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Abstract

The �rst part of the thesis concernsproblems related to the question:
\when can a regular tree languagebe de�ned in �rst-order logic?" Char-
acterizations in terms of automata of �rst-order logic and the related chain
logic are presented. A decidableproperty of tree automata called confusion
is introduced;it is conjecturedthat a regular tree languagecan be de�ned in
chain logic if and only if its minimal automaton doesnot contain confusion.
Furthermore, polynomial time algorithms arepresented that decideif a given
regular tree languagecan be de�ned in any one of the temporal branching
logicsTL [EX], TL [EF] and TL[ EX; EF].

In the secondpart of the thesis, an extension MSOL+ B of monadic
second-orderlogic over in�nite trees is considered,where a new quanti�er
B is added. Using this quanti�er, onecan expressproperties such as: \there
exist bigger and bigger setssatisfying ..." An automata-theoretic investiga-
tion of the quanti�er is conducted, yielding decidablesatis�abilit y for two
fragments of MSOL+ B. Theseresultsare then applied to a decisionproblem
stemming from the � -calculus.

Keywords: Treeautomata, de�nabilit y, monadicsecond-orderlogic, � -calculus,
temporal logic.
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Chapter 1

In tro duction

This thesisconcernsissueson the boundaryof logic and the theory of tree au-
tomata. It consistsof two parts. The �rst concernsthe de�nabilit y problem
for languagesof �nite trees. The subject of the secondpart is an extension
of monadic second-orderlogic by a cardinality quanti�er.

The �rst part includesChapters2 and 3 and is concernedwith �nite trees.
In it, we investigatewhat structural properties of tree automata correspond
to certain logically de�ned classesof tree languages.The aim is to produce
algorithms that, givenasinput a tree automaton, decideif the corresponding
tree languagecan be de�ned in a particular logic. The logicsconsideredare
�rst-order logic, chain logic andseveral simplebranching temporal logics. For
the branching temporal logics, the aim of providing algorithms is achieved,
while only partial progressis madein the casesof chain and �rst-order logic.

The secondpart of the thesis,consistingof Chapters4 and 5, is devoted
the study of a new quanti�er that extendsmonadic second-orderlogic over
in�nite treeswith the abilit y to say that certain families of setscontain sets
of unboundedsize. An investigation into automata theoretic aspects of this
quanti�er is conducted,yielding algorithms for satis�abilit y of formulas that
use the quanti�er in a certain restricted fashion. Theseresults are applied
to solve the decisionproblem: \giv en a formula of the modal � -calculuswith
backward modalities, decideif it can be satis�ed in some�nite structure."

The rest of this introduction is meant to be a cursory summary of both
parts of the thesis. However, before we proceedto the subject of the �rst
part { the de�nabilit y problem for tree languages{ we begin with a short
detour into word languages.

An establisheddecisionproblem for regular word languagesis the de�n-
ability problem, which for a givenclassX of regularword languagesis de�ned
as follows:

Decideif an input regular languagebelongsto the classX .
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A celebratedproblemof this kind concernsthe classof star-freelanguages,i.e.
regular word languagesthat can be de�ned by a regular expressionwithout
the Kleene star (but with complementation). This classwas characterized
by Sch•utzenberger in the groundbreakingpaper [53], in which it is shown
that a languageis star-freeif and only if its syntactic semigroupis aperiodic,
i.e. does not contain a nontrivial group. Since the syntactic semigroupof
a regular word languageis a �nite object that can be e�ectively computed,
Sch•utzenberger's theorem implies that the de�nabilit y problem for star-free
languagesis decidable.For instance,the syntactic semigroupof the language
(aa) � is the two-element groupZ2, and thereforethis languageis not star-free.

The de�nabilit y problem seemsparticularly interesting, however, when
a logical approach to regular languagesis considered. In this approach, a
word is represented as an appropriate relational structure. The domain of
this structure is the set of positions in the word, which is assumedto be
linearly ordered,and for every possibleletter there is a corresponding unary
predicate. For instance,the structure appropriate for the word abbais:

h f 1; 2; 3; 4g ; � ; a = f 1; 4g ; b= f 2; 3g i :

Using this representation, with a logical formula one may identify the lan-
guageof wordswhich satisfy it; for instance,the formula 8x:a(x) corresponds
to the languagea� .

A fundamental result here is the B•uchi Theorem [9] (proved also, in-
dependently, by Elgot [14] and Trakhtenbrot [66]), which says that a word
languageis regular if and only if it can be de�ned in monadic second-order
logic. This logic is an extensionof �rst-order logic wherequanti�cation over
setsof elements (in this case,setsof positions in the word) is alsoallowed.

By this theorem,every sublogicof monadicsecond-orderlogiccorresponds
to a subclassof the classof regular languages.Logic becomesthus a natural
source for an abundanceof de�nabilit y problems. A particularly notable
exampleis:

Is a given regular word languagede�nable in �rst-order logic?

By a result of McNaughton and Papert [40], a word languageis �rst-order
de�nable if and only if it is star-free,thereforethe aboveproblemis decidable
thanks to Sch•utzenberger'stheorem.

This result has openedup a thriving research �eld [58, 47]. Among the
many other logics for which the de�nabilit y problem is decidableare �rst-
order logic limited to two variables[60] and �rst-order logic with � replaced
by the successorrelation [61]. A slightly di�erent setting is provided by tem-
poral logic, wherede�nabilit y hasbeenshown decidablefor various language
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classesde�ned by limiting the type or nestingof modalities allowed [70]. Al-
though intensive research continues,onecan safelysay that we have by now
attained a solid understandingof the relationship betweenlogic and regular
word languages.

Unfortunately, the samecannot be said for tree languages.Much theory
of regular languagescarriesover to the tree casein a straightforward manner,
including the correspondencebetweenmonadicsecond-orderlogicandregular
languages[59]. In the subject of de�nabilit y, however, instancesof progress
have beenfew and far between. In particular, decidability of the problem:

Is a given regular tree languagede�nable in �rst-order logic?

remains,despiteattempts at resolution,opento this day. In a sense,Chapter
2 of this thesis is a chronicle of onesuch failed attempt.

Much of the successin the word casehasbeendue to automata-theoretic
and algebraicmethods. It seemsthat this is also the way to go in the tree
case.That is why, in Chapter 2, we devote our energiesto the development
and analysisof two such tools: wordsum automata and cascadeproduct of
tree automata.

A wordsumautomaton is a bottom-up tree automaton which runs a word
automaton on all the branchesof an input tree. It calculatesthe set of pos-
sible states that the underlying word automaton can assumeafter reading
somebranch of the tree. In particular, by looking at the state of the word-
sum automaton one can determine if all (or some)branchesof the tree are
acceptedby the underlying word automaton.

Cascadeproduct, on the other hand, is an operation that takestwo tree
automata A and B and returns a newtree automaton B� A . This automaton
runs on an input tree �rst the automaton A and then lets the automaton B
read both the labeling of the original tree and the statesassumedin the run
of A .

By using the notions of wordsum automaton and cascadeproduct, we
obtain several characterizations of logically de�ned languageclasses. One
of thesesays that a tree languageis �rst-order de�nable if and only if it is
recognizedby a cascadeproduct of aperiodically wordsum automata (these
are wordsum automata whoseunderlying word automaton corresponds to a
�rst-order de�nable word language). Other characterizationsare related to
a hierarchy of formulas within the branching temporal logic CTL � .

In the secondpart of Chapter 2, we turn our attention to a tree logic that
sits between �rst-order logic and monadic second-orderlogic: chain logic.
This logic, introduced by Thomas in [62], is obtained from monadic-second
order logic by limiting setquanti�cation to chains. Weconsiderthe de�nabil-
it y problem for chain logic and, although failing to prove it decidable,we do
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suggesta conjecture. This conjecturestates that a languageis de�nable in
chain logic if and only if it is nonconfusing,i.e. is recognizedby an automa-
ton that doesnot contain a special type of pattern (called confusion). At the
very least, confusionis a convenient method of showing that a languageis
not de�nable in chain logic, sincea chain-de�nable languagecan be proved
not to contain confusion.

The confusion conjecture also admits an interesting application of the
cascadeproduct: it is shown that the classof automata that do not contain
confusion is closedunder homomorphic image and cascadeproduct. This
closureresult implies, in particular, that nonconfusinglanguagesare closed
under chain quanti�cation and the booleanoperations.

In the next chapter, research on the de�nabilit y problem is continued.
We cut back our ambitions a bit, and insteadof �rst-order logic, we consider
temporal logicswhereonly two operators are allowed: EF, corresponding to
\there existsa nodebelow the current one"; and EX, corresponding to \there
exists a successor".For instance,the formula

EF(EXa ^ EXb)

is satis�ed in trees that contain a node with onesuccessorlabeledby a and
the other successorlabeled by b. Three logics are considered. These are
called TL[ EX], TL[ EF] and TL [EX; EF] and account for the three possible
combinations of allowing and disallowing the operatorsEF and EX. For each
of theselogics, the de�nabilit y problem is researched.

Consider�rst the de�nabilit y problem for the logic TL [EX]. It turns out
that a languagerecognizedby a tree automaton is TL [EX]-de�nable if and
only if the acceptanceof a tree by this automaton dependsonly upon nodes
whosedistancefrom the root is boundedby some�xed threshold. Sincethis
threshold, if it exists, can be bounded by the size of the automaton, the
de�nabilit y problem is decidablefor TL [EX].

The characterizationabove is rather straightforward and hasalreadybeen
known in the literature for sometime [46]. The original contribution in this
thesisare characterizationsfor the other two logicsTL [EF] and TL[ EX; EF],
which show the corresponding de�nabilit y problemsto be decidable. In fact,
if the input automaton is assumedto be deterministic, the appropriate algo-
rithms run in polynomial time.

This concludesthe �rst part of the thesis,which is about the de�nabilit y
problem. In the �rst part the treesare assumedto be �nite and the logicswe
consideredare fragments of monadicsecond-orderlogic. In the secondpart,
we shift our attention to in�nite trees. The logic concernedis still monadic
second-orderlogic, but this time we are more interested in its extensions
rather than its fragments.
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A fundamental result of Rabin [50]says that a languageof in�nite treesis
regular if and only if it is de�nable in monadicsecond-orderlogic. Due to the
expressive power of monadic second-orderlogic over in�nite trees, Rabin's
theorem has been the basis for many decidability results [17, 63, 64, 27].
There are properties, however, that cannot be de�ned even in this powerful
logic. Consider,for instance,the following one:

There are chainsof a-labelednodesof any �nite size,but noneof
in�nite size.

The secondpart of this property { the absenceof an in�nite chain of a-labeled
nodes { can easily be expressedin monadic second-orderlogic over in�nite
trees. This is in contrast with the �rst part though, which can be shown to
be inexpressibleusing monadic-secondorder logic. This is really a shame,
sincecardinality constraints such as the one above have several interesting
applications (someof which are discussedin Chapter 4).

For this reason,we consideran extensionMSOL+ B of monadic second-
order logic, wherea newsecond-orderquanti�er B is added. In this extension,
a formula BX : (X ) is satis�ed in the treesthat admit a �nite bound on the
possiblesizeof setssatisfying  (X ).

In the particular exampleregardingchains of a-labelednodesconsidered
above, an appropriate MSOL+ B sentencewould be the conjunction

' = : BX :  (X ) ^ 8X :( (X ) ) 9x 2 X 8y 2 X : y � x)

wherethe formula  (X ) says that X is a chain of a-labelednodes:

 (X ) = 8x; y 2 X : [a(x) ^ (x � y _ y � x)]

In the sentence ' , the �rst conjunct says that no �nite bound on the size
of a-labeledchains can be found, while the secondonesays that every such
chain hasa maximal element and is therefore�nite.

In Chapter 4, we embark on an investigation of the logic MSOL+ B. The
decisionproblem consideredhere is satis�abilit y, i.e. the questionwhether a
given formula is satis�ed in sometree. Although we fail to prove satis�abilit y
decidablefor all of MSOL+ B, we manageto identify two fragments where
the problem is decidable. These two fragments are interesting enough to
include several important applications (and the formula ' above).

One of theseapplications is the subject of the next and �nal chapter of
the thesis,Chapter 5, wherethe modal � -calculuswith backward modalities
[67, 36, 3] is considered. A characteristic trait of this logic is that it does
not have the �nite model property: it de�nes formulas which are satis�able
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only in in�nite structures. What makesthe modal � -calculuswith backward
modalities remarkable, however, is that { contrary to most other formalisms
without a �nite model property such as �rst-order logic over arbitrary rela-
tional structures { it is a computationally manageablelogic. In particular, it
is known to have decidablesatis�abilit y [67]. Theseconsiderationsstimulate
us to considerthe following decisionproblem:

Is a given formula of the modal � -calculuswith backward modal-
ities satis�able in some�nite structure?

Instead of working directly with the � -calculus,we usealternating two-way
automata over graphs. This is an automata formalism [56, 43]closelyrelated
to the � -calculus. In particular, for every formula of the modal � -calculus
with backward modalities thereexistsan alternating two-way automatonthat
acceptsexactly the samegraphs[43,42,67]. Thereforethe �nite satis�abilit y
problem for the � -calculusmentioned above canbe reducedto the analogous
questionfor two-way alternating automata on graphs.

Although the alternating two-way automata we usework over arbitrary
graphs, in the proof we limit our attention to graphs which resemble trees,
i.e. two-way tree unravelings. An alternating two-way automaton cannot
distinguish betweena graph and its two-way tree unraveling, therefore one
can consideronly the latter type of graphswhereall sorts of tree-automata
techniquescan be applied.

However, the tree unraveling of a graph is necessarilyan in�nite tree.
The questionis: how can we tell, looking at this in�nite tree, if it originated
from a �nite graph? It turns out that this can be doneusing a cardinality-
related property de�nable in MSOL+ B: a tree can be \w ound back" into
a �nite structure if and only if there is a �nite bound on the cardinality of
certain paths. What is more, the appropriate MSOL+ B sentencebelongsto
one of the fragments from Chapter 4 that have decidablesatis�abilit y, and
thereforethe �nite satis�abilit y problem for the two-way � -calculusis shown
to be decidable.

We would like to concludethis introduction with someremarks on the
structure of the thesis. Each of the chapters is fairly self-contained; a reader
with somebackground in tree automata can probably read them separately
(perhapsan exceptionhereis Chapter 5 which relieson someconceptsfrom
Chapter 4). There is no global \Preliminaries" section;de�nitions are intro-
duced more or lesswhere they are �rst used. This implies that de�nitions
of the most basicconceptsare concentrated in the �rst sectionsof the next
chapter. Finally, what may well be the most interesting part of the thesis, is
not what it contains, but what it doesnot contain. For this reason,at the

8



end of each chapter an attempt is made to summarizethe problems which
are left open and invite further research.

Ac knowledgemen ts. First and foremost,I would like to thank my supervi-
sor Igor Walukiewicz. I am only slowly beginningto realizethe extraordinary
extent of his help; both the quantit y and quality of which have burdenedme
with a debt that I will never repay. In particular, the next two chapters
are simply the result of our collaboration. I would alsolike to thank Damian
Niwi �nski andThomasColcombet for their helpful comments on draft versions
of the thesis.
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Chapter 2

Cascade Pro ducts of Tree
Automata

2.1 In tro duction

Many logical formalisms developed for branching structures can be de�ned
as fragments of monadic second-orderlogic over trees. This is the casefor
the temporal logic CTL � [19, 16], and consequently all of its fragments such
asCTL [11]. The samealsogoesfor �rst order-logicand its fragments, such
as the restriction to two variables and the restriction which only usesthe
successorrelation.

With such a large variety of logical formalisms,onewould like to under-
stand how they are related to each other in terms of expressibility. We would
like to answer questionssuch as: \can a given tree languagebe de�ned in
�rst-order logic?" or \what type of properties cannot be de�ned in CTL � ?"
A good answer to such a questionis an algorithm decidingif a tree language
is de�nable in a particular logic. In such a casethe de�nability problem
for the logic is said to be decidable. But lessde�nitiv e answers may be of
somevalue, too { for instanceonemight be interestedin providing su�cien t
conditions for a languageto be not de�nable in a given logic.

This is the subject that we will undertake in this chapter and the next
one. We shall try to characterize some tree logics within the framework
of regular tree languages. In this chapter, we tackle \expressive" logics,
such as �rst-order logic or chain logic. We present characterizationsof these
two logics, using a version of cascadeproduct for tree automata. However,
these results do not yield any algorithms for deciding �rst-order or chain
de�nabilit y, although a conjecture pertinent to the latter is presented. In
Chapter 3, on the other hand, we considermuch simpler logics,obtained by
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using only the branching temporal modalities EF and EX. The simplicity
of the subject matter is traded for stronger results: e�ective proceduresare
presented for deciding if a regular tree languagecan be de�ned in any of the
logicsTL [EX], TL [EF] and TL[ EX; EF].

Due to the remarkable robustnessof regular languages,the input to a
procedure for the de�nabilit y problem { a regular tree language{ can be
presented in oneof many ways: by a formula of monadicsecond-orderlogic,
by one of a number of equivalent variants of tree automata, by a regular
expression,etc. Although e�ective proceduresexist which translate between
theseformalisms,oneshouldseeka framework that is convenient for studying
and formulating structural properties. For this, we search for inspiration in
a wide body of work doneon analogousproblemsfor word languages.

The de�nabilit y problem for word languageshas a rich and eventful his-
tory. A celebratedearly result is Sch•utzenberger'sTheorem[53], which says
that a word languageis star-free if and only if its syntactic semigroup is
aperiodic, i.e. doesnot contain a nontrivial group. This, together with Mc-
Naughton's and Papert's [40] result that star-freeword languagesareexactly
the �rst-order de�nable ones,yieldsa decidablecharacterizationof �rst-order
logic over �nite words. Decidablecharacterizations are also known for, to
namebut a few: linear temporal logic, its fragments obtained by restricting
the typesof modalities usedor the nesting that is allowed; also restrictions
of �rst-order logic where only the successorrelation is used (or only two
variables), etc. We direct the reader to the surveys [58, 47, 70] for more
information. The important point here is that all of thesecharacterizations
are in terms of propertiesof the syntactic semigroup,or { moreor lessequiv-
alently { of the minimal deterministic automaton.

The tree analogueto the syntactic semigroupseemsto be the syntactic al-
gebra, wherebinary operatorsareallowed(in the caseof binary trees). On the
automata side, the tree analogueto a deterministic �nite automaton seems
to be a bottom-up deterministic tree automaton. Of the two approaches,we
choosehereto work with the automata one,although an algebraicframework
would yield the sameresults.

For bottom-up tree automata, cartesian product, determinization and
projection work the sameway as for word automata. We would venture to
say, however, that the most important analogousproperty is the existenceof
syntactic automata. As in the word case,for every regular tree languageL
there is a unique minimal bottom-up automaton recognizingit, which can
be treated asa canonicalrepresentation of L. This syntactic automaton is a
closeanalogueto the onein the caseof words: it is a homomorphicimageof
every other automaton recognizingL, its statesrepresent equivalenceclasses
of the context-indistinguishabilit y relation, etc.
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We start with �rst-order logic and considerthe question[62, 31, 48]:

What property of the syntactic automaton corresponds to �rst-
order de�nabilit y of a regular tree language?

This is a notoriously di�cult questionand we immediately dispel any undue
expectations: no seriousprogressis made regarding decidability. We do,
however, proposean automata-theoretic framework for the problem, which
puts several previousresults in a freshperspective and opensnew avenuesof
research.

As might be expected, tree languagesbring new di�culties which did
not appear in the word case. One the one hand, some languagescannot
be de�ned in �rst-order logic despite satisfying a rough tree equivalent of
aperiodicity, cf. booleanexpressionsevaluating to true. On the other hand,
languageswhich possesperiodic-like behaviour can be de�ned in �rst-order
logic, using the auxiliary structure provided by a binary tree. An example
of the secondtype is presented in Section2.3.3: the set of treeswhereevery
path is of even length. The three-statesyntactic automaton of this language
seems{ at �rst glance{ to use \p eriodic" counting modulo two. However,
the languagecan be shown to be �rst-order de�nable.

Instead of working with �rst-order formulas directly, we usethe result of
Hafer and Thomas [30] that over binary trees, �rst-order logic de�nes the
sameclassof languagesas CTL � [19, 16]. Within CTL � we distinguish a hi-
erarchy � 1; � 1; � 2; � 2; : : : accounting for the nestingdepth of the E operator.
We then set out to relate this hierarchy with tree automata.

We start in Section 2.4 with some simple results regarding low levels
of this hierarchy, presenting decidablecharacterizations of languagesin � 1

and � 1. Theseare languagesrecognizedby deterministic (respectively code-
terministic) top-down automata where certain aperiodicity constraints are
satis�ed. Perhapsinterestingly, this is somethingdi�erent than saying: de-
terministic (resp. codeterministic) and in �rst-order logic. Unfortunately,
already the boolean combinations B1 of languagesin � 1 and � 1 prove too
di�cult and we leave the decidability of the classB1 open, although we do
present a corresponding classof automata { aperiodic wordsum automata.

In the next section,Section2.5, we extend theseautomata characteriza-
tions to higher levels of the hierarchy using a conceptof cascade product of
tree automata. The cascadeproduct of two automata B and A is an au-
tomaton B � A which �rst runs A on the input tree and then lets B read
both the original tree and the run of A . This operation is devisedas an
automata-theoretic analogueof formula composition and as such is a tree
generalizationof cascadeproduct of sequential transducers[2, 12, 13, 33].
A similar operation for trees can also be found in [21]. Using the cascade
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product operation, we show that a regular languageL is �rst-order de�nable
if and only if it can be recognizedby a cascadeproduct of aperiodic word-
sum automata. Unfortunately, we do not know whether this re
ects some
decidablestructural property of the syntactic automaton of L, which is only
known to be a homomorphicimageof such a cascadeproduct.

In Section2.5.4,we usethe cascadeproduct to prove that the E-nesting
hierarchy in CTL � over �nite binary treesis in�nite. Sincea similar result is
alreadyknown [55], this sectionservesmainly to show how the cascadeprod-
uct is a convenient tool for nonde�nabilit y proofs; being a sort of automata-
theoretic equivalent of the Ehrenfeucht-Fra•�s�e gametechnique usedin logic.

In the last sectionswe shift our attention to chain logic [62]. This logic
is obtained from MSOL by restricting the second-orderquanti�cation from
arbitrary sets to linearly orderedones,i.e. chains. The sametechniquesas
for �rst-order logic show that a languageis de�nable in chain logic if and
only if it can be recognizedby a cascadeproduct of arbitrary { not necessar-
ily aperiodic { wordsum automata. Equivalently, a languageis de�nable in
chain logic if and only if it can be recognizedby a cascadeproduct of syn-
tactic automata of deterministic languages.This characterization supports
the intuition that chain logic is a half-way point between �rst-order logic
and monadic second-orderlogic, a point whereperiodicity is allowed on the
\v ertical axis" corresponding to paths, but not on the \horizontal axis" cor-
responding to branching. One should, however, be careful with taking this
metaphor too far, as testi�ed by the even-depth languagementioned previ-
ously, or by a languagedue to Pottho� [48] which is de�nable in chain logic
and simultaneously aperiodic with respect to contexts, yet is not de�nable
in �rst-order logic.

Finally, in Section 2.6, we introduce a structural property of tree au-
tomata called confusion and conjecturethat a languageis de�nable in chain
logic if and only if its syntactic automaton doesnot contain confusion. It is
decidablewhether or not an automaton contains confusion,therefore if the
conjecturewereto be true, the classof tree languagesde�nable in chain logic
would be decidable.We do show that languageswith confusionarenot chain
de�nable, the open question is whether a languagenot expressiblein chain
logic must necessarilycontain confusion.

We concludethe chapter by providing somearguments in favour of the
confusionconjecture. Arguably the most compelling pieceof evidenceis pre-
sented in Section2.6.3,where it is shown that languageswithout confusion
are closedunder boolean operations and chain quanti�cation. It is in this
context that the cascadeproduct shows its worth. The de�nition of non-
confusingautomata has a combinatorial character, yet closureunder chain
quanti�cation has more of a logical character. Due to its hybrid nature, the
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cascadeproduct serveshere as a sort of bridge betweenthe two worlds: for
instance,chain quanti�cation over a nonconfusinglanguagecorrespondsto a
homomorphicimageof the cascadeproduct of two nonconfusingautomata.

Figure 2.1: Languageclassesconsideredin this chapter

2.2 The Word Case

Webeginthe chapter by brie
y and informally surveyingsomeresultsrelating
logic and automata over words. We cite here two classiccorrespondences:
between regular word languagesand word languagesde�nable in monadic
second-orderlogic; and between aperiodic word languagesand word lan-
guagesde�nable in �rst-order logic.

A deterministic word automaton is a tuple A = hQ; � ; qI ; � i , whereQ is a
�nite set of states, � is a �nite input alphabet, qI 2 Q is the initial state and
� : Q � � ! Q is the transition function. The run of this automaton over a
word w = a0 � � � an 2 � � is the uniquesequenceof states� w = q0 � � � qn+1 such
that q0 = qI and for all i < n, the state qi +1 is � (qi ; ai ). Given an accepting
condition, or set of states F � Q, the languageL(A ; F ) is the set of words
whoserun endsin a state from F . In such a caseA is said to recognize this
language,and the languageis called regular .

Another way of de�ning regular word languagesis by using the syntactic
equivalencerelation of Myhill and Nerode. Given a languageL, the (bidirec-
tional) syntactic equivalence relation identi�es two words w; w0 2 � � if

u � w � v 2 L i� u � w0 � v 2 L for all u; v 2 � � :

An L-type is an equivalenceclassof this relation. A standard result says that
a languageis regular if and only if it has �nitely many types. The syntactic
equivalenceis a congruencewith respect to concatenation,henceit makes
senseto write � � � for two types� and � of L.

14



Yet another way of looking at regular word languagesis by usinga logical
approach. Let � = f � 1; : : : ; � ng bea �nite alphabet andw = a0 � � � am a �nite
word over �. This word is represented as a relational structure

w = (dom(w); � w; � 1
w ; : : : ; � n

w):

The domain of the structure w is the set of positions dom(w) = f 0; : : : ; mg
in the word w, the binary relation � w represents the natural order and the
unary relations � i

w represent the letters according to � i
w = f j : aj = � i g.

The signatureof this structure is denotedas Sig� .
A languageof �nite words L � � � is de�nable in monadic second-order

logic if there is a monadic second-ordersentence over the signature Sig�

which is true in exactly the words from L. We use MSOLW to de�ne the
classof word languagesde�nable in monadic second-orderlogic. A classic
result [9, 14, 66] states that this classis equal to the classof regular word
languages.

Within the framework of monadicsecond-orderlogic, onenaturally distin-
guishesthe fragment which doesnot quantify over sets,i. e. �rst-order logic.
Akin to monadicsecond-orderde�nabilit y, a word languageis �rst-or der de-
�nable if the de�ning formula can be found already in �rst-order logic. We
write FOLW to denotethe classof �rst-order de�nable word languages.

A property of automata corresponding to �rst-order de�nabilit y is as
follows. A regular languageis periodic, if for sometype � ,

� � � 6= � but � n = � for somen � 2 :

A languageis aperiodic if it is not periodic. A celebrated result due to
Sch•utzenberger [53] and McNaughton and Papert [40] says that a language
is �rst-order de�nable if and only if it is aperiodic. In particular the fol-
lowing problem is decidable: \is a given regular word language�rst-order
de�nable". This is due to the fact that checking aperiodicity is decidable{
in fact it is in Pspace with respect to the sizeof a recognizingdeterministic
automaton [57].

2.2.1 LTL and Kamp's Theorem

In this sectionwe introducethe syntax and semantics of linear temporal logic
(LTL). We then cite the famoustheorem of Kamp, which states that word
languagesde�nable in LTL are exactly the �rst-order de�nable ones.

