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ON DIMENSIONS OF SECANT VARIETIES
1. LECTURE 1

1.1. On the Waring problem. The story begins with a number theory question:
in 1770 E. Waring in [33] stated (without proofs) that:

“Every natural number is sum of at most 9 positive cubes.”
“Every natural number is sum of at most 19 biquadratics.”

Moreover, he believed that:

“for all integers d > 2 there exists a positive integer g(d) such that
each n € Z* can be written as n = a‘f + -+ ag(d) with a; > 0,
i=1,...,9(d).
Waring belief was showed to be true by Hilbert in 1909 who proved that such a
g(d) exists for every d > 2 and he computed it.
An analogous problem can be formulated for homogeneous polynomials.
Let K be an algebraically closed field of characteristic zero. We will work on the
projective space P" = P(V'). The polynomial ring S := K|z, ..., z,] is a graduated

ring and so we can write it as K|z, ..., 2n] = @ 5o Sa where
Sq =< a:g,xg_lxl, .o, xd >= §9V is the vector space of homogeneous forms of

degree d (or the space of symmetric tensors of order d over a vector space of dimen-
sion n+ 1). It is a well known fact that dimg (Sg) = d j; ") ma geometric

language those vector spaces Sy are called Complete Linear Systems of hypersur-
faces of degree d in P™.
Sometimes we will write P(Sy) in order to mean the projectivization of Sy, there-
fore P(Sq) will be a P("i") ! whose elements will be classes of forms of degree d:
[F] € P(Sd) with F € S,.

The analogous of Waring Problem for polynomials is the so called Little Waring
Problem:
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“Find the minimum s € Z such that all forms F € S; are sum of

at most s d-th powers of linear forms.”
The problem we are interested in is a slightly different form of the little Waring
problem, it is called the Big Waring Problem and it is formulated as follows:

“Which is the minimum s € Z such that the generic form F € Sy
is a sum of at most s d-th powers of linear forms?”

F=L{+---+1L¢

In order to know which elements of S; can be written as sum of s d-th powers
of linear forms, we study the image of the map

(1) ¢S X xSy — Sa, ¢(L1,..., Ly) = L{+ -+ LL.

S

The Big Waring problem asks to find the smallest s such that Im(¢g) = Sq (we just
observe that if we require dim(¢,4) = Sy we would solve the little Waring problem).
The map ¢ can be viewed as a polynomial map between affine spaces:
¢ ASTD AN=(")
In order to know the dimension of the image of such a map we look at its differential
d¢|P : Tp(As(n+1)) — AN.

Let P = (Ly,...,Ls) € A*"tY) and v = (My,..., M) € Tp(As("+D)) ~ As(n+1)
where L;, M; € S1 for i = 1,...,s. Let us consider the following parameteri-
zations t —— (Ly + Myt, Ly + Mst, ..., Ls + Mst) of a line C passing through
P whose tangent vector at P is M. The image of C via ¢ is ¢(Ly + Mit, Lo +
Mot,...,Ls+ Mst) = 7 (L; + M;t)?. The tangent vector to ¢(C) in ¢(P) is
limy—o 2 (35_, (Li + Mit)?) = limy—o 35_, d(L; + M;t)3=*M; = 37 dL{ ™' M.
Now, as v = (Mj,..., M,) varies in A*("*t1) the tangent vectors we get span
< L§Sy, .. LA1S) >,
Hence we can say:

Proposition 1. Let Ly,...,Ls be linear forms in S = Klxo,...,x,], where L; =
Qg0 + -+ + a;, Ty and
¢: S X xS — Sg, ¢(Ln,..., L) =L{+-- + LY
—_———
then

rk(do)|(r,, .y =dimg < L{ 1Sy, LIS > .

It is very interesting to have a look at how the problem of determining this dimen-
sion has been solved, because the solution involves many algebraic and geometric
tools.

1.2. Veronese variety. The first geometric object that is related with our problem
is the “Veronese variety”. We recall that the Veronese variety is the image of the
following embedding;:

vg:P*" — ]P’(n;d)fl
(o : - up) v (udud g ud g s ud).
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This embedding can also be dually characterized as:

va: P(Sy) = (P — P(Sy) :(p(":d)—l)*
L] = L9
[v] = [v®9).

Therefore we can think to the Veronese variety as the variety that parameterizes
d-th powers of linear forms or completely decomposable symmetric tensors.

Example 1. Let V = C? and d = 3, then

V3 : P! — P3
—

[CLQ, al} [0’87 a’(%ala aoa%, CL3]

If we take {zo, ..., 23} be the coordinates in P3, then the equations of the Veronese
curve in P? are Fy(2) = 2022 — 2%, F1(2) = 2023 — 2122, Fa(2) = 2123 — 235. Observe
that those equations can be obtained as maximal minors of the following matrix:

zZ0 21 22
@ (: )
1?2 23
Notice that this matrix can be obtained both as the defining matrix of the following
linear map:

S2C* — S'C2, 97— 0X(f)

-1 .
where f = Zf:o (‘f) ity "t}; or by flattening a 2 x 2 x 2 cube where at the vertex
in position ijk there is the element z;, ;1 and then removing the repeated column.

The phenomenon described in Example 1 is a general fact: Veronese varieties
are always defined by 2 x 2 minors of matrices constructed as (2) (we will call them
Catalecticant matrices).

A hypermatrix (or a tensor) A = (x4, . i,)1<i;<n;,j=1,...,t 15 said to be a generic
hypermatriz of indeterminates (or more simply generic hypermatriz) of
8= K[, .. i]1<ij<n,, j=1,...t, if the entries of A are the independent variables of
S.

The ideal of the 2-minors of a generic hypermatrix A = (2, .. i, )1<i;<n;, j=1,....t
is

I(A) = (Tiy,ositeosie Tneeostyeeesie —Titeeostyeonsie Tt eensitsefe N=1,ests 150555 <y s k=100t

It is a classical result (see [20]) that a set of equations for a Segre Variety is given
by all the 2-minors of a generic hypermatrix. In fact a Segre variety parameterizes
decomposable tensors, i.e. all the “rank one” tensors.

In [21] (Theorem 1.5) it is proved that, if A is a generic hypermatrix of a poly-
nomial ring S of size ny X - -+ X ny, then I(A) is a prime ideal in S, therefore:

I(Seg(Vi®@---®@V;)) = I2(A) CS.

Definition 1. A hypermatrix A = (a,,...;i;)1<i;<n, j=1,...,d i3 said to be “symmet-
ric” (or completely symmetric) if a;,, . ; for all 0 € &4 where &4 is
the permutation group of {1,...,d}.

a = Qig1y,nio(a)

With an abuse of notation we will say that a tensor 7' € V&% is symmetric if it
can be represented by a symmetric hypermatrix.
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Definition 2. Let H C V¢ be the ("% ")-dimensional subspace of the symmetric

tensors of V®9, ie. H is isomorphic to the symmetric algebra Symg(V). Let S

be a ring of coordinates on p("a )t = P(H) obtained as the quotient S = S/I
where S = K2, .. i,]J1<i;<n,j=1,...a and I is the ideal generated by all

Liy,onia — xig(l),...,ia(d),v o€ 6y.

The hypermatrix (@1,...,id)lgijgn,jzl,...,d whose entries are the indeterminates of
S, is said to be a “generic symmetric hypermatrix”.

n+d—1

The Veronese variety vg(P™) C P(""57)1 can be viewed as Seg(VEH)NP(H) C
P(H).
Let A = (2i,,...is)1<i;<n, j=1,...a be a generic symmetric hypermatrix, then it is a
known result that:
(3) I(Vd(Pn)) = IQ(A) cS.
See [32] for set theoretical point of view. In [29] the author proved that I(Y;,—1 4)
is generated by the 2-minors of a particular catalecticant matrix (for a definition of
“Catalecticant matrices” see e.g. either [29] or [19]). A. Parolin, in his PhD thesis
([28]), proved that the ideal generated by the 2-minors of that catalecticant matrix
is actually I5(A), where A is a generic symmetric hypermatrix.

The analogous can be done for Segre-Veronese varieties: they are generated by
2 x 2 minors of a generic hypermatrix with partial symmetric symmetries (cfr [9]).

1.3. Secant varieties.

Definition 3. Let X C PV be a projective variety of dimension n; we define o, (X)
the s-th secant variety of X as follows:

os(X) = U <P,...,P,>
Py,...,PseX

where < Py,..., Py > is the (s — 1)-projective space containing Py, ..., Ps € X.
The generic element of o4(X) is sum of s elements of X.

Example 2. Let L, Ly € S'V be tow homogeneous linear forms. The polynomial
LY Ly is clearly in oo (v4(P(V))) since L¢™ Ly = limy .o 1/t((Ly +tLo)* — LE) but
there do not exist My, My € S'V such that Lf71L2 = Mld + Mg.

Obviously
n = dim(X) < dim(o2(X)) < dim(c3(X)) < --- < dim(o4(X)) = N.

Definition 4. The smallest s € Z such that o4(X) = PV is the Generic Rank of
X.

The generic rank of X is an invariant of the embedded variety X.

If we consider the d-uple Veronese embedding of P™ it can be viewed as the
subset of K|[xzg,...,z,]q made by all forms which can be written as d-powers of
linear forms. From this point of view the generic rank s of the Veronese variety is
the minimum integer such that the generic form of degree d in n + 1 variables is a
linear combination of s powers of linear forms in the same number of variables. Le.
the generic rank of polynomials of given degree in certain numbers of variables is
the solution to the Big Waring Problem.
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We want to study the problem of determining the dimension of s-th secant
varieties of an n-dimensional projective variety X c PV,
Let X®:=X x---x X, Xo C X be the open subset of regular points of X and
~———

Us(X) be the subset of X* defined as
Us(X)={(P1,...,Ps) € X°| P, € Xo Vi and the P,;’s are independent}.

