
Real Johnson-Wilson Theories

Joint with S. Wilson

Warsaw, July, 2009

Joint with S. Wilson Real Johnson-Wilson Theories



Background:

Recall that real K-theory KO is the fixed points of the
complex conjugation action on complex K-theory: KU .

Complex conjugation also acts on MU , and one has a
Z/2-equivariant map of spectra:

MU −→ KU,

Or at the prime 2, we have a Z/2-equivariant map:

BP −→ KU(2) with kernel, 〈vi , i ≥ 2〉

Hu-Kriz generalize this to a Z/2-equivariant map:

BP −→ E(n) with kernel, 〈vi , i ≥ n + 1〉

where π∗E(n) = Z(2)[v1, v2, . . . , vn−1, v±1
n ].
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Definitions and Structure:

We define the real Johnson-Wilson spectra to be:

ER(n) = E(n)hZ/2, so ER(1) = KO(2)

ER(n) is just homotopy commutative, but its completion is
an E∞ ring spectrum:

Let En denote the Hopkins-Miller (Lubin-Tate) Spectra:

π∗En = W(F2n)[[u1, u2, . . . , un−1]][u
±1]

where W(F2n) is the Witt vectors with residue F2n , and ui

are generators in degree 0, with |u| = 2.

Let S(n) denote the automorphism of Honda formal group
law of height n, then Gal(F2n/F2) ⋉ S(n) acts on En.
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This action preserves the E∞ structure of En.

Let H(n) denote the subgroup of the Morava-Stabilizer
group

H(n) = Gal(F2n/F2) ⋉ F∗

2n

In addition there is the central element σ ∈ S(n), which
acts on En, and corresponds to the inverse in the Honda
formal group.

Then a result of Averett shows that the completion of E(n)

at p = 2 is Z/2-equivariantly equivalent to EhH(n)
n .

In particular, the completion of ER(n) is an E∞ ring

spectrum given by EhZ/2×H(n)
n .

The spectrum ER(2) is closely related to TM(3) studied by
Mahowald-Rezk.
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Homotopy (Hu-Kriz)

The homotopy groups of ER(n) are given by a quotient of:

Z(2)[x , v̂0(m), v̂1(m), . . . , v̂n−1(m)][v±2n+1

n ], m ∈ Z

The classes v̂k (m) restrict to vk vϕ(m,k)
n in π∗E(n),

where ϕ(m, k) = (1 − 2n)(2k − 1 + m2k+1),

x is a 2-torsion class of degree λ(n) = 1 + 22n+1 − 2n+2.

The relations are given by:

v̂0(0) = 2,

x2k+1
−1v̂k (m) = x2n+1

−1 = 0,

v̂p(m) v̂k (s2p−k) = v̂k (0) v̂p(m + s), p ≥ k .
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Spherical classes

Recall that ER(1) = KO(2). From the relations we get:

π∗ER(1) = Z(2)[x , v̂0(1)][v±4
1 ]/〈2x = xv̂0(1) = x3 = 0〉

with v̂0(1) restricting to 2v−2
1 in π∗E(2).

So the class x = η is spherical.

One can show that π∗ER(2) has the following spherical
classes:

v̂1(0) x = η, v̂2(0) x3 = ν, v̂2(0) x4 = κ

It is not known (at least to me), which classes in π∗ER(n)
are spherical (except η, ν and σ).
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The Fibration

It is an old observation that Σ2KU = KO ∧ CP2. Which is
equivalent to a fibration of spectra:

ΣKO −→ KO −→ KU

where the first map is η.

For general ER(n), the class x has an interesting property:

Theorem(KW): There is a fibration of spectra:

Σλ(n)ER(n) −→ ER(n) −→ E(n)

where the first map is multiplication by x , and
λ(n) = 1 + 22n+1 − 2n+2.

