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@ Zasady konstrukcji definicji indukcyjnych
@ Destrukcja - operator match
@ Rekursja - operator fix

@ Sprawy praktyczne
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Skfadnia formalna

Assuming T’y is [I1 : Ay;...; g : A, and T is [c1 : Ch; .. .5 ¢ Cy), the
general typing rules are, for 1 < j <kand 1 <i<n:
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Parametry i zwykte argumenty

An inductive definition Ind(T")(I'; :=T'¢) admits 7 inductive parameters if
each type of constructors (¢ : C) in T'¢ is such that

C=Vp1:P,....¥pp : PVag : Ay, .o NVay t A, (I pr -..pr 1. ty)

with I one of the inductive definitions in T';. We say that ¢ is the number
of real arguments of the constructor c.

We use the following notation:
Ind(T)[r](T; :=T¢)

and
Cp=p1:Pi;...;pr: P

The latter will be called the context of parameters.



Przyktady

The List definition has 1 parameter:

Ind()(List : Set — Set := nil : (VA : Set, List A),
cons : (VA :Set, A — List A — List A))

This is also the case for this more complex definition where there is a
recursive argument on a different instance of List:

Ind()(List : Set — Set := nil : (VA : Set, List A),
cons : (VA :Set,A — List (A — A) — List A))

But the following definition has O parameters:

Ind()(List : Set — Set := nil : (VA : Set, List A),
cons : (VA :Set, A — List A — List (A A)))



Zasady budowy definicji indukcyjnych

A type is an arity of sort s if it converts to the sort s or to a product
YV x:T,U with U an arity of sort s.

. . .._>
To put it simply: V z : T, s.

For instance A — Set or V A : Prop, A — Prop are arities of sort
respectively Set and Prop.

A type of constructor of I is either a term (I ¢y ... t,) or Vo : T, C with C'
recursively a type of constructor of I.

. . ——_>
To put it simply: Va:T,(It;... t,)
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Zasady budowy definicji indukcyjnych (c.d.)

The type of constructor C' will be said to satisfy the positivity condition for
a constant I in the following cases:

@ C=(It1...t,) and I does not occur free in any t;

@ C =V x:T,V and I occurs only strictly positively in T and the type
V satisfies the positivity condition for I

To put it simply: C =V ax:T, (I t;... t,), where I occurs only strictly
positively in every T'



Zasady budowy definicji indukcyjnych (c.d.)

The constant I occurs strictly positively in T in the following cases:

@ [ does not occur in T'
@ T converts to (I t;... t,) and I does not occur in any of ¢;

@ T converts to V x : U,V and I does not occur in type U but occurs
strictly positively in type V

o T converts to (I’ aj... am ti... tp) where I’ is the name of an
inductive declaration of the form
Ind(T)[m|(I: A:=c1 :Vp1: P1,...Vpm : Py, Cy;. ..

Cn:Vp1: Py Npm: P, C)

(in particular, it is not mutually defined and it has m parameters) and
I does not occur in any of the ¢;, and the (instantiated) types of
constructor Ci{p;/a;}j=1..m of I’ satisfy the nested positivity
condition for I
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Zasady budowy definicji indukcyjnych (c.d.)

The type of constructor T of I’ satisfies the nested positivity condition for
a constant I in the following cases:

© T'=(I'"by...by ui... up), I' is an inductive definition with m
parameters and I does not occur in any u;

@ T'=VY x:U,V and I occurs only strictly positively in U and the type
V satisfies the nested positivity condition for I
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Zasady budowy definicji indukcyjnych (c.d.)

Let E be an environment and I',I'p,I';, ' are contexts such that I'; is
[[1 :VT'p, Aq;...; I : VT p, Al and T is [c1 : VI'p, Ch; ... 2 VD p, C.

(BTl F A sy)j=1.6 (B[I;TLTRIE it 8,)i=1..n
WF(E; Ind(D)[p](I'; :=T'¢))[I]

provided that the following side conditions hold:
@ k>0 and all of I; and ¢; are distinct names for j =1...% and
1=1...n,
@ p is the number of parameters of Ind(I")(I'; :==T'¢) and I'p is the
context of parameters,
e for j =1...k we have that A; is an arity of sort s; and I; ¢ I' U E,

e for i =1...n we have that C; is a type of constructor of I,, which
satisfies the positivity condition for I; ... Iy and ¢; ¢ T U E.

10 / 20



Destrukcja - match

Simple form:

match m with (¢; 211 ... z1p,) = fi | ... | (en Zp1...Zpp,) = frn end

Full form:

match m as x in I _ a return (P a x) with

(Cl 11 --- :L'lpl) = f1 ‘ ... | (Cn wnl---wnpn) = fn end

For the purpose of presenting the inference rules, we use a more compact
notation :

case(m, (Aax, P), A\z11 ... T1ipy, f1 | -+ | AZp1oZnp,,, o)
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Destrukcja - match (c.d)

Type of branches. Let ¢ be a term of type C, we assume C'is a type of
constructor for an inductive definition I. Let P be a term that represents
the property to be proved. We assume r is the number of parameters.
We define a new type {c: C'}¥ which represents the type of the branch
corresponding to the ¢ : C' constructor.