Therefore for all (P, ..., P,) € U,(X) the span < Py,..., Py > is a P71,
Consider the following incidence variety:

IF(X)={(Q,n) e PY xU,(X) | Q e}
The dimension of that variety is
dim(I*(X))=n(s—1)+n+s—1.
With this definition we can consider the usual projection
p:I°(X) = PY;
the s-th secant variety of X is just the image of the map p:
os(X)=Im(p: I5(X) — PN).

Now, if dim(X) = n, it is clear that, while dim(/*(X)) = ns+s—1, the dimension of
0s(X) can be smaller: it suffices that the generic fiber of p; has positive dimension
to impose dim(os(X)) < n(s—1)+n+s—1. So it is a general fact that if X c PV
and dim(X) = n then:

dim(os(X)) < min{N,sn+s—1}.

Definition 5. A projective variety X C PV of dimension n is said to be s-defective
if dim(os(X)) < min{N, sn+s—1} and §,(X) := min{N, sn+s—1} —dim(o4(X))
is called the s-th defect of X.

Alexander Hirschowitz Theorem ([2]) tells that the dimension of the s-th secant
variety to the Veronese variety is not always the expected one and they are able to
list all of them:

Theorem 1 (Alexander-Hirschowitz). If X = o,(vq(P"™)), for d > 2. Then:
dim(X) = min { (” Z d) —1,s(n+1)— 1}

except for:

,n>2, s<n;
,n=4,s=7, (6=1);
n=2s=5 (6=1);
,n=3,s=9, (6=2);
d=4,n=4,s=14, (6=1).

o o 0 o

QU QL
I

= Lo N

The mail ingredient is Terracini’s lemma (see [31], or [1]).

Lemma 1. (Terracini’s Lemma) Let X be an irreducible variety in P, and let
Py, ..., Ps be s generic points on X. Then, the projectivised tangent space to o4(X)
at a generic point Q €< Py, ..., P, > is the linear span in PN of the tangent spaces
Tp,(X) to X at P,,i=1,...,s, i.e.

To(os(X)) =<Tp (X),...,Tp,(X) >.
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This “Lemma” can be proved in many ways, we present here a proof “made by
hands”.

Proof. We have already used the notation X® for X x---x X taken s times. Suppose
that dim(X) = n. Let us consider the following incidences variety:

I={(P;P,...,P) eP"xX° | Pe(P,...,Ps),Pr,...,Ps generic in X} C P"xX?,
and the two following projections:
m I — og(X)

and
mo I — X°.

The dimension of X*® is clearly sn. If (Py,..., P,) € X* the fiber m; ' ((Py,. .., P,))
is generically a P*~1, s < N. Then dim(I) = sn + s — 1. If 7y has finite fibers the
(s — 1)-secant variety to X is regular, otherwise it is defective with defect equal to
the dimension of the generic fiber.

Suppose that each P, € X C PV has coordinates P, = [ai0;-..,a;nN] for i =
1,...,s; around each P; the variety X can be locally parameterized with some
functions f;; : K" — K"l for i = 1,...,;s and j = 0,..., N that are zero at
the origin:

xo = aio + fio(Ui0,-- ., Uin)
X

Ny =a; v+ fin(Uio,. .., Uin)

Now we need a parameterization ¢ for o4(X). Consider a point in the subspace
spanned by s points of X (for simplicity of notation we omit the dependence

of the f;; from the variables u;;): < (a10 + fi,0,---;01.8 + fin),-- -, (as0 +
fs.00---yas,8 + fs,n) >; an element of this subspace is of the form: Aq(aio +
f1,0,-- a1, N+ fin)FA2(a20+ fo0,- s az N+ fo,n)F A As(@s0+ fs00- - Qs N F
fs.n) for some Aq,..., Ay € K (we can assume that A\; = 1). Therefore a parame-
terization of the s-th secant variety to X can be obtained by (a1,0+ f1,0,---,01,8 +
fin)+Aa+t2)(az1 —aro+ foi— fio,--saen—ai, N+ fon—fin)+-+(As +
ts)(asa—a1,0t+fs1—f1,05- -5 as N—a1, N+ fs, n—f1,n) for some parameters to, . . ., t5,
i.e. in coordinates the parameterization ¢ that we are looking for is that one
that sends an element (%1,0, ... Ul n, U2,05 -« - U2 py -« - - JUs 0y -5 Us s, .. ts) €

Ks(nth+s—1 into

(- a1+ f1+Aett2)(az j—ar j+ foi—f1,5)+ -+ As—ts)(as,j—arj+ fsj—f1,5)s---) € KN+

For simplicity we have written only the j-th element of the image. Therefore we
are able to write the Jacbian of . We are writing it in three blocks: the first one
is (N +1) x (n+ 1), the second one is (N + 1) x (s — 1)(n + 1) and the third one
is(N+1)x(s—1):

O0f1. Ofij
Jo@) = ((M=de = =a)F | N | ey —ay ),

withi=2,...,8;7=0,...,N and £k = 0,...,n. Now the first block is a base of
the tangent space to X at Py, and in the second block we can find the bases for the
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tangent spaces to X at P, ..., Ps; the rows of

Ofio .. Ofi0
auiyo 8ui,N
ofin .. OfiNn
dui0 oui, N
give a base for Tp, (X). O

Corollary 1. Let (X,L) be an integral, polarized scheme. If L embeds X as a
closed scheme in PN, then

dim(os(X)) = N — dim(h°(Zz.x ® L))
where Z is the union of s generic 2-fat points in X.

Proof. By Terracini’s Lemma, dim(o,(X)) = dim(< Tp, (X),...,Tp,(X) >), with
Py,..., Ps generic points on X. Since X is embedded in PV = P(HY(X, £)*), we can
view the elements of H%(X, L) as hyperplanes in PV; the hyperplanes which contain
a space Tp,(X) correspond to elements in H*(Zop, x ® L), since they intersect
X in a subscheme containing the first infinitesimal neighborhood of P;. Hence
the hyperplanes of PV containing the subspace < Tp, (X),...,Tp,(X) > are the
sections of HY(Zz x ® L), where Z is the scheme union of the first infinitesimal
neighborhoods in X of the points P;’s. O

Remark 1. A hyperplane H contains the tangent space to a projective variety X
at a smooth point P if and only if the intersection X N H has a singular point at
P.

In fact the tangent space Tp(X) to X at P has the same dimension of X and
Tp(XNH) = HNTp(X). Moreover P is singular in HNX if and only if dim(7Tp (XN
H)) > dim(X N H) =dim(X) — 1 and this happens if and ounly if H D Tp(X).

Example 3. Consider the Veronese surface of P°. Let P be a general point of
o2(v2(P?)) and suppose that P €< R,Q > where R,Q € 1v»(P?). By Terracini’s
Lemma Tp(02(v2(P?))) =< Tr(v2(P?)), To(v2(P?)) >. The expected dimension for
o2 (19(P?)) is 5, so dim(Tp(o2(12(P?)))) < 5 if and only if there exists a hyperplane
H containing Tp(o2(v2(P?))). The Remark above tells us that this happens if and
only if there exists a hyperplane H such that H N vy(P?) is singular at R, Q.

Now 15(P?) is the image of P? via the map defined by complete linear system of
quadrics hence v5(P?)N H is the image of plane conics. Let R, Q' be the pre-images
via vy of R, Q respectively. Then 2 < R/, Q" > is a plane conic singular at R’ and
Q'; it corresponds to the hyperplane section of v5(IP?) which is singular at R, Q.
Since 2 < R/, @’ > is the only one plane conic singular at R’, Q" we can say that
dim(Tp (o1 (12(P?)))) = 4 < 5.

Since the 2-Veronese surface is defined by the complete linear system of quadrics,
the Corollary 1 allows to rephrase the defectivity of o1 (19(P?)) in terms of number
of conditions imposed by 2-fat points to forms of degree 2; i.e. “two 2-fat points of
P2 do not impose independent conditions to the degree 2 forms of K[zg,x1,72]”.

Corollary 1 can be generalized to non complete linear systems on X.

Remark 2. Let D be any divisor of an irreducible projective variety X. With
|D| we indicate the complete linear system defined by D. Let V' C |D| be a linear
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system. We use the notation
V(m1P17 s 7msps)
for the subsystem of divisors of V' passing through the fixed points P, ..., Ps with

multiplicities at least my,..., ms respectively.

When the multiplicities m; are equal to 2 for ¢ = 1,...,s, the problem of the
knowledge of dim(V(2P,...,2P;)) is equivalent to that of the dimension of the
s-th secant variety to a variety obtained as the closure of the image of the map we
are going to define.

Suppose that V' is associated to a morphism ¢y : Xo — P" (if dim(V') = ) which is
an embedding on a dense open set Xy C X. We will consider the variety oy (Xo).

In general we expect that if dim(X) = n then

expdim(V (2Py,...,2P;)) = dim(V) — s(n + 1).
Proposition 2. Let Xbe an integral scheme and V' be a linear system on X such
that the rational function ¢y : X --+ P" associated to V', is an embedding on a
dense open subset Xg of X. Then o (cpv (X0)> is defective if and only if for general
points Py,...,Ps € X

dim(V(2Py,...,2P,)) > min{—1,7 — s(n + 1)}.

This statement can be reformulated via Apolarity (next section).

1.4. Apolarity. This section is an exposition of inverse systems techniques, and
it follows [19].

Definition 6. Let S = K|[z1,...,2,] and R = K[y1,-..,Yyn| be polynomial rings
and consider the action of R on S (called Apolarity of R on S) defined as follows:

0 0, ifi#j
YioZj =\ 3~ (z;) = : i] ;
ox; 1, ifi=y

i.e. we view the polynomials of R as “partial derivative operator” on S.