Let � = f � 1; : : : ; � ng be a �nite alphabet. Formulas of linear temporal
logic over � are de�ned by the following grammar:

V ::= V ^ V j V _ V j :V j VUV j � 1 j � � � j � n :
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We de�ne the semantics by giving a translation that assignsto every LTL
formula  a corresponding �rst-order formula [[ ]]FOL with one free variable.
This translation is de�ned by induction:

� [[� ]]FOL (x) = � (x) for � 2 �;

� [[� ^  ]]FOL (x) = [[� ]]FOL (x) ^ [[ ]]FOL (x), similarly for : ; _;

� [[� U ]]FOL (x) = 9y > x: [[ ]]FOL (y) ^ 8z: x < z < y ) [[� ]]FOL (z).

Note that our semantics of the U operator are strict , i.e. we do not require
� to hold in the node x.

An LTL formula  is satis�ed in a word w if the �rst position of the
word model w satis�es the �rst-order formula [[ ]]FOL . A formula de�nes a
languageL if it is satis�ed in exactly the words belongingto L.

Sometimesthe syntax of LTL is extendedby additional operators F, G
and X { called �nal ly, globally and next, respectively { which we consider
here to be the following abbreviations:

F' = > U' G' = : F: ' X' = ? U' :

By de�nition, every LTL-de�nable languageis in FOLW. By Kamp's
theorem [34, 26], the conversealsoholds.

2.3 Finite Trees: Basic De�nitions

We now focus our attention on tree languages. In this section, we intro-
duce somebasic conceptsregarding automata and logic for tree languages,
extending the de�nitions for the word case.We then establishan analogous
logical framework, along with the correspondenceof monadic second-order
logic and regular languages.Finally, as a tree analogueto LTL, we present
the branching temporal logic CTL � .

2.3.1 Regular Tree Languages and Tree Automata

In this section we introduce the basic de�nitions regarding trees and tree
automata. We will consider �nite trees here, although someof our results
carry over to the in�nite case.

A �nite A-sequence is a function a : f 0; : : : ; ng ! A, while an in�nite
A-sequence is a function a : N ! A. We use boldface letters to denote
sequences.Given a function f : A ! B and an A-sequencea, the function
composition f � a is alsoa well de�ned B-sequence.Often we will forsake the
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functional notation and write a i instead of a(i ). The length jaj 2 N [ f1g
of a sequenceis the sizeof its domain. We useA � to denotethe set of �nite
A-sequencesand AN for the set of in�nite A-sequences.The concatenation
of two sequencesa and b, denotedby a �b, is de�ned in the usual fashion.

An unlabeled tree is a �nite nonempty pre�x-

Figure 2.2: A tree

closedsubsetu of f 0; 1g� which contains a word x � 0
if and only if it contains the word x � 1. Let � be
some �nite set, called an alphabet. A � -tree is a
function t : u ! �, where u is an unlabeled tree,
which is calledthe domain of t and denoteddom(t).
We write Trees(�) to denote the set of �-trees. A
tree languageover � is any set of �-trees. A node
of a tree is any element of its domain. We order nodesof a tree using the
pre�x relation � . In every tree we distinguish the empty sequence", called
root, which is the least element with respect to � . A node v of t is a leaf if
it is � -maximal. Nodes that are not leaves are called inner nodes. Given
two �-trees s and t and a node v 2 dom(t), the substitution t[v := s] is the
�-tree de�ned:

t[v := s](w) =
�

s(u) if w = v � u for someu 2 dom(s)
t(w) otherwise

The composition of a �-tree s and a �-tree t is the � � �-tree ŝ t de�ned
(ŝ t)(v) = (s(v); t(v)). For this composition to be de�ned, both trees need
to have the samedomain.

Let � be someletter not occurring in the alphabet �. A � -multicontext
is a � [ f�g -tree where the label � may occur only in the leaves. We will
denote multicontexts using letters C, D. Any leaf labeled by � is called a
hole; we write holes(C) to denote the set of holesin a multicontext C. Let
C be a multicontext with v1; : : : ; vn being its holeswritten from left to right.
Given �-trees t1; : : : ; tn , we write C[t1; : : : ; tn ] to denotethe tree obtainedby
plugging each tree t i into the respective hole vi . We will sometimestreat a
letter � 2 � as the unique multicontext with holesin the nodes0 and 1 and
the label � in the root. Hence� [s; t] is the unique tree with � in the root
and the treess and t in the left and right sons.

A multicontext C with only onehole v is called a context and is denoted
C[]. The composition of two contexts C[] and D[] is the naturally de�ned
context C[D[]]. By Cn [] we denotethe n-fold composition of C[].

De�nition 2.3.1 A deterministic bottom-up tree automaton over �-trees is
a tuple A = hQ; � ; qI ; � i , where Q is �nite set of states, � is a �nite input
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alphabet, qI 2 Q is the initial state and � 2 Q2 � � ! Q is the transition
function.

This automaton starts below the leaves in the initial state (which are
called the bottom of the tree) and then proceedstowards the root according
to the transition function. Formally, with an automaton A and a �-tree t
we associate the run tree tA : dom(t) ! Q de�ned inductively:

tA (v) =
�

� (qI ; qI ; t(v)) if v is a leaf;
� (tA (v�0); tA (v�1); t(v)) otherwise.

A tree t is said to evaluateto the state tA (" ). Given a set F � Q of accepting
states, we write L(A ; F ) to denotethe languageof �-trees which evaluate to
a state in F . Such a languageis recognized by A and is said to be regular.

The syntactic equivalence of a languageL � Trees(�) is the equivalence
relation ' L which identi�es two �-trees s and t if

C[s] 2 L i� C[t] 2 L for all �-con texts C:

Equivalenceclassesof the syntactic equivalenceof L are called L-types, and
the set of L-typesis denotedasTypes(L). A languageis regular if and only
if it has a �nite number of types. The syntactic equivalencerelation is a
congruencein the sensethat for all � 2 �,

s ' L s0 and t ' L t0 ) � [s; t] ' L � [s0; t0]:

Henceit makessenseto write expressionslike � [� ; � ], with � a letter and � , �
types. For every regular languagethere is a minimal bottom-up deterministic
automaton recognizingit, called its syntactic automaton. The statesof this
automaton are typesof the languageand the transition function is de�ned
accordingly.

Let L be a regular tree languageover � and A an automaton of state
spaceQ over �-trees. For a �-m ulticontext C we de�ne in the natural way
the following evaluations:

C[� ] 2 Q where � : holes(C) ! Q;

C[� ] 2 Types(L) where � : holes(C) ! Types(L);

C[� ] 2 Trees(�) where � : holes(C) ! Trees(�)

which describe how the multicontext C a�ects states of A , trees and types
of L respectively.
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De�nabilit y

Given a classL of regular languages,we will be interestedin the de�nability
decisionproblem for L :

Given a regular languageL represented by its syntactic automa-
ton, decideif L belongsto L .

If the above problem is decidable,we say the classL is decidable.

2.3.2 Logic

In this section we introduce the logical approach to tree languages. We
start by consideringlanguagesde�nable in monadic second-orderlogic and
languagesde�nable in �rst-order logic.

Let � = f � 1; : : : ; � ng be a �nite alphabet. With a �-tree t we associate
the logical structure

t = (dom(t); St
0; St

1; � t ; � 1
t ; : : : ; � n

t )

which is de�ned like in the caseof words, except that now we have two new
unary relations St

0 and St
1, which denotethe setsof left and right sons:

St
0 = dom(t) \ f 0; 1g� � 0 and St

1 = dom(t) \ f 0; 1g� � 1 :

We denotethe signatureof such a structure by Sigt� .
A tree languageL � Trees(�) belongsto the classMSOLT of monadic

second-order de�nable tree languagesif and only if there is a sentence �
of monadic second-orderlogic over the signature Sigt� which is satis�ed in
exactly the trees belongingto L. If � is actually a �rst-order formula, then
L alsobelongsto the classFOLT of �rst-or der de�nable tree languages. For
�nite trees,a theoremof Thatcher and Wright [59]showsthat a tree language
is regular if and only if it is in MSOLT.

Tree Ap erio dicit y

We would like to end this section by noting that the natural analogueof
aperiodicity for treesdoesnot characterizethe �rst-order tree languages.

De�nition 2.3.2 A regular tree languageL � Trees(�) is periodic if there
exists a �-con text and an L-type � such that

C[� ] 6= � but Cn [� ] = � for somen � 2 : (2.1)

The languageis aperiodic if it is not periodic.
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The �rst exampleof an aperiodic tree languagewhich is not �rst-order
de�nable was presented by Heuter in [31]. A simple exampleof this sort of
languagefollows:

Example: Consider the set L � Trees(f 0; 1; _; ^g ) of trees that represent
well-formed booleanexpressionsthat evaluate to 1. This languagehasthree
types: expressionsevaluating to 0, expressionsevaluating to 1 and malformed
expressions.Considernow a context C[]. The function on typesinduced by
C[] is monotoneon the types 0 and 1 and returns a malformed expression
when given a malformed expression. Therefore, no context satis�es condi-
tion (2.1) and the languageL is aperiodic. In Section2.6.1 will prove that
this languageis not �rst-order de�nable. �

2.3.3 CTL � and FOLT

In this sectionwe present the branching time temporal logic CTL � [19, 16].
We considerthis logic becauseit is equivalent to �rst-order logic over trees,
but hasa structure more convenient for automata.

Let � = f � 1; : : : ; � ng be a �nite alphabet and consider the following
grammar, with two mutually recursive variablesV and W:

V ! V ^ V j V _ V j :V j VUV

W ! EV j AV j W ^ W j W _ W j :W j � 1 j � � � j � n j S0 j S1

Formulas derived from the symbol V are called path formulas and formulas
derived from the symbol W are called node formulas. In path formulas, we
will alsousethe abbreviationsF, G and X introducedin the sectionon LTL.
The set of CTL � formulas over � is de�ned to be the set of node formulas.

Analogouslyto the casefor LTL, wede�ne the semantics usinga mapping
into �rst-order logic. This mapping assignsto each node formula a formula
of onefree variable and to each path formula a formula of two free variables
as described below.

Intuitiv ely, a node formula  corresponds to a formula [[ ]]FOL (x), which
describes the subtree rooted in the node x, while a path formula  corre-
spondsto a formula [[ ]]FOL (x; y) which describespropertiesof the path from
the node x to a leaf y, along with the relevant subtrees.

For node formulas, the translation is:

[[E ]]FOL (x) = 9y � x:[[ ]]FOL (x; y) ^ 8z:: (z > y)

[[A ]]FOL (x) = [[: E:  ]]FOL

[[ ^ ' ]]FOL (x) = [[ ]]FOL (x) ^ [[' ]]FOL (x), similarly for _ and :

[[R]]FOL (x) = R(x) for R 2 � [ f S0; S1g

20



We call node formulasof the form E' existential formulas and node formulas
of the form A' universal formulas. For path formulas the translation is the
sameas for LTL:

[[ U' ]]FOL (x; y) = 9z: [x < z � y ^ [[' ]]FOL (z; y) ^

^8 u: x < u < z ) [[ ]]FOL (u; y)]

[[ ^ ' ]]FOL (x; y) = [[ ]]FOL (x; y) ^ [[' ]]FOL (x; y), similarly for _ and :

A CTL � formula  is satis�ed in a �-tree t, which is written t j=  ,
if the �rst-order formula [[ ]]FOL is true in the root of t. A CTL � formula
de�nes a tree languageL if it is satis�ed in exactly the trees from L. Our
very de�nition shows that CTL � de�nable languagesare in FOLT. It turns
out, that the converseis alsotrue { a generalizationof Kamp's Theoremalso
holds for CTL � :

Theorem 2.3.3
FOLT and CTL � de�ne the sameclassof tree languages.

This theorem { allowing for di�erent syntax { has beenproved for in�nite
trees by Hafer and Thomas in [30]. The simpler caseof �nite trees can be
shown using the sameproof technique.

A CTL � Hierarc hy

We de�ne here a hierarchy of CTL � formulas which accounts for nesting of
the E and A operators. Let � 0 = � 0 be the set of node formulas containing
neither E nor A. The ensuinglevels of the hierarchy for i > 0 are de�ned by
induction:

� Bi is the set of booleancombinations of � i and � i formulas.

� � i is the set of existential node formulas whose every proper node
subformula belongsto Bi � 1.

� � i is the set of universal node formulas whoseevery proper node sub-
formula belongsto Bi � 1.

� � i is the setof � i formulasfor which an equivalent formula in � i exists.

Abusing the notation, we will also useBi , � i , � i and � i to denote the lan-
guageclassescorresponding to the appropriate formula types. This hierarchy
of languagesis depicted in Figure 2.3 along with the obvious inclusionsand
equalities.
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� 1 � 2

� 0 = � 0 = B0 � 1 B1 � 2 B2 � � �

� 1 � 2

Figure 2.3: The hierarchy in CTL � with arrows denoting inclusion

An Example

Before we proceedwith a more systematic exposition, we attempt here to
whet the reader'sappetite using an examplethat shows how insidiously the
structure of a CTL � formula can be hidden in a language.

Every languagein � 1 is deterministic (seethe next sectionfor a de�nition)
and �rst-order de�nable. What may besurprisingis that the reverseinclusion
doesnot hold.

Lemma 2.3.4 There exists a deterministic and �rst-order de�nable lan-
guageoutside � 1.

Pro of
Considerthe language:

L = f t 2 Trees(f � g) : every leaf of t is at even depthg :

Obviously this languageis deterministic. Using the algorithm from Lemma
2.4.5,onecanprove that L is not in � 1. The tricky part is that L is �rst-order
de�nable.

In order to show this, we will producea CTL � formula de�ning the com-
plement of L. Given a node v, the middle path from v is the path which
starts in v with a left turn and alternately does left and right turns. The
following CTL � formula statesthat the middle path is of odd length:

 1 = E[XS0 ^ G(S1 ) : XS1) ^ G(S0 ) XS1)]

A similar formula  0 for even lengthscan be written. We say a tree is mixed
if it contains paths of both even and odd lengths. No mixed tree belongs
to L. If a tree is not mixed then all of its leavesare at even depth if and only
if the tree satis�es  0.

The key idea is that the following conditions are equivalent:
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� a tree is mixed;

� there are two siblingswhosesubtreesare non-mixed
and which satisfy  0 and  1 respectively;

� there are two siblings which satisfy  0 and  1 re-
spectively.

Hencethe following CTL � formula de�nes the complement of L:

 1 _ EF
_

i 2f 0;1g

(EX[ 0 ^ Si ]) ^ (EX[ 1 ^ S1� i ]):

�

2.4 Low Lev els of the Hierarc hy

In this sectionwe considerthe classes� 1, � 1, � 1 and B1, and characterize
them in terms of tree automata. Using thesecharacterizations,we prove that
the �rst three are decidable. We are, however, unable to provide a decision
procedurefor the classB1.

Deterministic Top-Do wn Automata

Before proceeding,we brie
y considertop-down tree automata, which tra-
versethe tree in a direction opposite to that of bottom-up automata: they
start in the root and go down into the leaves. Although nondeterministic
top-down automata de�ne the same class of languagesas bottom-up au-
tomata, this is no longer true for their deterministic variant. For instance,
the language\there exists an a-labeled node" is not recognizableby any
deterministic top-down automaton.

A precisede�nition is asfollows. A deterministic top-downtree automaton
is a tuple

D = hQ; � ; qI ; � i ;

with Q being the set of states, � being the input alphabet, qI 2 Q the initial
state and the transition function � being of the form � : Q � � ! Q2. The
run of the automaton D over a �-tree t is the tree

tD : dom(t) ! Q

de�ned by induction as follows: the root is labeledwith the initial state qI ,
and if a node v 2 dom(t) is labeled with q, then its sonsv � 0 and v � 1 are
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labeledwith the �rst and secondcomponents of � (q; t(v)) respectively. Note
that this run doesnot depend on the leaf labels.

Given a set of statesF � Q, called the accepting condition, the language
L(D; F ) is the set of �-trees t wherefor every leaf v the value � (tD (v); t(v))
belongsto F � F . Such a languageis saidto bedeterministic. WeuseDET to
denotethe classof deterministic languages.As noted above, not all regular
languagesare deterministic. Moreover, the classDET is not closedunder
booleanoperations(except intersection), henceDET membership cannot be
decidedsimply by looking at the syntactic automaton.

Another way of looking at a deterministic top-down automaton is that
it veri�es if every path in the given tree satis�es someproperty. Given an
alphabet �, the trace alphabet of �, denoted� t , is the set � � f 0; 1g. A trace
of a �-tree t is any sequence

(� 0; a0); : : : ; (� n ; an) 2 � �
t

such that a0 � � � an� 1 is a leaf in t and � i = t(a0 � � � ai � 1) for all i 2 [0; n]. The
set of tracesof a tree t is denotedtr( t). For instance,the tree:

has the following traces: f (a;0)� (b;0); (a;0)� (b;1); (a;1)� (c;0); (a;1)� (c;1)g.
The set of tracesof a languageL is

tr( L) =
[

t2 L

tr( t):

Fact 2.4.1 The set of traces of a regular tree languageis a regular word
languageand can be e�ectively computed.

Pro of
Consider a languageL = L(D; F ) recognizedby a top-down deterministic
automaton D = hQ; � ; qI ; � ; F i . We assumewithout lossof generality that
every state is usedin someacceptingrun. The languagetr( L) is recognized
by the deterministic word automaton whosestate spaceis Q, whoseinitial
state is qI and whosetransition function � 0 is de�ned:

� 0(q; (� ; d)) = qd i� � (q; � ) = (q0; q1) for d 2 f 0; 1g :

�

Fact 2.4.2 A tree languageL is deterministic i� L = f t : tr( t) � tr( L)g.
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Pro of
Follows from the fact that the state of a top-down deterministic automaton
in a node v is uniquely determinedby the trace leading to the node v. �

Ap erio dically Deterministic Automata and � 1

A languageis aperiodically deterministic if it is deterministic and tr( L) is
an aperiodic word language. We use DETAP to denote the classof such
languages.Here we show that this classcoincideswith � 1 and is decidable.
Hencealso the decidability of the classes� 1 and � 1.

The tree completion of a word w 2 � �
t is any nonempty set A � � �

t such
that for some�-tree t,

A = f v 2 tr (t) : w is a pre�x of vg:

Given a languageK � � �
t , a word w 2 � �

t can be K -completed if sometree
completion of w is a subsetof K .

Fact 2.4.3 Let K � � �
t be a �rst-order de�nable word language.The set of

words that can be K -completedis also �rst-order de�nable.

Pro of
Let A bean aperiodic word automatonrecognizingK . Whether or not a word
can be completeddependsonly on the state of A to which it is evaluated.
Hencethe set of completablewords is also recognizedby A . �

Lemma 2.4.4 A tree languageL is in � 1 i� it is aperiodically deterministic.

Pro of
If tr( L) is aperiodic, then it is equivalent to someLTL formula, thereforethe
right to left implication follows from Fact 2.4.2.

The left to right implication requiressomemore e�ort. Let L be of the
form A and let K be the aperiodic word languagede�ned by  . The tree
languageL is deterministic, sinceit is recognizedby a top-down deterministic
automaton which veri�es whether every trace is in K . By construction, a
tree in L has all traces in K , hencetr (L) � K . Let M = K n tr( L). In
general the languageM neednot be empty, but every word w 2 M must
satisfy the following property:

t 62L for all t such that w 2 tr( t):

This is equivalent to the property that some pre�x of w cannot be K -
completed. By Fact 2.4.3, this is property is �rst-order de�nable. Hence
tr( L) belongsto FOLW as the di�erence of two languagesin FOLW. �
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Lemma 2.4.5 It is decidableif a regular languageis in � 1.

Pro of
By Lemma 2.4.4, a languageis in � 1 if and only if it is deterministically
aperiodic. But this is decidable,by Facts2.4.2and 2.4.1and the decidability
of aperiodicity for word languages. �

Corollary 2.4.6 The classes� 1, � 1 and � 1 are decidable.

Wordsum Automata and B 1

In this sectionwe introducewordsumautomata. A wordsumautomaton is a
bottom-up tree automaton which runs a word automaton on all of the traces
of the tree (starting with the leaves). We show that languagesrecognizedby
theseautomata coincidewith the classB1.

De�nition 2.4.7 Let A = hQ; � t ; qI ; � i be a word automaton over the trace
alphabet � t of somealphabet �. The wordsum automaton over A is the
bottom-up tree automaton

WS(A) = hP(Q); � ; f qI g; � 0i

whosetransition function � 0 is de�ned

� 0(R0; R1; � ) =
[

i 2f 0;1g

f � (q; (a; i )) : q 2 Ri g :

We useWS to denotethe classof wordsum automata and WSAP to denote
the classof aperiodically wordsumautomata, i.e. wordsumautomataobtained
from an aperiodic word automaton. Abusing the notation slightly, we also
useWS andWSAP for the classesof languagesrecognizedby theseautomata.

Lemma 2.4.8 A languageis in WSAP if and only if it is a booleancombi-
nation of languagesin DETAP. A languageis in WS if and only if it is a
booleancombination of languagesin DET.

Pro of
We will only prove the secondpart of the statement, the proof of the �rst
being analogous.

First we show that a booleancombination of deterministic languagesis in
WS. Let L be a booleancombination of deterministic languagesL 1; : : : ; Ln .
Deterministic languagesare obviously wordsum languages,hencethere exist
wordsumautomata WS(A 1); : : : ; WS(A n) recognizingtheselanguages.Con-
sider now the word automaton A obtained by taking the cartesianproduct
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of all the word automata A 1; : : : ; A n . Onecan easilyshow that the wordsum
automaton WS(A) recognizesL.

For the other inclusion, let L be a languagein WS. This meansthat
L = L(B; F ) for somewordsum automaton B = WS(A) and somefamily
F of subsetsof the state spaceQ of A . To end the proof, we will use the
following obvious claim, which shows that if the acceptancecondition is a
powerset, then a wordsum languageis deterministic:

Claim 2.4.8.1 For every R � Q, the languageL(B; P(R)) is deterministic.

Let R1; : : : ; Rm be the subsetsof Q in the set F . SinceL is the sum of the
languagesL(B; f Ri g), the proof of Lemma 2.4.8 follows from Claim 2.4.8.1
and the following equality:

L(B; f Ri g) = L(B; P(Ri )) n
[

q2 R i

L(B; P(Ri n f qg)) :

�

Corollary 2.4.9 A languagebelongsto B1 if and only if it is recognizable
by an aperiodic wordsum automaton.

Unfortunately, we do not know if the classesWS and WSAP are decidable.

2.5 Cascade Pro duct

In this sectionwe introducethe cascadeproduct of tree automata. Using this
notion, we present two characterizations: we show that �rst-order logic over
trees corresponds to cascadeproducts of aperiodically wordsum automata;
and that chain logic corresponds to cascadeproducts of arbitrary wordsum
automata. We then prove that the hierarchy from Figure 2.3 is in�nite.

2.5.1 Cascade Pro duct

From now on, we will only be usingbottom-up deterministic automata. The
cascadeproduct B � A de�ned here formalizesthe idea that the automaton
B readsthe output of the automaton A on an input tree.

De�nition 2.5.1 Let A be an automaton over �-trees of state spaceQ and
let B be an automaton over � � Q-treesof state spaceR. A cascadeproduct
B � A is an automaton over �-trees of state spaceR � Q such that

tB�A = (t t̂A )B t̂A for all �-trees t.
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Intuitiv ely, a run of B � A can be decomposedinto two parts: �rst, A
runs on the tree and additionally labelseach node with a state; then B runs
over the tree equipped with the additional labeling. Cascadeproduct of tree
automata is an analogueof cascadecomposition of sequential transducers[2,
12,13, 33]and alsoof wreath product of transformation semigroupsfrom the
celebratedKrohn-RhodesTheorem[39].

A cascadeproduct evaluatestreesthe sameway asthe automaton whose
initial state is (qB

I ; qA
I ) and whosetransition function is de�ned:

� B�A ((q0; r0); (q1; r1); a) = (� B(q0; q1; (a; r )) ; r ) wherer = � A (r0; r1):

Although cascadeproduct doesnot expandthe power of automatabeyond
regular tree languages,it does introduce a certain structure. Using this
structure, we will characterizelogically de�ned classesof tree languages.

Given n � 1, the n-th cascadepower of a classof automata X is de�ned:

X n = fA 1 � � � � � A n : A i 2 X for all i � ng:

By convention, the classX 0 consistsof all automata with onestate. We use
CP(X ; n) to denotethe classof languagesrecognizedby automata in X n and
usethe abbreviation

CP(X ) =
[

n2 N

CP(X ; n):

In our characterizations, we will also be using deterministic languages.
However, since these are de�ned using top-down automata, while the cas-
cadeproduct usesbottom-up automata, we usethe classSDET of syntactic
(bottom-up) automata of languagesin DET. Note that not every language
recognizedby an automaton in SDET is in DET, nor do the classesSDET
and WS coincide (cf. the syntactic automaton of the language\there is an
a-labeled node and there is a b-labeled node", which is in WS but not in
SDET). The classSDETAP is the aperiodic versionof SDET.

Fact 2.5.2 CP(WS) = CP(SDET) and CP(WSAP) = CP(SDETAP).

Pro of
The right-to-left inclusionsin both equalitiesare obvious. We will only show
the left-to-right inclusion for the �rst equality, the other onebeinganalogous.

We will show that WS � CP(SDET), essentially proving that cascade
product can simulate booleanoperations. Let L belong to WS. By Lemma
2.4.8, L is a boolean combination of languagesL 1; : : : ; Ln 2 DET. Let
A 1; : : : ; A n 2 SDET be the syntactic automata of these languages,with
state spacesQ1; : : : ; Qn . For i � n, let K i 2 DET be the language

f t t̂ i � 1̂ � � � t̂1 : t 2 L i and t j 2 Trees(Qj ) for j < ig:

28



Let Bi 2 SDET be the syntactic automaton of the languageK i . Without loss
of generality, we can assumethat the state spaceof Bi is the sameas that of
A i . One can easily verify that the cascadeproduct Bn � � � � � B1 recognizes
the languageL. �

2.5.2 Tree Automata for First-Order Logic

In this sectionwe present the cascadeproduct characterization of �rst-order
de�nable tree languages. This characterization is obtained by following a
straightforward translation of CTL � formulas into automata.

We say a CTL � formula de�nes a state q in an automaton A if it is
satis�ed in exactly the trees that evaluate to q.

Lemma 2.5.3 For n � 1, CP(WSAP; n) � Bn .

Pro of
We will prove that every state of an automaton in WSAPn is de�ned by some
formula in Bn . The proof is by induction on n, the casefor n = 1 following
from Corollary 2.4.9.

For n > 1, consideran automaton B � A 2 WSAPn , with A 2 WSAPn� 1

an automatonof statespaceQ andB a wordsumautomatonover the alphabet
� � Q. By induction assumption,for every state r 2 Q, there is a formula
 r 2 Bn� 1 de�ning r in A and for every state q of B, there is a formula
' q 2 B1 de�ning q in B.

Let '̂ q be the formula obtained from ' q be replacingevery occurrenceof
a letter (� ; r ) 2 � � Q by the formula � ^  r . A simple veri�cation shows
that for every state r of A and q of B, the formula  r ^ '̂ q belongsto Bn and
de�nes (q; r ) in B � A . �

The following lemma can be proved by an induction on k using a similar
technique to the oneusedin the proof of Lemma 2.4.8:

Lemma 2.5.4 For every �nite set of languagesX � CP(WS; k), there is an
automaton in WSk recognizingsimultaneously all languagesin X .

Lemma 2.5.5 For n � 1, Bn � CP(WSAP; n).