{e:(Iipi...prt1... )} =(Pti... ty0)
{c:Vz:T,C}¥ =Vz:T,{(cz):C}

We write {c}* for {c: C}¥ with C the type of c.

Examples. For List A the type of P will be List A — s for s € S.
{(cons A)}F =Va : AVl : List_A, (P (cons A al)).
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Destrukcja - match (c.d)

For Length A, the type of P will be

VI : List_A,Vn : nat, (Length Al n) — Prop and the expression
{(Lcons A)}" is defined as:

Va : A,VI: List_ A Vn : nat,Vh :

(Length Al n),(P (cons Aal) (Sn) (Lcons Aalnl)).

If P does not depend on its third argument, we find the more natural
expression:

Va : A,V : List_A,Vn :nat,(Length Aln)— (P (cons Aal) (Sn)).
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Destrukcja - match (c.d)

Typing rule.

Our very general destructor for inductive definition enjoys the following
typing rule

EllFe: (I qr...qr t1...ts)
E[l-P:B
compat(I q1 ...q,)B
(B fi: {(ep a1 --0)} )iz
E[')F case(e, P, fi]...|f1) : (P t1...ts ¢)

provided I is an inductive type in a declaration Ind(A)[r](T'; := ¢ ) with
Fc=1lc1:Ch;...50n : Cp] and ¢y, ... cp, are the only constructors of I.
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Destrukcja - match (redukcja)

A t-reduction has the following form

case((cp, q1---Gr @1 ...am), P, fil ... |fu) Dy (fi a1...am)

with ¢, the i-th constructor of the inductive type I with r parameters.
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The basic concrete syntax for a recursive set of mutually recursive
declarations is (with I'; contexts) :

fix f1(T'1) : Ay ==ty with...with f,(T},) : A, :=t, for f;
In the inference rules, we represent such a term by
Fix fi{fi: Al =t ... fu: A, =1}

with ¢/ (resp. A}) representing the term t; abstracted (resp. generalized)
with respect to the bindings in the context I';, namely ¢, = AT';, ¢; and
Al = VT, A;.
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Rekursja - fix (c.d)

Typing rule:

(BT F A;:si)i=1.n (E[L, f1:A1,..., fn: Ap] Fti 0 Aj)i=1..m
ET|FFix fi{fi: A1 :=t1... fn: Ap:i=ty}  A;

But we need to specify the argument on which we recurse.
For doing this the syntax of fixpoints is extended and becomes

Fix fz{fl/kl t AL =1t fn/kn cAp = tn}

where k; are positive integers. Each A; should be a type starting with at
least k; products Vy; : By, ... Yy, : By,, A, and By, being an instance of
an inductive definition.

Now in the definition ¢;, if f; occurs then it should be applied to at least k;
arguments and the k;-th argument should be syntactically recognized as
structurally smaller than yy,
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Rekursja - fix (c.d)

Given a variable y of an inductive type from a declaration

Ind(T)[7](T'; :=T'¢ ) where I'yis [I1 : Ay;...; I 2 Ag], and I is

[c1: Ch;. . 5¢n 0 Cpl. The terms structurally smaller than y are:
o (tw), Az : u,t when t is structurally smaller than y .

e case(c, P, f1... fn) when each f; is structurally smaller than y.
If ¢ is y or is structurally smaller than y, its type is an inductive
definition I, part of the inductive declaration corresponding to y.
Each f; corresponds to a type of constructor
Cy=Vp1:Pr1,....,Vp,: Pp,Yy1 : By, ... Vy, : B, (I a1 ...a;) and
can consequently be written Ay; : By,... Ayx : By, g;. (B} is obtained
from B; by substituting parameters variables) the variables y;
occurring in g; corresponding to recursive arguments B; (the ones in
which one of the I; occurs) are structurally smaller than y.
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Rekursja - fix (redukcja)

Let F' be the set of declarations: f1/k1: A1 :=t1... fn/kn: Ay =ty
The reduction for fixpoints is:

(FiX fl{F} aj ... aki) >, ti{(fk/FiX fk{F})kzln} ai...ak,

when ay, starts with a constructor.
This last restriction is needed in order to keep strong normalization and
corresponds to the reduction for primitive recursive operators.
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Wzgledy praktyczne

@ generowanie lematéw indukcyjnych

o taktyki wprowadzania - constructor, left, right, split,
exists

o taktyki destrukcji - destruct, case

o taktyki indukcyjne - induction, elim

@ réwnos¢ i typy indukcyjne - discriminate, injection,
simplify_eq

@ zaawansowana destrukcja - inversion
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