Now we can extend this action to the whole rings R, S by linearity and using
properties of differentiation:

R; X Sj — Sj_i
Ty X 85 :=T;08;

in particular

y*oa’ = > ) fa o £ 5
[Tz Giayt " fa<p.
where 27 := 23" - - - 2% when 3 = (by,...,b,) and b; > 0, and also a = (a1, . .., a,) <
B iff a; < b; for all i = 1,...,n, that is equivalent to x* divides # in S.

Remarks:

e The action of R on S makes S a (non finitely generated) R-module (but
the converse is not true);
e the action of R on S lowers the degree;
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e the apolarity action induces a non-singular K-bilinear pairing:

RjXSj—>K Vj:O,l,...

that induces two bilinear maps; *

e Notice that if {y} and {#P} are bases of R; and S; respectively, they are
not exactly dual bases. The dual bases of R; and 5; are: {yAr, ...y}
and {%xAl, cel C%:z:Af} for an appropriate choice of coefficients ¢;. So
{y1,..-,yn} in Ry is a dual base of {z1,...,z,}, base of S;, with respect
to the apolarity action, but for j > 1 this is no longer true.

Definition 7. Let I be a homogeneous ideal of R. The Inverse System 1! of I is
the R-submodule of S containing all the elements of S annihilated by I.

Remarks:

o If ] = (Fl,...,Ft) C Rand G € Rthen G € I'! & FioG=--- =
F, oG = 0. Finding all such G’s means finding all the polynomial solutions
for the differential equations defined by the F;’s, so one can notice that
determining 1! is equivalent to solve (with polynomial solutions) a finite
set of differential equations;

e I~ !is a graduated submodule of S but it is not necessarily multiplicatively
closed and in general 1! is not an ideal of S.

We need now a digression on the Hilbert function.
Let X C P"(K) be a closed subscheme whose representative homogeneous ideal

is I :=I(X)CS. Let A= S/I be the homogeneous coordinate ring of X; Ay will
be its degree d component.

Definition 8. The Hilbert Function of the scheme X is:

H(X,):N—=N;
H(X,d) :dlmK(Ad)

We can easy observe that

H(X, d) = dlmK(Ad) = dlmK(Sd) - dlmK(Id)

Let us introduce the following theorem known as “Hilbert Theorem”:
In our work the importance of inverse systems will be given by the following

theorem, for a particular choice of the ideal I:

Theorem 2. The dimension of the part of degree d of the inverse system of an
ideal I C R is the Hilbert function of R/I in degree d:

(4)

dimg (I71)g = codim(I4) = H(R/I,d)

et V x W — K be a K-bilinear parity given by v X w — vow. It induces two K-bilinear

maps:

¢V — Hompg (W, K) such that ¢(v) := ¢, and ¢y(w) =vow and x : W — Homg (V, K)
such that x(w) := xw and xw(v) = vow.

V x W — K is not singular iff for all the bases {w1,...,wn} of W the matrix (b;; = v; o wjy) is
invertible.
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Remark 3. o (I"hyyxI . 2
e if ] is a monomial ideal then I dL =< monomials of Ry that are not in I; >
o (IN)yt=1"1t+J 4

IfI= p‘l’”HH- Np2tt c S = K[zg,...,x,] with p; prime ideals of the points
P17"'3Ps S P™ and Pz == [pioapiu"'apin}, LPi = PigYo +ley1++]91ﬂyn S R=
Klyo, ..., yn] then

(1), = Ry, for d < max{a;}
d= Lﬁl{alRal 4ot Lf,:O‘SRaS, for d > max{a; + 1}
and also
(5)
. B dimg (Rq) for d < max{a;}
_ J ?
H(S/T, d) = dimye (I™5)a = { dimg (< L%:‘“Ral, ce L%:“SRQS >), for d > max{a; + 1}

This last result gives a link between the Hilbert function of a set of fat points
and ideals generated by sums of powers of linear forms. This implies that:

Proposition 3. If I = o't n-.. Nt € § = Klzg,..., 2] then (I71)g C
Rqs = Klyo,---,Ynla is the d-th graded part of the ideal (LCIZD:O”, ey pr:as) C R for
d>max{a; +1,i=1,...,s}.

Finally the link between the big Waring problem and inverse systems is clear. If
in (5) all the «; are equal to 1, the dimension of the vector space < L?,:lRl, ceey L?{lRl >
is at the same time the Hilbert function of the inverse system of a scheme of s double
fat points, and the rank of the differential of the application ¢ defined in (1).

Thus we can say:

Theorem 3. Let L,..., L be linear forms of R = K[yo, ..., Yyn] such that:
Li =ai,yo+ -+ ai,yn
and let Py, ..., Ps € P™ such that:
P = [aiy,- -, a4,]

Let also p; C S = K|xg,...,x,] be the prime ideal associated to P; fori=1,...,s
and
¢: Ry x--- X R — Ry
with
¢(L1y...,Lg) = L{+--- + L%
then
rk(do)|(r,, p.y=dimg < LY Ry, ... LI7'Ry >

2If V x W — K is a non degenerate bilinear form and V; is a subspace of W, then V1L is a
subspace of W and precisely: Vit = {w € W/vow =0V v € Vi} = {w € W/xw(V1) = 0}. Let
V X W — K be non singular simmetry with dimg (V) = dimg (V1) = ¢, then dimg (Vi*) = n—t.
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And by (4), we have:

S
dim((L¥ 'Ry, ... L¢1! =H(—"—d).
(L R L) = ()

Now it is quite easy to see that
(Tp,vg(P), ..., Tp.vg(P")) = (LR, ..., LRy,

Therefore, putting together Terracini’s Lemma with this last Theorem 3 we get:

dim(os(vg(P™)))+1 = dim(Tp, vg(P"), ..., Tp,va(P")) = dim(LY 'Ry, ..., LS IRy) =
= codim(LY™ 'Ry,..., LR = dim(p2 N---Np?)a = H(S/(p2N---Ng?),d).

Example 4. Let P € P, p C S be its representative prime ideal and f € S. Then
the order of all partial derivatives of f vanishing in P is almost ¢ if and only if
f € p'ttie. iff P is a singular point of V(f) of multiplicity grater or equal than
t+1.

Therefore:
d:n , ifd<t
(6) H(S/¢" d) = B
t }f”) it d >t

It is easy to conclude that one t-fat point of P has the same Hilbert function of
(") generic distinct points of P". Therefore dim(vq(P")) = H(S/p% d) — 1 =
n+ 1 — 1. In fact the Veronese varieties are never defective.

Example 5. Let Py, P; be two points of P2, o, C S = K[z, 21, 23] their associated
prime ideals and let a1 = ap = 2 so that I = p? N p2. Is the Hilbert function of
I equal to the Hilbert function of 6 points of P? in general position? No, because
the Hilbert function of 6 general points of P? is 1 3 6 6... and this means that [
should not contain conics, but this is clearly false because the double line through
Py and P, is contained in I. This implies that o2(v2(P?)) is defective.

The general problem is not yet solved: there is only a conjecture due first to
Beniamino Segre (rephrased also by B. Harbourne, A. Gimigliano, A. Hirschowitz
and others) which describes how the element of Sy(P;*,..., P®) should be done
when it has not the expected dimension.

Definition 9. Let Py, ..., P, be s points of P" in general position. If Sy(P/™,. .., P&)
is a linear system whose dimension is not the expected one, it is said to be a Special
Linear System.

Conjecture 1 (Segre, 1961). If Sy(P™,...,P*) C K[z, x1,22] is a special
linear system, then there is a fixed double component for all curves through the
scheme defined by 7' N--- N pT=.

Conjecture 2 (Gimigliano, 1987). Consider the linear system Sq(Py**, ..., P%) C
K|[zg, 21, x2], then one has the following possibilities:

(1) the system is non-special and its general member is irreducible;
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(2) the system is non-special, its general member is non-reduced, reducible, its
fixed components are all rational curves, except for at most one (this may
occur only if the system has dimension 0), and the general member of its
movable part is either irreducible or composed of rational curves in a pencil;

(3) the system is non-special of dimension 0 and consists of a unique multiple
elliptic curve;

(4) the system is special and it has some multiple rational curve as a fixed
component.

Conjecture 3 (Harbourne-Hirschowitz, 1989). A linear system of plane curves
Sa(P, ..., P%) C Klxg,z1,22] with general multiple base points is special if
and only if it is (-1)-special, i.e. it contains some multiple rational curve of self-
intersection -1 in the base locus.

Conjecture 4 (Nagata, 1960). Sg(Py,...,PY) C K[z, z1,22] is empty as soon
asn > 10 and d < \/nh.

1.5. La méthode d’Horace.

Definition 10. We say that a collection Z, of r double points imposes independent
conditions on Opn (d) (hypersurfaces of degree d in n + 1 variables if codim(Iz, (d))
in SV is min{(,, ;E:il))}
Corollary 2. o4(vg(P™)) has the expected dimension if and only if Zs, scheme of
s generic double points in P™, imposes independent conditions on Opn (d).

Here the description of the Horace method ([2]).

Definition 11. Let Z,. C P™ be a scheme of r double points. It corresponds to
the ideal sheaf 7z . Let H C P™ hyperplane. The trace of Z, with respect to H is
the schematic intersection Try(Z,.) = Z,. N H. The Residual Resy (Z,) of Z, with
respect to H is defined by the ideal sheaf Tz : Opn(—H).

Example 6. If Z; C P" is the scheme defined by ? with support on H, then
Resgp? C P is defined by g, while Trg(p?) C P?~1 is still defined by the square
of the ideal of a point (2.