Note λ(1) = 1, and λ(2) = 17.
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The Bockstein Spectral Sequence (KW)

The fibration

Σλ(n)ER(n) −→ ER(n) −→ E(n)

allows us to set up a spectral sequence of ER(n)∗-modules,

converging to ER(n)∗(X ), with E2n+1
= E∞, and

Let σ denote the complex conjugation action on E(n), then:

E1 = E(n)∗(X )[y ], d1(z) = v1−2n

n y(z − σ(z)),

where y is a permanent cycle of bidegree (−λ(n) − 1, 1).

As a (circular) exercise, we can calculate the coefficients of
ER(n) using this spectral sequence. In this case:

d2k+1−1(v
2k (1−2m)(2n−1)
n ) = v̂k (m)y2k+1

−1
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Applications of the BSS:

Let us compute ER(n)∗(BO(k)) using the spectral
sequence. First recall a result of S.Wilson that shows that
ER(n)∗(BO(k)) is generated by E(n)∗(BU(k)):

E(n)∗(BO(k)) = E(n)∗[[c1, . . . , ck ]]/〈ci = c i〉

where the multiplicative sequence generating c i is
(1 −F x), where F is the formal group law for E(n).

From first principles, one can construct classes
ĉi ∈ ER(n)∗(BO(k)), with the property that they restrict to

civ
i(2n−1)
n in E(n)∗(BO(k)), in degree i(1 − λ(n)).

It follows by a comparison of BSS that:

ER(n)∗(BO(k)) = ER(n)∗[[ĉ1, . . . , ĉk ]]/〈ĉi = ĉ i〉
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Other (classifying) spaces?

It is surprising that even though we know ER(n)∗(BO(k)),
we have no clue about ER(n)∗(BU(k)). We even don’t
know ER(n)∗(CP∞)!

A fundamental question is to understand the rings:
ER(n)∗(BZ/2k ). What does the BSS look like here?

Another possible way to compute ER(n)∗(BZ/2k ) would
be by induction, using the Atiyah-Hirzebruch-Serre
spectral sequence:

H i(BZ/2, ER(n)j(BZ/2k−1)) ⇒ ER(n)i+j(BZ/2k ).

In fact, the usual Atiyah-Hirzebruch spectral sequence
computing ER(n)∗(BZ/2) (which is known) is subtle.
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Orientations?

Notice that we may attempt to compute the cohomology of
the Thom spectrum MO using the BSS.

Unfortunately, E(n)∗(MO) is not obvious. So we are stuck!

Let MO[2k ] denote the Thom spectrum of the self map of
BO given by multiplication with 2k . Notice that MO[2] is
complex oriented, and so we understand the E1-term:
E(n)∗(MO[2]). The problem is the differential d3.

If we consider MO[22], d3 is nice, but d7 is ugly!

In general d2k+1−1 is the first differential to possibly behave
badly on MO[2k ]. So what we observe is that MO[2n+1] is
ER(n) orientable!
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Optimal Orientations?

The previous result on orientations is sub optimal. For
example:

Any Spin bundle is ER(1)-oriented since ER(1) = KO.
Note that the map MO[4] → MO〈4〉 = MSpin is not an
equivalence.

Any MO〈8〉-bundle is ER(2) oriented since TMF maps to
ER(2) (at least after completion). As before, the map
MO[8] → MO〈8〉 is not an equivalence.

It is a very interesting open question to give an optimal
answer to the question of orientation for ER(n) for n > 2.

It can be shown (via the work of Rezk), that the answer to
the above question will NOT be of the form MO〈2s〉 for
some s.
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Cohomology of Real projective spaces

Let RP = RP∞. Recall that:

ER(n)∗(RP) = ER(n)∗[[ĉ]]/〈[2](ĉ)〉

In fact, the same argument shows that

ER(n)∗(RP×k ) = ER(n)∗[[ĉ1, . . . , ĉk ]]/〈[2](ĉ1), . . . , [2](ĉk )〉

Let β = 2n+1γ, where γ is the tautological bundle over RP.
Recall that β is ER(n) orientable, and so:

ẼR(n)∗(RP/RP2n+1−1) = ẼR(n)∗(Th(β)) = ER(n)∗(RP)〈u〉.

