
Lecture 1
Schubert Calculus

1.1 De Rham Cohomology

Let M be a smooth connected manifold of dimension n. For 0 ≤ p ≤ n, recall the definition of the De Rham
cohomology group

Hp(M,C) =
closed p-forms

exact p-forms
.

The wedge product ∧ induces a product on H∗(M,C) = ⊕0≤p≤nH
p(M,C) called the cup product and

denoted by ∪.

Assume moreover that M is compact and oriented. Then, the Poincaré duality

Hp(M,C)×Hn−p(M,C) −→ C
([α], [β]) 7−→

∫
M
α ∧ β

is a non-degenerated pairing.

Assume now that M is a complex manifold of complex dimension n and hence of real dimension 2n. Let
N be an analytic subvariety of M of complex codimension p. For any closed C-valued (2n− 2p)-form α, the
integral ∫

N

α

is well defined and only depends on [α] ∈ H2n−2p(M,C). In particular the map [α] 7→
∫
N
α is a linear form

on H2n−2p(M,C). Since M is complex, it is orientable. Hence Poinacré’s theorem applies. Then the linear
form [α] 7→

∫
N
α corresponds to class [N ] in H2p(M,C).

If the intersection of two analytic subvarieties N and N ′ is transverse, the cup product [N ] ∪ [N ′]
corresponds to the intersection. More precisely, we have

Theorem 1 Let N and N ′ be two irreducible analytic subvarieties. Assume that N ∩ N ′ = C1 ∪ · · · ∪ Ck
and that this intersection is transverse along each Ci.

Then

[N ] ∪ [N ′] = [C1] + · · ·+ [Ck].
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1.2 Homogeneous spaces and Schubert varieties

1.2.1 Homogeneous spaces

Let P be a parabolic subgroup of G that is containing a Borel subgroup of G. Then the homogeneous space
G/P is complete.

Examples.

(i) The Grassmannian Gr(k, n) = {V ⊂ Cn : dim(V ) = k} is homogeneous un GLn and one isotropy is

P =

(
∗ ∗
0 ∗

)
by blocks.

(ii) The variety
F l(n) = {(V1 ⊂ · · · ⊂ Vn−1 ⊂ Cn : dim(Vi) = i}

is equal to GLn/B.

(iii) Let Q be a nondegenerated quadratic form on Cn. Let k be a positive integer such that 2k ≤ n. Then
GrQ(k, n) = {V ⊂ Cn : dim(V ) = k, Q|V = 0} is homogeneous un SOn.

(iv) Let ω be a non-degenerated symplectic form on C2n. Let k be an positive integer such that k ≤ n.
Then Grω(k, 2n) = {V ⊂ C2n : dim(V ) = k, ω|V = 0} is homogeneous un Sp2n.

1.2.2 Schubert cells

Let T ⊂ B ⊂ G be a maximal torus and a Borel subgroup and let W denote the Weyl group. Recall the
Bruhat decomposition which describes the B ×B-orbits in G:

G =
⋃
w∈W

BwB.

Let P be a parabolic subgroup of G containing B and let L be the Levi subgroup of P containing T . Let
WL denote the Weyl group of L; it is a subgroup of W .

Consider now the B-orbits in G/P . There are finitely many and each one contains a point of the form
wP/P . Moreover, for any w,w′ ∈ W , wP/P = w′P/P if and only if wWL = w′WL. Note that for
w ∈W/WL, the point wP/P is defined without ambiguity; it is denoted by ẇ. We get

G/P =
⋃

w∈W/WL

Bẇ.

The orbits Bẇ are called Schubert cells. Let U denote the unipotent radical of B. Since B = UT and ẇ
is fixed by T , we have

Bẇ = Uẇ.

In particular, Uẇ is isomorphic to an affine space Al. If P = B, the integer l(w) is defined by dim(UwB/B) =
l(w). Note that l(w) is also the length in the Coxeter group (W,S) (where S is the set of simple roots).

Return to the case of a general parabolic subgroup P containing B. Any class in W/WL has a unique
minimal length representative w. It satisfies dim(UwB/B) = dim(Uẇ) = l(w). Let WL denote this set of
representative.

Another remark is that {ẇ : w ∈WL} is the fixed point set of T acting on G/P .

The case of Grassmannians. Consider a vector space V endowed with a basis B = (e1, · · · , en). Let
G = GL(V ), let T be the group of invertible diagonal matrices and let B be the group of invertible upper
triangular matrices.
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Fix 1 ≤ k ≤ n− 1 and consider Gr(k, V ). A point F in Gr(k, V ) is fixed by T if and only if it is spanned
by some vectors of B. If follows that the fixed point set Gr(k, V )T is

{FI := Span(ei : i ∈ I) | I subset of {1, · · · , n} of cardinality k}.

Fix such a I = {i1 < · · · < ik} ⊂ {1, · · · , n}.

Exercise.

(i) Let u ∈ U . Prove that u.FI has a basis (f1, · · · , fk) such that

(a) f1 ∈ ei1 + Span(ej : j < i1),

(b) f2 ∈ ei2 + Span(ej : j < i2, j 6= i1),

(c) f3 ∈ ei3 + Span(ej : j < i3, j 6= i1, j 6= i2),

(d) etc. . .

(ii) Deduce that U.FI is isomorphic to an affine space of dimension (
∑
j ij)−

k(k+1)
2 .

1.2.3 Cohomology

For w ∈WL, we denote by Xw the Zariski closure of Bẇ. The variety Xw is called a Schubert variety.

The Poincaré dual class of Xw is denoted by σw and called a Schubert class. Then

H∗(G/P,Z) =
⊕

w∈WP

Zσw.

In particular the cup product is commutative; it is denoted by ·. The cup product has a multiplication table

σu.σv =
∑

w∈WP

cwuvσw.

The aim of the Schubert calculus is to understand/compute the coefficients cwuv.

The case of Grassmannians Gr(k, n). Here, we already mentioned that WP identifies with the set of subsets
with k elements in {1, · · · , n}. Given such subset I = (i1 < · · · < ik), we define the partition

λI = (n− ik ≤ n− 1− ik−1 ≤ · · · ≤ n− k + 1− i1).

Note that |λI | is the codimension of XI .

Exercise.

(i) Show that dim(Span(e1, · · · , es)) ∩ FI = #{j : ij ≤ s}, where 1 ≤ s ≤ n.

(ii) Deduce that FJ ∈ XI if and only if λI ⊂ λJ .

In 1947, Lesieur showed that

cKIJ = cλKλI λJ .

In particular, the coefficients cKIJ can be computed with the Littlewood-Richardson rule.

3



1.3 Kleiman’s theorem

1.3.1 Poincaré duality

Let w0 and wP0 denote the longest elements of W and WP respectively. Let B− be the Borel subgroup of G
containing T and opposite to B. For w ∈ W , we set Xw = B−wP/P . Note that if w ∈ WP then w0ww

P
0

also belongs to WP and that l(w0ww
P
0 ) + l(w) = dim(G/P ). Moreover Xw = w0(B(w0ww

P
0 )P/P ).

Proposition 1 Let v and w in WP such that l(v) = l(w). Then

(i) Xw ∩Xv = ∅, if v 6= w; and

(ii) Xw ∩Xw = {wP/P}. Moreover this intersection is transverse

Exercise. Prove the proposition for the Grassmannians.

Corollary 1 The classes σw and σw0wwP0
are Poincaré dual.

Proof. Left as an exercise. �

We set σ∨w = σw0wwP0
. Observe that, for any u and v in WP ,

σu.σv =
∑

w∈WP

cwuvσw

is equivalent to

∀w ∈WP with l(w) = l(u) + l(v)− dim(G/P ) σu.σv.σ
∨
w = cwuv[pt].

For any u, v, and w in WP such that l(u) + l(v) + l(w) = 2 dim(G/P ) we define cuvw ∈ Z by

σu.σv.σw = cuvw[pt].

1.3.2 Enumerative interpretation of cu v w

Theorem 2 (Kleiman) Let Y and Z be two irreducible subvarieties of G/P . Then, for g in a nonempty
open subset Ω of G, the intersection Y ∩ gZ is transverse. In particular, for g in Ω, [Y ].[Z] = [Y ∩ gZ].