Taking the global sections of the restriction exact sequence
0= Zgesyz.(d—1) = Zz,(d) = Irry(z,)(d) =0,
we obtain the so called Castelnuovo exact sequence
(7) 0= IResyz,(d —1) = Iz,(d) = Iy (z,)(d)
from which we get the following inequality
dim Iz, (d) < dim Iges;, 7, (d — 1) 4+ dim Iy, (7, (d).

Consider the following:
(1) RespZ, imposes independent conditions to Opn (d — 1)
(2) Try(Z,) imposes independent conditions to Opn-1(d).
Now items (1) and (2) above are equivalent to the following respectively:
(1) dim(Iesp (7,)(d — 1)) = max{ (731 = (r = )(n + 1) — 1,0}
(2) dim(Iry,(z,)(d)) = max{(*";~") — tn, 0}
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So if max{(“*""") — tn,0} = (“*771) — tn then dim Iz (d) < (*1") —r(n+1).
While if max{(“*"™") — n,0} = 0 then dim Iz, (d) < 0. But since dim I, (d) is
always greater or equal than the expected dimension, we have that in both cases Z,.

imposes independent conditions on the system Opr(d). This proves the following:

Theorem 4 (Brambilla, Ottaviani, [13]). Let Z, be a union of r double points of
P™ and let H C P™ be a hyperplane such that t of the r points of Z have support
on H. Assume that Try(Z,.) imposes independent conditions on Oy (d) and that
Resy Z, imposes independent conditions on Opn(d — 1). Now, if

(1) tn < (d+”71) r(n+1)—tn < (d+271),

@tz () rt )z (400,

n—1

Then Z,. imposes independent conditions on the system Opn(d).

The technique used by Alexander and Hirschowitz to compute the dimension of
secant varieties of Veronese varieties is mainly the Horace method via induction.

1.6. Example of induction. The idea of induction works well to prove regularity
of secant varieties but it doesn’t work at all for the defective cases that have to
be proven case by case. We have already seen that the case of Veronese surfaces
and of quadrics are defective, so we cannot take them as first step of the induction.
Let us start with o4(v3(P3?)) C P The expected dimension of o4(v3(P?)) is
45 — 1. Therefore we expect that o5(v3(P?)) fills up the ambient space. Now
H(S/pin---Ngp2) =19 — (§ cubics through 5 double points in P?) = 19 — 0 hence
os(v3(P3)) = P12 as expected. This implies that

(8) dim(o,(v3(P?))) is the expected one for all s < 5.
In fact:

Proposition 4. Assume that X is k-defective, with k-defect 0. Assume op41(X) #
PN. Then X is also (k + 1)-defective.

Proof. By assumptions and by Terracini’s lemma, if P;,..., P, € X are general
points, then the span Tp, .. p,, which is the tangent space at a general point of
0% (X), has dimension min(N, kn+k—1)—d;. Hence adding one general point Py 1,
the space T'p, ..., p,,p,,,, Which is the span of Tp, .. p, and Tp,_,, has dimension at
most min(NV, kn+k — 1) — §; +n + 1. This last number, by assumptions, is smaller
than N, while it is clearly smaller than (k+ 1)n+ k. So X is (k+ 1)-defective. O

1.7. Exercises.

Exercise 1. Prove that all the equations Fy = 0, F; = 0,F; = 0 are needed to
define v3(P'). Moreover show that through a given point P € P3 \ v3(P!) there
exists at most one secant line to v3(P!).

Exercise 2. Let Q C P? be a smooth quadric, and let v5(Q) be the image of Q
into PY via Veronese embedding O(2). Show that v5(Q) is 3-defective. How can
one generalize this to @ C P*, n > 27

Exercise 3. Prove that o5(v4(P?)) is defective.
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2. LECTURE 2

Consider d = 4, s = 8 in P3, i.e. og(vy(P?)).

We need to compute H(K|[zo,...,z3]/(p3 N+ - N p3),4). In order to use Horace
Lemma we need to know how many points among o3 N --- N pZ have support
on a given hyperplane. The good news is upper semicontinuity that allows us to
specialize points on a hyperplane. In fact if the specialized scheme has the expected
Hilbert function, then also the general scheme has the expected Hilbert function
(again this argument cannot be used if the specialized one doesn’t have the expected
Hilbert function). We choose to specialize 4 points on H: supp(V (p?N---3)) € H.
Therefore ReSH(Zg) = P1—|— . +P4+2P5—|— . +2P8 and T’I“H(Zg) = Qpl—i- . 2]54
where 2151 + ~-~2154 are four double points of P2. Consider now the Castelunovo
exact sequence (7). Now 4 double points in P? imposes independent conditions to
Ops(3) by (8), then adding 4 simple general points imposes independent conditions,
therefore Resp Z, imposes independent condition to Ops(3). Also Trg(Z,) imposes
independent condition to Opz(4). Therefore we have proved that

05 (v4(IP?)) has the expected dimension for any s < 8.

This argument cannot be use to study og(v4(P?)) because it is defective (we
cannot use induction on s in this case). Anyway we can use induction on d.

Exercise 4. Prove that o14(v5(P3)) is regular.

To use induction we need to prove the first case d = 3. We have done already
P3. Now, d =3, n =4, k = 7 is a defective case. So we need to start with
d =3 and n = 5. We expect that o19(v3(P%)) fills up the ambient space. Let’s
try to apply Horace method. The hyperplane H is a P*, one double point in P*
has degree 5, so we can specialize up to 7 points on H (in P* there are exactly
35 = 7 x 5 cubics), BUT 7 double points in P* are defective in degree 3, in fact
H(K|[zo, ...,z /02 N+ Ng2,3) = (*1?) — 1. Therefore, if we specialize 7 points
on H we are “not using all the room that we can use” if we want to get a 0 in the
trace term of Castelunovo exact sequence we have to add one more condition on
H. How can we get one single condition among 10 double points in P° where each
double point imposes 6 conditions?

2.1. La méthode d’Horace differentielle. This description follows the guide
lines of [10].

Definition 12. In the algebra of formal functions K|[x, y]], where x = (21, ...,2p_1),
a vertically graded (with respect to y) ideal is an ideal of the form:

I=L®hy® - ©Lnay™ @Y™
where for i =0,...,m — 1, I; C k[[x]] is an ideal.

Let @ be a smooth n-dimensional integral scheme, let K be a smooth irreducible
divisor on ). We say that Z C @Q is a vertically graded subscheme of Q with base
K and support z € K, if Z is a 0-dimensional scheme with support at the point z
such that there is a regular system of parameters (x,y) at z such that y = 0 is a
local equation for K and the ideal of Z in Og , = K[[x,y]] is vertically graded.
Let Z € @ be a vertically graded subscheme with base K, and p > 0 be a fixed

integer; we denote by Resh.(Z) € Q and Trh.(Z) € K the closed subschemes
defined, respectively, by the ideals:
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Tpest (z) =TIz + Tz : THTY, Iy 2y = (Tz : Th) © Ok.

In Resh (Z) we take away from Z the (p+1)*" “slice”; in Tr%.(Z) we consider only
the (p + 1)t “slice”. Notice that for p = 0 we get the usual trace and residual
schemes: Tri(Z) and Resk (Z).

Finally, let Z1,...,Z,. € @ be vertically graded subschemes with base K and
support z;, Z =27y U...UZ., and p = (p1,...,pr) € N".

We set:

Tre(Z2) :=Tr(Z1)U---UTrY (Z,), Resh(Z):= Resh}(Z1)U---U Resh>(Z,).

Proposition 5 (Horace differential Lemma, [3] Proposition 9.1). Let H be a
hyperplane in P and let W1P™ be a 0-dimensional closed subscheme.

Let S1,...,S, Z1,...,Z, be O—dimensional irreducible subschemes of P™ such
that S; 2 Z;, i =1,...,r, Z; has support on H and is vertically graded with base
H, and the supports of S=S1U---US, and Z = Z,U---U Z, are generic in their
respective Hilbert schemes. Let p = (p1,...,pr) € N". Assume:

(1) H(Zrr,wuree (z),5(n)) = 0 and
(2) HO(ZResHWURes%(Z) (n - 1)) =0,
then
H°(Zwus (n)) = 0.

For double fat points, this can be rephrased as follows.

Proposition 6 (Horace differential lemma for double fat points). Let H C
P™ be a hyperplane, Py,...,P. € P™ generic points, and Z be a 0-dimensional
scheme. Let Z = Z + 2P, + ---+ 2P, CP", Z' = Resy(Z), T = Try(Z).

Let Pj,..., P! be generic points on H. Let Dy (P!) = 2P/ N H and Z' = Z' +
Dow(P})+ -+ Dapg(P), T =T+ P] +---+ P.. Then dim(Iz); = 0 if the
following two conditions are satisfied.

* DEGUE: dim(Iz')e—1 = dim(Iz, p, ,y (pp) 4ot Dy s (pp))t-1 = 05
o DIME: dim(Ir), = dim(I, pry 4 po)e = 0.

Now with this proposition we can conclude the case of o19(v3(P%)). Specialize
Pi,...,Ps on H and take Z = 2P, + --- + 2P; + 2Py + 2Py C P® with supp(P;)
on H fori=1,...,7 and out of H for ¢ =9,10. Then Z’:ResH(Z) =P +---+
Pr+2Py+2P g C PP and T = Try(Z) = 2P, +---2P; C H where 2P, = 2P, N H.
Then take Dy g (Pg) = 2Ps N H. Now Z' = Z' + Dy y(Pg) = P+ -+ Pr +
2Py + 2P1g + Doy (Ps) C PP, and T = T 4 Py = 2P, 4 ---2P; + Py C H. Then
DIME is now ok because we have added on the trace exactly the one condition that
we were missing. Also DIME is ok because 7 simple points imposes independent
conditions to quadrics, 2 double points does not impose independent conditions to
quadrics but we know how many conditions they impose 6+6-1 and Dy g (Ps) can
be proved to impose independent conditions to quadrics. All together the should
impose 7+11+5=23 conditions that is sufficient to get DEGUE since there are only
21 quadrics in P,
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2.2. Exercises.

