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Introduction

Cohomology of groups

Structure in the cohomology of groups. Let G be a finite p-group,
consider H∗(G ,Fp):

1 graded Fp-vector space.

2 graded Fp-algebra.

3 Algebra over the Steenrod algebra.

4 Higher Bockstein.

5 Massey products.

Questions

If X is a topological space (p-completed and having the homotopy
type of a CW-complex) having the same cohomology of BG , can
we say X ' BG ?
Which structures should we consider?

Albert Ruiz Massey products and BG 3/15
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Introduction

Counterexample (with conditions 1,2 and 3)

Consider the dihedral family:

D2n = 〈x , y | x2n−1
= 1, y 2 = 1, yxy−1 = x−1〉 (n ≥ 3)

and the cohomology (coefficients in F2):

H∗(BD2n) ∼= F2[x , y ,w ]/(x2 + xy)

where deg(x) = deg(y) = 1 and deg(w) = 2.
Sq1(w) = wy and unstability.

The cohomology does not depend on n, and BD2n 6' BD2m when
n 6= m.
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Broto-Levi

The following families of groups are cohomology characterized by
the Steenrod algebra action and Bockstein spectral sequences:

Abelian 2-groups, dihedral groups D2n , and extraspecial
groups [BL, Trans. AMS, 1997].

Generalized quaternion groups Q2n [BL, Topology, 2002].

Broto-Levi’s techniques work when H∗BG is generated by H1BG
when considering the Steenrod algebra action and higher
Bockstein. Otherwise proofs become very difficult and sometimes
impossible (e.g. the case of semidihedral groups is still open in this
setting!)
H∗BG is generated by H1BG when considering (matric)
Massey product, even if the Steenrod Algebra action is not
considered!

Albert Ruiz Massey products and BG 5/15
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Massey products: definition

Let X be a space, and C∗(X ,Fp) the (graded) cochain algebra.

Definition

A defining system for the Massey product of order n 〈α1, . . . , αn〉, where
αi ∈ H∗X , is a matrix

M = {mi,j | 1 ≤ i ≤ n + 1, i < j ≤ n + 1, (i , j) 6= (1, n + 1)},

where coefficients are in C∗(X ,Fp) such that mi,i+1 represents αi and

dmi,j =

j−1∑
k=i+1

mi,k ∪mk,j (j 6= i + 1).

The value of 〈α1, . . . , αn〉 relative to M is the element in H∗X
represented by the cocycle:

〈α1, . . . , αn〉M
def
=

n∑
k=2

m1,k ∪mk,n+1

Albert Ruiz Massey products and BG 6/15
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Massey products: properties

1 Massey products are not defined for any collection α1, . . . , αn.

2 The dimension of 〈α1, . . . , αn〉 is
∑

deg(αi )− n + 2.

3 If f : Y → X is a continuous map and α1, . . . , αk ∈ H∗(X ,R)
such that 〈α1, . . . , αk〉 is defined, then 〈f ∗(α1), . . . , f ∗(αk)〉 is
so and

f ∗(〈α1, . . . , αk〉) ⊂ 〈f ∗(α1), . . . , f ∗(αk)〉.

Problem

There are very few descriptions of H∗BG in terms of Massey
products, none of them is complete.

Albert Ruiz Massey products and BG 7/15
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Massey products: computation tools

Let:

U(Fp, n) be the upper triangular n × n matrices over Fp such
that every entry in the diagonal equals 1.

Z (Fp, n) ∼= Fp be the centre of U(Fp, n).

Then we have a central extension:

Z (Fp, n)→ U(Fp, n)→ U(Fp, n)
def
= U(Fp, n)/Z (Fp, n)

Given a group morphism

φ : G → U(Fp, n)
g 7→ (φi ,j(g))

we have that φi ,i+1(g1g2) = φi ,i+1(g1) + φi ,i+1(g2) ∈ Fp. And
therefore the φi ,i+1 : G → Fp are group morphisms, i.e. elements
in H1BG . These elements are called the near-diagonal of φ.