Here u = u(β) is the Thom class of β. The Euler class
restricts to: e(β) = c2n

in E(n)∗(RP) = E(n)∗[[c]]/〈[2](c)〉.
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Let β = 2n+1γ, where γ is the tautological bundle over RP.
Recall that β is ER(n) orientable, and so:
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So we can calculate ER(n)∗(RP2n+1
−1) and ER(n)∗(RP2n+1

)

using the cofibration: RP2n+1
−1 −→ RP −→ RP/RP2n+1

−1.

For n = 2, one can run the BSS in detail to compute
ER(2)∗(RP2k) for any k but in degrees divisible 8:

Theorem(KW) If ∗ ≡ 8 mod 16, then ER(2)∗(RP2k ) is
generated by the class e(β) and ĉ.

If ∗ ≡ 0 mod 16, then ER(2)∗(RP2k ) is generated by the
class ĉ.

I believe that the above theorem is true for ER(n)∗(RP2k )
in degrees ∗ ≡ 2n+1 mod 2n+2, and ∗ ≡ 0 mod 2n+2.

A crucial fact that one observes from the above theorem, is
that the exponent of ĉ in ER(2)∗(RP2k ) may be higher than
in E(2)∗(RP2k ).
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class ĉ.
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A crucial fact that one observes from the above theorem, is
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Non-immersion results (Davis)

Consider the question of finding the euclidean space R2k

of minimum dimension into which RP2n immerses.

One can show by work of James, that this implies an
"axial" map: µ : RP2n × RP2m−2k−2 −→ RP2m−2n−2, for
large values of m.

Davis establishes non-immersions by trying to show that
the (zero) class c2m−2n ∈ E(2)∗(RP2m−2n−2), maps under µ∗

to a nonzero class on the left, yielding a contradiction.

In particular, Davis shows that RP2n does not immerse in
R2k if n = s + α(s) − 1, and k = 2s − α(s), where α(s) is
the number of ones in the binary expansion of s.

Joint with S. Wilson Real Johnson-Wilson Theories



Non-immersion results (Davis)

Consider the question of finding the euclidean space R2k

of minimum dimension into which RP2n immerses.

One can show by work of James, that this implies an
"axial" map: µ : RP2n × RP2m−2k−2 −→ RP2m−2n−2, for
large values of m.

Davis establishes non-immersions by trying to show that
the (zero) class c2m−2n ∈ E(2)∗(RP2m−2n−2), maps under µ∗

to a nonzero class on the left, yielding a contradiction.

In particular, Davis shows that RP2n does not immerse in
R2k if n = s + α(s) − 1, and k = 2s − α(s), where α(s) is
the number of ones in the binary expansion of s.

Joint with S. Wilson Real Johnson-Wilson Theories



Non-immersion results (Davis)

Consider the question of finding the euclidean space R2k

of minimum dimension into which RP2n immerses.

One can show by work of James, that this implies an
"axial" map: µ : RP2n × RP2m−2k−2 −→ RP2m−2n−2, for
large values of m.

Davis establishes non-immersions by trying to show that
the (zero) class c2m−2n ∈ E(2)∗(RP2m−2n−2), maps under µ∗

to a nonzero class on the left, yielding a contradiction.

In particular, Davis shows that RP2n does not immerse in
R2k if n = s + α(s) − 1, and k = 2s − α(s), where α(s) is
the number of ones in the binary expansion of s.

Joint with S. Wilson Real Johnson-Wilson Theories



Non-immersion results (Davis)

Consider the question of finding the euclidean space R2k

of minimum dimension into which RP2n immerses.

One can show by work of James, that this implies an
"axial" map: µ : RP2n × RP2m−2k−2 −→ RP2m−2n−2, for
large values of m.

Davis establishes non-immersions by trying to show that
the (zero) class c2m−2n ∈ E(2)∗(RP2m−2n−2), maps under µ∗

to a nonzero class on the left, yielding a contradiction.