Proof. Consider the incidence variety

X = {(g, z, y) ∈ G× Z × Y : gz = y},

and the diagram

X Y

G.

π

p

Let Z̃ be the pullback of Z by the projection G −→ G/P . Fix y in Y . Write y = hP/P and consider the
fiber p−1(y). Then

p−1(y) ' {(g, z) ∈ G× Z : gz = hP/P}
' {(g, z) ∈ G× Z : z = g−1hP/P}
' {g ∈ G : g−1h ∈ Z̃}
' Z̃.
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Since the projection G −→ G/P is a locally trivial fibration, locally, one can choose the isomorphisms
p−1(y) ' Z̃ in family. We deduce that p is a locally trivial fibration with fibers isomorphic to Z̃. In partic-
ular, X is an irreducible variety of dimension dim(Y ) + dim(Z) + dim(P ).

For any g in G, π−1(g) is isomorphic to Y ∩ gZ. In particular, if π is not dominant, there exists a
nonempty open subset Ω of G such that, for any g ∈ Ω the intersection Y ∩ gZ is empty. The theorem holds
in this case.

Assume now that π is dominant. Then there exists a nonempty open subset Ω of G such that the
intersection Y ∩ gZ is pure of dimension dim(X)−dim(G). It follows that the intersection Y ∩ gZ is proper.
Since the base field is assumed to have characteristic zero, π is generically smooth. This implies that the
intersection Y ∩ gZ is transverse. �

Corollary 2 Let u, v and w in WP such that l(u) + l(v) + l(w) = 2 dim(G/P ) in such a way σu.σv.σw =
cuvw[pt].

Then, for general g and h in G, the intersection gXu ∩ hXv ∩ Xw is transverse and consists in cuvw
points.

Proof. Left as an exercise. �

1.4 Levi mobility

1.4.1 Levi mobility

Let u, v and w in WP . Consider the tangent space Tu of the orbit u−1BuP/P at the point P/P ; and,
similarly consider Tv and Tw. Using the transversality theorem of Kleiman, Belkale-Kumar showed in
[BK06, Proposition 2] the following important lemma.

Lemma 1 The coefficient cuvw is nonzero if and only if there exist pu, pv, pw ∈ P such that the natural map

TP (G/P ) −→ TP (G/P )

puTu
⊕ TP (G/P )

pvTv
⊕ TP (G/P )

pwTw

is an isomorphism.

Proof. By Kleiman’s lemma, cuvw is nonzero if and only if there exist gu, gv, gw in G and x ∈ G/P such
that guBu̇, gvBv̇ and gwBẇ intersects transversaly at x. Translating the three Schubert varieties, one may
assume that x = P/P . Now, the lemma follows from the following claim:

P/P ∈ guBu̇ ⇒ ∃pu ∈ P guBu̇ = puu
−1Bu̇.

Indeed, the tangent space of puu
−1Bu̇ at P/P is puTu. In particular, the condition of the lemma is equivalent

to the fact that puu
−1Bu̇, pvv

−1Bv̇ and pww
−1Bẇ intersects transversaly at P/P .

Prove now the claim. The assumption implies that there exist b ∈ B and p ∈ P such that e = gubup.
Then gu = p−1u−1b−1 and guBu̇ = p−1u−1b−1Bu̇ = p−1u−1Bu̇. Hence pu = p−1 works. �

Then Belkale-Kumar defined Levi-movability.

Definition. The triple (σu, σv, σw) is said to be Levi-movable if there exist lu, lv, lw ∈ L such that the
natural map

TP (G/P ) −→ TP (G/P )

luTu
⊕ TP (G/P )

lvTv
⊕ TP (G/P )

lwTw

is an isomorphism.
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Belkale-Kumar set

c�0
uvw =

{
cuvw if (σu, σv, σw) is Levi−movable;
0 otherwise.

They defined on the group H∗(G/P,C) a bilinear product �0 by the formula

σu�0σv =
∑

w∈WP

c�0
uvwσ

∨
w.

Theorem 3 (Belkale-Kumar 2006) The product �0 is commutative, associative and satisfies Poincaré
duality.

Proof. We will explain it later. �

1.4.2 Interpretation in terms of De Rham cohomology

Let S be any torus. Denote by X(S) the group of multiplicative characters of S. If V is a S-module then
Φ(V, S) denotes the set of nonzero weights of S on V . For β ∈ X(S), Vβ denotes the eigenspace of weight β.

Let Z be the neutral component of the center of L. Denote by p the Lie algebra of P and consider the
convex cone C generated by Φ(p, Z) in X(Z)⊗Q. It is a closed strictly convex polyhedral cone of non empty
interior in X(Z)⊗Q. Consider the associated order < on X(Z): α<β if and only if α− β ∈ C. Denote by
p the Lie algebra of P and consider the decomposition of g/p under the action of Z:

g/p =
⊕

α∈X(Z)

(g/p)α. (1.1)

This decomposition is supported on −C ∩X(Z). The group P acts on g/p by the adjoint action but does
not stabilize decomposition (1.1). For any β ∈ X(Z), the linear subspace

F<βg/p =
⊕

α ∈ X(Z)
α<β

(g/p)α (1.2)

is P -stable. Moreover T (G/P ) identifies with the fiber bundle G×P g/p over G/P . These remarks allow us
to define distributions on G/P indexed by X(Z) by setting for any β ∈ X(Z)

F<βT (G/P ) = G×P (⊕α<β(g/p)α) . (1.3)

These distributions are globally integrable in the sense that

[T<αG/P, T<βG/P ] ⊂ T<α+βG/P. (1.4)

This allows us to define a filtration (“ la Hodge”) of the De Rham complex and so of the algebra H∗(G/P,C)
indexed by the group X(Z)× Z. We consider the associated graded algebra.

Theorem 4 The (X(Z) × Z)-graded algebra GrH∗(G/P,C) associated to the (X(Z) × Z)-filtration is iso-
morphic to the Belkale-Kumar algebra (H∗(G/P,C),�0).
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Lecture 2
Branching semigroup.
Horn cone

During these lectures, we study two apparently independent problems in representation theory and linear
algebra. Today, we present these problems and prove the first results. We will see later the relations between
these two questions.

2.1 Branching Problem

2.1.1 Branching coefficients

Let G be a connected reductive subgroup of a connected complex reductive group Ĝ. We choose maximal
tori T ⊂ T̂ and Borel subgroups B ⊂ B̂ of G and Ĝ. The set of dominant characters of T is denoted by
X(T )+. For ν ∈ X(T )+, VG(ν) is the irreducible G-module of highest weight ν. Let ν̂ ∈ X(T̂ )+. The
irreducible Ĝ-module VĜ(ν̂) is also a G-module and decomposes like

VĜ(ν̂) =
⊕

ν∈X(T )+

c(ν, ν̂)VG(ν).

Problem 1. Understand the coefficients c(ν, ν̂).

Examples.

(i) Consider T ⊂ G. Then

VG(ν) =
⊕

χ∈X(T )

c(χ, ν)Cχ,

and the function χ 7−→ c(χ, ν) is the character of the representation VG(ν).

An answer to Problem 1 is the Weyl character formula. We introduce the symbol eχ satisfying eχ.eχ
′

=
eχ+χ′ . We formally write Chν =

∑
χ∈X(T ) c(χ, ν)eχ. Then

Chν =

∑
w∈W (−1)l(w)ew(ν+ρ)∑
w∈W (−1)l(w)ewρ

,

where l(w) is the length of w and ρ is the half-sum of positive roots.

Exercise. Describe the function χ 7−→ c(χ, ν) for G = SL2.
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(ii) Consider G = GLn−1 ⊂ GLn.

Let µ = (ν1 ≥ · · · ≥ νn) be a dominant weight of GLn. Then

VGLn(ν1 ≥ · · · ≥ νn) =
⊕

VGLn−1
(µ1 ≥ · · · ≥ µn−1),

where the sum runs over the weights (µ1 ≥ · · · ≥ µn−1) such that ν1 ≥ µ1 ≥ ν2 ≥ µ2 ≥ · · · ≥ µn−1 ≥
νn.

(iii) Tensor product. Consider G ⊂ G × G diagonally embedded. Assume that B̂ = B × B. A dominant
weight in X(T̂ ) is a pair (λ, µ) of dominant weights of T . Moreover VG×G(λ, µ) = VG(λ)⊗ VG(µ). We
set

VG(λ)⊗ VG(µ) =
⊕

ν∈X(T )+

cνλµVG(ν).

