in the class CP
if L = L({M}®) for some C—oracle machine M and oracle set S belonging
to the class D?. In the case where C is space-bounded, it is sometimes —
but not always — assumed that the oracle tape is also subject to the space
bound; this is a subtle issue, and we will not go into details.

In chapter 4, we discussed some results concerning the so—called polyno-
mial hierarchy. This hierarchy consists of oracle complexity classes.

Definition A.8 The definition of the polynomial hierarchy runs inductively
as follows:

»P — NP,
25+1 = NPEE?

P _ P
II; = co—3%,

where co—C is the class of complements of problems in C (relative to appro-
priate alphabets).

Almost all of these classes (ITY being the possible exception) contain NP
and are contained in PSPACE.

To talk about many-one reductions, we introduce yet another type of
TMs, namely output—computing machines or transducers. Transducers are
TMs with an extra write—only tape called the output tape. A transducer M
computes a function whose domain is L(M) and whose values are, in general,
subsets of A*. For a word w in L(M), the set of values of this function for
w (denoted by outy(w)) consists of those words which may appear on the
output tape when a computation of M on input w ends in an accepting state.
Note that the functions computed by deterministic transducers always have
only singletons as values and thus may be treated as functions into A*; we
use the notation {M }(w) in this case.

The basic idea of many—one reductions is the following. Given two prob-
lems L and L', assume that there exists a transducer M such that for every
word w, w is in L if and only if at least one of the elements of outy,(w) is

20 Actually, this “definition” is not fully correct, because the complexity class C does not
— treated extensionally, as a class of problems — impose any bounds on the resources used
by M. These bounds are only imposed once we specify a family of functions which is to
define the class C and the resources which are to be limited by this family. In general, the
same complexity class C (understood extensionally) may be defined by different resource
bounds, which can lead to a situation in which essentially different classes will all satisfy
our “definition” of CP. Thus, the “definition” should be treated only as a notational
convention the sense of which should always be determined by a specific context.
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in /. We may then say that M — in some sense — reduces the problem
L to the problem L’. This is perhaps most evident when M is determinis-
tic. It is natural, and indeed necessary for the idea to be of any interest,
to impose some complexity restrictions on transducers performing many—one
reductions (running time and work space are defined for transucers similarly
as for standard TMs). Such restrictions give rise to reductions defined in
terms of complexity classes and, in turn, to complexity classes defined in
terms of such reductions. This is hard to discuss on a general level, so we
define only a few important examples.

Definition A.9 A problem L over alphabet A is:

e polynomial-time (logspace) reducible to a problem L' if there exists a

deterministic transducer M working in polynomial time (logarithimic
space) such that for each w € A*, w € L if and only if {M}(w) € L.

e NP -reducible to a problem L' if there exists an NP ~transducer M such
that for each w € A*, w € L if and only if outp(w) N L' # ().

e NL-reducible to a problem L' if there exists a polynomial time NL—
transducer M such that for eachw € A*, w € L if and only if outyr(w)N
L' #0.

If C, D are complexity classes and if D-many-one reductions be de-
fined?!, then a problem L € C is said to be C-complete via D-reductions if
and only if every problem in C is D-reducible to L. The study of problems
which are NP—complete (via polynomial-time reductions) has been espe-
cially intensive. Today we know of hundreds of such problems. Historically,
the first problem discovered to be NP—complete was the problem SAT.

Theorem A.10 ([Cook 1971]) Let SAT be the problem defined as follows:
given a propositional formula @, ¢ € SAT if and only if ¢ is satisfiable. SAT
1s NP —complete via polynomial-time reductions.

We now turn to descriptive complexity theory. The main idea behind this
theory is that finite models of a fixed vocabulary (from now on: “model”
means “finite model”) may be identified with their descriptions (i.e. words
over some alphabet, for example {0,1}) via some reasonable coding. In
this way, questions about the computational complexity of problems may be

21Similarly to the definition of CP and for similar reasons (see the previous footnote),
the definition of D-reductions cannot depend on the class D alone, but rather on a given
class of functions defining the class D and on some additional factors. Hence, what is
meant by D-reductions should always be specified in any given context.
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translated into questions about the descriptive complexity of the correspond-
ing classes of models (that is, about how much expressive force we need to
describe these classes).

To make this a little more precise, assume 7 is some fixed relational
vocabulary, possibly with constants — e.g. 7 = (Ry,..., Rg,c1,...,¢s), with
each R; r;—ary. We additionally assume that models of 7 are ordered in some
standard way, for example that their universes are initial segments of the
natural numbers and that 7 contains an extra binary relation symbol S which
is not listed among the R;’s and is always interpreted as the appropriate
restriction of the standard successor relation on the integers.

We then identify a model M with a word over {0, 1} which is a concate-
nation of the following. Firstly, a series of as many ones as there are elements
of |M]|, followed by a 0. Secondly, for each R;, a word of length |M|™ whose
[~th letter is 1 if and only if the I-th (lexicographically) tuple of elements of
M is in RM. Finally, for each c¢;, the standard log(|M|)-long binary code of
M.

’ A property of models of a given vocabulary 7 is simply any class of such
models. For a complexity class C, a property is C—decidable if it belongs to
C when treated as a problem over {0,1}. A sentence of some logic expresses
a property if this property is exactly the class of all models in which the
sentence is true.

Definition A.11 A logic L captures the complexity class C over ordered
models if the following two conditions are satisfied:

(i) each C—decidable property over finite ordered models (in any given vo-
cabulary) can be expressed by an L-sentence;

(i1) for each L—sentence y in vocabulary T, the problem Mod.(p) (restricted
to finite models) is in C.

Sometimes, the condition that we restrict our attention to ordered models
may be dropped. In that case, we may code finite models of an arbitrary
relational vocabulary o as words over {0,1} — just as previously — but
we consider only classes of models closed on isomorphisms (and problems
corresponding to such classes). Otherwise, for example, some problems which
are very easy from the computational point of view (even problems containing
only one word) would correspond to classes of models not expressible in any
logic (the reason being that they are not closed on isomorphisms).

This approach leads to a general notion of a logic capturing a complexity
class (over arbitrary models), defined analogously to capturing over ordered
models, with the restriction mentioned above. The question: “When does
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a logic which captures a complexity class over ordered models capture this
class also in the general sense?” belongs to the most difficult and important
questions of descriptive complexity theory. It is known that many logics
which capture some complexity classes over ordered models fail to do so over
arbitrary models 22.

Thanks to the concept of logics capturing complexity classes, questions
regarding e.g. the strictness of inclusions between complexity classes can
now be treated as questions about the semantical power of various logics.
We limit ourselves to just one example of a theorem on a logic capturing a
complexity class (some more examples are given in chapter 4). This theorem
was the starting point of descriptive complexity theory.

Theorem A.12 ([Fagin 1974]) X1 captures NP (over arbitrary (finite)
models).

22For a discussion of the role of ordering in DCT, we refer to Chapter
12 of [Immerman 1998] or to appropriate fragments of Chapters 6 and 10 of
[Ebbinghaus-Flum 1995].
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