Exercise 5. Compute the dimensions of o (vg(P?)).

Exercise 6. Let 7(v4(P")) C P("2)~1 be the tangential variety to the Veronese
variety. After having computed the tangent space to 7(vq(P™)) at one smooth
point deduce the structure of the scheme Z such that I(Z)4 is the inverse system
of Tp(7(vg(P™))). Then prove that o3(7(v4(P?))) has the expected dimension.

ALGORITHMS FOR THE RANK OF A GIVEN POLYNOMIAL
3. LECTURE 3
ON SYLVESTER’S ALGORITHM

This description can be found in [11].

If V is a two dimensional vector space, there is a well known isomorphism between
ATV and SETHL(STV) (see [26]). Such isomorphism can be interpreted
in terms of projective algebraic varieties; it allows to view the (d — r + 1)-uple
Veronese embedding of P”, as the set of (r — 1)-dimensional projective subspaces
of P? that are r-secant to the rational normal curve. The description of this result,
via coordinates, was originally given by A. Iarrobino, V. Kanev (see [22]). We give
here the description appeared in [4] (Lemma 2.1).

Lemma 2. Consider the map ¢rg—ry1 @ P(Kto,t1],) — G(d —r + 1, K[to, t1]a)
that maps the class of py € K|tg,t1], to the (d — r + 1)-dimensional subspace of
Klto,t1]a of forms of the type poq, with q € K[tg,t1]q—r. Then the following hold:

(i) The image of ¢rq—rt1, after the Plicker embedding of G(d —r + 1, K[to, t1]a),
is the r-dimensional (d — r + 1)-th Veronese variety.

(i) Identifying G(d — r + 1, K[to, t1]a) with the Grassmann variety of subspaces of
dimension r — 1 in P(K[to, t1]}), the above Veronese variety is the set of r-secant
spaces to a rational normal curve Cq C P(Kto,t1]}).

Proof. Write pg = oty + u1t671t1 + -+ u,t]. Then a basis of the subspace of
K[to, t1]q of forms of the type poq is given by:

uptd 4 - -+ u Ly
o) uptd ™ty 4wt g

upthtd ™" 4wt

The coordinates of these elements with respect to the basis {tg,tg_ltl, o td} of
K|tg,t1]q are thus given by the rows of the matrix

Uy Up ... U 0 ... 0 0
0 Uug Uy Uy 0 0
0o ... 0 w ur ... Up 0
0o ... 0 0 w ... Up_1 U

The standard Pliicker coordinates of the subspace ¢, 4—r+1([po]) are the maximal
minors of this matrix. It is known (see for example [5]), that these minors form
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a basis of Klug,...,u,]q—rt1, so that the image of ¢ is indeed a Veronese variety,
which proves (i).

To prove (ii), we recall some standard facts from [5]. Take homogeneous coordi-
nates zo, . . ., 2q in P(K[tg, t1]) corresponding to the dual basis of {tg, tg_ltl, ot
Consider Cy C P(K[to,t1]}) the standard rational normal curve with respect to
these coordinates. Then, the image of [pg] by ¢ra—ri1 is precisely the r-secant
space to Cy spanned by the divisor on Cy induced by the zeros of py. This com-
pletes the proof of (ii). O

Since dim(V) = 2, the Veronese variety of P(S%V) is the rational normal curve
Cy C P4, Hence, a symmetric tensor ¢t € S?V has symmetric rank r if and only if 7
is the minimum integer for which there exist a P~ = P(W) C P(S?V) such that
T € P(W) and P(W) is r-secant to the rational normal curve Cy C P(S4V) in r
distinct points.

Consider the maps:

(10)
P(Klto, t1],) “" = GG(d — r P(Kto, 1)) — =" GG(r — 1,P(KTto, t1]a)*).

Clearly, since dim(V) = 2, we can identify P(K [to,t1]4)*) with P(S?V), hence the
Grassmannian GG(r — 1, P(K[to, t1]4)*) can be identified with GG(r — 1, P(S9V)).
Now, by Lemma 2, a projective subspace P(W) of P(K[to,t1]a)* =~ P(SV) =~
P? is r-secant to Cy C P(S9V) in r distinct points if and only if it belongs to
Im(car,d—rt1 © ¢rd—rt1) and the preimage of P(W) via ayg—rt1 © Pra—rs1 IS a
polynomial with r distinct roots.

Therefore, a symmetric tensor ¢ € SV has symmetric rank = if and only if 7 is the
minimum integer for which:

(1) T belongs to an element P(W) € Im(ayg—rt1 © ¢ra—rt1) C GG(r —
1B(S1V)),
(2) there exist a polynomial py € K[tot1], such that o, g—r41(Pr.a—r+1([po])) =
P(W) and pg has r distinct roots,
Fix the natural basis ¥ = {td,td 't;,...,t{} in K[t,t1]s. Let P(U) be a (d —r)-
dimensional projective subspace of P(K[to,t1]4). The proof of Lemma 2 shows
that P(U) belongs to the image of ¢, q_r4+1 if and only if there exist ug,...,u, €
K such that U =< p1,...,pg—r+1 > with p1 = (uo,t1,...,ur,0,...,0)s, p2 =
(O,UO,’U,l,...,UT,O,...,O)E, .o - Pd—r+1 = (O,...,O,uo,ul,... ,ur)z.
Now let X* = {20, ..., 24} be the dual basis of 3. Therefore there exist a W C SV
such that P(W) = o, g—r11(P(U)) if and only if W = Hy N--- N Hyg_p41 and the
H;’s are as follows:

Hy: waz+--+uz =0
H, : upzy + -+ Upzpy1 =0

Hy ry1: UoZd—r + -+ Urzg = 0.

This is sufficient to conclude that 7' € P(S%V) belongs to an (r — 1)-dimensional
projective subspace of P(S?V) that is in the image of Qr.d—r+1 © Or d—rt1 defined
in (10) if and only if there exist Hy, ..., Hy_,41 hyperplanes in SV as above such
that T e HiN...N Hd_,«+1.

Given t = (ag,...,aq)s- € SV, T € H N...N Hy_,,; if and only if the following
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linear system admits a non trivial solution:

upag + -+ urar =0
uoa1+-~-+u7.ar+1 =0

UgAg—r + -+ + urag = 0.

Ifd—r+1 <741 this system admits an infinite number of solutions.
If r < d/2, it admits a non trivial solution if and only if all the maximal (r 4 1)-
minors of the following (d —r + 1) x (r + 1) catalecticant matrix vanish:

a’O DY ar
aq e Ar41
Mdfr,'r -
ad*'r‘ ... a‘d

Remark 4. The dimension of ¢,(Cy) is the minimum between 2r — 1 and d.
Actually 0,(Cyq) € P4 if and only if 1 <r < [£H].

Remark 5. An element T € P¢ belongs to 0,(Cy) for 1 < r < [9£2] if and only
if the catalecticant matrix M, 4, defined in Definition 13 does not have maximal
rank.

Sylvester Algorithm works as follows.
Let p € Kl[zg,x1]q be a homogeneous polynomial of degree d in two variables:
p(xo, 1) = Ei:o akxléx‘f_k; then we can associate to the form p a symmetric tensor

-1
t € SW ~ K[xg,21]q where t = (biy,..ia)ijef0,1)5j=1,....d> and by, i, = (Z) - ag

for any d-uple (i1, ...,14q4) containing exactly k zeros. This correspondence is clearly
one to one:
K[J,‘o, xl}d — SdV
(11) d K, .d—k b ) 4
Zk:o ATyl = 11,.--,1(1)1]-:071; j=1,....d

with (b;,,...4,) as above.

Moreover, we can associate to a polynomial p(xg,x1) = Zi:o ak:r’gac‘li*k7 or to
the symmetric tensor ¢ associated to it, the so called Catalecticant matrix My_,.,-(t),
defined as follows (for a definition of Catalecticant matrix see also [23]; My—_ ,(t)
it is also called Hankel matrix in [12]):

. d _
Definition 13. Let p(xo,21) = Y ;_, akxlgx(f k andt = (biyy -5 big)i;=0,1; j=1,....d
S%V be the symmetric tensor associated to p, as above. Then the Catalecticant
matrix My_, ,(t) associated to ¢ (or to p) is the (d — r 4+ 1) x (r + 1) matrix with

—1
entries: ¢;; = (f) aipjo withi=1,...,d—randj=1,... 7.

We describe here a version of the Sylvester algorithm ([30], [18], or [12]):

Algorithm 1. Input: A binary form p(xg,x1) of degree d or, equivalently, its
associated symmetric tensor t.
Output: A decomposition of p as p(xg,x1) = Z?Zl A;lj(wo, 21)? with \; € K and
l; € K[xg,x1]y for j =1,...,7 with r minimal.

(1) Initialize r = 0;

(2) Increment r « r + 1;
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(3) If the rank of the matrix My_, , is maximum, then go to step 2;
(4) Else compute a basis {l1,...,ls} of the right kernel of My_ ,;
(5) Specialization:

e Take a vector ¢ in the kernel, e.g. ¢ =", p1il;;

e Compute the roots of the associated polynomial ¢(xo, 21) = > p_o qurhai "

Denote them by (a;,3;), where |a;|> + |5;]> = 1;
e If the roots are not distinct in P!, go to step 2;
e Else if g(zg, 1) admits r distinct roots then compute coefficients Aj;,
1 < j <, by solving the linear system below:
d d

al PPN ar aO
d—1 —
acll 81 - af 13, l/dih
—2 12 d—2 32 d\—
Qg ﬁl B e 67" A= (2) a2 ;
4 ag

(6) The decomposition is p(zo, 1) = >0, Al (zo,1)?, where [j(xg, 1) =
(ajz1 + B2).