If G = GLn and λ, µ and ν are partitions, the coefficient cνλµ is called a Littlewood-Richardson
coefficient. An answer to Problem 1 is the Littlewood-Richardson rule.

(iv) Consider GL(V )×GL(W ) ⊂ GL(V ⊗W ).

Notation about representation of GL(V ). Let V be a complex vector space of dimension d. The length,
that is the number of nonzero parts, of a partition λ is denoted by l(λ). Let λ be a partition of length
such that l(λ) ≤ d. Adding zeros at the end of λ we construct λ̃ ∈ Zd. Then λ̃ can be thought as a
dominant character of GL(V ). The corresponding irreducible GL(V )-module is denoted by SλV and
it is called a Schur module.

Let W be a second vector space of dimension e. Let γ be a partition of length smaller or equal to
d+ e. Then the irreducible GL(V ⊗W )-module Sγ(V ⊗W ) is also a GL(V )×GL(W )-module. It is
well known (see [Mac95, Ful91])

Sγ(V ⊗W ) =
∑

partitions α, β s.t.
l(α) ≤ e,
l(β) ≤ f,

|α| = |β| = |γ|.

kαβ γ S
αV ⊗ SβW,

where kαβ γ is the Kronecker coefficient.

2.1.2 Qualitative description

An example. Here G = SL(3,C) and VĜ(ν̂) = (V (7 ≥ 2)∗ ⊗ V (4 ≥ 1)).

c = 1
c = 2
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Consider the support

LR(G, Ĝ) = {(ν, ν̂) ∈ X(T )+ ×X(T̂ )+ : c(ν, ν̂) 6= 0}.

Examples.

(i) Consider T ⊂ G.

We now state two Kostant’s results.

Proposition 2 Let ν be a dominant weight of G. Then, the vertices of the convex hull P (ν) of the
weights χ of T such that c(χ, ν) 6= 0 are the elements of the orbit Wν.

Proof. Left as an exercise. �

Let ΛR be the sublattice of X(T ) generated by the roots of G.

Proposition 3 Let χ be any character of T . Then, c(χ, ν) 6= 0 if and only if χ belongs to P (ν) and
ν − χ belongs to ΛR.

(ii) Tensor product for SL2.

For any nonnegative integer a, we denote by Va the unique irreducible SL2-module of dimension a+ 1.

Proposition 4 Let a, b and c be three nonnegative integers. Then, Vc is a submodule of Va ⊗ Vb if
and only if c ≤ a+ b and a+ b+ c is even.

Proof. Left as an exercise. �

Theorem 5 The set LR(G, Ĝ) is a finitely generated semigroup in X(T )+ ×X(T̂ )+.

Proof. Start with Frobenius’ decomposition of C[Ĝ] as a Ĝ× Ĝ-module:

C[Ĝ] =
⊕

ν̂∈X(T̂ )+

VĜ(ν̂)⊗ VĜ(ν̂)∗.

Let U and Û− denote the unipotent radicals of B and B̂−. Then VG(ν) is a submodule of VĜ(ν̂) if and only

if VĜ(ν̂)U contains a T -eigenvector of weight ν. Observe that T̂ acts on the line (VĜ(ν̂)∗)Û
−

by the weight
−ν̂. Moreover

C[Ĝ]U×Û
−

=
⊕

ν̂∈X(T̂ )+

VĜ(ν̂)U ⊗ (VĜ(ν̂)∗)Û
−
.

Now (ν, ν̂) belongs to LR(G, Ĝ) if and only if (ν,−ν̂) is a weight of T × T̂ acting on the algebra C[Ĝ]U×Û
−

.
This implies that LR(G, Ĝ) is a semigroup.

To prove that LR(G, Ĝ) is finitely generated it is sufficient to prove that C[Ĝ]U×Û
−

is. Recall that C[G]U

is finitely generated. But

C[Ĝ]U×Û
−

= (C[G]U ⊗ C[Ĝ]Û
−

)G.

Since C[G]U and C[Ĝ]Û
−

are finitely generated and G is reductive the Hilbert theorem implies that C[Ĝ]U×Û
−

is finitely generated. �

The problem to describe LR(G, Ĝ) is naturally divided in three questions:
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(i) Describe the cone LR(G, Ĝ) generated by LR(G, Ĝ).

(ii) Describe the group ZLR(G, Ĝ) generated by LR(G, Ĝ).

(iii) Compare LR(G, Ĝ) ∩ ZLR(G, Ĝ) and LR(G, Ĝ).

Proposition 5 Assume that no ideal of g is an ideal of ĝ. Let Ẑ denote the center of Ĝ.
Then ZLR(G, Ĝ) is the group of pairs (ν, ν̂) ∈ X(T )×X(T̂ ) such that ν|Ẑ∩G = ν̂|Ẑ∩G.

Proof. The proof is divided in claims. The details are left as an exercise.
Let K be the set of pairs (t, t̂) ∈ T × T̂ such that ν(t) = ν̂(t̂) for any (ν, ν̂) in LR(G, Ĝ).

(i) It is sufficient to prove that K = {(t, t) : t ∈ Ẑ ∩G}.

(ii) The group K is the generic isotropy of T × T̂ acting on U\Û × T̂ by (t, t̂).(a, b) = (ta, tbt̂−1).

(iii) The group K is isomorphic to (∩ĝ∈ĜĝGĝ−1) ∩ T .

(iv) The proposition follows.

�

2.2 The Horn conjecture

2.2.1 The problem and the first result

Consider the following Horn problem: What can be said about the eigenvalues of a sum of two Hermitian
matrices, in terms of the eigenvalues of the summands?

If A is a Hermitian n by n matrix, we denote by λ(A) = (λ1 ≥ · · · ≥ λn) its spectrum.

Theorem 6 (H. Weyl, 1912) Let A and B be two n by n Hermitian matrices. Then

λi+j−1(A+B) ≤ λi(A) + λj(B),

for any 1 ≤ i, j ≤ n such that i+ j − 1 ≤ n.

Proof. Recall that, for any v such that ‖v‖ = 1, we have

λn(A) ≤ (v|Av) ≤ λ1(A).

Consider now three bases of eigenvectors for A, B and A+B respectively (e1, · · · , en), (f1, · · · , fn) and
(g1, · · · , gn). We order these bases in such a way ei has eigenvalue λi(A) etc. . .

Set E = Span(ei, · · · , en), F = Span(fj , · · · , fn) and G = Span(e1, · · · , ei+j−1). Then

codim(E) + codim(F ) + codim(G) = (i− 1) + (j − 1) + (n− (i+ j − 1)) = n− 1.

In particular there exists v in E ∩ F ∩G such that ‖v‖ = 1. We have

λi+j−1(A+B) ≤ (v|(A+B)v) considering (A+B)|G
≤ (v|Av) + (v|Bv)
≤ λi(A) + λj(B) considering A|E and B|F .

�
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2.2.2 The Horn conjecture

Consider the following set:

HornR(n) = {(λ(A), λ(B), λ(C)) :
A,B,C are 3 Hermitian matrices
s.t. A+B + C = 0}.

We now want to explain the Horn conjecture which describes inductively a list of inequalities which
characterizes this cone. Let P(r, n) denote the set of subsets of {1, · · · , n} with r elements. For I = {i1 <
· · · < ir} ∈ P(r, n), we recall that

λI = (n− r + 1− i1, · · · , n− ir). We denote by 1r the vector (1, · · · , 1) in Rr.

Theorem 7 Let (λ, µ, ν) be a triple of non-increasing sequences of n real numbers. Then, (λ, µ, ν) ∈
HornR(n) if and only if ∑

i

λi +
∑
j

µj +
∑
k

νk = 0 (2.1)

and for any r = 1, · · · , n− 1, for any (I, J,K) ∈ P(r, n)3 such that

(λI , λJ , λK − (n− r)1r) ∈ HornR(r), (2.2)

we have: ∑
i∈I

λi +
∑
j∈J

µj +
∑
k∈K

νk ≤ 0. (2.3)

Note that if starting with a point in HornR(r), one adds 1r to one factor add −1r to another one, one
stays in HornR(r). This remark implies that Condition 2.2 is symmetric in I, J and K.