Pro of
Induction on n. The caseof n = 1 follows from Corollary 2.4.9. Consider
somen > 1 and assumethat the statement is true for n � 1. Let ' 2 Bn be
a formula over � with 	 � Bn� 1 being all its node subformulas.
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By induction assumptionand Lemma 2.5.4, there is an automaton A 2
WSAPn� 1 of state spaceQ recognizingall the formulas in 	. Let '̂ 2 B1 be
the formula over the alphabet �̂ = � � P(	) obtained from ' by replacing

 2 	 with
_

�

_

�:  2 �

(� ; �) and � 2 � with
_

�

(� ; �) :

This formula, instead of using subformulas from 	, consults the value of
an appropriate letter. Since '̂ belongs to B1, there is by Corollary 2.4.9
a wordsum automaton B 2 WSAP recognizingit. Let C be the wordsum
automatonover � � Q-treesobtainedfrom B by treating a letter (� ; q) 2 � � Q
as the letter

(� ; f  2 	 : sometree evaluating to q satis�es  g)

One can now verify that the cascadeproduct C� A recognizes . �

Putting together Lemmas2.5.3and 2.5.5we obtain:

Corollary 2.5.6 For n � 1, Bn = CP(WSAP; n).

Applying Lemma 2.4.5and Fact 2.5.2 to this corollary yields:

Theorem 2.5.7
FOLT = CP(WSAP) = CP(SDETAP).

In particular, every �rst-order de�nable tree languagecan be recognizeda
cascadeproduct of automata from a decidableclass. (SDETAP).

2.5.3 Chain Logic

In the previoussection,weprovedthat �rst-order logiccoincideswith cascade
products of deterministically aperiodic languages.This naturally brings the
question: what classof languagescoincideswith cascadeproductsof arbitrary
deterministic languages? In this section we prove that this class has an
elegant logical characterization: a languageis in CP(SDET) if and only if it
is de�nable in chain logic.

Recall that a set of nodes is a chain if it is totally ordered by the re-
lation � . Formulas of chain logic (CL) have the samesyntax as monadic
second-orderlogic, but the semantics are di�erent in that the second-order
quanti�ers are restricted to chains. Chain logic was introducedby Thomas
in [62].

Fact 2.5.8 ([62]) FOLT ( CL ( MSOLT.
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Pro of
The inclusionsare obvious. The language\the length of the leftmost path is
even" is in CL and not in FOLT, which canbe proved usingthe Ehrenfeucht-
Fra•�s�e game technique. Boolean expressionsthat evaluate to true are de-
�nable in monadic second-orderlogic but are not de�nable in CL (seethe
examplein Section2.6.1). �

We would like to remark herethat antichain logic, wherequanti�cation is
restricted to setsof pairwise incomparablenodes,is strong enoughto de�ne
all regular tree languages[49].

Beforeweprovethe announcedequivalencebetweenCL andcascadeprod-
uctsof wordsumautomata, weneedto de�ne a conceptof chain quanti�cation
for arbitrary tree languages,not only those obtained from formulas. Given
a �-tree t and a set A � dom(t), we de�ne tA to be the unique f 0; 1g-tree of
the samedomain as t which has a 1 in exactly the nodesfrom A. Let L be
a tree languageover � � f 0; 1g. The tree language9c:L is:

f t 2 Trees(�) : t t̂A 2 L for somechain A � dom(t)g

We are now in a position to prove the periodic equivalent of Theorem2.5.7:

Theorem 2.5.9
CL = CP(WS) = CP(SDET).

Pro of
The secondequality was shown in Fact 2.5.2and we thereforeonly consider
the �rst one. The right-to-left inclusion can be shown using the sametech-
nique asfor �rst-order logic. For the other inclusion, the only nontrivial step
is showing the chain quanti�cation:

L 2 CP(WS) ) 9cL 2 CP(WS):

Let then L � Trees(� � f 0; 1g) bea languagerecognizedby an automaton
A which belongs,for somek, to the classWSk . Wewill show that 9cL belongs
to CP(WS). This is doneby using a cascadeproduct of several intermediate
automata.

One �rst constructs an automaton A ? over �-trees that simulates A
assumingthat the f 0; 1g component is always 0. Onecan prove by induction
on k that A ? can be assumedto be in WSk .

Then, using cascadeproduct, an automaton B is run over A ? , whose
state in v says what states are assumedby A ? in the nodesv � 0 and v � 1.
Such an automaton can be found in WS.

Finally, an automaton C guessesa path � and a labeling of it with f 0; 1g.
On this path, C simulates the automaton A by using B to read the states
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of A ? on siblings of nodes on the path. Guessinga path and evaluating
somethingregular on it can be doneby a wordsum automaton.

This meansthat the language9cL is recognizedby the automaton C� B �
A ? and hencebelongsto CP(WS). �

Seeinghow similar the characterizations of FOLT and CL are, one ask
ask the natural question:

Under what conditions is a CL languagein FOLT?

This turns out to be a rather tricky issue. One example of the inherent
di�culties is Lemma 2.3.4.

Another exampleis related to tree aperiodicity, cf. De�nition 2.3.2. One
might supposethat an aperiodic CL languagewould be in FOLT; yet this
hasbeendisproved by Pottho� in [48], wherea tree languageis shown which
is both aperiodic and chain-de�nable, yet not �rst-order logic de�nable.

2.5.4 Cascade Pro duct Hierarc hies

In this section we show that the CTL � hierarchy depicted in Fig. 2.3 is
in�nite. Although this result { that the E-nesting hierarchy is in�nite { is
already known in the literature [55], we chooseto include the proof for two
reasons.First, it shows how cascadeproduct can be usedas an automata-
theoretic equivalent of the Ehrenfeucht-Fra•�s�e gametechnique. Second,the
sameproof can be usedto show that an analogoushierarchy for chain logic
is also in�nite.

Figure 2.4: A tree with 3-alternation, a tree in E _
2 and a tree in E ^

2 .

For the proof, we return to the boolean expressionsalready mentioned
in the examplein Section2.3.2. A f^ ; _; 0; 1g-tree belongsto the set E of
expressionencodings if the leavesare labeledwith 0 or 1 and the inner nodes
with ^ or _. Within E, we distinguish the set L of expressionencodings
which evaluate to 1. A tree in E is said to have n-alternation if it contains
a path with at least n occurrencesof either _ � ^ or ^ � _. We write E _

n � E
to denotethe set of treeswhich do not contain n-alternation and have _ in
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the root. Similarly we de�ne E ^
n . All the E ^

n and E _
n languagesare in � 1.

Finally, considerthe languages:

L_
n = E _

n \ L L ^
n = E ^

n \ L:

Of course,L is a union of all the L _
n and L ^

n languages.The following obvious
fact can be proved by induction:

Fact 2.5.10 L_
n 2 � n and L ^

n 2 � n

Our aim is to show that the languagesL _
n and L ^

n witnessthe in�nit y of
the E-nestinghierarchy in CTL � . We �rst present a lemmathat will be used
several times in proofs which show by induction that a cascadeproduct of
wordsum automata cannot recognizesomelanguage.

We say an automaton A distinguishestwo trees s and t if it evaluates
them to di�erent states. In Lemma 2.5.11,we are going to describe runs of
a cascadeproduct B � A over multicontexts whoseholes are plugged with
combinations of two treess and t that are not distinguishedby A .

Consider a multicontext C and a valuation � of its holes which uses
only the treess and t. By assumption,the A component of B � A labels the
multicontext C with the samestatesregardlessof the valuation � . Therefore,
the only part of B � A that depends on the actual valuation � is the B
component. Moreover, if B is a wordsum automaton then only particular
propertiesof the valuation � canbe recognized,where,intuitiv ely, every hole
of C is treated independently. This reasoningis formalized in the following
Lemma:

Lemma 2.5.11 Let C be an automaton over �-trees of the form

C= WS(B) � A :

Considera �-m ulticontext C of holesV and two �-trees s and t which arenot
distinguishedby A . There exists a set A and a function � : V � f s; tg ! A
such that for every valuation � : V ! f s; tg, the state to which the automaton
C evaluatesthe tree C[� ] dependsonly upon the value

[

v2 V

� (v; � (v)) � A :

The sizeof the set A dependsonly on the automaton C, not the context C.

Pro of
Given a �-m ulticontext C and two valuations � ; � : V ! f s; tg, from the
indistinguishability of s and t by A it follows that

(C[� ])A (v) = (C[� ])A (v) for all v 2 dom(C) n holes(C): (2.2)
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Henceit makes senseto talk about a tree Ĉ of domain dom(C) n holes(C)
de�ned Ĉ(v) = (C[� ])A (v) without specifying the valuation � . Considerthe
statesof C to which it evaluatesthe treess and t:

sC(" ) = (R; r ) tC(" ) = (S;s) where s = r R; S � Q :

The equationr = s follows from (2.2). We will usethe setsR and S to de�ne
the function � .

Let Q be the state spaceof the word automaton A . We set A to be P(Q).
Given a state q 2 Q, let f v(q) be the state assumedby the word automaton
B after starting in q and reading the trace in the tree Ĉ from the hole v to
the root. Using the functions f v and the sets R and S from the previous
paragraph,we de�ne the function � : V � f s; tg ! A as follows:

� (v; u) =
�

f v(R) if u = s;
f v(S) otherwise.

Having thus de�ned � onecan easilyverify, using the de�nitions of wordsum
automata and cascadeproduct, that the state to which C evaluates a tree
C[� ] indeeddependsonly on the sum in the statement of the lemma. �

Lemma 2.5.12 For all n � 0, the languagesL _
n+1 ; L ^

n+1 are not in Bn .

Pro of
The proof is by induction on n. We will show that given an automaton
A 2 WSn , there exist two treessn ; tn 2 En such that sn belongsto L_

n+1 and
tn does not; however both are indistinguishable by A . Simultaneously, we
will show the analogousstatement for L ^

n+1 . By Corollary 2.5.6, thesetwo
invariants yield the statement of the lemma.

The caseof n = 0 is obvious. Assumethen that we have already proved
the statement for n � 0, and considern + 1. We will only prove the caseof
L_

n+1 , the caseof L ^
n+1 being symmetric.

Considerthen an automaton in WSn+1 of the form

C = WS(B) � A ;

where A 2 WSn . We will �nd two trees sn+1 and tn+1 which are indistin-
guishableby C and such that

sn+1 2 L_
n+2 tn+1 2 En+2 n L_

n+2 :

Consider �rst the trees from the induction assumption,which are indistin-
guishableby the automaton A :

sn 2 L ^
n+1 tn 2 En+1 n L ^

n+1
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Consider then the following balanced multicontext C of su�cien tly large
depth d with 2m = 2d holesV = f v1; w1; : : : ; vm ; wmg:

By Lemma 2.5.11, there exists a set A and a function � : V � f sn ; tng !
A such that for every valuation � : V ! f sn ; tng, the state to which the
automaton C evaluatesthe tree C[� ] dependsonly upon the value

R� =
[

v2 V

� (v; � (v)) � A : (2.3)

If the depth d was largeenough,we can �nd two elements a;b2 A and three
distinct indicesi; j; k 2 f 1; : : : ; mg such that

� (vi ; sn) = � (vj ; sn ) = � (vk ; sn ) = a ;

� (vi ; tn ) = � (vj ; tn ) = � (vk ; tn ) = b :

Considerthen the two valuations:

� 1(v) = sn i� v 2 f vi ; vj ; wj g

� 2(v) = sn i� v 2 f vi ; wj g:

The valuationsdi�er only on the position vj . However, sincethe value� (vj ; � )
is either a or b, and both these elements are already included in the sum
R� from (2.3), the value R� and, consequently, the state of C does not
di�erentiate between the two valuations � 1 and � 2. This is testi�ed by the
equation

[

v2 V

� (v; � 1(v)) =
[

v2 V

� (v; � 2(v)) = f a;bg [
[

v2 V nf vi ;vj ;vk g

� (v; � 1(v)) :

Sincethe expressioncorresponding to C[� 1] evaluatesto true and the expres-
sion corresponding to C[� 2] evaluates to false, we can choosethese as the
treessn+1 and tn+1 , completing thus the proof of the lemma. �

Lemma 2.5.13 For all n > 0, � n 6= � n
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Pro of
We will prove that L _

n 62� n and L ^
n 62� n , which, together with Fact 2.5.10,

givesthe statement of the lemma. We will only do the caseof L ^
n 62� n , the

proof of L_
n 62� n being symmetric.

Let E' be a formula in � n and considerthe set 	 � Bn� 1 of all the node
subformulas of ' . Using the previous lemma, Corollary 2.5.6 and Lemma
2.5.4 we can �nd two trees s 2 L ^

n , t 2 En n L ^
n which satisfy the same

formulas from 	. But then, from the CTL � semantics, it follows that E'
cannot recognizeL ^

n , sinceeither oneof the following casesmust hold:

^ [s; t] j= E' or ^ [t; s] j= E' or ^ [s;s] 6j= E':

�

Lemma 2.5.14 For all n > 0, Bn ( � n+1 .

Pro of
An f a;_; ^ ; 0; 1g-tree t is n-well-formed if all nodeson the leftmost path are

Figure 2.5: A tree in K n

labeledby a and all subtreesoutside the leftmost path belongto En . Being
n-well-formed can be veri�ed by a � 1 formula ' . Considerthe languageK n

consistingof n-well-formedtreest such that for all j satisfying0j �1 2 dom(t),
the following implication holds (seeFig. 2.5):

tj0j �1 62L_
n ) tj0k �1 62L_

n for all k � j :

We claim that K n witnessesthe strictnessof Bn ( � n+1 , i. e.

K n 62Bn and K n 2 � n+1 for all n > 0:

The secondpart is simple. Let  2 � k be a formula de�ning L _
k obtained

from Fact 2.5.10. One can prove that there is a formula  1 2 � k such that
for every tree t:

t j=  1 i� t j1 j=  :
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The languageK n can then be equivalently de�ned by both formulas written
below and thereforebelongsto � n+1 :

E[' ^ X(GS0) ^ G( 1 ) G 1)] 2 � n+1 ;

A[' ^ X(GS0) ) G( 1 ) G 1)] 2 � n+1 :

We will now prove that K n 62CP(WS; n), which implies K n 62Bn . Let us
assume,for the sake of contradiction, that K n is recognizedby an automaton

C = WS(B) � A

with A 2 WSn� 1. Let s 2 L_
n and t 2 En nL_

n be trees,obtainedfrom Lemma
2.5.12,which are indistinguishable by A . Let N 2 N be a su�cien tly large
number and considera multicontext C de�ned:

C(0k) = a for k � N C(0k � 1) = � for k < N:

By Lemma2.5.11,there existsa set A and a function � : V � f s; tg ! A such
that for every valuation � : V ! f s; tg, the state to which the automaton C
evaluatesthe tree C[� ] dependsonly upon the value

R� =
[

v2 V

� (v; � (v)) � A :

By inspecting the construction of � in the proof of Lemma 2.5.11,one can
show using pumping that there is somem such that if N > 4m,

� (0k � 1; u) = � (0k+ m � 1; u) for all k 2 f m; : : : ; 2mg and u 2 f s; tg. (2.4)

Considerthen two valuations � 1 and � 2 de�ned below:

� 1(0k � 1) = t i� k 2 f 0; : : : ; mg

� 2(0k � 1) = t i� k 2 f 0; : : : ; m; 2mg:

By (2.4), the setsR� 1 and R� 2 are equal, hencethe automaton C does not
distinguish between the trees C[� 1] and C[� 2]. However, sincethe �rst be-
longsto K n and the secondonedoesnot, C doesnot recognizethe language
K n . �

Theorem 2.5.15
All the inclusions of the hierarchy depicted in Fig. 2.3 are strict.
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Pro of
The strictnessof the inclusionBn� 1 � � n wasshown in Lemma2.5.14.Since
any of the below equalities

� n = Bn � n = Bn � n = � n � n = � n

would imply, by the symmetry of � n and � n , the equality � n = � n , all the
remaining inclusionsin Fig. 2.3 must be strict by Lemma 2.5.13. �

Note that the sameproof would yield an analogueof Theorem2.5.15for
an corresponding hierarchy in CL. As a sidenote we would like to remark the
perhapssurprising result that for all k, the language:\there exist exactly k
nodeslabeledby a" is in CP(WS; 2).

2.6 Confusion Conjecture

In this sectionwe present a conjectureregarding de�nabilit y in chain logic.
This conjecture says that a languageis in CL if and only if its syntactic
automaton doesnot contain a certain type of pattern, calledconfusion. One
of the implications in this conjecturedequivalenceis proved in Section2.6.1,
whereit is shown that languageswhich contain confusionare not in CL. The
validit y of the other implication remains open, but, in Sections2.6.2 and
2.6.3,somearguments in its favour are presented.

2.6.1 The Conjecture

Consideran alphabet � and a regular languageL over this alphabet. Let �
be a set of L-typesand C a multicontext. By Val(C; �) we denotethe set of
all possiblevaluations holes(C) ! �. Any subsetX � Val(C; �) is called a
constraint, the trivial constraint being the wholeset Val(C; �). Given a type
� 2 � and a holev, the pair (� ; v) is X -legal if there is somevaluation � 2 X
which assigns� to v.

De�nition 2.6.1 Let L be a languageand � a set of at least two L-types.
Let C be a multicontext along with a set X � Val(C; �) of valuations. The
pair (C; X ) is � -confusion if

1. For every valuation � 2 X , the type C[� ] belongsto �;

2. For every type � 2 � and every X -legalpair (� ; v), there is a valuation
� 2 X such that � (v) = � and C[� ] = � .
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A languagewithout confusion is called nonconfusing. We use NC to
denote the class of nonconfusing languages. Intuitiv ely, confusion means
that in the multicontext C, there is no hole which, when plugged with a
legal type, \�xes" the type of the tree in the senseof narrowing the set of
possibletypes, just like a 1 �xes the type of a tree of _ 's and a 0 �xes the
type of a tree of ^ 's.

Example: Recall the languageL of properly formed boolean expressions
evaluating to 1 de�ned in Section 2.5.4. The set of L-types is f 0; 1; ?g , ?
being the set of malformed trees. The languageL contains confusion,since
the following multicontext is f 0; 1g-confusingunder the trivial constraint:

Note that this is a minimal confusingmulticontext. �
In a moment, wewill show in Lemma2.6.4that a languagewith confusion

cannot be de�nable in chain-logic. By our failure to �nd a nonconfusing
languagebeyond CL, we propose:

Conjecture 2.6.2 (Confusion conjecture) CL=NC.

We would like to remark that we have not even found a languagewheremore
than two types are neededfor �, nor one where a nontrivial constraint is
necessary.

We now proceedto show that a confusinglanguagecannot be in CL. The
notion of an X -legal pair is extendedto valuations in the following manner.
Let X � Val(C; �). A valuation � : W ! � is said to be X -legal if it can be
expandedto a valuation in X . In particular, W needsto be a set of holesin
C. The pair (C; X ) is called i -fold � -confusion if for every type � in �, every
X -legalvaluation of domain no bigger than i canbe expandedto a valuation
� in X such that C[� ] = � .

Lemma 2.6.3 If there is �-confusion, then there is i -fold �-confusion for
every i � 1.

Pro of
The proof is by induction on i . For i = 1 we take the �-confusion (C; X )
from the assumption. Consider somei � 1 and let (C i ; X i ) be the i -fold
confusionfrom the induction assumption. To construct (C i +1 ; X i +1 ) we take
C and substitute C i for each of the holesof C. The constraint X i +1 needs
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to be de�ned as a sort of composition of the constraints X and X i . With a
valuation � : holes(C i +1 ) ! � we associate:

� For every hole v of C, the valuation � jv : holes(C i ) ! �, which assigns
to w the type � (v � w).

� The valuation � j" : holes(C) ! �, which assignsto v the type of the
tree C i +1 in the node v (this is the type C[� jv]).

The constraint X i +1 is de�ned to be the set of thosevaluations � such that
both � j" belongsto X and all the � jv valuations belongto X i .

We will verify now that (C i +1 ; X i +1 ) is indeed (i + 1)-fold �-confusion.
Considerany valuation � which is X i +1 -legal and whosedomain consistsof
at most i holesof C i +1 . If theseholesare chosenin more than one copy of
C i then every copy of C i can have arbitrary type, soC i +1 can have arbitrary
type. If all the holes are chosenin one copy of C i , then the type of this
copy may be determined to sometype � . But this is only one hole v of
the multicontext C. Moreover, the pair (� ; v) is X -legal by assumptionthat
� is X i +1 -legal. As the remaining holesare unconstrained,C i +1 may have
arbitrary type. �

Lemma 2.6.4 A confusinglanguageis not in CL.

Pro of
Let L be a languagecontaining �-confusion (C; X ), with � = f � 1; : : : ; � mg.
We prove by induction on k that for every automaton C in WSk , we can
de�ne a set of treesT k = f t1; : : : ; tm g such that

tC
1(" ) = � � � = tC

m (" ) and type(t i ) = � i for all i � m:

We will show that no automaton C in WSk can recognizeL. This is of
coursesu�cien t to show that the languageL is not in CL. The casek = 0 is
obvious. For the induction step,considersomelevel k � 0 and an automaton

C = WS(B) � A with A 2 WSk :

in WSk+1 . We assumethat, using the induction assumption,we have con-
structed the set of trees T k = f t1; : : : tm g with the required properties for
the automaton A . We are going to show how to construct the set T k+1 for
the automaton C. Let n be a number bigger than the sizeof the set A from
Lemma 2.5.11appropriate for the automaton C. Considerthe n-fold ampli-
�cation (C; X ) of the �-confusion we have assumedto exist. Let V be the
set of holesin C.
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By an obvious generalizationLemma 2.5.11from the two trees s and t
to the m trees in T k , there exists a function � : V � T k ! A such that for
every valuation � : V ! T k , the state to which the automaton C evaluates
the tree C[� ] dependsonly upon the value

R� =
[

v2 V

� (v; � (v)) � A :

Let W be a subsetof V. With a valuation � : W ! T k we associate the set

R� =
[

v2 W

� (v; � (v)) � A :

Consider a set W of no more than n elements and an X -legal valuation
� : W ! T k whoseevery expansion� : V ! T k satis�es R� = R� . Such
W and � can be found by successively adding elements to W. But then, no
matter what expansion� of � is chosen,the automaton C evaluatesthe tree
C[� ] to the samestate.

However, sinceonly n holesare �xed in the valuation � and sinceC is
n-fold confusion,by Lemma 2.6.3 we can �nd for every i 2 f 1; : : : ; mg an
expansion� i 2 X of the valuation � such that the type of the tree C[� i ] is
� i . This goesto show that the set

T k+1 = f C[� 1]; : : : ; C[� m ]g

satis�es the desiredproperties. �

Lemma 2.6.5 NC membership is decidable.

Pro of
The general idea is that the existenceof confusion can be expressedin
monadicsecond-orderlogic. However, weneedto do a little coding to express
the constraint X .

Let C be a multicontext of holes V. With a set of types � and a set
A � � � V , we associate the the following constraint X (A; �):

f � 2 � V : C[� ] 2 � and (� (v); v) 2 A for all v 2 Vg

This is the maximal constraint which ensuresthat the result is in � but the
legal pairs are in A.

If (C; X ) is confusionand A is the set of X -legalpairs, then (C; X (A; �))
is also confusion. Thereforea languagecontains confusionif and only if for
somecontext C, someset of types � and someA � � � holes(V), the pair
(C; X (A; �)) is �-confusion. But this can be expressedin monadic second-
order logic. �
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2.6.2 Evidence in Favor of the Confusion Conjecture

In the previoussectionit was shown that a confusinglanguagecannot be in
CL. However, the validit y of the reverseimplication, and consequently of the
confusionconjecture,remainsopen. The remainderof Section2.6 is devoted
to presenting someevidencein its favor. By doing an exhaustive search, once
can show that the confusionconjectureis true when restricted to languages
with two types. In a moment we will also give a more involved class of
languagessatisfyingthe conjecture,i.e. frontier languages.Finally, in Section
2.6.3, we will prove that the classNC of nonconfusinglanguagesis closed
under someof the sameoperations as CL, in particular chain quanti�cation
and booleanoperations.

We now proceedto show that the conjectureis true for so-calledfrontier
languages.The frontier of a �-tree t is the sequencefr(t) 2 � � of labels in
the leavesof t, read from left to right. The frontier fr(L) of a word language
L is the set of �-trees whosefrontier belongsto L. Such a set of trees is
called a frontier language.

Note that a tree languageL is a frontier languageif and only if for all
L-types � 1; � 2; � 3 and all letters a;b;c;d, the types of the two trees below
are the same:

It follows that being a frontier languageis decidableand that the regular
tree languageswhich are frontier languagesareexactly the frontier languages
obtained from regular word languages.

Lemma 2.6.6 If L 2 FOLW, then fr(L) 2 FOLT.

Pro of
This follows from the fact that the lexicographicordering of leaves is �rst-
order de�nable in a tree. �

Lemma 2.6.7 If L 62FOLW, then fr(L) is a confusinglanguage.

Pro of
If L is not �rst-order de�nable, then by Sch•utzenberger'sTheorem it is pe-
riodic, i.e. there is a word type � such that

� � � 6= � but � n = � for somen � 2 :
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Sincethe typesof the tree languagefr(L) are isomorphicto the typesof the
word languageL, one can easily verify that for any letter � , the following
multicontext is f � ; : : : ; � n� 1g-confusingwith the trivial constraint:

�

Corollary 2.6.8 For frontier languages,FOLT=CL=NC.

2.6.3 NC Closure Prop erties

In this sectionwe demonstratethat the classNC is closedunder chain quan-
ti�cation and booleanoperations. In order to prove this result, we show that
nonconfusingautomata are closedunder cascadeproduct and homomorphic
images.

Let A be an automaton over �-trees and R a subsetof its states. The
notion of R-confusion (C; X ) in the automaton is de�ned analogously to
confusion over types. Since there is a one-to-onecorrespondencebetween
typesand statesof the syntactic automaton, we obtain:

Fact 2.6.9 A languageis nonconfusingif and only if its syntactic automaton
is nonconfusing.

Homomorphic Images

In this section we show that a homomorphic image of a nonconfusingau-
tomaton is alsononconfusing.

De�nition 2.6.10 Given two automata A and B over the samealphabet �,
we say a function h assigningstates of B to states of A is an automaton
homomorphismif for all statesq; q0; q1 of A and all letters � 2 �,

� B(h(q0); h(q1); � ) = h(� A (q0; q1; � )) :

The automaton B is called a homomorphicimage of B.

Homomorphicimagesare important due to the following property, which
is proved the sameway as the analogousproperty of word automata:

Fact 2.6.11 If A recognizesL, then the syntactic automaton of L is a ho-
momorphic imageof A .
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Since we will be simultaneously using valuations over di�erent sets of
states,di�erent contexts anddi�erent automata, wearegoingto usefollowing
notation to avoid somemisunderstandingsin the proofsto come.Let A bean
automaton and R a set of its states. Given a multicontext C, an (A ; C; R)-
valuation is any function � : holes(C) ! R.

Let us �x for the rest of this sectionan automaton B over � which is a
homomorphicimageof someautomaton A over � via a homomorphism

h : QA ! QB :

Let � be the equivalencerelation on QA identifying states with the same
imageunder h. We extend the relation � onto valuations, writing � � � if
h � � = h � � . Let R be a subsetof QA . A set of (A ; C; R)-valuations X
is said to respect (R; h) if every two � -equivalent (A ; C; R)-valuations either
both belongto X or both are outside X .

The following de�nition is a technical generalizationof the notion of con-
fusion. Apart from additionally requiring that X respect (R; h), item 2 of
De�nition 2.6.1is weakenedby only requiring the statesobtained in the root
of the multicontext to be speci�ed up to the equivalencerelation � . The
de�nition is tailored to go through the induction in Lemma 2.6.14.