The following result has been proved by G. Comas and M. Seiguer in [18], and it
describes the structure of the stratification by symmetric rank of symmetric tensors
in SV with dim(V) = 2. This result allows to improve the classical Sylvester
algorithm.

Theorem 5. Let X1 4= Cy C P(SyfV), dim(V) = 2, be the rational normal curve,
parameterizing decomposable symmetric tensors (Cq = {T € P(SV) |rk(T) = 1}),
i.e. homogeneous polynomials in Klto,t1]q which are d-th powers of linear forms.
Then:

d+ ﬂ /() \ors(Ca) = 0rn (Ca) U dratrsa(Ca)

Vr, 2<r<|——
T —T—[Q

where o, (Cq) and o, g_r4+2(Cq) are subsets of 0,(Cq) containing only elements of
ranks r and d — r + 2 respectively.

Proof. Of course, for all t € SV, if rk(t) = r, with r < [d—;l], we have T €
0-(Cq) \ 0r—1(Cy). Thus we have to consider the case rk(t) > [4EL].

If a point in K[tg,t] represents a tensor ¢ with rk(t) > [4EL], then we want
to show that rk(t) = d — r + 2, where r is the minimum such that T € ¢,(Cy),
r< [

Let us consider the case r = 2 first: Let T' € 02(Cq) \ Cq. If 7k(t) > 2, it means
that T lies on a line t p, tangent to Cy at a point P (since T has to lie on a P! which is
the image of a non-reduced form of degree 2: py = [? with | € K[xg,z1]1, otherwise
rk(t) = 2). We want to show that rk(t) = d; in fact, if rk(t) = r < d, there
would exist distinct points Py,...,P;_1 € Cy4, such that T €< Py,...,P;_1 >; in
this case the hyperplane H =< P;,...,P;_1, P > would be such that tp C H, a
contradiction, since H N Cy = 2P + P, + - -- 4+ P41, which has degree d + 1.

Notice that rk(t) = d is possible, since obviously there is a (d — 1)-space (i.e.
a hyperplane) through T cutting d distinct points on Cy (any generic hyperplane
through 7" will do). This also shows that d is the maximum possible rank.

Now let us generalize the procedure above; let T' € 0,.(Cy) \or—1(Cy), r < [T

)

we want to prove that if rk(t) # r, then rk(t) = d — r + 2. Since rk(t) > r, we
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know that 7" must lie on a P*~! which cuts a non-reduced divisor Z € C; with
deg(Z) = r; therefore there is a point P € Cy such that 2P € Z. If we had
rk(t) < d —r + 1, then T would be on a P4~" which cuts Cy in distinct points
Py, ..., Py_,41; if that were true the space < Py,...,Py_,41,Z — P > would be
(d—1—deg(Z—-2P)N{Py,...,Pij_ri1})-dimensional and cut Py + -+ Pg_p11 +
Z —(Z-2P)Nn{P1,...,Pi_ry1} on Cy4, which is impossible.

So we got rk(t) > d — r + 2; now we have to show that the rank is actually
d — 1+ 2. Let’s consider the divisor Z — 2P on Cy; we have deg(Z — 2P) =r — 2,
and the space I' =< Z — 2P,T > which is (r — 2)-dimensional since < Z — 2P >
does not contain T' (otherwise T' € 0,_3(Cy)). Consider the linear series cut on
Cy4 by the hyperplanes containing I': we will be finished if we show that its generic
divisor is reduced.

If it is not, there should be a fixed non-reduced part of the series, i.e. at least
a divisor of type 2Q). If this is the case, each hyperplane through I" would contain
2Q, hence 2Q) C T', which is impossible, since we would have deg(I'NCy) = r, while
dim['=7r — 2.

Thus rk(t) = d — r 4 2, as required. O

This theorem allows to get a simplified version of the Sylvester algorithm (see
also [18]), which computes only the symmetric rank of a symmetric tensor, without
computing the actual decomposition.

Algorithm 2. The (Sylvester) Symmetric Rank Algorithm:

Input: The projective class T of a symmetric tensor ¢t € SV with dim(V) = 2
Output: rk(t).
(1) Initialize r = 0;
(2) Increment r « r + 1;
(3) Compute My_,,(t)’s (r +1) x (r + 1)-minors; if they are not all equal
to zero then go to step 2; else, T' € 0,.(Cy) (notice that this happens for
r < [4ELT); go to step 4.
(4) Choose a solution (%, . .., uq) of the system My_,.,.(t)- (uo, ..., u,)" = 0. If
the polynomial Hotg+ﬂltg_lt1+~ - +4@,t] has distinct roots, then rk(t) = r,
ie. T € 0,,(Cq), otherwise rk(t) =d —r+2,ie. T € 0y q—r4+2(Ca).

Remark 6. When a form f € Klxo,...,z,] can be written using less variables
(ie. f e Kllo,...,lp], for l; € K[zg,...,z,]1, m < n) then the symmetric rank
of the symmetric tensor associated to f ( with respect to X, 4) is the same one as
the one with respect to v4(P™), (e.g. see [24], [25]). In particular, when a tensor
is such that 7' € 0,.(X,q4) C P(S?V), dim(V) = n + 1, then, if r < n + 1, there
is a subspace W C V with dim(W) = r such that T € P(S?W); i.e. the form
corresponding to T' can be written with respect to r variables.

Consider the following construction

(12)

I

Hilb, (") -%> G ((%57) =7, Klzo, .- 2la)

LG ((d;”) —r—1,P(K]zo, . .. ,mn]d)) — G(r —1,P(K[zo, ..., zn]a)*).
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The map ¢ in (12) sends a scheme Z (0-dimensional with deg(Z) = r) to the
vector space (Iz)q; it is defined in the open set formed by the schemes Z which
impose independent conditions to forms of degree d.

As in the case n = 1, the final image in the above sequence gives the (r—1)-spaces
which are r-secant to the Veronese variety in PV = P(K|xo, ..., 7,]q)*; moreover
each such space cuts the image of Z on the Veronese.

Notation 1. From now on we will always use the notation Iz to indicate the
projective linear subspace of dimension 7 — 1 in P(S%V), with dim(V) = n + 1,
generated by the image of a 0-dimensional scheme Z C P™ of degree r via Veronese
embedding.

Theorem 6. Any T € 02(X,,q) C P(V), with dim(V) = n + 1, can only have
symmetric rank equal to 1, 2 or d. More precisely:

09(Xna) \ Xn,a = 022(Xn.a) Uoz,a(Xn.a),
moreover 0a,4(Xn a) = 7(Xn.a) \ Xn.a-

Proof. The Theorem is actually a quite direct consequence of Remark 6 and of
Theorem 5, but let us describe the geometry in some detail. Since r = 2, every
Z € Hilby(P™) is the complete intersection of a line and a quadric, so the structure
of Iz is well known: Iz = (l1,...,l,—1,q), where l; € Ry, linearly independent, and
q € Ry — (ll, . ,ln_l)g.

If T € o2(v4(P™)) we have two possibilities; either 7k(T) = 2 (i.e. T € o9 (v2(P"))),
or rk(T) > 2 i.e. T lies on a tangent line Iz to the Veronese, which is given by
the image of a scheme Z of degree 2, via the maps (12). We can view T in the
projective linear space H = P? in P(S;V) generated by the rational normal curve
Cq C X4, which is the image of the line L defined by the ideal (I4,...,l,-1) in
P™ with ly,...,l,—1 € V* (i.e. L C |PPn is the unique line containing z); hence
we can apply Theorem 5 in order to get that rk(T) < d.

Moreover, by Remark 6, we have rk(T") = d. O

Remark 7. Let us check that it is the annihilation of the (3 x 3)-minors of the
first two catalecticant matrices, Mg_11 and Mg_2 2 which determines o2 (v4(P"))
(actually such minors are the generators of I,,(,, @y, see [23]).

Following the construction above (12), we can notice that the linear spaces de-
fined by the forms [; € V* in the ideal I, are such that their coefficients are the
solutions of a linear system whose matrix is given by the catalecticant matrix My_1 1
defined in Definition 13 (where the a;’s are the coefficients of the polynomial de-
fined by t); since the space of solutions has dimension n—1, we get rk(Mg_1,1) = 2.
When we consider the quadric ¢ in Iz, instead, the analogous construction gives
that its coefficients are the solutions of a linear systems defined by the catalecti-
cant matrix My_ 2, and the space of solutions has to give ¢ and all the quadrics in
(I1,...,ln—1)2, which are (Z) +2n —1, hence rk(My_22) = (";'2) — ((g) +2n) =2.

Therefore we can write down an algorithm to test if an element T' € o2(X,, 4)
has symmetric rank 2 or d.

Algorithm 3. Algorithm for the symmetric rank of an element of 02(Xy, q)

Input: The projective class 7' of a symmetric tensor t € SV, with dim(V) = n+1;
Output: T ¢ 02(Xp.q), or T € 02.9(Xpna), or T € 02, 4(Xy.a), or T € Xp g
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(1) Consider the homogeneous polynomial associated to ¢ as in (11) and rewrite
it with the minimum possible number of variables (methods are described
in [15] or [27]), if this is 1 then T' € X,, 4; if it is > 2 then T ¢ 02(X,,.4),
otherwise T can be viewed as a point in P(S9W) = P¢ ¢ P(S?V), and
dim(W) = 2, so go to step 2.

(2) Apply the Algorithm 2 to conclude.

Everything that we have done in this section doesn’t use anything more than
Sylvester’s Algorithm for the 2 variables case. What can be done if we have to deal
with more variables?

3.1. Beyond Sylvester’s Algorithm using 0-dimensional schemes. We keep
following [11].
If f€o3(va(P™))\ o2(vg(P™)) then we will need more than 2 variables.

