Lemma 3. Let a =pp/pr and let 0 < p < 1/(3+ a). For all n > 1 we have

%(p,x) <0, f0<e<l,

and 9
%(p,ac)ZO, if —at<z<0orl<z<al
P

Proof. Consider the polynomial
Y(px) =1—(p1-2).

Clearly we have
Pt (p,w) =1—¢"(p,1—a).

Thus 1 )
" b, 1—-x
folp,) =1— ————.
7. 7) Y (p,1)
Let
Fulpya) = 2 (pya) - —— fora £0
p,x)=—(p,x)- —— forzx .
" p Y (p, x)
We prove the following property, foralln > 1,2 < 1+a~ !, and 0 < p < 1/(3+a),
oF,
—_— <0 27
2 () < (21)

Let =1 —p+ ap. We have 9(p, z) = ux — apr?. Thus "1 = pp™ — ap[yp™]?.
Hence we have
6wn+1
dp

(p, ) = [(1 — 2apy™ (p, x)) - Fu(p, ) — 1+ a—ay"(p,z)] - " (p, v).

Hence
—l4+a—a-¢Y"(p,x)
p—ap - " (p, x)

p—2ap- Y (p,x)
p—ap-Y"(p,x)

FnJrl(pax): Fn(pax)+

We have ¢(p,x) < ﬁ for p > 0 and all z. It is also easy to verify that x <

1+a 1< 2Z_p for p < a—}r3 Thus we have for all n > 1
6wn n—1
E(p7 x) = (p—2apyp™ " (p,x)) ... (L — 2ap(p, x))(n — 2apzx) > 0.
Since for all p > 0,
0 -2
g (pzapr apac) <0
dr " u— apx

and since for all n > 1 the function ¥"(p, ) is monotone increasing with respect
tox forz<1+a!and 0<p<1/(3+a), we have for all n > 1
p— . n
ﬂ(u 2ap - ¢ (p,x)) <o.
O p—ap-y"(p,x)




In a similar way we show that

ﬁ(—lﬂ—a-w”(n@
dx"  p—ap-yp"(p,x)

) <0
It is easy to show that
Fopn=A4, - Ap1-- A1 Bo+Ap - Ap1--- Ay Br+ -+ Ay - Byo1 + By,

where

4 =2V (p, )
" p—ap-i(p,x)
and )
B — —l4+a—a-9Y'(p,x)
" p—apYi(p )
Since each A; and B; is non-negative and both have non-positive derivatives with
respect to z, it follows that foralln > 1, forallz < 1+a~ !, and 0 < p < 1/(3+a),

aFnJrl

< 0.
o (p,z) <0

This proves (27).
Now we complete the proof of the lemma. We have

dfn o)) - B0, 1) Y (p, 1 — )
op V) = TR
__(Falp 1 —2) — Fu(p, 1))¢" (p, DY (p, 1 — )
[ (p, 1)]? '

It is easy to show that for all n > 1, ¥"(p,z) > 0 for 0 < 2 < 1+ a~! and
Y™ (p,z) <0 for < 0. It follows from (27) that for all 0 < p < 1/(3 + a) we
have F,(p,1 — z) > F,(p,1), whenever 0 < z < a~!. Thus %(p,x) <0, if

0 < z < 1 (since then ¥"(p,1 — ) > 0) and ag; (p,w) > 0,if 1l <z <a?!
(since then 9™ (p,1 — z) < 0). We also have F,(p,1 — z) < F,(p,1), whenever
—a~! < 2 <0. Thus %L;(p, x) > 0, since 9" (p,1 — x) > 0. This completes the

proof of Lemma 3. ]