In 1962, Horn [Hor62] conjectured Theorem 7. This conjecture was proved by combining works by Kly-
achko [Kly98] and Knutson-Tao [KT99] (see also [Ful00] for a survey). Despite the proof, the statement of
Theorem 7 is as elementary as the Horn problem is. Note that I, J and K are sets of indexes in inequal-
ity (2.3) whereas λI , λJ and λK are eigenvalues of Hermitian matrices in condition (2.2). This very curious
remark certainly contributed to the success of the Horn conjecture.

Exercise. Admitting Theorem 7, determine Horn(2) and Horn(3).

2.2.3 Interpretation in terms of Hamiltonian geometry

Hamiltonian actions

Let (M,ω) be a symplectic manifold endowed with a symplectic smooth action of the connected compact
Lie group K. A moment map µ for this action is an equivariant smooth map

µ : M −→ Lie(K)∗, (2.4)

such that for all ξ ∈ Lie(K) we have

dµξ = ω(·, ξM ), (2.5)

where
µξ : M −→ R, m 7−→ 〈µ(m), ξ〉.

This definition is not very easy to understand. We are now going to introduce some definition to make
it more natural. Let f : M −→ R be a function. Its differential map is a section of T ∗M and so induces a
vector field Hf using ω; namely,

df = ω(·, Hf ). (2.6)
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A vector field of the form Hf is said to be Hamiltonian. The function f is an Hamiltonian map for the
vector field Hf .

Given the K-action, each vector ξ ∈ Lie(K) induces a vector field ξM on M . If there exists a moment
map for the K-action, then each vector field ξM is Hamiltonian. Moreover, the moment map is a choice of
Hamiltonian maps fξ satisfying some natural properties.

Examples.

(i) Coadjoint orbits. Let Λ ∈ Lie(K)∗. Consider the coadjoint orbit OΛ = K.Λ. Kostant-Kirilov-
Souriau defined a symplectic form ω on OΛ such that l’inclusion µ : O −→ Lie(K)∗ is a moment
map.

Let us explain how to construct ω. Let H denote the isotropy of Λ in K. Since ω has to be K-
invariant, it is sufficient to construct it on TΛO = Lie(K)/Lie(H). Conversely, any H-invariant form
on Lie(K)/Lie(H) can be extended on O. For ξ, ζ ∈ Lie(K) we consider

ΩΛ(ξ, ζ) = Λ([X,Y ]). (2.7)

Note that, ΩΛ is a skew-symetric bilinear form on Lie(K). One can check that its Kernel is exactly
Lie(H). So, it induces a non degenerated bilinear form on Lie(K)/Lie(H). Moreover, it is H-invariant
and so induces a form ω on O. This form is closed and the inclusion is a moment map.

(ii) Hermitian scalar product. Let V be a K-module. Choose a K-invariant Hermitian scalar product
(·, ·) on V . The imaginary part of the Hermitian scalar product is a symplectic structure. Define a
map µ : V → Lie(K)∗ by the formula

〈µ(v), ξ〉 =
1

2i
(ξv, v). (2.8)

It is a moment map for the action of K on V .

(iii) Projective space. As above, we assume that V is endowed with a K-invariant Hermitian form.
The projective space P(V ) has a natural symplectic structure, called the Fubini-Study symplectic form
ωP(V ). Explicitly, this is given as follows: the tangent space to P(V ) at [v] is identified to the Hermitian
orthogonal of v assumed to have norm one. Then

ωP(V ),[v](v1, v2) = Im(v1, v2). (2.9)

There is a canonical moment map

µP(V ) : P(V ) −→ Lie(K)∗,

defined by

〈µP(V )([v]), ξ〉 =
Im(v, ξv)

(v, v)
. (2.10)

(iv) Restriction. Let K be an Hamiltonian action with moment map µ. Let H be a subgroup of K. Then,
Lie(H) is a subspace of Lie(K) and we have the restriction map Lie(K)∗ −→ Lie(H)∗. By composing
µ with the restriction map we get a moment map for the H-action.

2.2.4 The set HornR(n)

Consider the group K = U(n). Its Lie algebra u(n) is the set of skew-Hermitian matrices. The Hermitian
form tr(AtB̄) on Mn(C) is non-degenerated when restricted to u(n). So, we also identify u(n)∗ with the set
of skew-Hermitian matrices.

12



Let λ be a non increasing sequence of n real numbers. The set Oλ of skew-Hermitian matrices with
spectrum iλ is a coadjoint orbit of K. Let (λ, µ, ν) be a triple of non-increasing sequences of n real numbers.
Consider now the Hamiltonian K-manifold Oλ ×Oµ ×Oν with moment map:

µ : Oλ ×Oµ ×Oν −→ u(n)∗

(A,B,C) 7−→ A+B + C.
(2.11)

It follows that

Proposition 6 The point (λ, µ, ν) belongs to HornR(n) if and only if

0 ∈ Imµ. (2.12)

Now, applying Kirwan’s convexity theorem (see [Kir84]) we get

Theorem 8 The set HornR(n) is convex.

13
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Lecture 3
Branching cone and Geometric Invariant
Theory

3.1 Borel-Weil’s theorem

Let λ be a character of T . It extends to B. This allows to define a dimension one representation C−λ of B
by b.t = λ(b−1)t, for any b ∈ B and t ∈ C.

Consider the action of B on G× C−λ defined by

b.(g, t) = (gb−1, bt).

Using the fact that the map G −→ G/B is a B-fibration locally trivial in Zariski topology, one can construct
a quotient G ×B C−λ of G × C−λ by this B-action. The class of a pair (g, t) is denoted by [g : t]. The
projection G × C−λ −→ G induces a regular map G ×B C−λ −→ G/B which is a line bundle denoted
by Lλ. Moreover Lλ is G-linearized. Note that B acts on the fiber over B/B by the weight −λ. Indeed
b.[e : t] = [b : t] = [b−1.(e, bt)] = [e : bt] = [e : λ(b−1t].

Theorem 9 (i) If λ is not dominant then H0(G/B,Lλ) = {0}.

(ii) If λ is dominant then H0(G/B,Lλ) = VG(λ)∗.

Proof. Let B− be the Borel subgroup of G opposite to B. Recall that any irreducible G-module V contains
a unique B−-fixed line. The group B− acts on this line by the lowest weight which characterize V up to
isomorphism. Moreover, the lowest weight of VG(ν)∗ is −ν.

It remains to prove that

(i) if λ is not dominant then H0(G/B,Lλ) contains no B−-fixed line.

(ii) if λ is dominant then H0(G/B,Lλ) contains a unique B−-fixed line and that it has weight −λ.

Let σ be a section of Lλ which is an eigenvector of weight χ for B−. Then, for any b− ∈ B−,

σ(b−B/B) = χ(b−)−1b−.σ(B/B).

In particular, the restriction of σ on B−B/B only depends on σ(B/B). Since B−B/B is dense in G/B, this
implies that there is at most a line in H0(G/B,L−λ) consisting in B−-eigenvectors of weight χ.

Moreover, for t in T , we have

σ(B/B) = σ(tB/B) = χ(t)−1t.σ(B/B) = χ(t)−1λ(t)−1σ(B/B).
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Then χ = −λ, since σ is not identically zero.
Conversely, fix a nonzero point x̃ in Lλ over B/B. Then, the formula

σ(u−B/B) = u−.x̃

define a section of Lλ which is regular on B−B/B and which is an eigenvector of weight −λ for B−. To end
the proof, it is sufficient to prove that σ extends to a regular section on G/B if and only if λ is dominant.

Since G/B is normal, it is sufficient to prove that σ has no pole if and only if λ is dominant. Since σ is
regular onB−B/B, the only possible poles are the codimension one irreducible components ofG/B−B−B/B.
These components have all the form Dα = B−sαB/B for some simple root α. An explicit computation in
local coordinate around the point sαB/B shows that

vDα(σ) = 〈α∨, λ〉.

The theorem follows. �

Exercise. Consider the group G = GLn−1 in GLn = Ĝ. Let B and B̂ be Borel subgroups of G and Ĝ.
Show that B has an open orbit in Ĝ/B̂. Deduce that the coefficients c(ν, ν̂) are equal to 0 or 1.