De�nition 2.6.12 Let R be a set of at least two states of A , and C a
multicontext along with a set X of (A ; C; R)-valuations. The pair (C; X ) is
called R-pseudoconfusion if

1. For every valuation � 2 X , the state C[� ] belongsto R;

2. For every state r 2 R and every X -legalpair (q; v), there is a valuation
� 2 X such that � (v) = q and C[� ] � r ;

3. The constraint X respects (R; h).

Lemma 2.6.13 If B contains confusion,then A contains pseudoconfusion.

Pro of
Assumethat for somesubsetS of the state spaceof B, the pair (C; Y) is
S-confusionin B. Let R = h� 1(S) and let X be the set of thosevaluations �
such that h � � 2 Y. One can easilyverify that (C; X ) is R-pseudoconfusion
in A . �

The following is the key technical lemma regardingpseudoconfusion:

Lemma 2.6.14 If A contains pseudoconfusion,then it contains confusion.
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Pro of
Induction on the size of the set of states R for which the pseudoconfusion
holds. Let (C; X ) be R-pseudoconfusionin A . The basecaseis wherejRj =
jh(R)j. In this caseC[� ] � r implies C[� ] = r and hencethe pseudoconfusion
is actually confusion.

Considerthen pseudoconfusionwith R having morethan jh(R)j elements.
Let v1; : : : ; vn bethe holesin C. It may bethe casethat (C; X ) is R-confusion
and we are done. Otherwise there must be a state p 2 R and somehole
vi 2 f v1; : : : ; vng such that the pair (p;vi ) is X -legal and the set

S = f C[� ] : � 2 X and � (vi ) = pg

is a proper subsetof R (it must bea subsetby de�nition of pseudoconfusion).
We �x this index i for the rest of the proof.

Figure 2.6: The multicontext E

Since(C; X ) is R-pseudoconfusionin A , for every state r 2 R there is a
valuation � 2 X such that � (vi ) = p and the state C[� ] 2 S is � -equivalent
to r , i.e. has the someimageunder h as r . Therefore,

h(R) = h(S):

Let t̂ be a tree which evaluatesto p under A and let D be the multicontext
obtained from C by substituting t̂ for vi while leaving the other holesopen.
Finally, let E be the multicontext obtained from D by substituting C into
all the holes. The holesin E, the set of which we denoteby V, are

f vj � vk : j 2 I ; k 2 Jg with J = f 1; : : : ; ng and I = J n f ig: (2.5)

We will show that the multicontext E, alongwith a certain constraint Y,
is S-pseudoconfusion. This constraint Y will be de�ned by requiring certain
parts of a (A ; E; R)-valuation to conform to the original constraint X . The
precisede�nition follows.

As in the proof of Lemma 2.6.3, with an (A ; E; R)-valuation � we asso-
ciate two typesof derived valuation: an (A ; C; R)-valuation � jj de�ned for
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every j 2 I and an (A ; D; R)-valuation � j" . Theseare de�ned:

� jj (vk) = � (vj � vk) for k 2 J ;
� j" (vk) = C[� jk] for k 2 I :

Given an (A ; D; R) valuation � , let � C be the (A ; C; R) valuation obtained
from � by additionally mapping vi to the state p which \narrows down" C.
The aforementioned constraint Y is the following set of (A ; E; S)-valuations:

Y = f � : (� j" )C 2 X and � jj 2 X for all j 2 I g:

We are now going show that (E; Y) is S-pseudoconfusionin A . For this we
needto prove the three items from De�nition 2.6.12.

3. First weshow that Y respects(S;h). Let � ; � betwo (A ; E; S)-valuations.
If � � � , then all the derived valuations � j" , � j" and � ji , � ji are re-
spectively � -equivalent. SinceX respects (R; h), either both � and �
belongto the set Y or both are outside it.

1. We needto show that E[� ] 2 S for all � 2 Y. Let � 2 Y and consider
E[� ]. By the assumptionthat � belongsto Y, the states in the nodes
vj all belongto R for j 2 I . Sincethe node vi is �xed with p, and the
valuation (� j" )C belongsto X , we obtain E[� ] 2 S by de�nition of the
set S.

2. Let (q; v) be a Y-legal pair and r a state in S. We needto show that
there exists an (A ; E; S)-valuation � 2 Y such that

� (v) = q; and (2.6)

E[� ] � r: (2.7)

By (2.5), the hole v is of the form vj � vk for somej 2 I and k 2 J ,
which we �x for the rest of the proof. By de�nition of the set S, there
is some(A ; D; R)-valuation � such that D[� ] = r and � C belongsto
X . We are going to try to expand this valuation into the valuation
� for the big multicontext E. In the processhowever, the value E[� ]
may changeto someother state, yet will remain in S and will still be
� -equivalent to r .

By assumptionon the multicontext C, for every m 2 I , there exists a
(A ; C; R)-valuation � m 2 X such that:

R 3 C[� m ] � � (vm ): (2.8)
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Moreover, the � j valuation can be assumedto satisfy

� j (vk) = q: (2.9)

Sinceh(S) = h(R) and X respects (R; h), we may alsoassumethat all
thesevaluations are actually (A ; C; S)-valuations.

We have started with the valuation � and created basedon it some
valuations � m for m 2 I . Unfortunately, thesevaluations do not com-
posecorrectly, sincein (2.8) only � -equivalencebetweenthe output of
� m and the input of � is postulated. That is why we come back to
the valuation � and modify it into one which does composewith the
valuations � m : an (A ; D; S)-valuation �̂ de�ned

�̂ (vm ) = C[� m ] for m 2 I :

SinceX respects (R; h) and � C belongsto X , then also (�̂ )C belongs
to X , by (2.8). Sinceh is a homomorphism,h(C[�̂ ]) = h(C[� ]) = h(r ),
hence

C[�̂ ] � r: (2.10)

We are now ready to de�ne the desired(A ; E; S)-valuation � :

� (vl � vm ) = � l (vm ) for all l 2 I ; m 2 J:

We show that � belongsto Y and satis�es equations(2.6) and (2.7).
By de�nition, � jm = � m for m 2 I and � j" = �̂ . Since(�̂ )C and all the
� m valuations belongto X , we have � 2 Y. By (2.9), � satis�es (2.6).
By construction of � and E, we have E[� ] = C[�̂ ], hence(2.7), follows
from (2.10).

�

Sincethe automata A and B and the homomorphismh were picked ar-
bitrarily , we obtain from Lemmas2.6.13and 2.6.14the following corollary:

Corollary 2.6.15 The homomorphicimageof a nonconfusingautomaton is
nonconfusing.

Pro ducts

In this section we considercascadeand cartesianproducts of nonconfusing
automata.
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Lemma 2.6.16 If both A and B are nonconfusing,then so is B � A .

Pro of
We will prove that if B � A contains confusion, then either one of A or B
does too. Let (C; X ) be Q-confusionin B � A , with Q � QB � QA being a
subsetof the state spaceof B � A . Considertwo cases:

� The projection of Q onto QA has more than one element. Let Y be
the projection onto QA of the constraint X . Then (C; Y) is confusing
for A , sincethe �rst element in the automaton B � A behavesas in the
automaton A .

� Q = R � f qg for some q 2 QA and R � QB. Let D be the � �
QA -multicontext obtained from C by additionally labeling each node
with the state assumedby A provided that in the holesof C state q
is assumed. It is now easy to check that D along with the obvious
constraint give R-confusionin B.

�

We omit the obvious proof of the following fact:

Fact 2.6.17 The cartesian product of two nonconfusingautomata is non-
confusing.

Closure of NC

Now we are ready to show that the classNC is closedunder the basicopera-
tions de�nable in CL. Note that the following theorem would be a straight-
forward corollary if the confusionconjecturewere true.

Theorem 2.6.18
NC is closed under boolean operations and chain quanti�cation.

Pro of
The syntactic automaton of a booleancombination of languagesis, by Fact
2.6.11,a homomorphicimageof the cartesianproduct of syntactic automata
of theselanguages,which provesthe �rst part of the theorem.

For the secondpart, considera nonconfusinglanguageL. By the proof
of Theorem2.5.9, the language9cL is recognizedby an automaton

C� B � A ?

whereA ? is a nonconfusingautomaton obtained from the syntactic automa-
ton A of L, while C� B is a nonconfusingautomaton representing the chain
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quanti�er. By Lemma2.6.16,the automaton C� B � A ? is nonconfusing.By
Fact 2.6.11,the syntactic automaton of 9cL is also nonconfusing,hencethe
languageis in NC. �

2.7 Op en Problems

In this section we would like to recall the most important open problems
concerning this chapter. Naturally, a decidable characterization of either
�rst-order logic over trees or chain logic would considereda breakthrough.
However, a seeminglysimpler problem remainsto be resolved: is it decidable
whether a languageis recognizedby an (aperiodic) wordsum automaton?
Finally, it remains to be seenwhether the de�nition of confusion can be
limited to setsof two typesor trivial constraints.
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Chapter 3

Logics with the Op erators EX
and EF

We continue in this chapter our study of the de�nabilit y problem for tree
logics. The reader might recall that the characterizations in the previous
chapter did not yield decisionproceduresfor �rst-order or chain logic de�n-
abilit y. In this chapter, we considersomefragments of �rst-order logic which
are simple enoughto make the de�nabilit y problem decidable.

The fragments in questionarerestrictions of CTL � wherethe only modal-
ities allowed are EX (there is a successor)and EF (there is a descendant).
Apart from perhapsbeing a step towards solving the �rst-order de�nabilit y
problem, theselogicsmay beof someindependent interest. In somecasesthe
model-checking problem for them is easierthan for CTL � (and even CTL);
for instance when the model is given by a BPP [22] or by a a push-down
system [68]. The operators EX and EF are also closely related to the path
operators of XPath [25, 24].

We prove the de�nabilit y problem decidable for three logics: TL[ EX],
TL [EF] andTL[ EX; EF]. Thesearebuilt usingthe eponymousoperatorsalong
with boolean connectives. Our decisionproceduresuse a sort of forbidden
pattern characterization that is expressedin terms of types of the given
language. The resulting algorithms are polynomial in the number of types.
If, on the other hand, we assumethat the input is a CTL formula or a
nondeterministic tree automaton, then de�nabilit y is Exptime -complete.

The plan of this chapter is as follows. After a preliminary section we
brie
y state a characterization of the logic TL [EX]. This is very similar to a
characterizationof modal logic presented in the literature [46], sowe mention
the result mostly for completeness.In the next two sections,we characterize
the logicsTL[ EF] and TL[ EX; EF] respectively. Maybe counterintuitiv ely, the
argument for the weaker logic is longer. In the penultimate sectionwe sum-

50



marize the results, showing how they imply decidability algorithms. Finally,
we justify our characterizationsby pointing out why the forbidden patterns
known from the word casedo not adapt directly to the tree case.

3.1 EX+EF Form ulas

EX+EF formulas are CTL � formulas which usebooleanconnectives, letter
symbols and wherethe modalities U, E and A are allowed only in the forms
EX (exists next) and EF (exists �nally).

Although formula satisfactionwasalreadyde�ned in the sectionon CTL � ,
we repeat the de�nition here for this restricted case:

� A tree satis�es the formula a if its root is labeledby a;

� Satisfaction for booleanoperations is de�ned in the standard way;

� A tree satis�es EX' if one the subtreesrooted in its sonssatis�es ' ;

� A tree satis�es EF' if it hasa proper subtreethat satis�es ' .

Observe that the modality EF has strict semantics here: the appropriate
subtree has to be proper. The formula AX' is used as an abbreviation of
: EX: ' , while AG' is usedas an abbreviation of : EF: ' .

Given a set G of EX+EF formulas, we say that a tree languageis G-
de�nable if there existsa formula in G that de�nes it. Given a set of modal-
ities M � f EF; EXg, we write TL (M ) to denote the set of formulas con-
structed using booleanoperations, letter constants and modalities from M .
We will be consideringthree instancesin this chapter: TL[ EX], TL [EF] and
TL [EX; EF].

3.2 TL[EX]

In this sectionwe state a characterizationof TL[ EX]-de�nable languages.We
do this for the sake of completenesssincethe characterization is essentially
the sameas in [46].

De�nition 3.2.1 Two treesare identical up to depthk if they are the same
when restricted to f 0; 1g� k . We say that a languageL is dependenton depth
k if every two treeswhich are identical up to depth k have the sameL-type.

A context is nontrivial if its hole is not in the root.

51



De�nition 3.2.2 Let L be a languageand let � ; � be two distinct L-types.
We say that the languageL contains an f � ; � g-loop if for somenontrivial
context C[], both C[� ] = � and C[� ] = � hold.

Theorem 3.2.3
For a regular languageL, the following conditions are equivalent:

1. L is TL[ EX]-de�nable;

2. For somek 2 N, L is dependenton depthk;

3. L does not havean f � ; � g-loop for any two L-types � ; � .

Pro of
The equivalenceof the �rst two conditions is obvious, as is the implication
from 2 to 3. To end the proof of the theorem, we will show that if the
languageL is not dependent on any depth k, then a loop can be found.

Let k > jTypes(L)j2 and assumethat L is not dependent on depth k.
This meansthere are trees s and t which are identical up to depth k but
have di�erent types. Let v1; : : : ; vn be all the nodesof depth k in the tree s
(or equivalently in t). We de�ne a sequenceof treess = s0; : : : ; sn = t which
gradually morphs from the tree s to the tree t:

s0 = s and si +1 = si [vi := tjvi ] :

Since the trees s0 and sn have di�erent types, there must be some i 2
f 1; : : : ; ng such that si � 1 and si have di�erent types. Thesetwo latter trees
di�er only below the node vi . Let w0 < : : : < wk� 1 be all the ancestorsof
the node vi . Given j < k, let

� j = type(si � 1jwj ) and � j = type(si jwj ):

Sincethe nodevi is at depth k > jTypes(L)j2, theremust besometwo indices
j < k such that the equalities � j = � k and � j = � k hold. Sincethe types
of si � 1 and si are distinct, so are the types � j and � j . But this meansthat
the part of si � 1 whoseroot is in wj and whosehole is in wk provides an
f � j ; � j g-loop. �

3.3 TL[EF]

In this section we show a characterization of TL [EF]-de�nable languages.
This is the most involved sectionof the chapter, with a long technical proof.
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Beforewe canformulate the main theorem(Theorem3.3.2)we needsome
auxiliary de�nitions. We start with the key de�nition in this section: that of
a delayed type.

Given a �-tree t and a letter a 2 �, we write thai to denote the tree
obtained from t by relabeling the root with the letter a. With every �-tree t
we associate its delayed type, which is the function:

dtypeL (t) : � ! Types(L) de�ned dtypeL (t)(a) = typeL (thai ):

Note that the delayed type of a tree doesnot depend on the letter labeling
its root. We will denote delayed types using the letters x; y; z. We write
(x; a) EL y if there is a tree of delayed type y having a subtreeof type x(a).
Wealsowrite xE L y if (x; a)EL y for somea 2 �. This relation is a quasiorder
but not necessarilya partial order, sinceit may not be antisymmetric.

For delayed typesx; y and letters a;b 2 �, we write dtypeL (x; a;y; b) for
the delayed type which assignsto a letter c the type c[x(a); y(b)]. In other
words, this is the delayed type of a tree whoseleft and right subtreeshave
typesx(a) and y(b) respectively. The set of neutral letters of a delayed type
x is the set

N L
x = f a : x = dtypeL (x; a;x; a)g:

This set may be empty.

De�nition 3.3.1 A �-language L is EF-admissible if it is a regular tree
languagesuch that all delayed typesx; y and all letters a;c 2 � satisfy:

P1 The relation E L on delayed typesis a partial order;

P2 dtypeL (x; a;y; b) = dtypeL (x; a;y; b0) for all b;b0 2 N L
y ;

P3 if (x; a) EL y then dtypeL (x; a;y; c) = dtypeL (y; c;y; c);

P4 dtypeL (x; a;y; c) = dtypeL (y; c;x; a).

Another important conceptusedin Theorem 3.3.2 is that of typesetde-
pendency. The typeset of a �-tree t is the set

TSL (t) = f typeL (tjw) : w 2 dom(t) n f "gg :

Note that the type of the tree itself is not necessarilyincluded in its typeset.
We say that a languageL is typesetdependent if the delayed type of a tree
dependsonly on its typeset.

Our characterization of TL[ EF] is presented in the following theorem:
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Theorem 3.3.2
For a regular languageL, the following conditions are equivalent:

1. L is TL[ EF]-de�nable,

2. L is typesetdependent,

3. L is EF-admissible.

The proof of this theoremis long and will be spreadacrossthe next three
sections;the implications 1 ) 2, 2 ) 3 and 3 ) 1 being proved in Sections
3.3.1,3.3.2and 3.3.3respectively. For the remainderof Section3.3weassume
that an alphabet � along with a �-language L are �xed, hencewe will omit
the L quali�er from the notation, writing for instanceE instead of E L .

3.3.1 A TL[ EF]-De�nable Language Is T yp eset Dep en-
dent

In this section,we will show that the languageL is typesetdependent using
the assumptionthat it is de�ned by someTL [EF] formula  .

De�nition 3.3.3 By cl( ) we denotethe smallestset of formulas that con-
tains  and is closedunder negationsand subformulas.

It is not di�cult to seethat the type of a tree is determined by the set
of thoseformulas from cl( ) which it satis�es (although this correspondence
neednot be injective). Our �rst step is to show that for the delayed type,
even lessinformation is su�cien t

De�nition 3.3.4 An existential formula is a formula of the form EF' . The
signature Sig(t) of a tree t is the set of existential formulas from cl( ) that
it satis�es.

Lemma 3.3.5 The signatureof a tree determinesits delayed type.

Pro of
Take two trees s and t with the samesignatures. For a given letter a 2 �,
an easyinduction on formula sizeshows that for all ' 2 cl( ):

shai j= ' i� thai j= ':

This is due to the fact that the modality EX is strict. Sincethe two trees
shai and thai satisfy the sameformulas from cl( ), their typesmust be the
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same.As the choiceof the letter a was arbitrary, this implies that the trees
s and t have the samedelayed types. �

Given two trees t0; t1 and a letter a 2 �, we write Sig(t0; t1) instead
of Sig(a[t0; t1]). This notation is unambiguous since Sig(a[t0; t1]) does not
depend on the letter a.

Given two types � and � , we denote by dtype(� ; � ) the delayed type
which assignsto a letter a the type a[� ; � ]. A type � is reachablefrom a
type � , denoted� 4 � , if C[� ] = � holds for somecontext C[]. This relation
is a quasiorderand we uset for the accompanying equivalencerelation. The
following simple lemma is given without a proof:

Lemma 3.3.6 If t0 is a subtreeof t, then Sig(t0; s) � Sig(t; s). If � 4 � then
dtype(� ; � ) = dtype(� ; � ).

The following lemma shows that for TL [EF]-de�nable languages,the re-
lation t is a congruencewith respect to the function dtype(� ; � ):

Lemma 3.3.7 If � 0 t � 0 and � 1 t � 1 then dtype(� 0; � 1) = dtype(� 0; � 1).

Pro of
Since a TL[ EF]-de�nable languagesatis�es dtype(� ; � ) = dtype(� ; � ), it is
su�cien t to prove the casewhere � 1 = � 1. Let C[] be a context such that
C[� 0] = � 0 and let D[] be a context such that D[� 0] = � 0. All thesecontexts
exist by assumption. Let s0 be a tree of type � 0 and let s1 be a tree of
type � 1. Considerthe two sequencesof trees f si gi � 0 and f t i gi � 0 de�ned by
induction as follows:

s0 = s0;
t i = C[si ] for i � 0;
si = D[t i � 1] for i � 1.

By a simple induction onecan prove that for all i � 0,

type(si ) = � 0 and type(t i ) = � 0 :

By Lemma 3.3.6, for all i � 0

Sig(si ; s1) � Sig(t i ; s1) � Sig(si +1 ; s1) :

Sincethere are only �nitely many signatures,there must be somei > 0 such
that Sig(si ; s1) = Sig(t i ; s1). Consequently, by Lemma 3.3.5, the delayed
typesdtype(� 0; � 1) and dtype(� 0; � 1) are equal. �

We are now ready to show that the languageL is typeset dependent.
Let s and t be two trees with the sametypeset. If this typeset is empty,
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then both trees have one node and, consequently, the samedelayed type.
Otherwise once can consider the following four types, which describe the
sonsof s and t:

� 0 = type(sj0) � 1 = type(sj1) � 0 = type(tj0) � 1 = type(tj1):

We need to prove that dtype(� 0; � 1) = dtype(� 0; � 1). By assumption that
the typesetsof s and t are equal, both � 0 and � 1 occur in nonroot nodesof
s and both � 0 and � 1 occur in nonroot nodesof t. Thus � 0 4 � holds for
some� 2 f � 0; � 1g and similarly for � 1, � 0 and � 1. The result follows from
the following caseanalysis:

� � 0; � 1 4 � for some� 2 f � 0; � 1g. By assumptionwe must have � 4
� for some� 2 f � 0; � 1g. Hence � t � . By Lemma 3.3.7 we get
dtype(� ; � ) = dtype(� ; � ). As � 0; � 1 4 � 4 � , from Lemma 3.3.6 we
obtain dtype(� 0; � 1) = dtype(� ; � ). Similarly one proves the equality
dtype(� 1; � 2) = dtype(� ; � ).

� � 0; � 1 4 � for some� 2 f � 0; � 1g. As in the caseabove.

� A short analysis reveals that if neither of the above holds then � 0 4
� i 4 � 0 and � 1 4 � 1� i 4 � 1 for somei 2 f 0; 1g. Therefore� 0 t � i and
� 1 t � 1� i and an application of Lemma 3.3.7yields the desiredresult.

3.3.2 A T yp eset Dep endent Language Is EF-Admissible

This step of the proof consistsof verifying that all the properties P1 to P4
are satis�ed if the languageis typesetdependent.

Lemma 3.3.8 L satis�es the property P1.

Pro of
Condition P1 statesthat E is a partial orderon delayedtypes. The relation E
is obviously transitive and re
exive. We will show that x E y E x implies that
the delayed typesx and y areequal. Assumethen that xE yE x. In this case,
for arbitrary n we can �nd a tree t with nodesv1 � w1 � v2 � w2 � � � � � wn

such that for all i � n:

dtype(tjvi ) = x and dtype(tjwi ) = y:

Naturally, for all 0 � i < n,

TS(tjvi ) � TS(tjwi ) � TS(tjvi +1 ):

If we take n to be bigger than the number of types in L then we can �nd
somei such that TS(tjvi ) = TS(tjwi ), which implies x = y. �
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Lemma 3.3.9 L satis�es the property P2.

Pro of
Condition P2 statesthat if b;b0 are neutral letters for a delayed type y, then
the delayed types dtype(x; a;y; b) and dtype(x; a;y; b0) are equal. To show
that this condition is satis�ed, we de�ne by induction a sequenceof trees
t0; t1; : : : in the following manner. For t0 we take sometree of delayed type y
with b in the root, while t i +1 is de�ned asb[b0[t i ; t i ]; b0[t i ; t i ]]. Becauseband b0

are neutral letters for the delayed type y, all the treest i have delayed type y.
Moreover, for somej > 0, the typesetsof the trees t j and b0[t j ; t j ] are equal.

Figure 3.1: The tree t i .

Considera tree t of delayed type x and with the label a in the root. Let
s and s0 be treessuch that:

sj0 = t sj1 = t j ;
s0j0 = t s0j1 = b0[t j ; t j ]:

By assumptionon t j and b0[t j ; t j ], the treess and s0 have the sametypesets.
SinceL is typesetdependent, their delayed typesare equal. Therefore,

dtype(x; a;y; b) = dtype(s) = dtype(s0) = dtype(x; a;y; b0):

�

The last two propertiesP3 and P4 areobviously satis�ed in every typeset
dependent language.

3.3.3 A EF-Admissible Language Is TL [EF]-De�nable

We now proceedto the most di�cult part of the proof, where a de�ning
TL [EF] formula is found basedonly on the assumption that the properties
P1 to P4 are satis�ed. We start by stating a key property of EF-admissible
languageswhich shows the importance of neutral letters.

57



Lemma 3.3.10 If the delayed type of a tree t is y, then its every proper
subtreewith delayed type y has the root label in Ny .

Pro of
Considersomeproper subtreetjv of delayed typey and its root label b= t(v).
Let w be the brother of the node v and let z, c be its delayed type and label,
respectively. Obviously (z; c) E y. By property P3 we get dtype(y; b;z; c) =
dtype(y; b;y; b) and consequently dtype(y; b;y; b) E y. As E is a partial order
by P1 andsinceyEdtype(y; b;y; b) holdsby de�nition, wegetdtype(y; b;y; b) =
y. Henceb belongsto Ny . �

Note that if the trees t and tjv have delayed type y, then so does the
tree tjw for any w < v, becauseE is a partial order. In particular, the
above lemmasays that nodeswith delayed type y form coneswhosenon-root
elements have labels in Ny .

Form ulas De�ning Dela yed T yp es

A delayed type x is de�nable if there is some TL[ EF] formula � x true in
exactly the trees of delayed type x. A set A of delayed types is downward
closed if it contains every delayed type E-smaller than an element of A.

The construction of the � x formulas will proceedby induction on the E
order. The �rst step is the following lemma:

Lemma 3.3.11 Let x bea delayed typeand let A 63x bea downward closed
set of de�nable delayed types. There is a TL [EF] formula fork A

x such that:

t � forkA
x i� dtype(t) = x and for all w > ", dtype(tjw) 2 A:

Wepostponethe technical proof of this Lemmauntil Section3.3.4. Mean-
while, we will usethis lemma to construct a formula � x de�ning x. For the
rest of Section3.3.3we �x the delayed type x and assumethat every delayed
type y C x is de�nable by a formula � y .

The �rst caseis when x has no neutral letters. Let x� denote the set
f y : y C xg. By Lemma 3.3.10, in a tree of delayed type x both sonshave
delayed typesin x� , sincethere are no neutral letters for x. In this casewe
can set

� x = fork x�
x : (3.1)

The correctnessof this de�nition follows immediately from Lemma 3.3.11.
The de�nition of � x is more involved when the set of neutral letters for x

is not empty. The rest of Section3.3.3 is devoted to this case.

58



Consider�rst the following formula:

� 6x =
�
EF

_
f b^ � y : y E x ^ (y; b) 5 xg

�
_

_
f fork x�

y : y 5 xg

The intention of this formula is to spell out evident caseswhen the delayed
type of a nodecannot be x. The �rst disjunct says that there is a descendant
with a delayed type and a label that prohibit its ancestorsto have type x.
The seconddisjunct says that the typeof the nodeis not x but the typesof all
descendants are Ex. This formula works correctly, however, only whensome
assumptionsabout the tree are made. Theseassumptionsusethe following
de�nition: a tree t satis�es the property OKx (t) if

dtype(t) C x or dtype(t) = x and t(" ) 2 Nx :

Lemma 3.3.12 Let t be a tree whereOKx (tjv) holds for all v > " . This tree
satis�es � 6x if and only if dtype(t) 5 x.

Pro of
The left to right implication was already discussedand follows from the
assumptionson the � y formulas usedin � 6x and from Lemma 3.3.11.

For the right to left implication, let dtype(t) = dtype(y; b;z; c) with
y; b;z; c describingdelayed typesand labels of the nodes0 and 1 which cor-
respond to the left and right sonsof the root. We considerthree cases:

� y = z = x. This is impossiblebecauseOKx (tj0) and OKx (tj1) hold, so
the labelsa;b must belongto Nx , and thus dtype(t) = x.

� y = x and z C x. SinceOKx(tj0) holds, the label b belongsto Nx . If
the inequality (z; c) E x were true (which is not necessarilyimplied by
our assumptionthat z C x), then by property P3 we would have

dtype(t) = dtype(y; b;z; c) = dtype(x; b;z; c) = dtype(x; b;x; b) = x ;

a contradiction with dtype(t) 5 x. Therefore we have (z; c) 5 x and
hencethe �rst disjunct of � 6x holds. The casewherez = x and y C x is
symmetric.