Theorem 7. Let d >3, X, C PV). Then:
O'3(Xn73) \ 0'2(Xn’3) = 0'3,3(Xn73) U 0'374(Xn,3) U 0'3,5(Xn73), while, fO?” d Z 4:
03(Xy.a) \ 02(Xnd) = 03,3(X0.a) Uos,a—1(Xn,a) Uos ar1(Xn,a) U0z 2d—1(Xn,a)-

Proof. For any scheme Z € Hilbs(P(V)) there exist a subspace U C V of dimension
3 such that Z C P(U). Hence, when we make the construction in (12) we get
that I is always a P? contained in P(S?U) and v4(P(U)) is a Veronese surface
X4 C P(SU) C P(S?V). Therefore, by Remark 6, it is sufficient to prove the
statement for X, 4 C P(S9U).

We will consider first the case when there is a line L such that Z C L. In this
case, let Cq = v4(L), we get that T € 03(Cy), hence either T' € 033(Cy) (hence
T € 033(X2,4)), or (only when d > 4) T' € 03 4-1(Cyq), hence rk(T) < d—1. It is
actually d — 1 by Remark 6.

Now we let Z not to be on a line; the scheme Z € Hilbs(P™) can have support
on 3, 2 distinct points or on one point.

If Supp(Z) is the union of 3 distinct points then clearly IIz, that is the image
of Z via (12), intersects Xz 4 in 3 different points and hence any T' € IIz has
symmetric rank precisely 3, so T' € 03 3(X24).

If Supp(Z) = {P,Q} with P # Q, then the scheme Z is the union of a simple
point, @, and of a 2-jet J at P. The structure of 2-jet on P implies that there exist
a line L C P™ whose intersection with Z is a 0-dimensional scheme of degree 2.
Hence Iz =< T,,(py(Ca),va(Q) > where T,,,py(Cq) is the projective tangent line
at v4(P) on Cg = vg(L). Since T' € Iz, the line < T, v4(Q) > intersects T},,(py(Ca)
in a point Q" € 02(Cq). From Theorem 5 we know that rk(Q') = d. We may
assume that T # @’ because otherwise T should belong to 02(X2,4).

We have Q ¢ L because Z is not in a line, so T' can be written as a combi-
nation of a tensor of symmetric rank d and a tensor of symmetric rank 1, hence
rk(t) < d+ 1. Now suppose that rk(t) = d, hence there should exist Q1,...,Qq €
X4 such that T' €< @1q,...,Qq >; notice that @1,...,Q4 are not all on Cy,
otherwise T € 02(X2,4). Let Pi,...,P; be the pre-image via vg of Q1,...,Qq;
then Pi,..., Py together with J and @ should not impose independent condi-
tions to curves of degree d, so, by Lemma 3, either P;,...,P;,J are on L, or
Py,...,P;,P,@Q are on a line I’. The first case is not possible, since Q1, ..., Qq are
not on Cy. In the other case notice that, by Lemma 3 and the Remark 8, should
have that < Q1,...,Qaq,T,,(p)(Ca), va(Q) >= P?, but since < Q1,...,Qq > and
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< Ty, p)(Ca),va(Q) > have T, vq(P) and v4(Q) in common, they generate a (d—1)-
dimensional space, a contradiction. Hence rk(t) = d + 1.

This construction shows also that T € 03 44+1(X2 4), and that there exist W C V
with dim(W) =2 and ly,...,lq € W* and l441 € V* such that t = I{+---+I54+15
and t = [T.

If Supp(Z) is only one point P € P2, then Z can only be one of the following:
either Z is 2-fat point (i.e. Iz is I3), or there exists a smooth conic containing Z.
If Z is a double fat point then IIz is the tangent space to X3 4 at v4(P), hence if
T € Ilz, then the line < v4(P),T > turns out to be a tangent line to some rational
normal curve of degree d contained in Xj 4, hence in this case T' € 03(X2 4).

If there exists a smooth conic C' C P? containing Z, write Z = 3P and consider
Caq = v4(C), hence T € 03(Ca4), therefore by Theorem 5 clearly rk(t) < 2d — 1.
Suppose that rk(t) < 2d — 2, hence there exist Py, ..., Pog_o € P? distinct points
that are neither on a line nor on a conic containing 3P, such that T" € IIz with
Z' =P+ +Pyy_gand Z+Z' = 3P+P;+- - -+ Pyq_ doesn’t impose independent
conditions to the planes curves of degree d. Now, by Lemma 3 we get that 3P+ P, +
-+ ++ P54 doesn’t impose independent conditions to the plane curves of degree d if
and only if there exists a line L C P2 such that deg((Z + Z')N L) > d +2. Observe
that Z’' cannot have support contained in a line because otherwise T' € 02(X2 q4).
Moreover Z + Z' cannot have support on a conic C' C P? because in that case T
would have symmetric rank 2d — 1 with respect to v4(C) = Caq.
We have to check the following cases:
(1) There exist Py,..., Pyio € Z' on a line L C P?;
(2) There exist Py,..., Psy1 € Z' such that together with P = Supp(Z) they
are on the same line L C P?;
(3) There exist Pi,..., Py € Z' such that together with the 2-jet 2P they are
on the same line L C P2,

Case 1. Let Py,...,Pjo € L C P2, then vy(L) = Cy ¢ P C PV with N =
(%) = 1. Clearly T € II; N1z, then dim(Ilz + ) < dim(Iz) +
dim(IIz+), moreover IIz/ doesn’t have dimension 2d —3 as expected because
vg(P1), ..., va(Pay2) € Cq C P4 hence dim(Ilz) < 2d — 4 and dim(ITz +
IIz/) < 2d — 2. But this is not possible because Z + Z’ imposes to the
plane curves of degree d only one condition less then the expected, hence
dim(Iz47(d)) = (*5') = d + 1 and then dim(Il; + IIz/) = 2d — 1, that is
a contradiction.

Case 2. Let Py,..., Py, P € L C P2 then vy(Py),...,va(Pay1),va(P) € vg(L) =
Cyq. Now Iz N1z D {vy(P), T}, then again dim(llz + Iz ) < 2d — 2.

Case 3. Let Py,...,Py,2P € L C P2, as previously v4(P1), ..., va(Pay1),va(2P) €
vg(L) = Cq, then now T,,py(Cq) is contained in < Cy > NIz. Since
< vg(Py,...,vg(P;) >) is an hyperplane in < Cy >= P?, it will intersect
T,,p)(Cq) in a point @ different form v4(P). Again dim(ITz N1Iz/) > 1
and then dim(I1z +z/) < 2d — 2.

O]

It is worth to stress the importance of Lemma 3 used many times in the proof.

Lemma 3. Let Z C P, n > 2, be a 0-dimensional scheme, with deg(Z) < 2d + 1.
A necessary and sufficient condition for Z to impose independent conditions to
hypersurfaces of degree d is that no line L C P™ is such that deg(Z N L) > d+ 2.



24 ALESSANDRA BERNARDI

Proof. The statement was probably classically known, we prove it here for lack of
a precise reference. Let us work by induction on n and d; if d = 1 the statement is
trivial; so let us suppose that d > 2 and now let’s work by induction on n. Let us
consider the case n = 2 first. If there is a line L which intersects Z with multiplicity
> d + 2, then trivially Z cannot impose independent condition to curves of degree
d, since the fixed line imposes d + 1 conditions, hence we have already missed one.
So, suppose that no such line exist, and let L be a line such that Z N L is as big as
possible (but ZNL < d+1). Let TrpZ, the Trace of Z on L, be the schematic
intersection Z N L and Resy Z, the Residue of Z with respect to L, be the scheme
defined by (I : Ir,). We have the following exact sequence of ideal sheaves:

0— IResLZ(d_ ]-) i IZ(d) - ITTLZ(d) — 0.

Then no line can intersect Resy, Z with multiplicity > d+1, because deg(Z) < 2d+1
and L is a line with maximal intersection with Z; so if deg(L' NrespZ) = d + 1,
we’d have that also deg(L N Z) = d + 1, which is impossible because it would give
deg(LN Z) +deg(L’' Nresp Z) = deg(L' NrespZ) = 2d + 2, while deg Z < 2d + 1.
Hence we have h'(Zges, z(d — 1)) = 0, by induction on d; on the other hand, we
have h'(Zr,, z(d)) = h*(Op1 (d — deg(Try,Z))) = 0, hence also h'(Zz(d)) = 0, i.e.
Z imposes independent conditions to curves of degree d (notice that the condition
deg(Z) < 2d + 1 yields h(Zz(d)) > 0).

With the case n = 2 done, let us finish by induction on n; let n > 3 now; again,
if there is a line L which intersects Z with multiplicity > d + 2, we can conclude
that Z does not impose independent conditions to forms of degree d, as in the
case n = 2. Otherwise, consider a hyperplane H, with maximum multiplicity of
intersection with Z, and consider the exact sequence:

0— IRest(df 1) sz(d) "ZTTHZ(d) — 0.

We have h'(Zges,z(d — 1)) = 0, by induction on d, and h'(Zz,, z(d)) = 0, by
induction on n, so we get that h'(Zz(d)) = 0 again, and we are done. O

Remark 8. Notice that if deg LN Z is exactly d+ 1+ k, then the dimension of the
space of curves of degree d through them increases exactly by k with respect to the
generic case.

It is quite easy to see that Lemma 3 can be improved as follows (see [6]).

Lemma 4. Let Z C P", n > 2, be a 0-dimensional scheme, with deg(Z) < 2d + 1.
If K1 (P",Zz(d)) > O there there exists a unique line L C P™ such that deg(ZNL) =
d+1+h*(P",Zz(d)) > 0.