3.2 Branching cone and GIT

Here, we set
Xss(L) = {x ∈ X : ∃k > 0 and σ ∈ H0(X,L⊗k)G σ(x) 6= 0},

even if L is not ample.
Set

LR(G, Ĝ)∗ = {(ν, ν̂) ∈ X(T )+ ×X(T̂ )+ : VG(ν) ⊂ VĜ(ν̂)∗}.

We define LR(G, Ĝ)∗ accordingly.

Theorem 10 Set X = G/B × Ĝ/B̂. Let (ν, ν̂) ∈ X(T )+ ×X(T̂ )+. Then (ν, ν̂) ∈ LR∗(G, Ĝ) if and only if
Xss(L(ν,ν̂)) 6= ∅.

Proof. Since LR(G, Ĝ) is finitely generated, (ν, ν̂) ∈ LR(G, Ĝ) if and only if there exists a positive integer
k such that (kν, kν̂) ∈ LR(G, Ĝ). But

(kν, kν̂) ∈ LR(G, Ĝ) ⇐⇒ VG(kν) ⊂ VĜ(kν̂)∗

⇐⇒ (VG(kν)∗ ⊗ VĜ(kν̂)∗)G 6= {0}
⇐⇒ H0(X,L⊗k(ν,ν̂))

G 6= {0}.

Hence, (ν, ν̂) ∈ LR(G, Ĝ) if and only if Xss(L(ν,ν̂)) 6= ∅. �

3.3 Hilbert-Mumford’s theorem

Let G be a reductive group acting on a projective variety X. Let λ : C∗ −→ G be a one parameter subgroup.
Let L be a G-linearized line bundle on X.

Consider z := limt→0 λ(t)x; it is a λ-fixed point. In particular λ acts on the fiber Lz linearly. Let µL(x, λ)
denote the integer such that

λ(t)z̃ = t−µ
L(x,λ)z̃,

for any t ∈ C∗ and z̃ ∈ Lz.

Exercise. Prove that for any g in G, µL(gx, gλg−1) = µL(x, λ).

The following results give a geometric interpretation of the sign of µL(x, λ).
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Proposition 7 Let x̃ ∈ Lx that does not belong to the zero section.

(i) If µL(x, λ) = 0, limt→0 λ(t)x̃ exists and does not belong to the zero section.

(ii) If µL(x, λ) > 0, limt→0 λ(t)x̃ does not exists.

(iii) If µL(x, λ) < 0, limt→0 λ(t)x̃ = z.

Proof. Left as an exercise. Hint : consider the curve C = {λ(t)x : t ∈ C∗} ∪ {z}. �

Theorem 11 Assume that L is ample. Then x ∈ Xss(L) if and only if for any one parameter subgroup λ
we have µL(x, λ) ≤ 0.

Proof. Prove that if x is semistable then µL(x, λ) ≤ 0, for any one parameter subgroup λ.
The converse will be proved in Michel Brion’s lectures. �

Exercise. Consider the variety X = G/B × Ĝ/B̂ endowed with the diagonal action. Let L be any G-
linearized line bundle on X. Show that Theorem 11 holds.

3.4 How µL(x, λ) depends on x ?

Consider an irreducible component C of Xλ. Then

∀z, z′ ∈ C µL(z, λ) = µL(z′, λ).

Let µL(C, λ) denote this integer. Consider

C+ = {x ∈ X : lim
t→0

λ(t)x ∈ C}.

Note that
∀x ∈ C+ µL(x, λ) = µL(C, λ).

Assuming X smooth (that we do from now on), it will be prove in Michel Brion’s lectures that C+ is an
irreducible smooth locally closed subvariety of X.

Consider now the map
η′ : G× C+ −→ X

(g, x) 7−→ gx.

An important lemma.

Lemma 2 Assume that L is ample and that η′ is dominant.
If Xss(L) 6= ∅ then µL(C, λ) ≤ 0.

Proof. Left as an exercise. �

3.5 The parabolic subgroup P (λ)

Set
P (λ) = {g ∈ G : lim

t→0
λ(t)gλ(t−1) exists in G}.

Exercise. Compute P (λ) for λ(t) = diag(t, t2, t3, t3) and G = GL(4).

In general P (λ) is a parabolic subgroup of G. It has two important properties for our purpose are given
in the following result.

Lemma 3 (i) For any p in P (λ) and any x ∈ X, µL(px, λ) = µL(x, λ);

(ii) The subvariety C+ is stable by P (λ).

Proof. Left as an exercise. �
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3.6 Fiber product

Consider on G× C+ the following action of the group P (λ):

p.(g, x) = (gp−1, px).

This action is free. Consider the quotient (firstly as a set) G×P (λ)C
+ of G×C+ by this action. Recall that

the projection G −→ G/P (λ) is locally trivial in Zariski topology. Prove this for the Grassmannians, as an
exercise. This allows to endow G ×P (λ) C

+ with a structure of variety. We denote by [g : x], the class of
(g, x) ∈ G× C+. The following formula

h.[g : x] = [hg : x] ∀h ∈ G,

endows G×P (λ) C
+ with an action of G. Consider the G-equivariant projection

π : G×P (λ) C
+ −→ G/P (λ)

[g : x] 7−→ gP (λ)/P (λ).

The map η′ induces a G-equivariant map

η : G×P (λ) C
+ −→ X

[g : x] 7−→ gx.

Lemma 4 Let x ∈ X. The map π induces an isomorphism from η−1(x) onto the set of points gP (λ)/P (λ)
in G/P (λ) such that g−1x ∈ C+.

Proof. Left as an exercise. �

3.7 Application : a first description of CG(X)

Definition. The pair (C, λ) is said to be well covering if there exists a P (λ)-stable open subset Ω of C+

such that

(i) the restriction of η to G×P (λ) Ω is an open immersion;

(ii) Ω intersects C.

Proposition 8 Let L be a G-linearized ample line bundle on the irreducible G-variety X. Then Xss(L) 6= ∅
if and only if for any well covering pair (C, λ) we have µL(C, λ) ≤ 0.

Proof. Lemma 2 implies that if Xss(L) 6= ∅ then, for any well covering pair (C, λ), we have µL(C, λ) ≤ 0.
Conversely, assume that Xss(L) = ∅. Then Kempf-Ness’ theory induces a stratification of X. Then open
stratum X0(L) is isomorphic to G×P (λ) Ω+ for some one parameter subgroup λ and some open subset Ω in

some irreducible component C of Xλ. In particular (C, λ) is well covering and µL(C, λ) > 0. �

Exercise. Assume that X is smooth. Let D denote the determinant bundle of η. Show that (C, λ) est well
covering if and only if

(i) η is birational,

(ii) λ acts trivially on D|C .

Show that if det η is not identically zero then µD(C, λ) ≥ 0.
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Lecture 4
Description of LR(G, Ĝ)

4.1 Description of LR(G,G×G)
4.1.1 A finite list of inequalities for LR(G,G×G)
The first aim of this lecture is to prove the following description of LR(G,G×G).

Theorem 12 (Belkale-Kumar) We assume that G is semisimple and diagonally embedded in Ĝ = G2.
Let α, β, γ be three dominant weights. Then (α, β, γ) belongs to LR∗(G) if and only if for any simple

root θ, for any (u, v, w) ∈ (W θ)3 such that

σu�0σv�0σw = σe ∈ H∗(G/Pθ,Z),

we have
〈uωθ∨ , α〉+ 〈vωθ∨ , β〉+ 〈wωθ∨ , γ〉 ≤ 0.

By Theorem 5 and Proposition 5, LR(G,G×G) is a closed polyhedral convex cone of nonempty interior.
By definition, it is contained in the dominant chamber. Then, it is sufficient to prove the Belkale-Kumar
theorem for strictly dominant weights.

Let α, β, γ be three strictly dominant weights. Let L := L(α, β, γ) be the ample line on X = (G/B)3

associated to the weight (α, β, γ) of T 3. By Theorem 10, (α, β, γ) belongs to LR∗(G) if and only if

Xss(L) 6= ∅.

We are now going to apply Proposition 8 to decide if Xss(L) 6= ∅ or not.