� y; z C x. In this casethe seconddisjunct in the de�nition of � 6x must
hold by Lemma 3.3.11.

�

Let � Cx stand for
W

yCx � y and considerthe formula

' x = � Cx _ (: � 6x ^
_

f a : a 2 Nxg) :
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This formula will be used to expressthe OKx (t) property. We use AG� as
the non-strict version of AG, i.e. AG� ' is an abbreviation for the formula
' ^ AG' .

Lemma 3.3.13 A tree t satis�es AG� ' x i� OKx (tjv) holds for all v � " .

Pro of
By induction on the depth of the tree t.

) If t satis�es ' x becauseit satis�es � Cx , then obviously OKx (tjv) holds
for all v � " . Otherwisewe have

t(" ) 2 Nx and t 2 � 6x :

By induction assumption, OKx (tjv) holds for all v > " . But then,
by Lemma 3.3.12, dtype(t) E x. This, together with t 2 � Cx gives
dtype(t) = x and henceOKx(t).

( Let t be such that OKx (tjv) holds for all v � " . By induction assump-
tion, we have AG' x . We needto prove that t satis�es ' x . If type(t) C x
holds, then t satis�es � Cx and wearedone. Otherwise,asOKx (v) holds,
dtype(t) = x and t(" ) 2 Nx . Hence,by Lemma 3.3.12, t satis�es the
seconddisjunct in ' x .

�

Sincethe type of a tree can be computedfrom its delayed type and root
label, the following lemmaendsthe proof that every EF-admissiblelanguage
is TL [EF]de�nable:

Lemma 3.3.14 Every delayed type is de�nable.

Pro of
By induction on the depth of a delayed type x in the order E. If x has no
neutral letters then the de�ning formula � x is as in (3.1). Otherwise,we set
the de�ning formula to be

� x = : � Cx ^ : � 6x ^ AG' x :

Let us show why � x has the required properties. By Lemma 3.3.13,

t � AG' x i� OKx (tjw) for all w > ": (3.2)

If t � � x then wegetdtype(t) = x usingLemma3.3.12and(3.2). For the other
direction, if dtype(t) = x then clearly : � Cx holds in t. By Lemma 3.3.10,
OKx (tjw) holds for all w > ", therefore t satis�es AG' x by (3.2), and then
the formula : � 6x holds by Lemma 3.3.12. �
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3.3.4 A fork Form ula

Recall Lemma 3.3.11which was usedin Section3.3.3,but not proved there:

Lemma 3.3.11 Let x bea delayed type and let A 63x bea downward closed
set of de�nable delayed types. There is a TL [EF] formula fork A

x such that:

t � forkA
x i� dtype(t) = x and for all w > ", dtype(tjw) 2 A:

The rest of Section 3.3.4 is devoted to a proof of this lemma. We �x a
delayed type x and a downward closedset of delayed types A. We assume
that x 62A and that all the delayed types in A are de�nable. The fork
formula will be composedout of a vast number of auxiliary formulas, which
we describe here:

� Cy =
W

zCy � z for y 2 A [ f xg;

� E y =
W

zE y � z for y 2 A;

� b
y = EF(� y ^ b) ^ AG(� y ) (b_ Ny)) for y 2 A; b2 �;

� E y = AG
W

f � z ^ c : (z; c) E yg for y 2 A;

' b
y = � b

y ^ AG� E y ^ AG(� Cy ) � E y) for y 2 A; b2 � :

Observe that theseformulas are well de�ned becausewe have assumedthat
all delayed typesin A are de�nable, hencethe appropriate � y formulas exist.

We now proceedto prove that the above formulas have certain desired
properties. For a delayed type y 2 A and a letter b 2 �, we say that the
pair (y; b) is su�cient if dtype(y; b;y; b) is our �xed delayed type x. Given a
delayed type y, we de�ne the following equivalencerelation � y over �:

a � y b i� a = b or a;b2 Ny :

Lemma 3.3.15 If (y; b) is su�cien t, a tree satisfying ' b
y hasdelayed type x.

Pro of
Let t bea tree that satis�es ' b

y. First we will show that somenodew 2 f 0; 1g
must have delayed type y and a label � y-equivalent to b. Let Y be the set
of nodesw > " with delayed type y; this set is not empty becauset satis�es
EF(� y ^ b). SinceE is a partial order and AG� E y holds, every nonroot node
betweenthe root and a node in Y is also in Y. If the letter b belongsto Ny

then, by AG(� y ) (b_ Ny)), we have a node in f 0; 1g with a label in Ny,
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hence� y-equivalent to b. If b62Ny then by EF(� y ^ b), there is a node in Y
with label b. This must be oneof 0 or 1 asLemma3.3.10says that all nodes
in Y n f 0; 1g must have labels in Ny.

Now we can prove that t has delayed type x. If both sonshave delayed
type y and labels � y-equivalent to b then, by property P2, t is of delayed
type x. If the brother of w has delayed type y but a label c that is not � y-
equivalent to b then c must belongto Ny, becauseAG(� y ) (b_ Ny)) holds.
By de�nition of Ny wehave(y; c)Ey. By property P3 wegetdtype(y; b;y; c) =
dtype(y; b;y; b) = x. The last caseis whenthe brother of w is of delayed type
z and has letter c such that (z; c) E y (because� E y holds). By property P3
dtype(y; b;z; c) = dtype(y; b;y; b) = x. �

Given two delayed typesy; z 2 A and letters b;c 2 �, we de�ne

' (y;b;z;c) =

8
><

>:

' b
y if (z; c) E y;

' c
z if (y; b) E z and not the above;

� b
y ^ � c

z ^ AG(� E y _ � E z) otherwise.

Lemma 3.3.16 If dtype(y; b;z; c) = x and a tree t satis�es ' (y;b;z;c) , then its
delayed type is x.

Pro of
If (z; c) E y then by property P3, the pair (y; b) is su�cien t and the lemma
follows from Lemma3.3.15. Similarly if (y; b) E z. It remainsto considerthe
casewhen

(z; c) 5 y and (y; b) 5 z : (3.3)

Let u1 6= " be a node where� y ^ bholdsand u2 6= " a node where� z ^ c holds.
Such nodesexistssincet satis�es both � b

y and � c
z. Let w1 2 f 0; 1g be the �rst

letter of u1 and let w2 2 f 0; 1g be the �rst letter of u2. By (3.3), tjw1 6j= � E z,
while tjw2 6j= � E y. Henceit must be the casethat

tjw1 j= � E y and tjw2 j= � E z :

In particular, w1 6= w2. By a reasoningsimilar to the one in Lemma 3.3.15,
oneshows that

dtype(tjw1 ) = y and t(w1) � y b

dtype(tjw2 ) = z and t(w2) � z c :

By property P2, the delayed type of the tree t is x. �

Lemma 3.3.17 Let y, b be the delayed type and label of tj0, similarly for
z, c and tj1. If dtype(y; b;z; c) = x and y; z 2 A then t j= � (y;b;z;c) .
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Pro of
If (z; c) E y then z E y and an easyanalysis shows that t satis�es ' b

y and
hencealso� (y;b;z;c) . A similar reasoningshows that if (y; b) E z then t satis�es
� (y;b;z;c) . The last caseis when (z; c) 5 y and (y; b) 5 z. But then t satis�es
the formula � b

y ^ � c
z ^ AG(� E y _ � E z). �

But Lemmas3.3.16and 3.3.17are exactly what we needto show that the
fork formula de�ned below satis�es the propertiespostulatedin Lemma3.3.11:

forkA
x = (AG

_

y2 A

� y) ^
_

f ' (y;b;z;c) : x = dtype(y; b;z; c)g

3.4 TL[EX; EF]

The last logic we considerin this chapter is TL[ EX; EF]. As in the previous
sections,wewill present a characterizationof TL[ EX; EF]-de�nable languages.
For the rest of the sectionwe �x an alphabet � along with a �-language L
and will henceforthomit the L quali�er from notation.

Recall the type reachabilit y quasiorder4 along with its accompanying
equivalencerelation t , which werede�ned on p. 55. The t -equivalenceclass
of a type � is called here its strongly connected component and is denoted
SCCL (� ). We extend the relation 4 to SCCsby setting:

� 4 � if � 4 � for some� 2 � and � 2 �;

� 4 � if � 4 � for some� 2 � :

We usethe standard notational shortcuts, writing � � � when � 4 � but
not � = �; similarly for � � �.

Let � be someSCC and let k 2 N. The (� ; k)-view of a tree t is the tree
view(� ; k; t) whosedomain is the set of nodes in t at depth at most k and
wherea node v is labeledby:

� t(v) if v is at depth smaller than k;

� type(tjv) if v is at depth k and type(tjv) � �;

� ? otherwise.

Let views(� ; k) denotethe set of possible(� ; k)-views. The intuition behind
the (� ; k)-view of t is that it gives exact information about the tree t for
typeswhich are 4 smaller than �, while for other typesit just says \I don't
know". The following de�nition describes languageswhere this information
is su�cien t to pinpoint the type within the strongly connectedcomponent �.
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De�nition 3.4.1 Let k 2 N. The languageL is (� ; k)-solvable if every two
trees s and t with types in � and the same(� ; k) view have the sametype.
The languageis k-solvableif it is (� ; k)-solvable for every SCC � and it is
SCC-solvableif it is k-solvable for somek.

It turns out that SCC-solvabilit y is exactly the property which characterizes
the TL [EX; EF]-de�nable languages:

Theorem 3.4.2
A regular languageis TL[ EX; EF]-de�nable if and only if it is SCC-solvable.

The proof of this theoremwill bepresented in the two subsectionsthat follow.

3.4.1 An SCC-solv able Language is TL[ EX; EF]-De�nable

In this sectionwe show that onecan write TL[ EX; EF] formulas which com-
pute views. Then, using theseformulas and the assumptionthat L is SCC-
solvable, the type of a tree can be found.

Fix somek such that L is k-solvable. Let views(� ) be the set of possible
(� ; k)-views that can be assumedin a tree of type � 2 �. By assumptionon
L being k-solvable, we have:

Fact 3.4.3 Let t be a tree such that type(t) 4 � . The type of t is � if and
only if its (SCC(� ); k)-view belongsto the set views(� ).

The following lemma states that views can be computed using the logic
TL [EX; EF].

Lemma 3.4.4 Suppose that for every type � � �, there is a TL[ EX; EF]
formula � � de�ning it. Then for every i 2 N and every s 2 views(� ; i ) there
is a formula  s satis�ed in exactly the treeswhose(� ; i )-view is s.

Pro of
By induction on i . �

We de�ne below a set of views which certainly cannot appear in a tree
with a type in a strongly connectedcomponent �:

Bad(�) = f a[s; t] : s 2 views(� ); t 2 views(� ); where� ; � 4 � ; a[� ; � ] 64 � g [

[f t : type(t) 64 � and dom(t) = f "gg

Observe that Bad(�) is a set of (� ; k + 1)-views. The following lemmashows
that the above casesare essentially the only ones.
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Lemma 3.4.5 For a tree t and an SCC �, the following equivalenceholds:

type(t) 64 � i� view(� ; k + 1; tjv) 2 Bad(�) for somev 2 dom(t):

Pro of
Both implications follow easily from Fact 3.4.3 if oneconsidersthe maximal
possiblenode v satisfying the right hand side. �

The following lemmacompletesthe proof that L is TL[ EX; EF]-de�nable.

Lemma 3.4.6 Every type of L is TL[ EX; EF]-de�nable.

Pro of
The proof is by induction on depth of the type in the quasiorder4 . Consider
a type � and its SCC�. By induction assumption,for all types� � �, there
is a formula � � which is satis�ed in exactly the trees of type � . Using the
� � formulas and Lemma3.4.4we construct the following TL [EX; EF] formula
(recall that AG� is the non-strict versionof AG de�ned on page60):

� � = AG�
^

t2 Bad(�)

:  t :

By Lemma 3.4.5,a tree t satis�es � � if and only if type(t) 4 �. Finally, the
formula � � is de�ned:

� � = � � ^
_

t2 views(� )

 t :

The correctnessof this construction follows from Fact 3.4.3. �

3.4.2 A TL [EX; EF]-De�nable Language is SCC-Solv able

In this section, we are going to show that a languagewhich is not SCC-
solvable is not TL[ EX; EF]-de�nable. For this, we introduce an appropriate
Ehrenfeucht-Fra•�s�e game,called the EX+EF game, which characterizestrees
indistinguishableby TL[ EX; EF]-formulas.

The gameis played over two treesand by two players,Spoiler and Dupli-
cator. The intuition is that in the k-round EX+EF game, the player Spoiler
tries to di�erentiate the two treesusing k moves.

The precisede�nition is as follows. At the beginning of the k-round
game,with k � 0, the players are faced with two trees t0 and t1. If these
have di�erent root labels,Spoiler wins. If they have the sameroot labelsand
k = 0, Duplicator wins; otherwisethe gamecontinues. Spoiler �rst picks one
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of the trees t i , with i 2 f 0; 1g. Then he chooseswhether to make an EF or
EX move. If he choosesto make EF move, he needsto choosesomenon-
root node v 2 dom(t i ) and Duplicator must respond with a non-root node
w 2 dom(t1� i ) of the other tree. If Spoiler choosesto make an EX move, he
picks a sonv 2 f 0; 1g of the root in t i and Duplicator needsto pick the same
son w = v in the other tree. If a player cannot �nd an appropriate node in
the relevant tree, this player immediately looses.Otherwisethe treest i jv and
t1� i jw becomethe new position and the (k � 1)-round gameis played.

The operator nestingdepthof a formula is de�ned by induction in the nat-
ural fashion. Formulas that correspond to letters have depth zero,the depth
of a boolean combination is the maximal depth of the formulas involved,
while applying EX or EF to a formula increasesthe depth by one.

Lemma 3.4.7 Duplicator wins the k-round EX+EF gameover t0 and t1 i�
t0 and t1 satisfy the sameEX+EF formulas of operator nesting depth k.

Pro of
A standard proof by induction on k. The caseof k = 0 is obvious. Let us
assumethat we have proved the statement for somek and considerk + 1.

Consider �rst the left to right implication. We show that if a formula '
distinguishesthe trees t0 and t1, then a winning strategy for Spoiler can be
found. If ' distinguishesthe trees t0 and t1, then one of its subformulas of
the form EX or EF distinguishesthem too. Let us considerthe caseof
EF and assumewithout lossof generality that EF holds only in t0. This
meansthat there is a nonroot node v0 in the tree t0 such that

t0jv0 j=  and t1jv1 6j=  for all nonroot nodesv1 of t1

The winning strategy for Spoiler is, of course,to pick an EF move, the tree
t0 and the vertex v0. Since  is of operator nesting depth k, no matter
what vertex v1 Duplicator picks, Spoiler has { by induction assumption{ a
winning strategy in the k-round gameover the treest0jv0 and t1jv1 . A similar
argument is usedwhen the distinguishing formula is of the form EX .

For the right to left implication, we show how to write a distinguishing
formula  of nestingdepth k + 1 basedon the assumptionthat Spoiler wins
the k + 1-round game. Considera winning strategy of Spoiler in this game.
We assumewithout lossof generality that Spoiler choosesthe tree t0 to make
his move. Two casesneedbeconsidered.The �rst is whenSpoiler choosesan
EF move and a subtreet0jv0 . Sincehis strategy is winning, for every possible
choiceof a node v1 in the tree t1, the k-round gameover the trees t0jv0 and
t1jv1 can be won by Spoiler. By induction assumption this meansthat for
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every node v1 in the tree t1, there is a formula  v1 of nesting depth k such
that

t0jv0 j=  v1 and t1jv1 6j=  v1 :

Note that in order to have  v1 satis�ed in t0jv0 and not in t1jv1 , we may have
negatedthe formula from the induction assumption. Let  be a conjunction
of all the  v1 formulas for all choicesof v1. The appropriate formula that
distinguishesthe trees t0 and t1 is then EF . A similar reasoningis used
for EX. �

For two types � ; � 2 � we de�ne an (� ; � )-context to be a multicontext
C such that there are two valuations of its holes� � ; � � : V ! � giving the
typesC[� � ] = � and C[� � ] = � . The hole depth of a multicontext C is the
minimal depth of a hole in C. A multicontext C is k-bad for an SCC � if
it has hole depth at least k and is an (� ; � )-context for two di�erent types
� ; � 2 �.

Lemma 3.4.8 L is not SCC-solvable if and only if for someSCC � and
every k 2 N, it contains multicontexts which are k-bad for �.

Pro of
A k-bad context exists for � if and only if L is not (� ; k)-solvable. �

The following lemmaconcludesthe proof that no TL[ EX; EF] formula can
recognizea languagewhich is not SCC-solvable:

Lemma 3.4.9 If L is not SCC-solvablethen for every k there aretreess 2 L
and t 62L such that Duplicator wins the k-round EX+EF gameover s and t.

Pro of
Take somek 2 N. If L is not SCC-solvable then, by Lemma 3.4.8, there
is a multicontext C which is k-bad for someSCC �. Let V = f v1; : : : ; vng
be the holes of C, let � � ; � � : V ! � be the appropriate valuations and
� = C[� � ]; � = C[� � ] the resulting types. We will use this multicontext to
�nd trees s 2 L and t 62L such that Duplicator wins the k-round EX+EF
gameover s and t.

Sinceall the typesusedin the valuations � � and � � comefrom sameSCC,
there are contexts C �

1 []; : : : ; C �
n [] and C �

1 []; : : : ; C �
n [] such that

C �
i [� ] = � � (vi ) C �

i [� ] = � � (vi ) for all i 2 f 1; : : : ; ng:

This meansthere are two contexts D � and D � with n holeseach, such
that: 1) D � and D � agreeover nodesof depth lessthan k; 2) when all holes
of D � are pluggedwith � , we get the type � ; and 3) when all holesof D �
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are pluggedwith � , we get the type � . Theseare obtained by plugging the
appropriate \translators" C �

i [] and C �
i [] into the holesof the multicontext C.

Let t0 be sometree of type � . The treest j for j > 0 are de�ned by induction
as follows:

t2i+1 = D � [
n timesz }| {

t2i ; : : : ; t2i ] t2i+2 = D � [
n timesz }| {

t2i+1 ; : : : ; t2i+1 ]:

By an obvious induction, all the trees t2i have type � and all the trees
t2i+1 have type � . As � 6= � , there exists a context D[] such that D[� ] 2 L
and D[� ] 62L (or the other way round).

Figure 3.2: The tree t2i+2 .

To �nish the proof of the lemma, we will show that Duplicator wins the
k-round EX+EF gameover the trees

s = D[t2k+2 ] and t = D[t2k+1 ] :

The winning strategy for Duplicator is obtained by following an invariant.
This invariant is a disjunction of three properties, oneof which always holds
when the i -round gameis about to be played:

1. The two treesare identical;

2. The two treesare sjv and tjv for somejvj � k � i ;

3. The two treesare tm jv and tm� 2jv for

m � k + i + 1 and

(
v 2 dom(D � ) if m is even;

v 2 dom(D � ) if m is odd.

The invariant holds at the beginning of the �rst round, due to 2, and one
can verify that Duplicator can play in such a way that it is satis�ed in all
rounds. Item 2 of the invariant will be preserved in the initial fragment of
the gamewhen only EX movesare made, then item 3 will hold until either
the gameendsor item 1 beginsto hold. �
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3.5 Decidabilit y

In this sectionwe round up the resultsby showing that our characterizations
are decidable.

Theorem 3.5.1
It is decidablein time polynomial in the number of types if a languageis:

� TL [EX]-de�nable;

� TL [EF]-de�nable;

� TL [EX; EF]-de�nable.

Pro of
Using a simple dynamic algorithm, onecan compute in polynomial time all
tuples (� ; � ; � 0; � 0) such that for somecontext C[], C[� ] = � 0 and C[� ] = � 0.
Using this, we can �nd in polynomial time:

� Whether L contains an f � ; � g-loop;

� The 4 L and t L relations on types.

Sincethe delayedtypeof a tree dependsonly on the typesof its immediate
subtrees,the number of delayed typesis polynomial in the number of types.
The relation EL on delayed typescan then be computed in polynomial time
from the relation 4 L . Having the relations 4 L and EL , one can check in
polynomial time if L is EF-admissible.

This, along with the characterizations from Theorems3.2.3 and 3.3.2,
provesdecidability for TL[ EX] andTL[ EF]. The remaininglogic is TL[ EX; EF].

By Theorem3.4.2,it is enoughto show that SCC-solvabilit y is decidable.
In order to do this, we give an algorithm that detects if a given SCC �
admits bad multicontexts of arbitrary size,cf. Lemma 3.4.8. Fix an SCC �.
We de�ne by induction a sequenceB i of subsetsof � � �.

� B 0 = � � �.

� (� ; � ) 2 B i +1 if (� ; � ) 2 B i and either

{ there is a pair (� 0; � 0) 2 B i , a type 
 � � and a letter a 2 � such
that type(a[� 0; 
 ]) = � and type(a[� 0; 
 ]) = � ; or

{ there are pairs (� 0; � 0); (� 00; � 00) 2 B i and a letter a 2 � such that
type(a[� 0; � 00]) = � and type(a[� 0; � 00]) = �
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The sequenceB i is decreasingso it reachesa �x-p oint B 1 in no more than
j� j2 steps. The following lemma yields the algorithm for TL[ EX; EF]:

Lemma 3.5.2 � admits bad multicontexts of arbitrary sizei� B 1 6= ; .

For the left-to-right implication supposethat B 1 is not empty. By induc-
tion on k we show that for every k and (� ; � ) 2 B 1 , we canconstruct (� ; � )-
context of holedepth k. Take(� ; � ) 2 B 1 . Wehaveoneof the two casesfrom
the de�nition above. The �rst is when there are a pair (� 0; � 0) 2 B 1 , a type

 0 � � and a letter a 2 � such that type(a[� 0; 
 0]) = � and type(a[� 0; 
 0]) = � .
By induction assumptionwe have an (� 0; � 0)-context C0 of hole depth k � 1.
Using this multicontext, we construct the multicontext a[C0; s], wheres is a
tree of type 
 . It is a required(� ; � )-context of holedepth k. The other case
is similar.

For the right-to-left implication weshow that if (� ; � ) 2 B i � B i +1 then all
(� ; � )-contexts have holedepth boundedby i . This is alsodoneby induction
on i .

�

Corollary 3.5.3 If the input is a CTL formula or a nondeterministic tree
automaton, all of the problemsin Theorem3.5.1are Exptime -complete.

Pro of
Since,in both cases,the typescan be computedin time at most exponential
in the input size,the Exptime membership follows immediately from The-
orem 3.5.1. For the lower bound, we will usean argument analogousto the
onein [69], reducingthe Exptime -hard universality problemsfor both CTL
[23] and nondeterministic automata [54] to any of theseproblems.

We will only show herethe Exptime -hardnessof the problem:

Is a given CTL formula equivalent to one in TL[ EF]? (*)

Let  bea CTL formula over somealphabet �. By [23], the questionwhether
 is satis�ed in all �-trees is Exptime -hard. We show the Exptime -
hardnessof the problem (*) by presenting a formula ' which is de�nable
in the logic TL[ EF] if and only if the formula  is true in all �-trees. This
formula is obtained by using  and some�xed formula � (say, E(aUb)) not
de�nable in TL[ EF]:

' = EX(S0 ^  ) _ EX(S1 ^ � )

First we show that if  is true in all �-trees, then ' is de�nable in the logic
TL [EF]. But this is simple: if  is true in all �-trees, then, by its �rst
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disjunct, ' is true in all �-trees with more than onenode. This languageis
de�ned by the TL[ EF] formula EX> .

Finally, we needto prove that if  is not true in all �-trees, then ' is
not de�nable in TL [EF]. Let us assumefor the sake of contradiction that '
is equivalent to someTL [EF] formula � . Let 	 be the set of all subformulas
of � . By assumption that the formula � is not de�nable in TL [EF], there
exist two treest1 and t2 that satisfy the sameformulas in 	, but onesatis�es
� and the other doesnot (otherwisean appropriate booleancombination of
formulas in 	 would be equivalent to � ). Thereforeexchanging t1 with t2 in
any subtreedoesnot a�ect the satisfactionof � . Let s be a tree that doesnot
satisfy  , obtained by the assumptionon  not beingsatis�ed in all �-trees.
One can easily verify that for any letter a 2 �,

a[s; t1] j= ' a[s; t2] 6j= ' ;

but either both thesetreessatisfy � or both do not. �

3.6 Wh y Forbidden Patterns Do not Work

In the survey [70], one can �nd decidablecharacterizationsfor several frag-
ments of LTL. Thesefragments can be seenas the word equivalents of the
logics TL [EX], TL [EF] and TL [EX; EF] consideredhere. One naturally asks
the question: how arethe word and tree casesrelated? In the caseof the logic
TL [EX], the loop characterization from Theorem 3.2.3 is an exact analogue
of the characterization corresponding to the fragment TL[ X] of LTL.

For the two remaining logics, however, the word and tree casesdiverge.
This sectionis devoted to showing why.

Case of TL[ EF]. First we needto introducethe appropriate de�nitions for
words. The delayed type of a word w is the function which assignsto a letter
a the type of the word a � w. Two word types � ; � are in the sameSCC if
there are word types � 0; � 0 such that � 0 � � = � and � 0 � � = � . In [70] it
is shown that a word languageis de�nable using only the modality F if and
only if the delayed type of a word is determinedby the SCC of its type.

Hencea natural question: is a tree languageTL [EF]-de�nable if and only
if the delayed type of a tree is determinedby the SCCsof its two sons?This
can understood in two ways: the orderedpair of SCCs,or the set of SCCs.
The �rst idea can be immediately disproved, for instanceusing the language
\there is an a in the left subtree". The idea that usessetsrequiresa more
elaborate example,which is presented here.
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Figure 3.3: The delayed typesof L along with the treess and t

Consider the f a;bg-languageL de�ned by the formula (which usesthe
non-strict versionsof AG and EF):

 = EF� [EX(AG� a) ^ EX((EF� a) ^ (EF� b))]

A tree t satis�es this formula if it contains two nodes v and w which are
siblings and tjv contains only a's, while tjw contains both a's and b's. This
languagehas four types� , � , 
 and > , which are de�ned by the formulas:

� = AG� a; � = AGb� ; 
 = (EF� a) ^ (EF� b) ^ :  ; > =  :

Each of thesetypesis its own strongly connectedcomponent. There are also
four delayed typesf x> ; xa; xb; x 
 g, which are de�ned in Figure 3.3.

Considernow the two treess and t drawn in Figure 3.3(we do not specify
the root letters sincewe are interested only in delayed types). Thesetrees
show that the languageL is not typeset dependent and therefore not in
TL [EF], since:

TS(s) = TS(t) = f � ; � ; 
 g but x 
 = dtype(s) 6= dtype(t) = x> :

However, if the SCCsof both sonsare known, then the types of both sons
are known and henceso is the delayed type of the tree.

Case of TL [EX; EF]. In [70] it is shown that a word languageis de�nable
using the modalities F and X if and only if onecannot �nd two distinct types
� ; � in the sameSCC and a nonempty word w such that:

� = w � � and � = w � � : (3.4)

We will show that a straightforward generalizationof this condition obtained
by considering contexts instead of words does not work in the tree case.
Considerthe languageK over the alphabet f a;b;cg de�ned by the formula

 = AG�
_

� 6= � 2f a;b;cg

 � ;� where  � ;� = [EX> ) (� ^ A(� U� ))] :
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This languageconsistsof thosetreeswherefor every node v, all the minimal
nodesin the set f w : w > v and t(w) 6= t(v)g have the samelabel. The ten
typesof the languageare:

? = :  ; � � = � ^ AX? ; � � ;� =  ^  � ;� for all � 6= � 2 f a;b;cg:

There are�v e SCCsin this language:an SCC� containing the six � � ;� types,
while each of the remaining typesis its own SCC.