In particular, Davis shows that RP2n does not immerse in
R2k if n = s + α(s) − 1, and k = 2s − α(s), where α(s) is
the number of ones in the binary expansion of s.

Joint with S. Wilson Real Johnson-Wilson Theories



Non-immersion results (Davis)

Consider the question of finding the euclidean space R2k

of minimum dimension into which RP2n immerses.

One can show by work of James, that this implies an
"axial" map: µ : RP2n × RP2m−2k−2 −→ RP2m−2n−2, for
large values of m.

Davis establishes non-immersions by trying to show that
the (zero) class c2m−2n ∈ E(2)∗(RP2m−2n−2), maps under µ∗

to a nonzero class on the left, yielding a contradiction.

In particular, Davis shows that RP2n does not immerse in
R2k if n = s + α(s) − 1, and k = 2s − α(s), where α(s) is
the number of ones in the binary expansion of s.

Joint with S. Wilson Real Johnson-Wilson Theories



Non-immersion results (KW)

The class ĉ ∈ ER(2)∗(RP2n) has a higher exponent than its
image in E(2)∗(RP2n), unless n ≡ 0, 7 mod 8.

We may take advantage of this fact to show that if an axial
map of the form: RP2n × RP2m−2k−2 −→ RP2m−2n−2 yields
a contradiction in E(2)∗, then

RP2n × RP2m−2k−4 −→ RP2m−2n−2 yields a contradiction in
ER(2)∗, provided n ≡ 0, 7 and −k − 2 ≡ 1, 2, 5, 6 mod 8.

So we improve the non-immersion estimates of Davis,
from 2k to 2k − 2 for some cases of n and k . In particular:

RP48 * R84 and RP80 * R148 as part of infinite families.

There are also variants on this theme that work with
immersions in odd dimensional euclidean spaces.
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The Hopf Ring:

Recall that the zero space of the spectrum KO is the space
Z × BO. It is the (homotopy) fixed point space of the
complex conjugation action on Z × BU .

The (dual) characteristic classes: H∗(Z × BO, F2) has a rich
structure using the fact that Z × BO supports both
addition, and multiplication of vector bundles.

This structure makes H∗(Z × BO, F2) into a graded
Hopf-Ring, which is a ring object in the category of graded
coalgebras over F2. The same holds for H∗(Z × BU, F2).

All of this structure is present in H∗(ER(n)
0
, F2) and

H∗(E(n)
0
, F2) as well, where ER(n)

0
and E(n)

0
denote the

respective zero-spaces of the omega-spectrum.
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Consider the functor Φ on the category of graded Hopf
rings that doubles the degree: Φ(R)i = Ri/2.

Notice that Φ(H∗(Z × BO, F2)) = H∗(Z × BU, F2).

In addition, there is a natural transformation from the
identity functor to Φ known as Verschiebung:
V : R −→ Φ(R).

The Verschiebung is defined by considering the composite:

R −→ R ⊗ R −→ R

where the first map is the coproduct, and the second map
is the "addition" of the Hopf ring.

Since the coproduct is symmetric, the image of any element
under the composite map must be a complete square. The
Verschiebung is defined as the square root of this image.
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Recall that H∗(BO, F2) is generated by the image of RP:
H∗(BO, F2) = F2[x1, x2, . . .].

Similarly, H∗(BU, F2) is generated by the image of CP:
H∗(BU, F2) = F2[y1, y2, . . .], and

The map BO → BU induces a map of Hopf rings that
sends xi to the generator yi/2.

The above results can be generalized to:

Theorem(KW). There is an isomorphism of Hopf Rings
between Φ(H∗(ER(n)

0
, F2)) and H∗(E(n)

0
, F2)), that

respects the action of the Steenrod algebra.

Moreover, the inclusion map ER(n) → E(n) induces a map
of Hopf rings that can be identified with the Verschiebung.
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Recap of some open questions

Find an optimal criterion (if possible) for a bundle to be
ER(n)-orientible.

Find the classes in π∗ER(n) that are spherical.

Calculate ER(n)∗ of spaces like RPk , and BZ/2k .
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