4.1.2 Well covering pairs and Belkale-Kumar product

Let G be a reductive group. Fix T ⊂ B ⊂ G. Let W denote the Weyl group. Let λ be a dominant one
parameter subgroup of T . Consider the parabolic subgroup P = P (λ). The centralizer G(λ) of λ in G is a
Levi subgroup of P (λ).

Consider the variety X = G/B. The fixed point set Xλ is

Xλ =
⋃

w∈W (G(λ))\W

G(λ)wB/B.

Fix w ∈WP and consider the associated irreducible component C(w) = G(λ)w−1B/B of Xλ. Pay attention
to the twist w 7→ w−1 in the notation. Then

C+ = P (λ)w−1B/B.
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Lemma 5 Let (u, v, w) ∈ (WP )3. Then, we have:

(i) the pair (C(u, v, w), λ) is dominant if and only if [BuP/P ] · [BvP/P ] · [BwP/P ] 6= 0;

(ii) the pair (C(u, v, w), λ) is well covering if and only if

[BuP/P ]�0[BvP/P ]�0[BwP/P ] = [pt].

Proof. Consider the map:

η : G×P C+(u, v, w) −→ (G/B)3.

Since the characteristic of C is zero, η is birational (resp. dominant) if and only if for x in an open subset of
(G/B)3, η−1(x) is reduced to one point (resp. non empty). Consider the projection p : G×P C+(u, v, w) −→
G/P . For any x in (G/B)3, p induces an isomorphism from η−1(x) onto the following locally closed subvariety
of G/P :

Fx := {hP ∈ G/P : h−1x ∈ C+(u, v, w)}.

Let (gu, gv, gw) ∈ G× Ĝ and set x = (guB/B, gvB/B, gwB/B) ∈ (G/B)3. We have:

Fx = {hP/P ∈ G/P : h−1guB/B ∈ Pu−1B/B and h−1gvB/B ∈ Pv−1B/B
and h−1gwB/B ∈ Pw−1B/B}

= {hP/P ∈ G/P : h−1 ∈ (Pu−1Bg−1
u ) ∩ (Pv−1Bg−1

v )(Pw−1Bg−1
w )}

= (guBuP/P ) ∩ (gvBvP/P ) ∩ (gwBwP/P ).

Let us fix g arbitrarily. Now, Kleiman’s transversality theorem (see [Kle74]) show that for x general

[Fx] = [BuP/P ] · [BvP/P ] · [BwP/P ].

The first assertion of the lemma follows. Moreover, η is birational if and only if Fx is reduced to one point
for x general if and only if [BuP/P ] · [BvP/P ] · [BwP/P ] = [pt].

Assume now that η is birational. Then (C(u, v, w), λ) is well covering if and only if there exists x′ ∈ C
such that T[e:x′]η is an isomorphism. Write x′ = (luu

−1B/B, lvv
−1B/B, lww

−1B/B) with lu, lv, and lw in
G(λ). A direct computation shows that T[e:x′]η is an isomorphism if and only if the natural map

TP (G/P ) −→ TP (G/P )

luTu
⊕ TP (G/P )

lvTv
⊕ TP (G/P )

lwTw

is an isomorphism. Equivalently, (C(u, v, w), λ) is well covering if and only if the triple (σu, σv, σw) is Levi-
movable. �

4.1.3 Abundant action

We first prove a lemma about the Hilbert-Mumford numerical criterion.

Lemma 6 Let G be a reductive group acting on a projective variety X. Let L be a G-linearized line bundle
on X. Let x ∈ X and let λ be a one parameter subgroup of G.

Assume that x ∈ Xss(L) and that µL(x, λ) = 0. Then z := limt→0 λ(t)x belongs to Xss(L).

Proof. Let n be a positive integer and let σ be a G-invariant section of L⊗n such that x̃ := σ(x) 6= 0.
Then σ(λ(t)x) = λ(t)x̃ and σ(z) = limt→0 λ(t)x̃. The condition µL(x, λ) = 0 implies that this limit does not
belong to the zero section (see Proposition 7). �

We now apply this lemma to our situation.
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Proposition 9 Let (C, λ) be a well covering pair of (G/B)3 such that the set of dominant weights (α, β, γ) ∈
LR∗(G) such that µL(α,β,γ)(C, λ) = 0 has codimension one.

Then P (λ) is a maximal parabolic subgroup of G.

Proof. Since the equation µL(α,β,γ)(C, λ) = 0 is not the equation of a face of the dominant chamber X(T 3)+
Q ,

the set of strictly dominant weights (α, β, γ) ∈ LR∗(G) such that µL(α,β,γ)(C, λ) = 0 has codimension one.
Fix such a point (α, β, γ) ∈ LR∗(G). Let x be a semistable point in C+ for L(α, β, γ). Consider

z = limt→0 λ(t)x. Proposition 7 implies that z is semistable. In particular, the neutral component G◦z of the
isotropy group of z acts trivially on Lz.

Let T be a maximal torus of G containing λ. The torus T 3 acts on the projective variety C, then
C contains a fixed point (u−1B/B, v−1B/B,w−1B/B) of T . Let Gλ be the centralizer of λ. Then C =
Gλu−1B/B × Gλv−1B/B × Gλw−1B/B. Let Z denote the connected center of Gλ. Then Z acts trivially
on C. By the preceding argument, Z acts trivially on L|C . But this action is given by the character

(−uα− vβ − wγ)|Z

of Z. In particular, the assumption on the codimension of the face implies that Z has dimension at most
one (and so exactly one). It follows that P (λ) is maximal. �

4.1.4 Proof of Theorem 12

We may assume that G is simply connected. We already mentioned that (α, β, γ) belongs to LR∗(G) if and
only if Xss(L) 6= ∅. By Proposition 8, this is equivalent to the fact that for any well covering pair (C, λ) we
have µL(C, λ) ≤ 0. Since, for any g ∈ G, µL(C, λ) = µL(gC, gλg−1), we may assume that λ is a dominant
one parameter subgroup of T . Since, for any k ∈ Z>0, µL(C, kλ) = kµL(C, λ), we may assume that λ is
primitive.

Since LR∗(G) is polyhedral, among the list of inequalities µL(C, λ) ≤ 0, it is sufficient to keep only those
corresponding to codimension one faces. By Proposition 9, we may assume that P (λ) is maximal. Finally,
we may assume that λ = ωθ∨ for some simple root θ.

The component C = C(u, v, w) for some well defined u, v, and w in WPθ . By Lemma 5, the pair (C, λ)
is well covering if and only if σu�0σv�0σw = σe.

4.2 Minimality of the list of inequalities

Theorem 13 We assume that G is semisimple and diagonally embedded in Ĝ = G2. Let θ be a simple root
and (u, v w) ∈ (W θ)3 such that

σu�0σv�0σw = σe ∈ H∗(G/Pθ,Z).

Then the set of points (α, β, γ) ∈ LR∗(G) such that

〈uωθ∨ , α〉+ 〈vωθ∨ , β〉+ 〈wωθ∨ , γ〉 = 0

has codimension one.

Proof. Let r denote the rank of G. Let θ be a simple root and (u, v w) ∈ (W θ)3 like in the theorem. Consider
X, C and λ like above. It remains to construct G-linearized line bundles L on X such that H0(X,L)G 6= 0
and µL(C, λ) = 0.

Consider the restriction morphism

ρ : PicG(X) −→ PicG
λ

(C).

Since C ' Gλ/Bλ, Proposition 5 shows that LR∗(Gλ) has dimension 3r−1. Moreover ρ is surjective (explicit
computation).
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Let M ∈ PicG
λ

(C) such that H0(C,M)G
λ 6= 0. It would be sufficient to prove that there exists

L ∈ PicG(X) such that H0(X,L)G 6= 0 and ρ(L) =M. This is not true directly but it is true after a little
modification of M.

Let L ∈ PicG(X) such that ρ(L) =M. Fix a nonzero regular Gλ-invariant section τ of M.