The languageK is not k-solvablefor any k 2 N, andhenceis not de�nable
in TL[ EX; EF]. We will show, however, that if in the de�nition (3.4) one
considersnontrivial contexts instead of nonempty words w, the resulting
condition on tree languagesis satis�ed by K . This goes to show that in a
bad multicontext onesometimesrequiresthe useof more than onehole.

Let C[] be a nontrivial context, i.e. onewith the holenot in the root. We
will show that onecannot �nd two distinct typesin the SCC � such that

C[
 1] = 
 1 and C[
 2] = 
 2: (3.5)

Let � be the letter in the parent v of the hole, and let w be the brother of
the hole. Let V = f u : u � w and C(u) 6= � g. If V = ; , or nodesin V have
two di�erent labels, then C[
 ] = ? for all types 
 . Otherwise, let � be the
unique label of all nodesin V. This meansthat for any tree t, the type in v
of C[t] is either ? or � � ;� , which provesthat (3.5) cannot be satis�ed.

3.7 Op en Problems

The questionof de�nabilit y for the logicsTL[ EX], TL[ EF] and TL[ EX; EF] has
beenpretty much closedin this chapter. Onepossiblecontinuation are logics
whereinsteadof EF we usethe non-strict modality EF� . The resulting logics
are weaker than their strict counterparts (for instance the languageEFa is
not de�nable in TL [EF� ]) and thereforedecidability of the their de�nabilit y
problemscan be investigated.

Another question is what happens if we enrich these logics with past
quanti�cation (there existsa point in the past)? This questionis particularly
relevant in the caseof TL[ EX; EF], since the resulting logic coincideswith
�rst-order logic with two variables(where the signature contains � and two
binary successorrelations).

Finally, there is the logic CTL. This logic is similar to the onesconsidered
in this chapter in that it too is cascadebounded, i.e. for somen, every language
de�nable in CTL is recognizedby a cascadeproduct of n-state automata. In
the caseof CTL, n � 4. Providing a decidablecharacterizationof CTL would
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bevaluableachievement, sincethis is a widely usedlogic. Note that on words
CTL collapsesto LTL and hence�rst-order logic, sosuch a characterization
would to subsume�rst-order de�nabilit y for words.

74



Chapter 4

A Bounding Quan ti�er

In this chapter and the next one,wechangethe setting: insteadof �nite trees,
we considerin�nite onesand insteadof de�nabilit y, we considersatis�abilit y.
The only thing in common with the �rst chapters is that we will still be
consideringmonadic second-orderlogic and regular languages.

When the tree is in�nite, many sorts of cardinality constraints can be
expressedusing monadic second-orderlogic. Someconstraints, however, fall
outside monadic second-orderlogic, such as: \there exist bigger and bigger
setssuch that..." or \there is a bound on the sizeof setssuch that...". In
this chapter we present decisionproceduresfor an extensionof MSOL where
such cardinality-bounding properties are de�nable.

The needfor cardinality constraints occursnaturally in applications. For
instance, a graph that is interpreted in the full binary tree using monadic
second-orderlogic is known to have boundedtree-width if and only if it does
not contain bigger and bigger complete bipartite subgraphs[4]. Another
example: a formula of the two-way � -calculus[67] is satis�ed in some�nite
model if and only if it is satis�ed in sometree model in which there is a
bound on the sizeof certain sets[5]; this problem is the subject of the next
chapter. Sometimesboundednessis an object of interest in itself, cf. [8],
wherepushdown gameswith the boundedstack condition are considered.

In light of these examples, it seemsworthwhile to consider the logic
MSOL+ B obtained from MSOL by adding a new quanti�er B, which ex-
pressesproperties like the ones just mentioned. Let  (X ) be a formula
de�ning someproperty of a set X in a labeled in�nite tree. The formula
BX : (X ) is satis�ed in those trees t where there is a �nite bound { which
might depend on t { on the size of sets satisfying this property. We also
considerthe dual quanti�er U, which statesthat there is no �nite bound.

Adding new constructions to MSOL has a long history. A notable early
exampleis a paper of Elgot and Rabin [15], where the authors investigated
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what predicatescanbe addedto the structure hN; �i while preservingdecid-
abilit y of its monadicsecond-ordertheory. Among the positiveexamplesthey
gave are monadic predicatesrepresenting the sets f i ! : i 2 Ng, f i k : i 2 Ng
and f ki : i 2 Ng. This line of research wasrecently continued by Carton and
Thomas in [10], wherethe list wasextendedby socalled morphic predicates
which include, for instance,the set of Fibonaccinumbers.

A construction similar to our bounding quanti�er can be found in [35],
whereKlaedtkeand RuessconsiderextendingMSOL on treesand wordswith
cardinality constraints of the form:

jX 1j + � � � + jX m j < jY1j + � � � + jYn j:

Although MSOL with these cardinality constraints is in general unde-
cidable, the authors show a decisionprocedurefor a fragment of the logic,
where, among other restrictions, quanti�cation is allowed only over �nite
sets. Interestingly, the bounding quanti�er B is de�nable using cardinality
constraints, although it does fall outside the aforementioned fragment and
cannot be described using the techniquesof Klaedtke and Ruess:

BX : (X ) i� 9Y:Finite( Y) ^ 8X :( (X ) ) jX j < jY j) :

Finally, a quanti�er 9c that alsodealswith cardinality can be formulated
basedon the results of Niwi �nski in [44]. It is not the sizeof setssatisfying
 (X ), but the number of such sets that is quanti�ed in this case,however.
More precisely, a binary tree t satis�es 9cX : (X ) if there are continuum sets
satisfying  (X ). This quanti�er, it turns out, is de�nable in MSOL, and
thus its unrestricted useretains decidability.

Our bounding quanti�er B, however, is not de�nable in MSOL. Using
the bounding quanti�er, onecan de�ne nonregular languagesand hencethe
question: is satis�abilit y of MSOL+ B formulas decidable? In this chapter
we investigate this question and, while being unable to provide an exhaus-
tive answer, we present decisionproceduresfor two nontrivial fragments of
MSOL+ B.

This investigation leadsus to identify a classof tree languages,new to
our knowledge,which we call quasiregulartree languages.A set of in�nite
trees is L-quasiregular if it coincideswith the regular languageL over the
set of regular treesand, moreover, is the sum of somefamily of regular tree
languages. The intuition behind an L-quasiregularlanguageis that it is a
slight non-regular variation over the languageL, yet in most situations it
behavesthe sameway.

On the one hand, quasiregularlanguagesare simple enoughto have de-
cidableemptiness:an L-quasiregularlanguageis nonempty if and only if L is
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nonempty. On the other hand, quasiregularlanguagesare powerful enough
to allow nontrivial applications of the bounding quanti�er: they are closed
under bounding quanti�cation, existential quanti�cation, conjunction and
disjunction. This yields the decidability result in Theorem4.2.12:

The satis�abilit y problem for existential bounding formulas, i. e.
onesbuilt from arbitrary MSOL formulas by application of B, 9,
^ and _ is decidable.

Unfortunately quasiregularlanguagesdo not captureall of MSOL+ B. For
instance,they are not closedunder complementation, henceTheorem4.2.12
giveslittle insight into properties that usethe dual quanti�er U.

For this reason,we also conduct a separateanalysisof the U quanti�er
(note that satis�abilit y for U is related to validity for B). By inspection of
an underlying automaton, we prove Theorem4.2.20:

Satis�abilit y is decidablefor formulas of the form UX : , where
 is MSOL.

We are, however, unable to extend this result in a fashion similar to
Theorem4.2.12,by allowing for non-trivial nesting.

The plan of this chapter is as follows. After somepreliminaries in Sec-
tion 4.1,we introducethe quanti�er in Section4.2. In Sections4.2.1and 4.2.2
weprove decidability for boundingexistential formulas,while in Section4.2.3
we prove decidability for formulas which usethe unbounding quanti�er next
to an MSOL formula.

4.1 Preliminaries

In this sectionwe de�ne the basicnotions usedin the chapter: in�nite trees,
regular languagesof in�nite trees and regular trees. The de�nitions are
straightforward extensionsof the onesfor �nite treesformulated in Chapter 2.

Let � be some �nite set, called the alphabet. An in�nite � -tree is a
function t : f 0; 1g� ! �. Therefore,all in�nite treeshave the samedomain.
We denotethe set of in�nite �-trees by Trees1 (�). An in�nite tree language
over � is any subsetof Trees1 (�). Sincewe will only considerin�nite trees
in this chapter and the next one, we will omit the word in�nite and simply
write �-tree and tree language.

A node is any element of f 0; 1g� . The de�nitions of a subtreetjv and the
composition t^s of two trees are the sameas for �nite trees. A regular tree
is a tree with �nitely many distinct subtrees;the classof all regular trees is
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denotedby REG. An in�nite path is any in�nite sequenceof nodes� such
that:

� 0 = " � 1 = � 0 �a0 � 2 = � 1 �a1 � � � ai 2 f 0; 1g :

Given two nodesv < w, we de�ne the set Bet(v; w) of elements betweenv
and w as v � f 0; 1g� n w � f 0; 1g� .

Let � bean alphabet and � a letter outside�. A � -context is any � [ f�g -
tree C where the label � occurs only once, in a position called the hole of
C. We don't require this position to be a leaf, sincethere are no leaves in
an in�nite tree, but all nodesbelow the holeare going to be irrelevant to the
context. The domain dom(C) of a context C is the set of nodesthat are not
below or equal to the hole. Given a �-tree t and a context C[] whosehole is
v, the tree C[t] is de�ned by:

C[t](w) =
�

t(u) if w = v � u for someu 2 f 0; 1g� ;
C(w) otherwise.

The composition of two contexts C and D is the unique context C �D such
that (C �D)[t] = C[D[t]] holds for all trees t. We do not usemulticontexts
for in�nite trees.

4.1.1 Nondeterministic Tree Automata and Regular
Tree Languages

As in the caseof �nite trees,regular languagesof in�nite treescanbe de�ned
both using automata and monadic second-orderlogic. The two approaches
are brie
y described in this section.

De�nition 4.1.1 [Parity condition] A sequencea 2 AN of numbersbelong-
ing to some �nite set of natural numbers A is said to satisfy the parity
condition if the smallestnumber occurring in�nitely often in a is even.

A nondeterministic tree automatonwith the parity condition is a tuple

A = hQ; � ; qI ; � ; 
 i

whereQ is a �nite set of states, � is the �nite input alphabet, qI 2 Q is the
initial state, � � Q � � � Q � Q is the transition relation and 
 : Q ! N is
the ranking function. Elements of the �nite image
( Q) are called ranks. A
run of A over a �-tree t is any Q-tree � such that

h� (v); t(v); � (v�0); � (v�1)i 2 � for every v 2 f 0; 1g� :
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The run � is accepting if for every in�nite path � , the sequenceof ranks

 � � � � satis�es the parity condition. The automaton acceptsa tree t from
state q 2 Q if there is someacceptingrun with state q labeling the root. A
tree is accepted if it is acceptedfrom the initial state qI . The languageof A ,
denotedL(A ), is the set of trees acceptedby A ; such a languageis said to
be regular. An automaton is nonempty if and only if its languageis.

We say two trees s and t are equivalent for an automaton A , which is
denoted s ' A t, if for every state q of A , the tree s is acceptedfrom q if
and only if the tree t is. If the treess and t are equivalent for A , then they
cannot be distinguishedby a context, i.e. for every context C[], the tree C[s]
is acceptedby A if and only if the tree C[t] is.

We now proceedto de�ne the logical approach to regular languagesof
in�nite trees. Consideran alphabet � = f � 1; : : : ; � ng. As in the �nite tree
case,with a �-tree, we associate a relational structure

t = hf0; 1g� ; S0; S1; � ; � t
1; : : : ; � t

n i :

The relations are interpreted as follows: S0 is the set of left sonsf 0; 1g� 0,
S1 is the set of right sonsf 0; 1g� 1, � is the pre�x ordering, while � t

i is the
set of nodesthat are labeledby the letter � i .

With a sentence  of monadic second-orderlogic we associate the lan-
guageL( ) of trees t such that t satis�es  . Such a languageis said to
be MSOL-de�nable. A famousresult of Rabin [50] says that a languageof
in�nite trees is MSOL-de�nable if and only if it is regular.

4.2 The Bounding Quan ti�er

The logic MSOL+ B is obtained from MSOL by adding two quanti�ers: the
boundingquanti�er B, and its dual unboundingquanti�er U, which we de�ne
hereusing in�nitary disjunction and conjunction:

Bi X :' := 8X :(' (X ) ) jX j < i ) Ui X :' := 9X :(' (X ) ^ jX j � i )

BX : ' :=
W

i 2 N Bi X :' UX : ' :=
V

i 2 N Ui X :'

MSOL+ B de�nesstrictly morelanguagesthan MSOL (seeFact 4.2.13),hence
it is interesting to considerdecidability of the following problem:

Is a given formula of MSOL+ B satis�able in somein�nite tree?

The remainderof this chapter is devoted to this question. Although unableto
provide a decisionprocedurefor the wholelogic, we do identify two decidable
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fragments. The �rst, existential bounding formulas, is proved decidablein
Sections4.2.1and 4.2.2,while the second,formulasof the form UX : with  
in MSOL, is proveddecidablein Section4.2.3. Beforeconcludingthe chapter,
we overview in Section4.3 someof the possibleapplications of theseresults.

4.2.1 Quasiregular Tree Languages

Before we proceedwith the proof of Theorem 4.2.12,we de�ne the concept
of a quasiregulartree language. We then demonstratesomesimple closure
properties of quasiregular tree languagesand, in Section 4.2.2, show that
quasiregulartree languagesare closedunder bounding quanti�cation. These
closure properties, along with the decidable nonemptinessof quasiregular
languages,yield the decision procedure for existential bounding formulas
found in Theorem4.2.12.

For technical reasons,we will �nd it henceforth convenient to work on
trees where the alphabet is the powerset P(�) of someset �. The same
results would hold for arbitrary alphabets, but the notation would be more
cumbersome. By Val(�) we denote the set of P(�)-trees. Elements of the
set � will be treated assetvariables,the intuition beingthat a tree in Val(�)
represents a valuation of the variables in �. Given a tree t 2 Val(�) and a
set F � f 0; 1g� , the tree

t[X := F ] 2 Val(� [ f X g)

is de�ned by adding the element X to the labels of all nodes in F and
removing it, if necessary, from all the other nodes.

Bounding quanti�cation for an arbitrary tree languageL � Val(�) is
de�ned as follows. A tree t 2 Val(� n f X g) belongsto the languageBX :L if
there is some�nite bound on the sizeof setsF such that the tree t[X := F ]
belongsto L.

We now give the key de�nition of a quasiregulartree language.

De�nition 4.2.1 (Quasiregular Language) Let L be a regular tree lan-
guage.A tree languageK is L-quasiregular if

� K \ REG = L \ REG, and

� K is the union of somefamily of regular tree languages

A tree languageis quasiregular if it is L-quasiregular for someregular
languageL. For the rest of Section4.2.1we will usethe letter L for regular
languagesand the letter K for quasiregularones.
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Lemma 4.2.2 If K is L-quasiregular,then K � L.

Pro of
Let f L i gi 2 I be the family of regular tree languageswhoseunion is K . We
will show that each languageL i is a subsetof L. Indeed, over regular trees
L i is a subset of L, since K and L agreeover regular trees. This implies
the inclusion L i � L for arbitrary trees,sinceotherwisethe regular language
L i n L would be nonempty and therefore, by Rabin's Basis Theorem [51],
contain a regular tree. �

The following easyfact shows that emptinessis decidablefor quasiregular
tree languagesgiven an appropriate presentation:

Fact 4.2.3 If K is L-quasiregular,then K is nonempty i� L is nonempty.

Pro of
If L is nonempty, then it contains by Rabin's Basis Theorem a regular tree
and henceK must contain this sametree. The other implication followsfrom
Lemma 4.2.2. �

In particular, every nonempty quasiregular languagecontains a regular
tree. For a variable X we de�ne the projection function � X which given
a tree returns the tree with X removed from all the labels. Projection is
the tree languageoperation corresponding to existential quanti�cation, as
testi�ed by the following equation:

L(9X : ) = � X (L( )) :

A set F � f 0; 1g� is regular if the unique tree t[X := F ] 2 Val(f X g) is
regular. Equivalently, F is regular if it is a regular word language. The
following is a standard result:

Lemma 4.2.4 If a regular tree t belongsto the projection � X (L) of a regular
languageL, then t[X := F ] belongsto L for someregular set F .

Pro of
Since t is a regular tree, the set f tg is a regular tree languageand so is
� � 1

X (f tg). Therefore the intersection L \ � � 1
X (f tg) is regular and nonempty

and, by Rabin's BasisTheorem, contains someregular tree. Obviously, the
X component in this tree must be a regular set. �

Now we are ready to show somebasic closureproperties of quasiregular
languages:

Lemma 4.2.5 Quasiregularlanguagesareclosedunder projection, intersec-
tion and union.
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Pro of
The casesof intersection and union are trivial; we will only do the proof
for projection. Let K be L-quasiregular. We will show that the projection
� X (K ) is � X (L)-quasiregular. First we prove that � X (K ) is the union of a
family of regular languages.By assumption,K is the union somefamily of
regular tree languagesf L i gi 2 I . But then

� X (K ) = � X (
[

i 2 I

L i ) =
[

i 2 I

� X (L i )

and, sinceregular tree languagesare closedunder projection, � X (K ) is the
union of somefamily of regular tree languages.

We alsoneedto show that for every regular tree t,

t 2 � X (K ) i� t 2 � X (L):

The left to right implication follows from Lemma 4.2.2. The right to left
implication follows from the fact that if t 2 � X (L) then, by Lemma 4.2.4,
for someregular set F , t[X = F ] 2 L. Sincethe tree t[X = F ] is regular, it
alsobelongsto K and hencet belongsto � X (K ).

�

4.2.2 Closure Under Bounding Quan ti�cation

In this section, we show that quasiregulartree languagesare closedunder
application of the bounding quanti�er. This, together with the closureprop-
ertiesdescribed in Lemma4.2.5,yields a decisionprocedurefor the fragment
of MSOL+ B that nestsB along with existential quanti�cation, conjunction
and disjunction.

Recall that a chain is any set of nodesthat is linearly orderedby � . We
say that a chain C is a trace path of a set of nodesF if the set F \ Bet(v; u)
is nonempty for all nodesv < w in C.

Lemma 4.2.6 A set of at least 3n nodes has a trace path of size n. An
in�nite set hasan in�nite trace path.

Pro of
We prove the �nite caseby induction, strengthening the statement by re-
quiring the least element of the trace path to be the greatestlower bound of
the set of nodesF in question. The basecaseof n = 0 is trivial. Assume
therefore, that the statement has beenproved for n and considera set F of
cardinality at least 3n+1 . Let v be the greatest lower bound of F . There
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must be at least 3n elements of F below somesuccessorw of v, thereforean
n-element trace path C � w�f 0; 1g� of F can be found. The n + 1-element
chain C [ f vg must alsobe a trace path of F , sincethe set Bet(v; w) \ F is
nonempty by assumptionon v.

The in�nite casefollows by an in�nite iteration of the above process. �

Let t 2 Val(�) and L � Val(� [ f X g). An (L; X )-bad chain in the tree t is
an in�nite chain C whoseevery �nite subset is a trace path of someset F
such that t[X := F ] 2 L. The set of treescontaining no (L; X )-bad chain is
denotedby CX :L. Bad chains have the desirableproperty of being MSOL
de�nable, as testi�ed by:

Lemma 4.2.7 If L is regular then CX :L is regular.

Pro of
SinceL is regular, then L = L(' ) for someMSOL formula ' . Using ' and
somestandard coding, we will describe an MSOL formula expressingCX :L.
First we de�ne a formula Chain(X ) which expressesthat X is a chain:

Chain(X ) = 8x8y: (x 2 X ^ y 2 X ) ) (x � y _ x � y) :

Before we expressin�nit y for arbitrary sets,we �rst provide an MSOL for-
mula describingin�nite chains:

InfChain(X ) = Chain(X ) ^ (9x: x 2 X ) ^

^ (8x: x 2 X ) 9y: (y 2 X ^ y > x)) :

By Lemma 4.2.6, a �nite set is one that does not contain an in�nite trace
path, which can be expressedin MSOL as follows:

TrPath(Y; X ) = Chain(Y) ^ 8x8y: [x 2 Y ^ y 2 Y ^ (x < y)] )

) 9z: (z 2 X ^ x � z ^ y 6� z) ;

Finite(X ) = :9 Y: InfChain(Y) ^ TrPath(Y; X ) :

Finally, the languageCX :L is de�ned by the formula:

:9 Y: InfChain(Y) ^ 8Z: (Z � Y ^ Finite(Z )) ) 9X : ' (X ) ^ TrPath(Z; X )

�

Lemma 4.2.8 If K is L-quasiregularthen REG \ CX :K = REG \ CX :L.

83



Pro of
This follows from the fact that for a �nite (and thereforeregular) node set F
and a regular tree t, the tree t[X := F ] is regular, and hencebelongsto L if
and only if it belongsto K . �

Lemma 4.2.9 Let L be a regular tree language.A regular tree that belongs
to CX :L alsobelongsto BX :L.

Pro of
Consider a regular tree t with m distinct subtrees. Let A being someau-
tomaton recognizingL with k being the index of the relation ' A . Setting n
to be 3k�m+1 , we will show that if t doesnot belongto the languageBnX :L,
then an (L; X )-bad chain must exist.

Considerindeeda set F of at least n nodessuch that the tree t[X := F ]
belongsto L. By Lemma4.2.6,this set hasa trace path with more than k�m
nodes. Let v < w be two nodeson this trace path such that

t[X := F ]jv ' A t[X := F ]jw and tjv = tjw :

Such two nodes exist by virtue of the trace path's size. Moreover, sincev
and w are on the trace path, the intersectionF \ Bet(v; w) is nonempty. Let
u 2 f 0; 1g� be such that w = v � u.

We claim that the chain f v � ui : i 2 Ng is a bad chain. For this, we will
show that for every i 2 N, the subchain Ci = f v � uj : j � ig canbe expanded
to a set Fi satisfying t[X := Fi ] 2 L.

This is doneby pumping i times the part of the set F betweenv and w.
Considerthe following partition of F :

F1 = f u0 : u0 < vg \ F F2 = Bet(v; w) \ F F3 = f u0 : u0 > wg \ F

One can easily check that the following set Fi contains the subchain Ci :

Fi = F1 [
[

j 2f 0;:::;i g

v�uj �v� 1�F2 [ v�ui �v� 1�F3:

Moreover, sincefor all j 2 f 0; : : : ; ig, the equivalence

t[X := Fj ]v�u j ' A t[X := F ]jw

holds, the tree t[X := Fi ] belongsto L. �

Using the Lemma 4.2.9 above, we can show that quasiregulartree lan-
guagesare closedunder application of the bounding quanti�er.

84



Lemma 4.2.10 If K is quasiregular,then so is BX :K .

Pro of
If K is quasiregular,then it is a union

S
i 2 I L i of somefamily of regular tree

languages.ThereforeBX : K is alsoa union regular tree languages:

BX :K =
[

i 2 I

[

j > 0

Bj X : L i :

Let L be such that K is L-quasiregular.We will show:

CX :L \ REG = BX :K \ REG:

The right to left inclusion follows from Lemma4.2.8and the simple inclusion
BX :K � CX :K . The left to right inclusionfollowsfrom Lemma4.2.9. � The

following lemma provides an e�ective assesment of sizeof sets in a formula
with the bounding quanti�er.

Lemma 4.2.11 Let K be L-quasiregular,L being recognizedby somenon-
deterministic automaton A . Then BX :K is nonempty if and only if BnX :K
is nonempty, wheren is doubly exponential in the sizeof A .

Pro of
By Lemma 4.2.10, the languageBX :K is CX :L-quasiregular. SinceCX :L
is recognizedby an automaton whosesizeis polynomial in the sizeof A , it
contains, by Rabin's BasisTheorem,a regular tree t whoseregularity is also
polynomial in the sizeof A . By the proof of Lemma4.2.10,the tree t belongs
to BnX :K , wheren is the constant from Lemma 4.2.9,which is exponential
in the regularity of t and the (exponential) index of the relation ' A . �

Putting together the closure properties of quasiregular tree languages
proved in this and the previoussection,we obtain:

Theorem 4.2.12
The satis�ability problemfor existential bounding formulas, i.e. ones built
from arbitrary MSOL formulas by application of B, 9, ^ and _ is decidable.

Pro of
By Lemmas 4.2.5 and 4.2.10, the languageL( ) of an existential bound-
ing formula is L-quasiregularfor somee�ectively obtained regular tree lan-
guageL. By Fact 4.2.3,the emptinessof L( ) is equivalent to the emptiness
of L. �

Unfortunately, we cannot hope to extend the quasiregulartree language
approach to decideall possiblenestingsof the boundingquanti�er, ascerti�ed
by the following Fact:
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Fact 4.2.13 Even for regular L, : BX :L is not necessarilyquasiregular.

Pro of
The languageL in questionis obtained from a formula  with freevariables
X and Y. This formula statesthat Y contains no in�nite subchainsand that
X is a subchain of Y.

In a regular tree t 2 Val(f X ; Yg) with n distinct subtrees,a subchain of
Y can be of sizeat most n { otherwiseY hasan in�nite subchain and  does
not hold. Therefore : BX :L( ) is a nonempty languagewithout a regular
tree and cannot be quasiregular. �

4.2.3 The Un bounding Quan ti�er

In this sectionwe present a procedurewhich, given a regular languageL �
Val(�) anda variableX 2 �, decideswhetherthe languageUX :L is nonempty.
This implies that satis�abilit y is decidablefor formulasof the form UX : (X ),
where  is in MSOL. Unfortunately, we are unable to extend this decision
procedureto accommodate nesting, the way we did in Theorem 4.2.12. On
the other hand though, the procedureruns in polynomial time.

In order to help the reader's intuition a bit, we will begin our analysis
by debunking a natural, yet false, idea: for every regular languageL there
is somen 2 N such that the languageUX :L is nonempty if and only if the
languageUnX :L is.

The intuition behind this idea would be that a pumping processshould
in
ate arbitrarily the set F once it has reached somethreshold size. The
problem, however, is that a tree may contain labelswhich are not part of the
set F , and the pumping might violate this labeling. A suitable counterex-
ample is the following languageL � Val(f X ; Yg):

X is a subsetof Y and Y is a �nite set.

Obviously the languageUX :L is empty, yet for every n 2 N, the language
UnX :L is nonempty. We will have to bear such issuesin mind in the proofs
below, taking carethat we pump only the part of the labeling corresponding
to X .

Let us �x a set �, a regular languageL � Val(�) and a variableX 2 � for
the rest of this section. Wewill use�̂ to denotethe set � nf X g. Analogously
to the \language" de�nition of BX :L in Section4.2.1,wesay a tree t 2 Val(�̂)
belongsto UX :L if there is no �nite bound on the sizeof setsF such that
t[X := F ] 2 L.

An in�nite sequenceof nodes v is increasing if v i < v i +1 holds for all
i 2 N. A family of node sets F is traced by an increasingsequencev of
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nodesif for all i 2 N,

jF \ Bet(v i ; v i +1 )j � i for someF 2 F :

Lemma 4.2.14 A family that contains setsof unboundedsizeis traced.

Pro of
Considera family F with setsof unboundedsize. Given a node v, let F jv be
the family f F \ v� f 0; 1g� : F 2 F g. Let G be the set of nodesv such that
F jv contains sets of unbounded size. The set G is in�nite and downward
closed, hence it contains a chain H . We are going to pick an increasing
sequenceof nodesv from this chain H in such a way that for all i � 1, the
set Bet(v i � 1; v i ) contains at least i nodesof someset F 2 F .

