
Lemma 3. Let a = pD/pR and let 0 < p < 1/(3 + a). For all n ≥ 1 we have

∂fn
∂p

(p, x) ≤ 0, if 0 ≤ x ≤ 1,

and
∂fn
∂p

(p, x) ≥ 0, if − a−1 < x ≤ 0 or 1 ≤ x < a−1.

Proof. Consider the polynomial

ψ(p, x) = 1 − ϕ(p, 1 − x).

Clearly we have
ψn(p, x) = 1 − ϕn(p, 1 − x).

Thus

fn(p, x) = 1 −
ψn(p, 1 − x)

ψn(p, 1)
.

Let

Fn(p, x) =
∂ψn

∂p
(p, x) ·

1

ψn(p, x)
for x 6= 0.

We prove the following property, for all n ≥ 1, x ≤ 1+a−1, and 0 < p < 1/(3+a),

∂Fn
∂x

(p, x) ≤ 0 (27)

Let µ = 1− p+ ap. We have ψ(p, x) = µx− apx2. Thus ψn+1 = µψn − ap[ψn]2.
Hence we have

∂ψn+1

∂p
(p, x) = [(µ− 2apψn(p, x)) · Fn(p, x) − 1 + a− aψn(p, x)] · ψn(p, x).

Hence

Fn+1(p, x) =
µ− 2ap · ψn(p, x)

µ− ap · ψn(p, x)
· Fn(p, x) +

−1 + a− a · ψn(p, x)

µ− ap · ψn(p, x)
.

We have ψ(p, x) ≤ µ
2ap

for p > 0 and all x. It is also easy to verify that x ≤

1 + a−1 ≤ µ
2ap

for p ≤ 1

a+3
. Thus we have for all n ≥ 1

∂ψn

∂x
(p, x) = (µ− 2apψn−1(p, x)) . . . (µ− 2apψ(p, x))(µ− 2apx) ≥ 0.

Since for all p > 0,
∂

∂x
(
µ− 2apx

µ− apx
) < 0

and since for all n ≥ 1 the function ψn(p, x) is monotone increasing with respect
to x for x < 1 + a−1 and 0 < p ≤ 1/(3 + a), we have for all n ≥ 1

∂

∂x
(
µ− 2ap · ψn(p, x)

µ− ap · ψn(p, x)
) ≤ 0.



In a similar way we show that

∂

∂x
(
−1 + a− a · ψn(p, x)

µ− ap · ψn(p, x)
) ≤ 0.

It is easy to show that

Fn+1 = An · An−1 · · ·A1 ·B0 +An ·An−1 · · ·A2 · B1 + · · · +An ·Bn−1 +Bn,

where

Ai =
µ− 2ap · ψi(p, x)

µ− ap · ψi(p, x)

and

Bi =
−1 + a− a · ψi(p, x)

µ− ap · ψi(p, x)
.

Since each Ai and Bi is non-negative and both have non-positive derivatives with
respect to x, it follows that for all n ≥ 1, for all x ≤ 1+a−1, and 0 < p < 1/(3+a),

∂Fn+1

∂x
(p, x) ≤ 0.

This proves (27).
Now we complete the proof of the lemma. We have

∂fn
∂p

(p, x) = −

∂ψn

∂p
(p, 1 − x) · ψn(p, 1) − ∂ψn

∂p
(p, 1) · ψn(p, 1 − x)

[ψn(p, 1)]2

= −
(Fn(p, 1 − x) − Fn(p, 1))ψn(p, 1)ψn(p, 1 − x)

[ψn(p, 1)]2
.

It is easy to show that for all n ≥ 1, ψn(p, x) ≥ 0 for 0 ≤ x ≤ 1 + a−1 and
ψn(p, x) ≤ 0 for x ≤ 0. It follows from (27) that for all 0 < p < 1/(3 + a) we
have Fn(p, 1 − x) ≥ Fn(p, 1), whenever 0 ≤ x < a−1. Thus ∂fn

∂p
(p, x) ≤ 0, if

0 < x < 1 (since then ψn(p, 1 − x) ≥ 0) and ∂fn

∂p
(p, x) ≥ 0, if 1 < x < a−1

(since then ψn(p, 1 − x) ≤ 0). We also have Fn(p, 1 − x) ≤ Fn(p, 1), whenever
−a−1 < x ≤ 0. Thus ∂fn

∂p
(p, x) ≥ 0, since ψn(p, 1 − x) ≥ 0. This completes the

proof of Lemma 3. ⊓⊔