We first prove that each τ can be extended to a rational G-invariant section σ of L. Consider pλ : C+ −→
C, x 7−→ limt→0 λ(t)x. Consider theG-linearized line bundleG×P (λ)pλ

∗(M) onG×P (λ)C
+. Since η∗(L) and

G×P (λ) pλ
∗(M) have the same restriction to C, Lemmas 7 and 8 below show that η∗(L) = G×P (λ) pλ

∗(M).
Moreover, since µM(C, λ) = 0, Lemma 8 shows that τ admits a unique P (λ)-invariant extension τ ′ which
is a section of pλ

∗(M). On the other hand, Lemma 7 below shows that τ ′ admits a unique G-invariant
extension τ̃ from C+ to G×P (λ) C

+. Since η is birational, τ̃ descends to a rational G-invariant section σ of
L. So, we obtain the following commutative diagram:

L � η∗(L) = G×P (λ) pλ
∗(M) � pλ

∗(M) - M

X
?

σ

6

� η
G×P (λ) C

+
?

τ̃

6

� C+
?

τ ′
6

pλ - C.
?

τ

6

We are now going to construct an element L0 which kills the polar part of each σ. More precisely, each
σ will induce a regular G-invariant section of L ⊗ L0. Let X◦ be a G-stable open subset of X such that η
induces an isomorphism from η−1(X◦) onto X◦. Since (C, λ) is well covering, we may (and shall) assume
that X◦ intersects C. Let Ej be the irreducible components of codimension one of X −X◦. For any j we
denote by aj the maximum of 0 and −νEj (σ); where νEj denotes the valuation associated to Ej . Consider
the line bundle L0 = O(

∑
ajEj) on X. Since the Ej ’s are stable by the action of G, L0 is canonically

G-linearized. By construction, the σ’s induce G-invariant regular sections σ′ of L′ := L ⊗ L0. Moreover,
since no Ej contains C, the restriction of σ′ to C is non zero. In particular, the µL

′
(C, λ) = 0.

To end the proof, one needs to make a similar construction for a family of suchM that spans LR∗(Gλ).
�

4.2.1 Line bundles on parabolic fiber products

Notation. If Y is a locally closed subvariety of X, and L is a line bundle on X, L|Y will denote the
restriction of L to Y .

Let P be a parabolic subgroup of G and Y be a P -variety. In this subsection, we prove results about
G-linearized line bundles on G×P Y used in Theorem 13.

Lemma 7 With above notation, we have:

(i) The map L 7−→ G×P L defines a morphism

e : PicP(Y) −→ PicG(G×P Y).

(ii) The map ι : Y −→ G ×P Y, y 7−→ [e : y] is a P -equivariant closed immersion. We denote by
ι∗ : PicG(G×P Y) −→ PicP(Y) the associated restriction homomorphism.

(iii) The morphisms e and ι∗ are the inverse one of each other; in particular, they are isomorphisms.

(iv) For any L ∈ PicG(G ×P Y), the restriction map from H0(G ×P Y,L) to H0(Y, ι∗(L)) induces a linear
isomorphism

H0(G×P Y,L)G ' H0(Y, ι∗(L))P .
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Proof. Let M be a P -linearized line bundle on Y . Since the natural map G × M −→ G ×P M is a
categorical quotient, we have the following commutative diagram:

G×M - G×P M

G× Y
?

- G×P Y.

p
?

Since G −→ G/P is locally trivial, the map p endows G ×P M with a structure of line bundle on G ×P
Y . Moreover, the action of G on G ×P M endows this line bundle with a G-linearization. This proves
Assertion (i). The second one is obvious.

By construction, the restriction of G ×P M to Y is M. So, ι∗ ◦ e is the identity map. Conversely, let
L ∈ PicG(G×P Y). Then, we have:

e ◦ ι∗(L) ' {(gP, l) ∈ G/P × L : g−1l ∈ L|Y }.

The second projection induces an isomorphism from e ◦ ι∗(L) onto L. This ends the proof of Assertion (iii).
The map H0(G ×P Y,L)G −→ H0(Y, ι∗(L))P is clearly well defined and injective. Let us prove the

surjectivity. Let τ ∈ H0(Y, ι∗(L))P . Consider the morphism

τ̂ : G× Y −→ G×P L
(g, y) 7−→ [g : τ(y)].

Since τ is P -invariant, so is τ̂ ; and τ̂ induces a section of G ×P L over G ×P Y which is G-invariant and
extends τ . �

4.2.2 Line bundles on C+

In this subsection we prove results about the line bundles on C+ used in Theorem 13.
Let X be any G-variety, λ ∈ Y (G) and x ∈ Xλ. We consider the natural action of C∗ induced by λ on

the Zariski tangent space TxX of X at x. We consider the following C∗-submodules of TxX:

TxX>0 = {ξ ∈ TxX : limt→0 λ(t)ξ = 0},
TxX<0 = {ξ ∈ TxX : limt→0 λ(t−1)ξ = 0},
TxX0 = (TxX)λ, TxX≥0 = TxX>0 ⊕ TxX0 and TxX≤0 = TxX<0 ⊕ TxX0.

A classical result of Bia lynicki-Birula (see [BB73]) is

Theorem 14 We assume that X is smooth and fix an irreducible component C of Xλ. We have:

(i) C is smooth and for any x ∈ C we have TxC = TxX0;

(ii) C+ is smooth and irreducible and for any x ∈ C we have TxC
+ = TxX≥0;

(iii) the morphism pλ : C+ −→ C induces a structure of vector bundle on C with fibers isomorphic to
TxX>0, for x ∈ C.

Let L be a P (λ)-linearized line bundle on C+. Whereas X is not necessarily complete, for x ∈ C+,
limt→0 λ(t).x exists and µL(x, λ) is well defined. Moreover, it does not depend on x and will be denoted by
µL(C, λ).

Lemma 8 We assume that X is smooth. Then, we have:

(i) The restriction map PicP(λ)(C+) −→ PicGλ(C) is an isomorphism.

Let L ∈ PicP(λ)(C+).

(ii) If µL(C, λ) 6= 0, then H0(C,L|C)λ = {0}.
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(iii) If µL(C, λ) = 0, then the restriction map induces an isomorphism from H0(C+,L)P (λ) onto H0(C,L|C)G
λ

.

Moreover, for any τ ∈ H0(C+,L)P (λ), we have:

{x ∈ C+ : τ(x) = 0} = pλ
−1({x ∈ C : τ(x) = 0}).

Proof. Since pλ is P (λ)-equivariant, for anyM∈ PicGλ(C), p∗λ(M) is P (λ)-linearized. Since pλ is a vector
bundle, p∗λ(L|C) and L are isomorphic as line bundles without linearization. But, X(P (λ)) ' X(Gλ), so
the P (λ)-linearizations must coincide; and p∗λ(L|C) and L are isomorphic as P (λ)-linearized line bundles.
Assertion (i) follows.

Assertion (ii) is easy.
Let us fix L ∈ PicP(λ)(C+) and denote by p : L −→ C+ the projection. We assume that µL(C, λ) = 0.

Let τ ∈ H0(C+,L)P (λ). We just proved that

L ' p∗λ(L|C) = {(x, l) ∈ C+ × L|C : pλ(x) = p(l)}.

Let p2 denote the projection of p∗λ(L|C) onto L|C .
For all x ∈ C+ and t ∈ C∗, we have:

τ(λ(t).x) =

(
λ(t).x, p2(τ(λ(t).x))

)
= λ(t).

(
x, p2(τ(x))

)
since τ is invariant,

=

(
λ(t).x, p2(τ(x))

)
since µL(C, λ) = 0.

We deduce that for any x ∈ C+, τ(x) = (x, τ(pλ(x))). Assertion (iii) follows. �
Note that Assertion (iii) of Lemma 8 is a direct generalization of [BK06, Remark 31].
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Lecture 5
Horn conjecture and Reduction rules

5.1 The Horn cone and the Littlewood-Richardson cone

Theorem 15 We have
HornR(n) ∩Q3n = LR(GLn, GLn ×GLn).

Proof. Set K = U(n). Let α be a regular point in X(T )+. The coadjoint orbit Oα is isomorphic to G/B.
The embedding Oα ⊂ Lie(K)∗ given by α determines a moment map µα : G/B −→ Lie(K)∗. On the
other hand α determines a very ample line bundle Lα on G/B. These two constructions are compatible in
the sense that the Fubini-Study moment map µFS(Lα) determined by the embedding of G/B in a projective
space associated to α satisfies

µFS(Lα) = µα.