We choosev0 = ". Let us assumethat v0; : : : ; vn have beende�ned and
that the above conditions are satis�ed for i � n. Let F 2 F be a set that
contains at leastn nodesbelow vn . Such a set existsby the assumptionv n 2
H . The claim immediately follows from the fact that there must be some
node vn+1 2 H such that at least n elements of F fall within Bet(v n ; vn+1 ).
�

We �x now somenondeterministic parity automaton recognizingL:

A = hQ; � ; A; qI ; � ; 
 i :

Without lossof generality, we assumethat every state q 2 Q is usedin some
acceptingrun. The rest of this sectionis devoted to an analysisthis automa-
ton and to establishinga structural property equivalent to the nonemptiness
of the languageUX :L.

A descriptor is any element of Q � 
( Q) � Q. With a P(�)-con text C
we associate the set Trans(C) consistingof those descriptors (q; m; r ) such
that there is a run of A that starts in the root of C in state q and:

� The (�nite) path of the run that ends in the hole
of C usesstatesof rank at least m and endsin the
state r .

� All the (in�nite) paths of the run that do not go
through the hole of C satisfy the parity condition.

The intuition is that Trans(C) describesthe possibleruns of A which go
through the context C. The compositionsof two descriptorsand then of two
setsof descriptorsare de�ned below (descriptorswhich do not agreeon the
state p do not compose):

(q; n; p) � (p;m; r ) = (q; min(n; m); r ) (descriptor)
X � Y = f x � y : x 2 X ; y 2 Yg (set of descriptors):
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The descriptor set of the context composition C � D can be computed
from the composition of the descriptor setsof the contexts C and D:

Trans(C � D) = Trans(C) � Trans(D): (4.1)

We will also be using descriptorsof P(�̂)-con texts. For a P(�̂)-con text C
and k 2 N, we de�ne Transk(C) to be the set

[

F :jF j� k

Trans(C[X := F ]):

A schemais a pair R = (R� ; R� ) of descriptor sets. A schema is meant to
describe a P(�̂ )-context, the intuition being that the R� descriptorscan be
obtained from any setsF , while the R� descriptorsareobtained from \large"
sets. A P(�̂)-con text C is said to k-realize a schema R if R� � Trans0(C)
and R� � Transk(C). The composition R � S of two schemasR = (R� ; R� )
and S = (S� ; S� ) is de�ned to be the schema

R � S = (R� � S� [ R� � S� ; R� � S� ):

The following obvious fact describeshow composition of schemascorresponds
to composition of P(�̂)-con texts.

Fact 4.2.15 Let R and S be schemaswhich are respectively k-realizedby
P(�̂)-con texts C and D. The schemaR � S is k-realizedby the context C � D.

We now proceed to de�ne the notion of an in�nitary sequence. The
intuition here is that an in�nitary sequenceexhibits the existenceof a tree
belongingto UX :L, which is obtained by composingall the contexts in C :

De�nition 4.2.16 A sequenceof schemasR is in�nitary if both

� There is a sequenceof P(�̂)-con texts C such that for every n 2 N the
schemaR n is n-realizedby the context C n ; and

� For some�xed state r 2 Q and all n 2 N, there is a state sequenceq
with q0 = r such that:

1. For i < n, (qi ; m; qi +1 ) 2 R �
i for somerank m;

2. For i = n, (qi ; m; qi +1 ) 2 R �
i for somerank m;

3. For i > n, (qi ; m; qi +1 ) 2 R �
i for someeven rank m.

Lemma 4.2.17 UX :L is nonempty i� there exists an in�nitary sequence.
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Pro of
Consider�rst the right to left implication. Let R be the in�nitary sequence
with C and r 2 Q being the appropriate sequenceof contexts and starting
state from De�nition 4.2.16. Let t 2 Val(�̂) be the in�nite composition of
all successive contexts in C :

t = C 0 � C 1 � C 2 � � � �

Let D be a context such that (qI ; n; r ) 2 Trans(D) for somen 2 
( Q). This
context exists by our assumptionon A not having uselessstates. Using the
properties of the sequenceR postulated in De�nition 4.2.16,one can easily
verify that the tree D[t] belongsto UX :L.

For the left to right implication, considera tree t in UX :L. From this
tree we will extract an in�nitary sequence.Considerthe family of node sets

f F � f 0; 1g� : t[X := F ] 2 Lg:

By assumptionon t, this family contains setsof unboundedsize. Therefore,
by Lemma 4.2.14,it is traced by someincreasingsequencev. Consider the
sequenceC of contexts, where C i is obtained from the tree tjv i by placing
the hole in the node corresponding to v i +1 . Onecan verify that the sequence
of schemas

R i = (Trans(C i ); Transi (C i )) ;

along with r = qI , is in�nitary . �

Although in�nitary sequencescharacterizethe unboundednessof L, they
are a little hard to work with. That is why we usea special type of in�ni-
tary sequence,which nonethelessremainsequivalent to the generalcase(cf.
Lemma4.2.19). Considera very simpleschemaR which consistsof two loops
in R� and a connectingdescriptor in R� :

R = (R� ; R� ) where R� = f (q; k; q); (p;m; p)g and R� = f (q; n; p)g:

We say the pair of states (q; p) used above is in
atable if the sequenceR
constantly equal R is in�nitary , for somechoice of ranks k, m and n. Note
that in this case,the rank m must be even.

Lemma 4.2.18 The in
atable pairs can be computed in polynomial time.

Pro of
For i 2 N, considerthe set A i of triples

h(q1; n1; p1); (q2; n2; p2); (q3; n3; p3)i 2 (Q � 
( Q) � Q)3

such that for someP(�̂)-con text C:
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� (q1; n1; p1); (q3; n3; p3) 2 Trans0(C);

� (q2; n2; p2) 2 Transi (C).

Using a dynamic algorithm, the set A i can be computed in time polynomial
on i and the size of the state spaceQ. By a pumping argument, one can
show that the pair (q; p) is in
atable if and only if

h(q; n1; q); (q; n2; p); (p;n3; p)i 2 A jQj+1 for someeven n3.

�

We now proceedto show Lemma 4.2.19,which shows that one can con-
sider in
atable pairs instead of arbitrary in�nitary sequences.

Lemma 4.2.19 There is an in�nitary sequencei� there is an in
atable pair.

Pro of
An in
atable pair is by de�nition obtainedfrom an in�nitary sequence,hence
the right to left implication. For the other implication, consideran in�nitary
sequenceR along with the appropriate sequenceof contexts C . With every
two indicesi < j , we associate the schemaR[i; j ] obtained by composingthe
schemasR i � � � ��R j � 1. Sincethere is a �nite number of schemas,by Ramsey's
Theorem[52] there is a schemaR anda setof indicesI = f i 1 < i2 < � � � g � N
such that R[i; j ] = R for every i < j in I . Naturally, in this caseR � R = R
and, by Fact 4.2.15,the sequenceconstantly equalR is an in�nitary sequence
which realizesthe sequenceof contexts D de�ned

D j = C i j � � � � � C i j +1 :

We will now show how to extract an in
atable pair from this sequence.Let
q ! p be the relation holding for those states q; p 2 Q such that (q; m; p)
belongsto R� for somerank m. SinceR � R = R, the relation ! is transitive.
Let (q; m; p) 2 R� be a descriptor usedfor in�nitely many n in clause2 of
De�nition 4.2.16. We claim:

� r ! q0, q0 ! q0 and q0 ! q, for some q0 2 Q. This follows from
transitivit y of ! if we take n in De�nition 4.2.16to be big enoughto
�nd a loop.

� p ! p0 and (p0; m; p0) 2 R� for somep0 2 Q and even rank m. This is
doneas above.
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Consider�nally the sequenceof contexts E de�ned

E i = D i � D i +1 � D i +2 :

By Fact 4.2.15, for all i 2 N the schema R � R � R = R is i -realized by the
context E i . One can easily verify that the sequenceE witnessesthe fact
that (q0; p0) is an in
atable pair. �

From Lemmas4.2.17,4.2.18and 4.2.19we immediately obtain:

Theorem 4.2.20
Satis�ability is decidablefor formulas of the form UX : , where  is MSOL.

Note that the appropriate algorithm is in fact polynomial in the size of a
parity automaton recognizing .

4.3 Applications

Before we concludethis chapter, we brie
y and informally overview three
possibleapplications. We would like to emphasizethat in noneof thesecases
doesusing the bounding quanti�er give new results, it only simpli�es proofs
of existing ones.

The �rst application comesfrom graph theory. Sometimesa graph G =
(V; E) can be interpreted in the unlabeled full binary tree f 0; 1g� via a pair
of monadic second-orderformulas: a formula � (x) true for the nodes used
to represent a vertex from V and a formula � (x; y) representing the edge
relation E. In [4], Barthelmann showed that such a graph G(� ; � ) is of
boundedtree-width if and only if there is a �xed bound on the sizen of full
bipartite subgraphsK n;n of G(� ; � ). Given two setsF; G � f 0; 1g� one can
expressusingMSOL that they represent the left and right parts of a bipartite
subgraph. The property that there exist biggerand biggersetsF; G encoding
a bipartite graph canthen, after somee�ort, beexpressedasa formula of the
form UZ: (Z ), where the unboundednessof only a singleset Z is required.
The validit y of such a formula in the unlabeled tree can be veri�ed using
either oneof the Theorems4.2.12and 4.2.20,hencewe obtain conceptually
simple decidability proof for the problem [4]: \do esa graph represented in
the full binary tree have boundedtree-width?"

Another application is in deciding the winner in a certain type of push-
down game. A pushdowngameis a two-player gameobtained from a push-
down graph. The vertices of such a graph are the con�gurations (q; 
 ) 2
Q � � � of a pushdown automaton of state spaceQ and stack alphabet �,
while the edgesrepresent the transitions. The gameis obtained by adding a
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partition of Q into statesQ0 of player 0 and statesQ1 of player 1, alongwith
a winning condition, or set of plays in (Q � � � )N that are winning for the
player 0. In [8], the authors considerthe bounded stack winning condition,
wherea play is winning for player 0 if there is a �xed �nite bound on the size
of the stacks appearingin it. Using a natural interpretation of the pushdown
game in a binary tree, the fact that player 0 wins the game from a �xed
position v is equivalent to the satis�abilit y of a formula

9S0 8S1 BX :  (S0; S1; X ; v) ;

in which  (S0; S1; X ; v) says that the stack represented by X appearsin the
unique play starting in node v and concordant with the strategiesS0 and
S1. We are able to quantify over strategiesdue to memorylessdeterminacy
of the relevant game. Moreover, by a closerinspection of the game,onecan
show that 8S1 can be shifted inside the B quanti�er, yielding an existential
bounding formula whosesatis�abilit y is decidableby Theorem4.2.12.

Finally, the bounding quanti�er can be applied to the following decision
problem [6, 5]: \Is a given formula  of the modal � -calculuswith backward
modalities satis�able in some�nite structure?" This problemand its relation
with the bounding quanti�er are the subject of Chapter 5 of this thesis.

4.4 Op en Problems

Whether or not satis�abilit y is decidablefor the whole logic MSOL+ B re-
mains an open problem. Short of giving a full decisionprocedurefor satis�-
abilit y in MSOL+ B, onecould alsoask: can the procedurefor the unbound-
ing quanti�er be extendedto allow somenesting? Can the two procedures
in Theorems4.2.12and 4.2.20be somehow combined? Moreover, a better
complexity assessment for Theorem4.2.12would be welcome.
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Chapter 5

Finite Satis�abilit y

5.1 In tro duction

The satis�abilit y decisionproblem { the question whether a sentence of a
given logic can possibly be satis�ed in somestructure { is a cornerstoneof
logic in computerscience.There is, however, a relateddecisionproblem{ one
we call �nite satis�ability { which has received considerablylessattention.
This is the questionwhether a sentence is satis�ed in some�nite structure.

In a logic whereevery satis�able sentenceis alsosatis�able in some�nite
structure, �nite satis�abilit y is equivalent to satis�abilit y and there is no
reasonto considerthe two asseparateproblems. Such a logic is said to have
the �nite model property. Although whether or not a logic has the �nite
model property is an important question, it is not the onewe are interested
in here. Our point of departure is a logic which is known not to have the
�nite model property; for such a logic we are interestedin �nite satis�abilit y
as a decisionproblem whosedecidability or complexity can be investigated.

For the �nite satis�abilit y problem to be decidable,a logic cannot be too
powerful; for the problem to be meaningful, it needsto be su�cien tly pow-
erful to expresssatis�able sentenceswhich are not �nitely satis�able. These
are rather stringent requirements. On the one hand, logics without the �-
nite model property tend to be di�cult, cf. �rst-order logic over arbitrary
relational structures, whereboth satis�abilit y and �nite satis�abilit y are un-
decidable[65]. On the other hand, logics with decidablesatis�abilit y tend
to have the �nite model property, eg. modal logic, the modal � -calculus[37]
and the Guarded Fragment of �rst-order logic[1, 32].

In recent years, a number of formalisms have appeared which simulta-
neouslyhave decidablesatis�abilit y and do not have the �nite model prop-
erty: two-way alternating tree automata, the modal � -calculus with back-
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ward modalities and guarded�xed point logic.
In this chapter weconsiderthe �nite satis�abilit y problemfor the �rst two

formalisms. We prove that it is decidablefor alternating two-way automata
over �nite graphs. Then, using a well-establishedcorrespondencebetween
alternating automata and the modal � -calculus, we transfer this result to
the modal � -calculuswith backward modalities.

The decidability proof usesproperties similar to the onesdiscussedin
Chapter 4. Indeed, �nite satis�abilit y of a given alternating two-way au-
tomaton is reducedto the emptinessof an e�ectively obtained quasiregular
language.Hencedecidability of the �nite satis�abilit y problem follows from
Theorem4.2.12.

We now proceedto give a more detailed overview of the chapter. In this
overview we will introducethe logical formalismsconsideredin the chapter,
state the main resultsand elaborate further on the connectionbetween�nite
satis�abilit y and the bounding quanti�er.

Alternating Tree Automata and the � -Calculus

Alternating two-way tree automata with the parity condition were used
by Vardi [67] to decide satis�abilit y for the modal � -calculus with back-
ward modalities. The latter is a logic which augments Kozen's modal � -
calculus[36, 3] with two additional modalities � � and � � . Thesemoalities
have the following meaning: a formula � � ' states that ' is true in some
predecessorof the current state, while � � ' states that ' is true in all pre-
decessorsof the current state.

Analogously to the � -calculus with backward modalities, the two-way
alternating tree automaton mentioned in the previousparagraphcan, apart
from the usual forward movesof one-way alternating automata, make moves
which go backward, i. e. toward the root of the tree.

The correspondencebetween two-way alternating automata and the � -
calculuswith backward modalities usedby Vardi �ts into a well-known con-
nectionbetweenalternating automata and the � -calculusthat wasdiscovered
by Muller and Schupp [43, 42]. In both cases{ when backward modalities
are considered(Vardi) and when they are not (Muller and Schupp) { there
existsa linear translation which assignsto a � -calculusformula an equivalent
alternating automaton. A linear translation in the other direction can also
be presented, assuminga vectorial representation of �x-p oint formulas.

Apart from the � -calculus,two-way alternating automata have alsobeen
usedby Graedeland Walukiewicz in [29] to decidesatis�abilit y for guarded
�xed point logic, a logic obtained by adding �xed point operators to the
Guarded Fragment of Andr�eka, Nem�eti and van Benthem [1].
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The Finite Satis�abilit y Problem

There is an interesting common denominator of guarded �xed point logic,
the � -calculuswith backward modalities and two-way alternating automata:
noneof thesehave a �nite model property.

Modal logic and even Kozen's modal � -calculus have the �nite model
property; the � -calculuswith backward modalities doesnot, aswitnessedby
the sentence

� X :(� + X ^ �Y :� � Y):

A similar situation occursin the GuardedFragment: guarded�xed point
logic doesnot have the �nite model property, contrary to the GuardedFrag-
ment without �xed point operators [28].

Since the alternating two-way tree automata of Vardi work on in�nite
trees by de�nition, there is little sensein speaking about a �nite model
property. However, if the de�nition is tweaked a little and oneconsiderstwo-
way alternating automata on arbitrary graphs, �nite or in�nite, nonempty
automata which are not �nitely satis�able can be found.

A formalism that, like the onesabove, does not have the �nite model
property admits the �nite satis�ability problemmentioned above:

Is a given sentence/automaton �nitely satis�able?

In this chapter we present algorithms decidingthe problemboth for alternat-
ing two-way automata on graphs and the modal � -calculus with backward
modalities. The caseof guarded�xed point logic is left open.

The �nite satis�abilit y problemfor two-way alternating automata wasthe
subject of the paper [6], which presented a doubly exponential decisionpro-
cedurefor two-way alternating automata, wherenot the full parity condition,
but the more restricted B•uchi condition was used. That result is improved
here in two ways: we solve the �nite satis�abilit y problem for the general
parity condition, and we do it in singly exponential time, which turns out to
be optimal:

Theorem 5.2.22
The �nite satis�ability problemfor alternating two-way automata on graphs
is Exptime complete

Using this result and the linear translation to and from the � -calculus,we
prove that the �nite satis�abilit y problem for the � -calculuswith backward
modalities is alsoExptime complete.
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Relationship with the Bounding Quan ti�er

Although our alternating two-way automata work on graphs, the proof of
Theorem 5.2.22dealsmostly with trees: a �nite graph is represented as an
in�nite tree { its two-way tree unraveling. Of course,not all in�nite trees
represent �nite graphs{ for this a specialcondition, calledbounded signature,
must be satis�ed. Therefore,the �nite satis�abilit y problem may be reduced
to the emptinessproblem for the languageconsistingof treeswith bounded
signature. Although this languageis not regular, it canbeexpressedusingan
existential bounding formula from Theorem 4.2.12. Hencethe decidability
of the problem.

Unfortunately, although using the bounding quanti�er givesa simple de-
cidability proof, it doesnot yield the optimal complexity. That is why de-
cidability is reproved directly in Section 5.2.7 without using the bounding
quanti�er. This is done by reducing �nite satis�abilit y to emptiness for
someother, e�ectively found, regular language.This approach is more com-
plicated, requiring sometechnical automata manipulations, but yields the
optimal Exptime complexity.

5.2 Tw o-W ay Alternating Automata

In this section, we introduce two-way alternating automata and prove that
their corresponding �nite satis�abilit y problem is decidable. In the other
sectionof the chapter, Section5.3, this result will beapplied to the � -calculus
with backward modalities.

5.2.1 Parit y Games

We are going to de�ne the semantics of two-way alternating automata on
graphsby using a gameapproach. Therefore,beforeproceeding,we give in
this sectiona short introduction to parity games.

De�nition 5.2.1 (P arit y game) A parity gameis a tuple

G = hV9; V8; E ; vs; 
 i

whereV9 and V8 are disjoint setsof positions, the ranking function 
 assigns
to every position in V = V8 [ V8 oneof a �nite number of ranks f 0; : : : ; N g,
E � V � V is the set of edges, and vs 2 V is some�xed starting position.

The game is played by two players, 9 and 8. At each moment of the
gamethere is a current position v from V, starting with the position vs. If
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the current position belongsto the set V8, then the player 8 choosesa new
position w such that the edge(v; w) belongsto the setE. Otherwise,the new
position is chosenin the sameway, but by the player 9. The play may reach
a position from which there are no outgoing edges,in this casethe player to
whoseset this position belongslosesfor a lack of possiblemoves. Otherwise,
the in�nite sequenceof position ranks assumedin the play is considered.If
it satis�es the parity condition (cf. De�nition 4.1.1), the player 9 is declared
the winner; otherwisethe player 8 is declaredthe winner.

Figure 5.1: A parity game. Squarepositions are for 8, round onesfor 9. No
matter what position is picked as the starting one, the player 8 wins.

A strategy for the player i 2 f8 ; 9g is a mapping s : V � Vi ! V such
that for each sequencev0 � � � vj 2 V � Vi , there is an edgein E from vj to the
position s(v0 � � � vj ). Given strategiess8; s9 for both players, a unique play
� (s8; s9) 2 V N [ V � consistent with thesestrategiesis de�ned in the natural
fashion. A strategy for player i is winning if for all strategiesof the other
other player, the resulting play is winning for player i .

A strategy is memorylessif the choice s(v0 � � � vj ) depends solely upon
the position vj ; we identify such a strategy with a mapping V ! V. A
fundamental result [18, 41] says we only needconsidermemorylessstrategies:

Theorem 5.2.2 (Memoryless determinacy theorem)
In every parity game one of the players has a winning strategy, which is,
moreover, memoryless.

5.2.2 Tw o-way Alternating Automata

We have now su�cien tly prepared the ground for introducing two-way al-
ternating automata on graphs. Theseare a slight generalizationof two-way
alternating automata on in�nite trees, which were studied by Vardi in [67]
as a tool for deciding satis�abilit y in the modal � -calculus with backward
modalities. As opposedto \normal" one-way alternating automata, two-way
automata can alsomove backward acrossedges.
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In this chapter, when speaking of graphs,we mean labeled graphswith a
starting vertex. Such a graph is a tuple

G = hV; E; � ; e;vsi

whereV is the set of vertices, E � V � V is the set of edges, the labeling is
a function e : V ! � and vs 2 V is the distinguished starting vertex. We
assumethat the set � of labels is �nite.

Let W � V be a vertex set containing the starting vertex. The subgraph
of G induced by W is the graph obtained from G by reducing the vertex set
to W and restricting the edgesand labeling accordingly. Given a vertex v
of G, we write Gvs := v for the graph where v is chosenas the new starting
position.

De�nition 5.2.3 (Tw o-way alternating automaton) A two-way alter-
nating automaton on �-lab eledgraphsis a tuple:

A = hQ9; Q8; qI ; � ; � ; 
 i

whereQ9; Q8 are disjoint �nite setsof states, qI 2 Q = Q9 [ Q8 is called the
initial state, � is the �nite input alphabet and 
 is a function assigningto
each state a natural number called its rank. The transition function � is of
the form

� : Q � � ! P(f 0; + ; �g � Q):

Intuitiv ely, whether or not the automaton A acceptsa graph G depends
on the outcomeof a certain gameplayedby two players8 and 9. In the game,
the players alternately guide the automaton's control, which at all times is
placedover singlevertex of the graph G and assumesoneof the statesin Q.
The gamestarts in the initial state qI in the distinguishedstarting vertex of
G. Afterward, the automaton movesaround the graph, the player deciding
which move to make being chosendependingon whether the current state is
in Q9 or Q8.

The set of possiblemoves depends on the value that is assignedby �
to the current state and the label in G of the current position. A choice
of the form (q; +) (respectively (q; � )) meansthe controlling player needsto
changethe state to q and move to someposition alonga forward (respectively
backward) edge.Choosing(q; 0) doesnot changethe position, only the state
of the automaton. The winner is determinedas in the parity game.

The precisede�nition is as follows. Given a labeledgraph G and a two-
way alternating automaton A :

G = hV; E; � ; e;vsi A = hQ9; Q8; qI ; � ; � ; 
 i ;

a parity gameG(A ; G) is de�ned as follows:

98



� The positionsfor the player 9 arethe pairs in Q9� V , while the positions
for the player 8 are the pairs Q8 � V ;

� The starting position is the pair (qI ; vs);

� There is an edgefrom the position (q; v) to the position (r; w) if:

{ (0; r ) belongsto � (q; e(v)) and v = w; or

{ (� ; r ) belongsto � (q; e(v)) and (w; v) belongsto E; or

{ (+ ; r ) belongsto � (q; e(v)) and (v; w) belongsto E.

� The rank of a position (q; v) is the rank 
( q).

De�nition 5.2.4 (Acceptance by the automaton) We say that the au-
tomaton A acceptsa graph G under the strategy s if s is a winning strategy
for player 9 in the gameG(A ; G). Such a strategy is called accepting and A
is said accept the graph G.

By Theorem 5.2.2, we assumewithout lossof generality that accepting
strategiesare memoryless.We concludethis sectionwith an exampleof an
automaton which acceptsan in�nite graph, yet rejectsall �nite ones.

Example: Considerthe following two-way alternating automaton A over a
one letter input alphabet f � g:

Sincethe alphabet has only one letter, we only draw the directions next to
the transitions. The initial state is q, which is signi�ed by the incoming
arrow. In the picture, round statesbelong to Q9 and squareonesbelong to
Q8; while states with a double border have rank 0 and states with a single
border have rank 1.

Considermoreover the following graph, with all vertices labeledby � :

The game G(A ; G) looks as follows (round positions are for the player 9,
squareonesare for the player 8; the starting position is (q; 0)):
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In this game,all �nite plays end in (p;0) while the only in�nite onevisits all
the (r; i ) vertices. Both types of play are winning for the player 9. Hence
the automaton A is nonempty becauseit acceptsthe graph G.

We will now show that A acceptsno �nite graph. Let G be a graph
acceptedby A and considera vertex v. If the position (p;v) is winning for
player 9 in the gameG(A ; G), then there is no in�nite sequenceof vertices�
such that

� 0 = v and (� n+1 ; � n ) is an edgein G for all 2 N: (5.1)

On the other hand, if the position (q; v) is winning for player 9 there must
be an in�nite sequenceof vertices� such that

� 0 = v and (� n ; � n+1 ) is an edgein G for all 2 N

and the positions (q; � i ) (and consequently (p; � i )) are all winning for the
player 9. The graph G cannot be �nite, sincethe path � would yield a cycle
and hencea path of the form (5.1), a contradiction. �

5.2.3 The Finite Graph Problem

The examplein Section5.2.2is a motivation for the following �nite satis�a-
bility problemfor two-wayalternating automata:

Does a given alternating two-way automaton on graphs accept
some�nite graph?

It is crucial herethat our alternating automataaretwo-way. Indeed,using
a technique akin to [20], onecan prove the following (a one-way alternating
automaton is onewherethe imageof the transition function is restricted to
subsetsof f 0; + g � Q):

Theorem 5.2.5 (One-w ay �nite model prop ert y)
Every nonemptyone-wayalternating automaton acceptssome�nite graph.
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5.2.4 Tree Unra veling

In this sectionwe de�ne a two-way tree unraveling operation that out of an
arbitrary graph createsa tree-like one which is moreover indistinguishable
by an alternating two-way automaton. Let us �x for the rest of Section5.2
a two-way alternating automaton whosestate spaceQ9 [ Q8 we will refer to
as Q:

A = hQ9; Q8; qI ; � ; � ; 
 i

For the sake of technical simplicity, we assumewithout lossof generality
that every state of the automaton has an outgoing 0-transition, henceall
plays in the gamesG(A ; G) are necessarilyin�nite.

De�nition 5.2.6 (T race) Let s be a strategy for player 9 in the game
G(A ; G) and let � be a play consistent with this strategy. Any contiguous {
�nite or in�nite { subsequenceof � is called a trace in (G; s).

Note that every position in a trace must be reachable from the starting
position in the game G(A ; G). Traceswill be denoted using the letter � .
We useTraces(G; s) to denote the set of all traces in (G; s). A trace � is a
sub-trace of � 0, written as � v � 0, if � is a contiguous subsequenceof � 0.

The following just rephrasesacceptanceof automata in terms of traces:

Fact 5.2.7 The automaton A acceptsa graph G under the strategy s if and
only if the ranks assumedin every in�nite trace in (G; s) satisfy the parity
condition.

A two-way tree is any graph which becomesa tree when directions of
the edgesare forgotten. The starting vertex of a two-way tree, which can
be chosenarbitrarily , is called the root. In a two-way tree, a vertex v is
a successor of a vertex w if there is an edgebetween v and w and every
two-way path from v to the root leadsthrough w. Note that the successor
relation dependson the choice of the root. We denote two-way trees using
the letter T.