We can go back to our problem of finding the rank of a given tensor. If now we
want to treat the case of o4(v4(P™)) analogously we did for o3(v4(P")), we can (see
[8]) but it requires a very complicate analysis on the schemes of length 4. Despite
the long procedure required for the classification of the rank with respect to the
minimal length of 0-dimensional scheme whose span contains the given polynomial
we are dealing with, there is a more intrinsic problem. We cannot use the same
technique for classifying the ranks in the case of o5(vg(P™)). In fact there is a
famous contra-example due to W. Buczyriska, J. Buczyski (see [14]) that shows
that in o5(v3(P4)) there is at least a polynomial for which it doesn’t exist any 0-
dimensional scheme contained in v3(P*) whose span contains it. The example is
the following;:
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Example 7. The following polynomial has border rank < 5 but smoothable rank
> 6:

[ =axdzy + 62323 — 3 (20 + 71)%24.

One can easily check that the following polynomial
fe = (zo + ex2)® + 6(x1 + ex3)® — 3(20 + 21 + €x4)® + 3(x0 + 221)% — (w0 + 321)3

has rank 5 for € > 0, and that lim._, ife = f.

Therefore r,(f) < 5.

An explicit computation of (f*) yields to the following Hilbert function for
Hppry = [1,5,5,1,0,...]. Let us prove, by contradiction, that there is no sat-
urated ideal I C (f*) of degree < 5. Suppose on the contrary that I is such
an ideal. Then Hpg,r(n) > Hp/gry(n) for all n € N. As Hp/r(n) is an in-
creasing function of n € N with Hp,;1y(n) < Hg/r(n) < 5, we deduce that

Hp,;r = [1,5,5,5,...]. This shows that I' = {0} and that I? = (f+)2. As [ is
saturated, I? : (zq,...,24) = I' = {0} since Hp/p1y(1) = 5. But an explicit
computation of ((f1)2: (xg,...,24)) gives (w2, 73, 24). We obtain a contradiction,

so that there is no saturated ideal of degree < 5 such that I C (f+). Consequently,
Tsmooth (f) = 6 so that 7, (f) < rsmootno (f)-

On our knowledge the tow main results that are nowadays available to treat
these “wild” cases are the following.

Proposition 7 ([11]). Let X C PV be a non degenerate smooth variety. Let H,
be the irreducible component of the Hilbert scheme of 0-dimensional schemes of
degree v of X containing r distinct points, and assume that for each y € H,, the
corresponding subscheme Y of X imposes independent conditions to linear forms.
Then for each P € 0,.(X) \o2(X) there exist a 0-dimensional scheme Z C X of
degree r such that P €< Z >=Pr—1,

Conversely if there exists Z € H,. such that P €< Z >, then P € 0,.(X).

Proof. Let us consider the map ¢ : H, — G(r — 1,PV), ¢(y) =< Y >; ¢ is well
defined since dim < Y >= r — 1 for all y € H, by assumption. Hence ¢(H,) is
closed in G(r — 1,PV).

Now let Z C PN xG(r—1,P") be the incidence variety, and p, ¢ its projections on
PN G(r — 1,PY) respectively; then, A := pg~1(¢(H,)) is closed in PV. Moreover,
A is irreducible since H, is irreducible, so 0%(X) is dense in A. Hence o,.(X) =

T

o0(X) = A. O

Obviously, 5 points on a line don’t impose independent conditions to cubics in
any P™ for n > 5, therefore this could be one reason why such contra-exmple is
possible.

Another reason is in the following.

Proposition 8 ([14]). Suppose there exist points x1,...x, € X that are linearly
degenerate, that is dim(z1,...x,.) < r — 1. Then the join of the r tangent stars
at these points is contained in o,.(X). In the case X is smooth at x1,...x, then
(PT,, X,...,PT, X) C 0.(X).



26 ALESSANDRA BERNARDI

LECTURE 4
4. BEYOND SYLVESTER'S ALGORITHM VIA APOLARITY

We have already defined apolarity and inverse system. One crucial Lemma that
we have not introduced yet is the so called Apolarity Lemma.

Lemma 5 (Apolarity Lemma). Let Z = {[L1],...,[L,]} C P(S'V), then f =
Y ML ifF 1(Z) €

Proof. The implication = is obvious. The other direction can be obtained with a
dimension argument. O

With this Lemma we can rephrase Sylvester’s Algorithm.
Let f(z,y) = 20 ci(%)a? "y’ Such an f can be decomposed as sum of 7

%

distinct powers of linear forms iff there exists ¢(x,y) = qo2"+q12" ty+- - +qy" =0
with

Co C1 Cr qo
C1 Cr41 a1 0
Cd—r Cad qr

and q(z,y) = pll}_, (Bkz — ayy). In this case then f(z,y) = > 1 _, A(arz+ Bry)?.
This is possible because

I(Z) C (%) = ker(Cat) = (G4, Go)

where the scheme Z is the scheme defined by the zeros of ¢ and G, G5 are the two
generators of the apolar ideal to f.

Since the Apolarity Lemma is true for any number of variables, what can we
say about a possible relation between I(Z), (f*) and ker(Cat)? Obviously, by
definition, we have that I(Z) C (f*), but in general the (f*) = ker(Cat) is not
true anymore. In particular rk(f) > max{rkCat}.

A generalization of Sylvester’s algorithm to any number of variables that uses
this techniques is given by Iarrobino and Kanev (see [22]) only under the hypothesis
rk(f) = max{rkCat}.

Algorithm 4 (Iarrobino and Kanev, [22]).
Input: f € SV, where dimV =n + 1.
(1) Construct the most square possible catalecticant C}* = Cy with m = {%W
(2) Compute ker Cy. If rk(f) = rk(C}) then continue, otherwise stop here.
(3) Find the zero-set Z’ = [L4],...,[Ls] of the polynomials in ker C.
(4) Solve the linear system defined by f = >":_, ¢;L¢ in the unknowns ;.

Output: Waring decomposition of f.

This method works only if rk(f) = max{rkCat}. The idea developed in [12] is
to construct a general Henkel matrix as follows:

Hy: S* — S, such that 9 — 0(f).

Such an application is linear, where the entries of an associated matrix are known,
they coincides with the entries of catalecticant matrices, but they are not all known.

Proposition 9. Ker(Hy) is an ideal.
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Proposition 10. If rk(H;) = r < oo, then dimR*/I; = r and there exist
Li,...L, , g; € 8%V such that f = Zle L?fdigi and the apolar of f contains

schemes Z; with support on [LY] and they have multiplicity equal to the dimension

of the vector space spanned by the inverse system generated by Lf_digi.

Theorem 8 (Brachat, Comon, Mourrain, Tsigaridas [12]). f = Yi_, L¢ if and
only if rkHy =1 and I :== KerHy is a radical ideal.

How to do it in practice? We give here only an idea.

Given f € S4, find f* € S which extends f with H- Domain of 1, = Hy,
rkH¢~ =rkf and Iy« is a radical ideal. Those f* are elements of the following set

EX0 = {[f] € P(8%V)|3L € 'V \ {0},3f € Y/"™ with

m = max{r, [d/2]},m" = max{r — 1, [d/2]} s.t. prtm—d g 1}
where Y247 = {[f] € P(SV) |rk(C»17%) < r}. If f € X0 we say that f has a
generalized affine decomposition of size r.
Now, multiplying by a linear (power of) form means introduce multiplying op-
erators in S/I; = Ay:

My : Ay — Ay
b—a-b
and
Mé : A} — A?
v aky.
Now define
(13) Mywp = M o Hy.

Theorem 9. If dim Ay < oo then f = Zle L% g, and
e the eigenvalues of the operators M, and M are given by {a(L}),...,a(L})},
e the common eigenvectors of the operators (ML )i1<i<n are up ti scalar L;.

One can recover the points L; by eigenvector computations: Take B a basis
|B| = rkHy, Hf*f = M;H}? = H}?Ma (M, is the matrix multiplication by a in the
basis B of Ay). The common solutions of the generalized eigenvalue problem

(Hysy —AHyp)v =0

for all a € S yield the common eigenvectors H }3 v of M! that is the evaluation of
L; at the roots. Therefore these common eigenvectors H fv are up to scalar the
vectors [b;(LY),...,b.(L})].

If f= Z:zl L¢, then the roots are simple and one eigenvector computation is
enough for a € S, M, is diagonalizable and the generalized eigenvectors H }3 v are
up to scalar the evaluations 11, of the roots.

Theorem 10. If B and B’ are connected to 1 (i.e. m € B # 1 then m = x; jm’
with m’ € B) and f known on B'" x B and HJ]?/’B is invertible, then f extends

uniquely to S if and only if MiBI’B o MJB/B = MJBI’B o MZB/B where MiB/’B =

f/’“B(Hf/’B)—l, 1<i,j<n, BCR, Bt =BUx1BU---Uz,B.

Algorithm 5 (Brachat, Comon, Mourrain, Tsigaridas).
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e Compute a set B of monomials of deg < d connected to 1 with |B| = r.

e Find parameters h s.t. det(HJ?) # 0 and the operators M; = Hf;f(Hf)’l
commute.

e If there is no solution re-start the loop with r =r + 1.

e Else compute the n x r eigenvalues z; ; and the eigenvectors v; such that
Mjv; = 2z v5,1=1,...,n, j =1,...,r. until the eigenvalues are simple.

e Solve the linear system in (v;);=1,. %, f = 22:1 szjl where z; are the
eigenvectors found above.

Exercises.

Exercise 7. Compute the rank of F = —z° +3z%y — 323y? + 22> + 2242 — 623y 2 +

622

Y2z — 2xylz — 2322 + 322y2? — 3ay?2? + 322

Exercise 8. Let F' = x2yz. Prove that 5 < rk(F) < 6. (Actually 7k(F) = 6 **).
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