Consider X = (G/B)3. Let β and γ be two other regular points in X(T )+. We already proved that
(α, β, γ) belongs to HornR(n) if and only if 0 belongs to the image of some moment map µ(α,β,γ) . We also
proved that (α, β, γ) belongs to LR(GLn, GLn × GLn) if and only if Xss(L(α, β, γ)) 6= ∅. By Kempf-Ness’
theorem these two conditions are equivalent. �

5.2 The Horn conjecture and saturation conjecture

The saturation conjecture asserts that

LR(GLn, GLn ×GLn) ∩ ZLR(GLn, GLn ×GLn) = LR(GLn, GLn ×GLn).

Equivalently, for any positive integer n,

cnνnλnµ 6= 0 ⇒ cνλµ 6= 0.

Proposition 10 The saturation conjecture implies the Horn conjecture.

Proof. Left as an exercise. �

5.3 Reduction rules

Theorem 16 Let X = G/B × Ĝ/B̂ endowed with the diagonal action of G. Let (C, λ) be a well covering
pair. Let L be a G-linearized line bundle on X such that µL(C, λ) = 0.

Then, the restriction map induces an isomorphism

H0(X,L)G −→ H0(C,L)G
λ

.
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Proof. Consider the closure C+ of C+ in X. Since (C, λ) is covering the map

η : G×P (λ) C+ −→ X
[g : x] 7−→ gx

is proper and birational. Hence it induces a G-equivariant isomorphism

H0(X,L) ' H0(G×P (λ) C+, η∗(L)).

In particular
H0(X,L)G ' H0(G×P (λ) C+, η∗(L))G.

We embed C+ in G ×P (λ) C+, by x 7−→ [e : x]. Note that the composition of the immersion of C+ in

G ×P (λ) C+ with η is the inclusion map from C+ to X. In particular η∗(L)|C+ = L|C+ and the restriction

induces the following isomorphism

H0(G×P (λ) C+, η∗(L))G ' H0(C+,L|C+)P (λ).

Since once more, the composition of the immersion of C+ in G×P (λ) C+ with η is the immersion of C+ in
X, we just proved that the restriction induces the following isomorphism

H0(X,L)G ' H0(C+,L|C+)P (λ). (5.1)

Since λ acts trivially on L|C , [Res10, Lemma 5] proves that the restriction map induces the following
isomorphism

H0(C+,L|C+)P (λ) ' H0(C,L|C)G
λ

. (5.2)

By isomorphisms (5.1) and (5.2), it remains to prove that the restriction induces the following isomor-
phism

H0(C+,L|C+)P (λ) ' H0(C+,L|C+)P (λ);

that is, that any regular P (λ)-invariant section σ of L on C+ extends to C+.

Note that λ is also a one-parameter subgroup of Ĝ and that P̂ (λ) is defined. Fix a maximal torus T of
G containing the image of λ and a maximal torus T̂ of Ĝ containing T . Note that P and P̂ have not been
fixed up to now; we have only considered the G× Ĝ-variety X. In other words, we can change P and P̂ by
conjugated subgroups. Fix a T × T̂ -fixed point x0 in C, and denote by P × P̂ its stabilizer in G× Ĝ.

It is well known that C+ = P (λ)P/P × P̂ (λ)P̂ /P̂ . In particular C+ is a product of Schubert varieties
and is normal. Hence it is sufficient to proved that σ has no pole. Since σ is regular on C+, it remains to
prove that σ has no pole along any codimension one irreducible component D of C+ −C+. We are going to
compute the order of the pole of σ along D by a quite explicit computation in a neighborhood of D in C+.

If β is a root of (T,G), sβ denotes the associated reflection in the Weyl group. The divisor D is the

closure of P (λ).sβP/P × P̂ (λ)P̂ /P̂ for some root β or of P (λ)P/P × P̂ (λ)sβ̂P̂ /P̂ for some root β̂. Consider
the first case. The second one works similarly.

Set y = (sβP/P, P̂ /P̂ ); it is a point in D. Consider the unipotent radical U− of the parabolic subgroup

of G containing T and opposite to P . Similarly define Û−. Consider the groups Uy = P (λ) ∩ sβU−sβ and

Ûy = P̂ (λ) ∩ Û−. Let δ be the T -stable line in G/P containing P/P and sβP/P . Consider the map

θ : Uy × Ûy × (δ − {P/P}) −→ X

(u, û, x) 7−→ (ux, ûP̂ /P̂ ).
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The map θ is an immersion and its image Ω is open in C+. Since Ω intersects D, it is sufficient to prove
that σ extends on Ω. Equivalently, we are going to prove that θ∗(σ) extends to a regular section of θ∗(L).

The torus T acts on Uy × Ûy × (δ − {P/P}) by t.(u, û, x) = (tut−1, tût−1, tx). This action makes θ
equivariant. The curve (δ−{P/P}) is isomorphic to C. The group Uy is unipotent and so isomorphic to its

Lie algebra. It follows that Uy × Ûy × (δ − {P/P}) is isomorphic as a T -variety to an affine space V with
linear action of T .

Fix root (for the action of T × T̂ ) coordinates ξi on the Lie algebra of Uy × Ûy. Fix a T -equivariant
coordinate ζ on δ − {P/P}. Then (ξi, ζ) are coordinates on V . Let (ai, a) be the opposite of the weights of
the variables for the action of λ. The weights of T corresponding to Uy are roots of P (λ) and the weights of

T̂ corresponding to Ûy are roots of P̂ (λ). The weight of the action of T on TsβP/P δ is a root of G but not
of P (λ). Then we have

ai ≥ 0 and a < 0. (5.3)

Note that (ι ◦ θ)−1(D) is the divisor (ζ = 0) on V .
Consider now, the C∗-linearized line bundle θ∗(L) on V . It is trivial as a line bundle (the Picard group

of V is trivial) and so, it is isomorphic to V × C linearized by

t.(v, τ) = (λ(t)v, tµτ) ∀t ∈ C∗,

for some integer µ.

We first admit that

µ ≤ 0 (5.4)

and we end the proof. The section θ∗(σ) corresponds to a polynomial in the variables ξi, ζ and ζ−1; that is,
a linear combination of monomials m =

∏
i ξ
ji
i .ζ

j for some ji ∈ Z≥0 and j ∈ Z. The opposite of the weight of
m for the action of C∗ is

∑
i jiaj + ja. The fact that σ is C∗-invariant implies that the monomials occurring

in the expression of (ι ◦ θ)∗(σ) satisfy ∑
i

jiaj + ja = µ.

Hence

j =
−1

a
(
∑
i

jiai − µ).

Now, inequalities (5.3) and (5.4) imply that j ≥ 0. In particular (ι ◦ θ)∗(σ) extends to a regular function on
V . It follows that σ has no pole along D.

It remains to prove inequality (5.4). Consider the restriction of L to δ. Note that δ is isomorphic to P1

and L|δ is isomorphic to O(d) as a line bundle for some integer d. Since L is semiample, d is nonnegative.
The group C∗ acts on Tx0

δ by the weight −a and on Tyδ be the weight a. By assumption, the group C∗ acts
trivially on the fiber Lx0 (recall that x0 belongs to C). It acts on the fiber Ly by the weight µ. Now, the
theory of P1 implies that:

d =
µ− 0

a
.

But, d ≥ 0 and a < 0. It follows that µ ≤ 0. �

Corollary 3 Let (λ, µ, ν) be a triple of non-increasing sequences of n integers. Let (I, J,K) ∈ P(r, n) such
that

σI .σJ .σK = [pt]. (5.5)
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If ∑
i∈I

λi +
∑
j∈J

µj +
∑
k∈K

νk = 0 (5.6)

then

cnλµ ν = crλI µJ νK . cn−rλIc µJc νKc
. (5.7)

Let α, β, and γ be three partitions of the same integer n. The following classical result of Murnaghan and
Littlewood (see [Mur55]) shows that Kronecker coefficients generalize Littlewood-Richardson coefficients.

Corollary 4 (i) If kαβ γ 6= 0 then

(n− α1) + (n− β1) ≥ n− γ1. (5.8)

(ii) Assume that equality holds in formula (5.8) but not necessarily that kαβ γ 6= 0. Define ᾱ = (α2 ≥
α3 · · · ) and similarly define β̄ and γ̄. Then

kαβ γ = cγ̄
ᾱ β̄
, (5.9)

where cγ̄
ᾱ β̄

is the Littlewood-Richardson coefficient.
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