Let T be a two-way tree. Given a vertex v of this tree, we use Tjv to
denote the set of vertices which can be connectedto the root only via two-
way paths leading through v. For i 2 N, we denoteby Tj i the set of vertices
in the tree T that canbeconnectedto the root with a two-way path of length
at most i .

A two-waypath in a graph G is sequenceof vertices� wherefor all i 2 N,
either (� i ; � i +1 ) or (� i +1 ; � i ) is an edgein G. The two-way tree unraveling
of a graph G is the two-way tree un(G) obtained from G as follows. The
vertex set is the set of �nite two-way paths in G that begin in the starting
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vertex of G. The label of such a two-way path is taken to be the label (in G)
of its last vertex. If there is an edgefrom v to w in G, we include in un(G)
an edgefrom � �v to its extension� �v�w. If there is an edgefrom w to v,
we include an edgefrom � �v�w to its pre�x � �v. In particular, it is possible
to have edgesin both directions. The root of the unraveling is set to be the
two-way path of length one that contains only the starting vertex of G. See
Figure 5.2 for an exampleof a two-way tree unraveling.

We also de�ne the canonical projection � which maps a two-way tree
vertex � �v onto the vertex v of the original graph. Abusing the notation, we
alsocall � the function which to a trace in the unwinding un(G) assignsthe
corresponding trace in G.

Figure 5.2: A graph and its unraveling

Strategies in the game G(A ; G) can be transferred to the game in the
tree unraveling in the following manner. We de�ne the strategy unraveling of
a strategy s in the gameG(A ; G) to be the following strategy un(s) in the
gameG(A ; un(G)):

un(s)(q; � �v) = (r; � �v�w) wheres(q; v) = (r; w):

Lemma 5.2.8 � (Traces(un(G); un(s))) = Traces(G; s)

Pro of (sketch)
It is enoughto prove the lemmafor tracesstarting in the starting position of
the gameG(A ; G). The proof is by induction on the length of the trace. �

An immediate Corollary of Fact 5.2.7and Lemma 5.2.8 is:

Corollary 5.2.9 A acceptsthe graph G under a strategy s if and only if it
acceptsthe unwinding un(G) under the strategy un(s).
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5.2.5 Signature

Our approach to the �nite satis�abilit y problem involves what we call an
automaton signature. This is the technical conceptbehind the key Lemma
5.2.10,which allowsusto transfer the �nite satis�abilit y problemfrom graphs
and alternating automata to tree languagesand the logic MSOL+ B from the
previouschapter.

Considera graph G acceptedby A under somestrategy s. For a trace
� 2 Traces(G; s) and k 2 N, we denoteby j� jk the number of thosepositions
in � where rank k is assumedand which are before the �rst occurrenceof
a rank smaller than k. Intuitiv ely, j� jk is a measureof the trace � which
says how many statesof rank k appear at the beginningof � without being
\canceled" by somestate of smaller rank. We will be interestedin the value
of j� jk only when k is an odd rank.

Given an odd rank k, we associate with a position (q; v) in the game
G(A ; G) its k-signature, i.e. the upper bound on possiblevaluesof j� jk for
traces� that start in (q; v). Note that the signaturedependson the particular
strategy s for the player 9. This value, which can be �nite or in�nite, is
denotedSigk

G;s(q; v). If the context is clearasto what graph and strategy are
concerned,we simply write Sigk .

We say (G; s) has a signature bounded by N 2 N if the k-signature of
every position is boundedby N for all odd ranks k. Such a graph G is said
to have a bounded signature. Note that a graph may have many signatures,
corresponding to many strategies;we require only oneof them to be bound-
eded here. The following lemma characterizesautomata that accept �nite
graphsin terms of signaturesand two-way trees:

Lemma 5.2.10 A acceptsa �nite graph if and only if sometwo-way tree
hasa boundedsignature.

The proof of this lemma is long and will be spread acrossthe next two
subsections.

A Finite Graph Yields a Tw o-W ay Tree with Bounded Signature

The two-way tree in questionwill simply be the unraveling of any �nite graph
acceptedby A . First we state two auxiliary lemmas.

Lemma 5.2.11 A �nite graph acceptedby A hasa boundedsignature.

Pro of
We will prove that this signaturecan be boundedby the product of the size
of the graph's vertex set V and the state spaceof A . If the contrary were to
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hold, there would be an acceptingstrategy s and a trace � 2 Traces(G; s)
such that for someodd rank k,

j� jk > jV jjQj :

Without lossof generality we assumethat the trace � doesnot contain states
of rank lessthan k, otherwisewe can considerthe appropriate pre�x. Since
the trace � contains more than jV jjQj statesof rank k, somegameposition
(q; v) corresponding to a state q of rank k must occur twice in � . But this
means that the player 8 can close a loop containing this position. Since
the strategy s is memoryless,there exists a play consistent with s which
violates the parity condition, a contradiction with the assumptionthat s is
an acceptingstrategy. �

Lemma 5.2.12 Treeunwinding doesnot increasethe signature, i. e.

Sigk
un (G);un (s)(q; � �v) � Sigk

G;s(q; v)

Pro of
This follows from Lemma 5.2.8. �

Having thesetwo lemmas,the left to right implication in Lemma 5.2.10
follows easily. Indeed, assumethat the automaton A acceptsa �nite graph
G. By Lemma5.2.9,it alsoacceptsthe unraveling un(G) under the strategy
un(s). Moreover, for every vertex � �v of the unraveling, every state q 2 Q
and every odd rank k, we have the two inequalities:

Sigk
un (G);un (s) (q; � �v) � Sigk

G;s(q; v) � jV jjQj

The �rst one is due to Lemma 5.2.12,the seconddue to Lemma 5.2.11.

A Tw o-W ay Tree with Bounded Signature Yields a Finite Graph

This direction is more involved. We will show that a two-way tree with
bounded signature can be \lo oped" into a �nite graph. Let G be a graph
and s a strategy for 9 in the game G(A ; G). We say a position (r; w) of
the gameis an s-sequel of the position (q; v) if it is possibleto move in one
step from the position (q; v) to the position (r; w) in the gameG(A ; G), i.e.
(q; v)(r; w) belongsto Traces(G; s).

Let k be an odd rank. A k-pseudosignature is a function � k that assigns
to every position in G(A ; G) an integerfrom a �nite set f 0; : : : ; N g such that:

� If 
( q) > k then � k(q; v) � � k(r; w) for all s-sequels(r; w) of (q; v);
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� If 
( q) = k then � k(q; v) > � k(r; w) for all s-sequels(r; w) of (q; v).

A pseudosignature for (G; s) is a system of k-pseudosignaturesfor all odd
ranks. We say a graph G admits a pseudosignature if for somestrategy s,
there is a pseudosignaturefor (G; s).

Lemma 5.2.13 A acceptsa �nite graph if and only if this graph admits a
pseudosignature.

Pro of
For the left to right implication it is su�cien t to notice that the signatureis a
pseudosignature.For the other direction, oneshows that a pseudosignature
majorizesthe signature,sothat each state with odd rank appearsat most N
times beforea state of smaller rank state appears. �

The following lemma completesthe proof of the right to left implication
in Lemma 5.2.10.

Lemma 5.2.14 If a pseudosignatureexists for sometwo-way tree then one
exists for a �nite graph.

Pro of
Let s be a strategy which admits a pseudosignature� in a two-way tree
T. By removing vertices not used by the strategy s and duplicating some
subtrees,we can assumethat the two-way tree T hasexactly jQj successors
for each vertex. Hence,we can associate with T a bijection of the verticesV
of T and the set of sequencesQ� :

 T : V ! Q� (5.2)

such that for all verticesv of T, every successorw of v is assigneda sequence
 T (v) � q, for someq 2 Q. In the samespirit, we can encode a memoryless
strategy s in G(A ; T) asa mapping

' T
s : V ! (Q � f� 1; 0; 1; : : : ; jQjg)Q9 (5.3)

which says what movesthe player 9 makesdependingon the vertex of T and
the state of the automaton. The neighbors are encoded by a number, where
� 1 is the ancestor,0 standsfor not moving and the positive numbersencode
the successorsaccordingto the bijection  T .

With every vertex v of T we shall associate two piecesof information
constituting its description: the value ' T

s (v) and the values � k(q; v) for all
states q and odd ranks k. Since a pseudosignaturehas a �nite image by
de�nition, there exists a �nite number of vertex descriptions. We can thus
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�nd a number i such that all vertex descriptions in the set Tj i +1 appear
already in the set Tj i .

Let f : Tj i +1 ! T j i be any function that restricted to the set Tj i is the
identit y mapping and which assignsto every vertex v from the set Tj i +1 a
vertex of the samedescription. Such a function exists by assumptionon i .

Using this function, we will construct the �nite graph from the statement
of the lemma. We set the vertex set to be Tj i . The starting vertex and
labeling are inherited from the original two-way tree. The edgeset of the
new graph is:

f (f (v); f (w)) : (v; w) is an edgein Tg :

An easyveri�cation shows that the original pseudosignatureis also a pseu-
dosignaturefor this graph. �

5.2.6 Applying Signatures to Decidabilit y

In this section we present an existential bounding formula which expresses
the fact that a two-way tree is acceptedwith a bounded signature. Since,
by Lemma 5.2.10, the automaton A acceptsa �nite graph if and only if
there is sometwo-way tree with a boundedsignature,we canusethe decision
procedurefrom Theorem4.2.12to show decidability of the �nite satis�abilit y
problem.

Let G be a graph and s a strategy for the player 9 in the gameG(A ; G).
Let k be an odd rank and let � 2 Traces(G; s) be a trace whereno state has
rank smaller than k. A vertex v is a bad point for � if for somestate q of
rank k, the position (q; v) occurs in � . A bad point set is a set of bad points
for sometrace. The following immediately follows from the de�nition of a
signature:

Lemma 5.2.15 A graphhasboundedsignatureif and only if the cardinality
of bad point setsis bounded.

We will now show that in the caseof two-way trees, the above property
can be expressedusing the bounding quanti�er, indeed by an existential
bounding formula. Before we do so, however, we need to introduce some
encodings, sincethe bounding quanti�er works over in�nite trees, not two-
way trees (which, technically, are graphs). For this, it will be convenient
to consider,instead of in�nite binary trees de�ned in the previous chapter,
the more generalQ-ary in�nite trees. Such a tree is a mapping Q� ! �.
The de�nitions of regular languages,monadic second-orderlogic, etc. are
extended in the natural manner from binary trees to Q-ary ones. All the
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results from Chapter 4, in particular Theorem4.2.12,remain valid for Q-ary
trees.

Let T be a two-way tree whoseevery vertex has exactly Q successors.
Using the  T mapping de�ned in (5.2), we associate with a two-way tree T
the tree

~T : Q� ! � � f" ; #; lg

de�ned in the natural manner, with the �rst component encoding the label
of a vertex and the secondone saying what type of edgeslink it with its
parent.

In a similar manner,using the mapping (5.3), a memorylessstrategy s in
the gameG(A ; T) is encoded as the tree ~s = ' T

s �  � 1
T . A set of verticesW

in the two-way tree T is encodedusinga tree r W : Q� ! f 0; 1g which assigns
1 exactly to the vertices in  T (W). If W is a bad point set, the tree r W is
said to encode bad points.

Lemma 5.2.16 The set L of trees ~T^~ŝ r , where r encodes bad points in
(T; s) is a regular tree language.

Pro of
This set is recognizedby an automaton which guessesan automaton trace
� 2 Traces(T; s) and con�rms if all the vertices represented by r are bad
points of � . The trace � canbe guessedby a �nite automaton, sincewithout
lossof generality only traceswhich visit every vertex at most jQj times need
be considered. �

Lemma 5.2.17 The set K of encodings of two-way trees that, under some
strategy, have a bound on the cardinality of bad points sets,is de�ned by an
existential bounding formula.

Pro of
This set is obtained from the regular tree languageL in the previouslemma
by applying the boundingquanti�er andexistential quanti�cation over strate-
gies. �

Corollary 5.2.18 It is decidablewhether a two-way alternating automaton
acceptssome�nite graph.

Pro of
Let A be a two-way alternating automaton. By Lemma 5.2.10,A accepts
some�nite graph if and only if sometwo-way tree T hasa boundedsignature.
By Lemma 5.2.15this is equivalent to the fact that T has a bound on the
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cardinality of bad point sets. By Lemma 5.2.17, this is equivalent to ~T
belongingto the the tree languageK from Lemma 5.2.17. HenceA accepts
some�nite graph if and only if K is nonempty. Nonemptiness,in turn, is
decidableby Theorem4.2.12. �

We also provide a bound of somesort on the sizeof graphsacceptedby
two-way alternating automata.

Fact 5.2.19 If A acceptssome�nite graph then it acceptsa graph whose
sizeis elementary in the sizeof jAj .

Pro of
This follows from Lemma4.2.11and the fact that all the automata construc-
tions usedhereare at most exponential. �

5.2.7 Exptime Completeness

Although the bounding quanti�er givesa conceptually simple decisionpro-
cedure for the �nite satis�abilit y problem, it does not unfortunately yield
the optimal complexity. In this section,we conduct a direct analysisof the
problem in order to prove that it is Exptime complete.

Let T be a two-way tree, s a strategy for 9 in the game G(A ; T) and
consider an in�nite sequenceof positions in this game. This sequenceis
a forward bad trace in (T; s) if it is an in�nite trace in Traces(T; s) which
violates the parity condition. It is a backward bad trace in (T; s) if its states
violate the parity condition and it has in�nitely many pre�xes that, when
reversed,are tracesin Traces(T; s). We say (T; s) is trace �nite if it contains
no forward bad trace and no backward bad trace.

Lemma 5.2.20 If ~T^~s is a regular tree, then (T; s) hasa boundedsignature
if and only if it is trace �nite.

Pro of
Obviously, if (T; s) is not trace �nite then it cannothavea boundedsignature.
For the other direction, we will prove that if (T; s) doesnot have a bounded
signature, then it is contains a bad trace.

One can prove, using an argument similar to the one in the proof of
Lemma 4.2.9, that if bad point setsare of arbitrary size,there must exist a
state q of odd rank k and a trace

(q; v) � � � (q; w)
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with all ranks at least k, such that the subtrees

( ~T^~s)jv ( ~T^~s)jw

are equal and, moreover, either v < w or w < v. But this guarantees the
existenceof a bad trace: if v < w then it is a forward bad trace, while if
w < v it is a backward bad trace. �

Lemma 5.2.21 The set L of trees ~T^~s such that (T; s) is trace �nite can
be recognizedby an automaton whosestate spaceis exponential in jQj and
whoseacceptancecondition is polynomial in jQj.

Pro of
For purposesof this proof, we call an automaton small if its state spaceand
acceptancecondition are polynomial in jQj (the alphabet is allowed to be
exponential). The disjunction of two small automata is alsosmall.

The automaton recognizingthe languageL will be obtained from two
small automata C and D via sum, complementation and projection. Before
describingC and D, we will �rst present the construction which makesout
of them the automaton in the statement of the lemma.

For every pair (T; s) a unique labeling lT;s is de�ned, whosealphabet �
is exponential in the sizeof Q:

lT;s : Q� ! � :

Intuitiv ely, this labeling says what positions are reachable and what are the
possibleloops. The labeling is such that the small automaton C acceptsa
tree ~T^~ŝ l if and only if l 6= lT;s. Moreover, having accessto such a labeling,
the small automaton D acceptsthe complement of L. More precisely, D
accepts ~T^~ŝ lT;s if and only if ~T^~s doesnot belong to L. Consequently, the
languageL can be characterizedas:

L = f ~T^~s : both C and D reject ~T^~ŝ l for somelg

Thereforethe languageL is the projection of the complement of a language
recognizedby small automata. By the complexity of complementation for
parity automata establishedin [17], an automaton for L of exponential state
spaceand a polynomial acceptancecondition can be found.

Having presented the construction, we now proceedto describe in more
detail the labeling lT;s and the small automata C and D. The labeling lT;s is
the composition of the following labellings:

ak ; bk : Q� ! P(Q � Q) k is an odd rank

c : Q� ! P(Q)
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which, intuitiv ely, say what are the possibleloops and which positions are
reachable. Formally, we de�ne the labellings to be correct, i. e. rejected by
C, if and only if:

� A pair (q; r ) belongsto the set in the label ak(v) if and only if there is
a trace from (q; v) to (r; v) which doesnot usestatesof rank lessthan
k; the pair additionally belongsto bk(v) if a state of rank k is usedin
the trace. In particular, the pair (q; q) belongsto ak(v) if the rank of
k is at least k and it alsobelongsto bk(v) if this rank is exactly k.

� q 2 c(v) if and only if (q; v) is reachable in (T; s)

Writing the small automaton C which accepts erroneouslabellings is
doneby simulating an alternating automaton using a nondeterministic one.
We omit the description here and refer interested readersto the paper of
Vardi [67].

The small automaton D which rejectsL having accessto the labeling lT;s

is de�ned to be the disjunction

D =
_

(Bk _ F k)

over all odd ranks k of two typesof small automata:

� F k , which acceptsif there exists a forward bad trace whosesmallest
rank occurring in�nitely often is k; and

� Bk , which acceptsif there exists a backward bad trace whosesmallest
rank occurring in�nitely often is k.

Let us describe here only the small automaton F k , the automaton for
backward tracesBk being de�ned in a similar manner. An in�nite trace may
contain a �nite number of positions, in which casethere is a vertex v and a
state q such that

q 2 c(v) and (q; q) 2 bk (v) :

This can be easily veri�ed. Otherwise, the in�nite trace can be decomposed
into in�nitely many �nite subtraces

� =

� 0

z }| {
(qi 0 ; vi 0 ); : : : ; (qi 1 � 1; vi 1 � 1);

� 1

z }| {
(qi 1 ; vi 1 ); : : : ; (qi 2 � 1; vi 2 � 1); : : :

where for all j 2 N, the trace � j begins and ends in the samevertex vi j ,
which is a successorof the vertex vi j � 1 corresponding to the previous trace.
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If the trace is a bad forward trace whoseleast rank occurring in�nitely often
is k, only ranks greater or equal to k appear in the subtraces� i after some
point m 2 N; moreover a state of rank k is assumedin in�nitely many of
thesesubtraces.

The automaton F k follows this characterization by guessingan in�nite
path � in dom( ~T), a point m 2 N on this path, and two labellings q; r :
dom(� ) ! Q of this path such that:

� The m-th position (qm ; � m ) is reachable, i. e.belongsto the label c(� i );

� For all i � m, there is a loop (qi ; r i ) 2 ak(� i );

� In�nitely often this loop contains the rank k, i. e. (qi ; r i ) 2 bk(� i );

� For all i � m, the strategy s admits a move from (r i ; � i ) to (qi +1 ; � i +1 ).

�

Theorem 5.2.22
The �nite satis�ability problemfor alternating two-way automata on graphs
is Exptime -complete

Pro of
By Lemma 5.2.10,a two-way alternating automaton is �nitely satis�able if
and only if the tree language

K = f ~T^~s : the signature of (T; s) is boundedg

is nonempty. Obviously K is the sum of a family of regular languages:

K =
[

i 2 N

f ~T^~s : the signatureof (T; s) is boundedby ig

This and Lemma 5.2.20show that K is L-quasiregular,whereL is the lan-
guagefrom Lemma 5.2.21. But then, by Fact 4.2.3:

K 6= ; i� L 6= ; :

Recall that the languageL was recognizedby an automaton of exponen-
tial state space,yet with only a polynomial acceptancecondition. By [17],
emptinessfor nondeterministic parity tree automata can be tested in time
O((mn)3n ), wherem is the number of states,while n is the number of ranks
in the acceptancecondition of the automaton. Hencethe Exptime mem-
bership.
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For the hardnessresult, by Theorem 5.2.5, asking whether a one-way
alternating automaton accepts some �nite graph is equivalent to asking
whether it acceptsany graph at all. But emptinessfor one-way alternating
automata is well known to be Exptime -hard, for instancedueto a reduction
from the satis�abilit y problem for propositional dynamic logic [23]. �

5.3 The � -Calculus

In this sectionwe considerthe modal � -calculuswith backward modalities.
We prove that for every formula of this calculus, an equivalent alternating
two-way automaton of the samesize can be found; hencethe �nite satis-
�abilit y problem for the � -calculus with backward modalities is Exptime -
completeby a reduction to the automata case.

As was the casewith monadic second-orderlogic, we use in formulas
variablesfrom somein�nite set V. For purposesof the � -calculuswe do not
di�erentiate betweentypesof variables.

De�nition 5.3.1 (Form ulas of the calculus) Let � = f P1; : : : ; Png be
a �nite set of atomic propositions. The set F � of formulas of the modal � -
calculuswith backward modalities over � is de�ned by the following grammar:

G ! � j : � j V j G^ G j G_ G j

� � G j � + G j � � G j � + G j

� V:G j � V:G

Werespectively call � and � the least and greatest �x-p oint operators. We
call � + and � + the forward universal modality and the forward existential
modality, respectively; while � � and � � are respectively called the back-
ward universal modality and the backward existential modality. Without the
two backward modalities � � and � � , the logic is just the modal � -calculus
introducedby Kozen in [36, 3].

In this chapter, a � -calculusformula is interpreted in a graph. It would
be possibleto useKripke structures, whereedgescan be additionally labeled
by some�nite set of actions. This is, for instance, the approach taken by
Vardi in [67]. Although our results would also hold for this generalization,
for the sake of simplicity we stick to structures wherethere is only onetype
of edge.

Let � be a set of atomic propositions and considera P(�)-lab eledgraph

G = hV; E; P(�) ; vs; ei
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along with a valuation � : V ! P(V). Given a formula  2 F � , the sat-
isfaction relation G; � j=  is de�ned below. Intuitiv ely, G; � j=  holds if
 is true in the starting vertex vs of the graph G, with the graph labeling
e and the valuation � de�ning what atomic propositions and propositional
variablesare true in which vertex. The formal inductive de�nition is:

� G; � j= P if P 2 e(vs), whereP is an atomic proposition;

� G; � j= X if X 2 � (vs), whereX is a propositional variable;

� G; � j=  1 ^  2 if G; � j=  1 and G; � j=  2;

� G; � j=  1 _  2 if G; � j=  1 or G; � j=  2;

� G; � j= � +  if Gvs := v; � j=  for somev 2 V such that (vs; v) 2 E;

� G; � j= � �  if Gvs := v; � j=  for somev 2 V such that (v; vs) 2 E;

� G; � j= � +  if Gvs := v; � j=  for all v 2 V such that (vs; v) 2 E;

� G; � j= � �  if Gvs := v; � j=  for all v 2 V such that (v; vs) 2 E.

The semantics of the �x-p oint operators need somemore explanation.
Given a valuation � and a variable X , a formula  can be seenasa function
 X

� in the powerset lattice P(V):

 X
� (W) = f v : Gvs := v; � [X := W] j=  g for W 2 P(V) :

Since formulas contain negation only next to atomic propositions, such a
mapping is monotone and, by the Knaster-Tarski Theorem, has least and
greatest�xed points, which are usedto de�ne the operators � and � :

� G; � j= �X : if vs belongsto the least �xed point of  X
� ;

� G; � j= � X : if vs belongsto the greatest�xed point of  X
� .

If  is a sentence, i. e. contains no free variables, then the satisfaction
relation j= doesnot depend on the valuation � and we can, without risking
ambiguity, write G j=  instead of G; � j=  .

Example: Consider the following formula  over the empty set of atomic
propositions:

 = � X : (� + X ^ �Y : � � Y):

An easyveri�cation shows that a graph G satis�es

�Y : � � Y
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if and only if there is no in�nite sequenceof vertices � such that � 0 is
the starting vertex and there is an edge from � i +1 to � i for all i 2 N.
Moreover, the graph satis�es the whole formula  if and only if there is an
in�nite path � starting in the starting vertex, all of whosevertices satisfy
the formula �Y : � � Y. Hence,this formula is equivalent to the automaton
from the examplein Section5.2.2and is thereforesatis�able yet not �nitely
satis�able. �

As in the caseof alternating two-way automata, this examplemotivates
the following decisionproblem:

Is a given formula of the modal � -calculuswith backward modal-
ities satis�ed in some�nite structure?

The remainderof this chapter is devoted to applying the result on alternating
automata (Theorem 5.2.22)to prove decidability of this problem.

5.3.1 Automata on Mo dels

In this section, we sketch the correspondencebetween the � -calculus with
backward modalities and alternating two-way automata. Let � be a �nite
set of atomic propositions and considera sentence  2 F � . Without lossof
generality, we assumethat every variable is bound at most oncein  . We
will construct an alternating two-way automaton A  on graphssuch that for
all P(�)-lab eledgraphsG,

A  acceptsG i� G satis�es  :

This automaton is obtaineddirectly from the structure of  . Let cl( ) denote
the smallestset of formulas that contains  and is closedunder subformulas.

if � X :' (X ) 2 cl( ) then ' (� X :' (X )) 2 cl( ) for � 2 f �; � g:

Within cl( ) we distinguish two subsets:cl9( ), which consistsof formulas
of the form  1 _  2, � +  and � �  ; and cl8( ) { the remaining formulas.
The alternating two-way automaton on P(�)-lab elled graphs

A  = hQ9; Q8; qI ; P(�) ; � ; 
 i

is de�ned as follows:

� The state setsare Q9 = cl9( ) [ f q> g and Q8 = cl8( ) [ f q? g, with q>

and q? being somenew states;

� The initial state qI is  ;
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� The input alphabet is P(�);

� The transition function � is de�ned as follows:

{ � (q> ; �) = f (0; q> )g, � (q? ; �) = f (0; q? )g;

{ For P 2 �, � (P; �) = f (0; q> )g if P 2 �, f (0; q? )g otherwise;

{ For P 2 �, � (: P; �) = f (0; q> )g if P 62�, f (0; q? )g otherwise;

{ � ( 1 _  2; �) = � ( 1 ^  2; �) = f (0;  1); (0;  2)g;

{ For � 2 f �; � g, � (� X :' (X ); �) = f (0; ' (' (X ))) g;

{ For X 2 Var , � (X ; �) = f (0; � X :' (X ))g, where � X :' (X ) is the
unique formula in cl( ) wherethe variable X is bound;

{ For k 2 f� ; + g, � (� k '; �) = � (� k '; �) = f (k; ' )g;

� The ranking function 
 is �xed soasto satisfy the following conditions:

{ 
( q> ) is even, while 
( q? ) is odd;

{ If the variable Y occurs freely in the formula � X : 1(X ) then

( � X : 1(X )) > 
( � Y: 2(Y));

{ Fix-point formulas have even rank if and only if the operator is � ;

{ The other formulashave a rank bigger than all �x-p oint formulas.

The following Lemmafollows from a gamecharacterization of the � -calculus
that can be found in [45]:

Lemma 5.3.2 A graph satis�es  if and only if it is acceptedby A  .

Theorem 5.3.3
The �nite satis�ability problemfor the � -calculus with backward modalities
is Exptime -complete.

Pro of
Sincethe sizeof the automaton A  is linear on the sizeof the formula  , the
Exptime upper bound follows immediately from Lemma5.3.2and Theorem
5.2.22. The lower bound can be obtained in a similar way to the onein The-
orem 5.2.22: a formula that doesnot usebackward modalities is satis�able
if and only if it is �nitely satis�able [20], and satis�abilit y for such formulas
is Exptime -hard [38, 17, 20]. �
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5.4 Op en Problems

The techniques used in this section could conceivably be applied to for-
malismsother than the � -calculusand alternating automata. As mentioned
in the introduction, two-way alternating automata were used in the paper
[29] to decide the satis�abilit y of formulas in the Guarded Fragment ex-
tended with �xed points. Perhapsthe bounding quanti�er might be applied
to solving the open questionwhether �nite satis�abilit y is decidablefor the
Guarded Fragment with �xed points.
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