
Fano Manifolds, Spring 2018

First problem set. Intersection of divisors and curves.

We work over an algebraically closed �eld, usually C.
Review the de�nition of Weil and Cartier divisors, WDiv(X) and CDiv(X),
as well as of class group Cl(X) and Picard group Pic(X) of a variety X, see
e.g. [Hartshorne, II.6]. If D is a Cartier (Weil) divisor on X, then O(D) =
OX(D) denotes the associated invertible (respectively re�exive) sheaf on X.

1. Algebraic lemmata. Let k(X) be a �eld of dimension (trancendence degree)
1 over k with discrete valuation µ whose valuation ring is A. By the theory
of valuation we know that A is a regular local ring with maximal ideal mA

generated by t. Consider �nite extension k(X) ⊂ k(Y ) of degree d. Let
B ⊂ k(Y ) be the integral closure of A in k(Y ) and let nB = mA ·B = t ·B.

(a) Prove that B is integrally closed in k(Y ), hence normal, hence regular,
hence every maximal ideal is generated by a single element.

(b) Prove that B is torsion free over A and therefore it is a free module over
A of rank d, use Nakayama lemma, see e.g. [Atiyah-Macdonald, ch. 7,
exercise 15]. Conclude that B/nB is of dimension d over A/mA = k

(c) Take the minimal primary decomposition nB = q1 ∩ · · · ∩ qr. Prove that
mi =

√
qi are di�erent maximal ideals.

(d) Prove that dimk B/qi is equal to the valuation of t in the local ring Bmi
.

(e) Use the Chinese remainder theorem to prove that dimk B/q1 + · · · +
dimk B/qr = d.

2. Degree homomorphism. Let C be a complete normal (hence smooth) curve
over the �eld k. We de�ne the degree map degC : WDiv(C)→ Z, such that
for D =

∑
aipi with pi ∈ C, ai ∈ Z, we set degC(D) =

∑
i ai.

(a) Let φ : C1 → C2 be a �nite morphism of smooth complete curves of
degree d = [k(C1) : k(C2)]. Use the previous exercise to prove that for
every D ∈ WDivC2 we have degC1

(φ∗(D)) = d · degC2
(D), [Hartshorne,

II.6.9]

(b) Given a non-constant rational function f ∈ k(C) on a normal complete
curve C. Prove that the �nite extension of �elds k(f) ⊆ k(C) extends
to a �nite morphism f̂ : C → P1. Conclude that degC(div(f)) = 0



(c) Conclude that degC descends to a homomorphism degC Pic(C) =
Cl(C)→ Z.

3. Characterisation of P1. In the situation of the previous exercise prove that
deg : Pic(X) → Z is not an isomorphism unless X = P1

k. Hint: consider a
divisor D = p0 − p∞ ∈ WDiv(X), where p0 6= p∞ are two points.

4. The �rst Chern class on complex manifolds. Let X be a complex manifold
with Euclidian topology and the structural sheafOX of holomorphic functions.

(a) Prove that the following sequence of sheaves with second arrow f →
exp(2πi · f) is exact

0 −→ ZX −→ OX −→ O∗X −→ 0

The boundary morphism Pic(X) = H1(X,O∗)→ H2(X,Z) is called the
�rst Chern class, we denote it c1.

(b) Prove that the �rst Chern class for X = P1
C is the degree homomorphism.

You may use direct �ech cohomology calculations with a covering in
which every intersection of sets is contractible. For example in P1

C =
C ∪ {∞} with non-homogeneous coordinate z consider a triangulation
by the following simplices ∆0 = {|z| ≥ 1} and ∆j = {|z| ≤ 1, Arg(z) ∈
[2π(j − 1)/3, 2πj/3]}, for j = 1, 2, 3. Next, de�ne covering U = {Uj}
with Uj = P1

C \∆j.

i. Prove that Hp(U ,Z) = Z for p = 0, 2 and it is zero otherwise.
ii. Calculate the boundary map H1(U ,O∗)→ H2(U ,Z) for the cocycle

σ ∈
∏
O∗(Uij) such that σ0j = zd and σij = 1 for i, j = 1, 2, 3.

Remember to �x a branch of log on each of the sets Uij.

(c) Prove that degC = c1 for any projective curve C. Use the fact that, for
a �nite morphism φ : C1 → C2 the map φ∗ : H2(C2,Z) → H2(C1,Z) is
the multiplication by degree of the map.

5. Numerically equivalent divisors and 1-cycles. Let X be a complete (e.g. pro-
jective) variety and C ⊂ X a curve. Take its normalization fC : Ĉ → C ⊂ X.
For any Cartier divisor D on X we de�ne D · C = degĈ f

∗
CD. We say that

D1 is numerically equivalent to D2, denoted D1 ≡ D2 if D1 · C = D2 · C for
every curve C on X.



(a) Prove that if c1(D) = 0 then D ≡ 0. Derive from this that numerical
equivalence is well de�ned on Pic(X).

(b) Let N1(X)Q = (Pic(X)/ ≡) ⊗ Q and similarly de�ne N1(X)R. Prove
that these are �nite dimensional vector spaces, use the fact that X is of
type of a �nite simplicial complex.

(c) Dually we de�ne

N1(X)Q =
({∑

aiCi : Ci ⊂ X, ai ∈ Z
}
/ ≡
)
⊗Q

Prove that (D,C) 7→ D · C induces a perfect pairing

N1(X)Q ×N1(X)Q → Q

6. Riemann-Roch theorem on a smooth surface. We will use the weak form of
RR theorem for curves: if Ĉ is a smooth curve and D a Cartier divisor on Ĉ
then

χ(Ĉ,O(D)) = degD + χ(OĈ)

(a) Prove that RR formula holds for a possibly non-normal curve C with
normalization Ĉ → C. Show that h1(OC)− h1(OĈ) is the length of the
cokernel of the normalization OC → f∗OĈ .

(b) Prove the following version of RR for smooth surfaces: if D a Cartier
divisor and C a curve on a smooth surface S then

χ(S,O(D)) = χ(S,O(D − C)) + χ(Ĉ, f ∗C(D))− h1(OC) + h1(OĈ)

7. Intersection on a smooth surfaces. Let D1, D2 be Cartier divisors on a com-
plete smooth surface S. We de�ne the intersection D1 ·S D2 on S as the
coe�cient with monomial t1t2 in the Hilbert polynomial

χ(X,O(t1D1 + t2D2)) =
∑

(−1)ihi(X,O(t1D1 + t2D2))

(a) Prove that the above de�nition makes sense. Use the fact that every
divisor is a di�erence of e�ective divisors.

(b) Prove that the intersection of divisors is symmetric and bilinear.

(c) Show that on a smooth surface the intersection of divisors coincides with
intersection of divisors and 1-cycles.



(d) Prove that the intersection of curves on a smooth surface S is a symmetric
bilinear form on N1(S) = N1(S).

(e) Let β : S ′ → S be a blow-up with the exceptional divisor E. Prove that
we have a decomposition N1(S ′) = β∗N1(S)⊕Q ·E which is orthogonal
in terms of the intersection form.

8. Examples. In this exercise, we consider the group Pic(S) with the intersection
form (symmetric bilinear form) for each of the surfaces below. Prove that each
of the Pic groups is a two-dimensional lattice Z2 and decide if for any two of
them there exists an isomorphism which preserves the intersection form.

(a) S = P1 × P1

(b) S is the blow up of P2 at one point

(c) First blow-up P2 at two di�erent points; show that the strict transform
of the line passing through them is a (−1) curve: then take the surface
S which is obtained by contracting this curve.