Albert Ruiz Massey products and BG 8/15
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Massey products: computation tools

Theorem (Dwyer)

Let α1, . . . , αn ∈ H1BG . Then there is a bijective correspondence
M ↔ φM between defining systems M of 〈α1, . . . , αn〉 and group
morphisms φM : G → U(Fp, n + 1) such that −α1, . . . ,−αn are
near-diagonal of φM . Moreover, the pull-back diagram:

Fp // G̃

��

//

p.b.

G

φM

��
Fp // U(Fp, n + 1) // U(Fp, n + 1)

identifies 〈α1, . . . , αn〉M with the cohomology class that classifies
the central extension of G by Fp.

Albert Ruiz Massey products and BG 9/15
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Massey products: computation tools

Remark

We cannot use Dwyer’s result to calculate all Massey products in
H∗BG , only those involving elements in H1BG .

In order to calculate Massey products that involve elements in
H>1BG one has to work with projective resolutions and use
Yoneda’s complex.

Albert Ruiz Massey products and BG 10/15
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2-groups of maximal nilpotency class

Dihedral groups

Let D4 = Z/2× Z/2 and define:

D2n
def
= 〈x , y | x2n−1

= 1, y 2 = 1, yxy−1 = x−1〉 (n ≥ 3)

Quaternion groups

Q2n
def
= 〈x , z | x2n−1

= 1, z2 = x2n−2
, zxz−1 = x−1〉 (n ≥ 3)

Semidihedral groups

SD2n
def
= 〈x , t | x2n−1

= 1, t2 = 1, txt−1 = x2n−2−1〉 (n ≥ 4)

There are exact sequences (central extensions indeed) that connect
these groups.

Albert Ruiz Massey products and BG 11/15
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Introduction Massey products Properties Tools 2-groups

Dihedral groups

Theorem

H∗BD2n ∼= F2[x1, y1,w2]/(x2 + xy) and the Massey product
〈x , x + y , . . . , x , x + y〉 of length m:

does not contain neither w, nor w + x2, nor w + y 2 if
m 6= 2n−2.

contains w, w + x2 and w + y 2 if m = 2n−2.

is not defined if m > 2n−1.
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Introduction Massey products Properties Tools 2-groups

Quaternion groups

Theorem

H∗(BQ8) ∼= F2[x1, y1, v4]/(x2 + xy + y 2, x2y + xy 2) and
H∗(BQ2n) ∼= F2[x1, y1, v4]/(x2 + xy , y 3) for n ≥ 4. The Massey
product 〈x , x + y , . . . , x , x + y〉 of length m:

does not contain 0 if m = 2n−1.

is not defined if m > 2n−1.

Moreover 〈y , y 2, y , y 2〉 contains v .
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Introduction Massey products Properties Tools 2-groups

Semidihedral groups

Theorem

H∗(BSD2n) ∼= F2[x1, y1, u3, v4]/(x2 + xy , xu, x3, u2 + (x2 + y 2)t)
and the Massey product 〈x , x + y , . . . , x , x + y〉 of length m:

does not contain 0 if m = 2n−1.

is not defined if m > 2n−1.

Moreover

〈y , y 2, y , y 2〉 contains v .

〈x , x2, y〉 = u + F2{xy 2, y 3}.
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Introduction Massey products Properties Tools 2-groups

Cohomological uniqueness of BG

Theorem

Let G be a maximal nilpotency class 2-group and let X be a 2-complete
space such that H∗X ∼= H∗BG as algebras with Massey products. Then
X ' BG .

Sketch of proof

Assume |G | = 2n and π : G → D2n−1 the projection of G on the biggest
dihedral quotient.

Given any f : X → BD2k , then either f ∗(w) = π∗(w) or f ∗(w) = 0.

Let φ2 : X → BD4 the map that represents the classes x and y .

Inductively we can lift φ2 to a φk−1 : X → BD2k−1 (k ≤ n).

The process must stop since Massey products of type
〈x , x + y , . . . , x , x + y〉 in H∗X are defined till some length.

It has to stop at G (again length of Massey products).

It is an isomorphism in cohomology.
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