
Fano Manifolds, Spring 2018

Seventh problem set.

Recall that for a Del Pezzo surface S with r “ ρpSq ´ 1 we consider dual
polytopes ΓpSq and, respectively, ∆pSq we denote the intersection of CpSq
and CpSq_ with the a�ne hyperplane tu P NpSq : ´KS ¨ u “ 1u. We de�ne
a polynomial Prpx, yq “

ř

aix
i ` bxry where b is the number of vertices

associated to contractions to P1 (type 1) and ai is the number of codimension
i faces of ∆pSq except the vertices of type 1. The polynomials Pr satisfy the
following equations:

(i) BxPrpx, 0q “ BxPrp0, 0q ¨ Pr´1px, 0q

(ii) 2pr ´ 1q ¨ ByPrp1, 0q “ BxPrp0, 0q ¨ ByPr´1p1, 0q

(iii) Prp´1, 1q “ p´1qr

We know polynomials P2 and P3.

1. Calculate polynomials Pr for r “ 4, . . . , 7. Note that relation (iii) is useless
for r “ 4 and 6. However, it can be applied to r “ 5 and 7, see Stalij's MSc
Thesis. Use this information to calculate the number of p´1q curves on the
respective Del Pezzo

2. Cubic surface. Prove that the folowing conditions are equivalent:

• S is a Del Pezzo surface with ρpSq “ 7.

• S is a Del Pezzo surface with ´K2
S “ 3.

• S is blow-up of P2 at 6 points, no three of them on a line, on �ve of them
on a conic.

• S is isomorphic to a smooth cubic surface in P3.

3. Find 27 lines on Fermat cubic given by equation x30 ` x31 ` x32 `
x33 “ 0 in P3. https://math.stackexchange.com/questions/1281981/

27-lines-on-fermat-surface

4. Double cover of P2. Prove that the folowing conditions are equivalent:

• S is a Del Pezzo surface with ρpSq “ 8.

• S is a Del Pezzo surface with ´K2
S “ 2.

http://www.mimuw.edu.pl/~jarekw/postscript/marcinst.ps
http://www.mimuw.edu.pl/~jarekw/postscript/marcinst.ps
https://math.stackexchange.com/questions/1281981/27-lines-on-fermat-surface
https://math.stackexchange.com/questions/1281981/27-lines-on-fermat-surface


• S is isomorphic to a double cover of P2 rami�ed along a smooth curve of
degree 4.

5. It is known that a smooth quartic in P2 admits 28 bitangent lines, see
e.g. https://en.wikipedia.org/wiki/Bitangents_of_a_quartic. Sup-
pose that S Ñ P2 is a double cover from the previous problem.

(a) Prove that the inverse image of each of the bitangent lines consists of
two p´1q curves on S.

(b) Calculate bitangent lines of the Klein quartic given by equation x30x1 `
x31x2 ` x

3
2x0 “ 0.

6. This problem emerged in a discussion during the last problem session. Let
X Ă PN be a (irreducible possibly singular) subvariety which is not contained
in any linear subspace of PN . Prove that degX ě codimX ` 1. Cut X by
a general hyperplane and use induction with respect to dimX. More on low
degree projective varieties can be found a paper by by Eisenbud and Harris
On varieties of minimal degree

https://en.wikipedia.org/wiki/Bitangents_of_a_quartic
http://www.msri.org/m/people/members/de/papers/pdfs/1987-001.pdf

