
Fano Manifolds, Spring 2018

Eight problem set.

Recall that a Del Pezzo surface S with r “ ρpSq ´ 1 is obtained by blowing
up r points on P2. We will assume that r ě 3. We proved that in this case
the cone CpSrq is generated by classes of p´1q curves. We will identify spaces
N1pSrq “ N1pSrq and call it NpSrq. We use the lattice PicSr Ă NpSrq, by
l0 we denote the classes of a (general) line on P2 (pulled back to Sr) and by
l1 . . . , lr the classes of exceptional curves. The present series of problems is
inspired by Manin's book Cubic forms Chapter IV

1. Consider a linear subspace Λr Ă NpSrq orthogonal to the anticanonical class
´KSr .

(a) Prove that l0 ´ l1 ´ l2 ´ l3 and l1 ´ l2, l1 ´ l2, . . . , l1 ´ lr make a basis of
Λr. Prove that each of these vectors have intersection p´2q.

(b) By Qr denote the lattice in Λr generated by the classes enumerated above
and by Q_r we denote the dual lattice Q_r “ tw P Λr : pw, vq P Z @ v P
Qru. Prove that Q

_
r {Qr » Z9´r.

2. Elements of v P Qr such that pv, vq “ ´2 will be called roots; their set is
denoted by Rr.

(a) Let v “ al0`
řr

1 bili be a root, prove that 3a “
řr

1 bi and a
2´

řr
1 b

2
i “ ´2

(b) Prove that, up to permutation of positive i's and changing signs of a and
bi's there are only the following solutions of the above equations:

i. li ´ lj, i ‰ j, i, j ą 0

ii. l0 ´ l1 ´ l2 ´ l3

iii. 2l0 ´ l1 ´ l2 ´ l3 ´ l4 ´ l5 ´ l6, if r ě 6

iv. 3l0 ´ 2l1 ´ l2 ´ l3 ´ l4 ´ l5 ´ l6 ´ l7 ´ l8, if r “ 8

(c) Using the above presentation of roots �nd its number; these should be
as follows for the respective r's:

r 3 4 5 6 7 8
|Rr| 8 20 40 72 126 240

http://www.mimuw.edu.pl/~jarekw/SZKOLA/Fano/ManinCubicForms27LinesEN.pdf


3. We will try to recalculate the number of roots using polytopes ΓpSrq intro-
duced in the previous set of problems. Let us recall that we have calculated
face polynomials for polytopes ΓpSrq:

P3 “ 1` 6x` 9x2 ` 2x3 ` 3x3y
P4 “ 1` 10x` 30x2 ` 30x3 ` 5x4 ` 5x4y
P5 “ 1` 16x` 80x2 ` 160x3 ` 120x4 ` 16x5 ` 10x5y
P6 “ 1` 27x` 216x2 ` 720x3 ` 1080x4 ` 648x5 ` 72x6 ` 27x6y
P7 “ 1` 56x` 756x2 ` 4032x3 ` 10080x4 ` 12096x5 ` 6048x6`

`756x7 ` 126x7y

(a) Prove that every root v can be presented as a di�erence of two non-
meeting p´1q curves on Sr, say v “ γ1 ´ γ2, where each γi is a class of a
p´1q curve, a vertex in the polytope ΓpSrq. Prove that there is an edge
of ΓpSrq containing γ1 and γ2, we denote it xγ1, γ2y ă Γ

(b) Prove that the above presentation is non-unique, that is for r ď 6 if
γ1 ´ γ2 “ γ3 ´ γ4, for pγ1, γ2q ‰ pγ3, γ4q, then xγ1, γ2y and xγ3, γ4y are
edges in in a cross polytope, a facet of ΓpSrq dual to type 1 vertex of
∆pSrq. Conclude that the number of presentations of a root in Rr as
edges of ΓpSrq is equal to the number of vertices of type 1 in ∆pSr´2q

plus 1.

(c) Find a similar condition for r “ 7, 8

(d) Using the above information recalculate the number of roots.

4. For r “ 3, . . . , 6 �nd roots in Rr consisting of vectors α1, . . . , αr such that
pαi, αjq “ 1 if only if the respective ‚'s are connected in one of the Dynkin
diagrams; otherwise pαi, αjq “ 0

(a) for example, for r “ 3, take α1 “ l0´ l1´ l2´ l3, α2 “ l1´ l2, α3 “ l2´ l3
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