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Abstract

The rst part of the thesis concernsproblems related to the question:
\when can a regular tree languagebe de ned in rst-order logic?" Char-
acterizationsin terms of automata of rst-order logic and the related chain
logic are presertied. A decidableproperty of tree automata called confusion
is introduced;it is conjecturedthat a regulartree languagecanbe de ned in
chain logic if and only if its minimal automaton doesnot cortain confusion.
Furthermore, polynomial time algorithms are presetied that decideif a given
regular tree languagecan be de ned in any one of the temporal branching
logicsTL[EX], TL[EH and TL[EX; ER.

In the secondpart of the thesis, an extension MSOL+B of monadic
second-orderdogic over in nite treesis considered,where a new quarti er
B is added. Using this quarti er, onecan expressproperties sud as: \there
exist bigger and bigger setssatisfying ..." An automata-theoretic investiga-
tion of the quarti er is conducted, yielding decidablesatis abilit y for two
fragmerts of MSOL+ B. Theseresultsare then appliedto a decisionproblem
stemmingfrom the -calculus.

Keywords: Treeautomata, de nabilit y, monadicsecond-ordetogic, -calculus,
temporal logic.

ACM Classi cation: D.2.4,F.1.1,F.3.1
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Chapter 1

In tro duction

This thesisconcernsgssueson the boundary of logic and the theory of tree au-
tomata. It consistsof two parts. The rst concernsthe de nabilit y problem
for languagesof nite trees. The subject of the secondpart is an extension
of monadic second-ordelogic by a cardinality quarti er.

The rst part includesChapters2 and 3 and is concernedwith nite trees.
In it, we investigatewhat structural properties of tree automata correspnd
to certain logically de ned classesof tree languages.The aim is to produce
algorithmsthat, givenasinput atree automaton, decideif the correspnding
tree languagecan be de ned in a particular logic. The logicsconsideredare
rst-order logic, chain logic and se\eral simple branching temporal logics. For
the branching temporal logics, the aim of providing algorithms is achieved,
while only partial progressis madein the casesf chain and rst-order logic.

The secondpart of the thesis, consistingof Chapters4 and 5, is dewted
the study of a new quarti er that extendsmonadic second-ordelogic over
in nite treeswith the ability to say that certain families of setscortain sets
of unboundedsize. An investigation into automata theoretic aspects of this
quarti er is conducted,yielding algorithms for satis abilit y of formulas that
usethe quarti er in a certain restricted fashion. Theseresults are applied
to solve the decisionproblem: \giv en a formula of the modal -calculuswith
badkward modalities, decideif it can be satis ed in some nite structure.”

The rest of this introduction is meart to be a cursory summary of both
parts of the thesis. Howewer, before we proceedto the subject of the rst
part { the de nability problem for tree languages{ we begin with a short
detour into word languages.

An establisheddecisionproblem for regular word languagess the de n-
ability problem which for a given classX of regularword languagess de ned
asfollows:

Decideif an input regular languagebelongsto the classX.
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A celebratedproblemof this kind concernghe classof star-freelanguagesi.e.
regular word languagesthat can be de ned by a regular expressionwithout
the Kleene star (but with complemetation). This classwas characterized
by Sdcetzerbergerin the groundbreaking paper [53], in which it is shovn
that a languageis star-freeif and only if its syntactic semigroupis aperiodic,
i.e. does not cortain a nortrivial group. Sincethe syntactic semigroup of
a regular word languageis a nite object that can be e ectively computed,
Sdtzerberger'stheoremimplies that the de nabilit y problem for star-free
languagess decidable. For instance,the syntactic semigroupof the language
(aa) isthe two-elemenh groupZ,, andthereforethis languages not star-free.
The de nabilit y problem seemsparticularly interesting, however, when
a logical approad to regular languagesis considered. In this approad, a
word is represeted as an appropriate relational structure. The domain of
this structure is the set of positions in the word, which is assumedto be
linearly ordered,and for every possibleletter there is a correspnding unary
predicate. For instance,the structure appropriate for the word abbais:

h 1,2,34g ; , a=fl4g ; b=f23g i:

Using this represemation, with a logical formula one may idertify the lan-
guageof wordswhich satisfy it; for instance,the formula 8x:a(x) correspnds
to the languagea .

A fundamenal result here is the Buchi Theorem [9] (proved also, in-
dependerly, by Elgot [14] and Trakhtenbrot [66]), which says that a word
languageis regular if and only if it can be de ned in monadic second-order
logic. This logic is an extensionof rst-order logic wherequarti cation over
setsof elemetts (in this case,setsof positionsin the word) is also allowed.

By this theorem,every sublogicof monadicsecond-ordefogic correspnds
to a subclassof the classof regular languages.Logic becomeghus a natural
sourcefor an abundanceof de nability problems. A particularly notable
exampleis:

Is a given regular word languagede nable in rst-order logic?

By a result of McNaughon and Papert [40], a word languageis rst-order
de nable if and only if it is star-free,thereforethe above problemis decidable
thanks to Stutzerberger'stheorem.

This result has openedup a thriving researt eld [58, 47]. Among the
marny other logics for which the de nabilit y problem is decidableare rst-
order logic limited to two variables[6(] and rst-order logic with  replaced
by the successorelation [61]. A slightly di erent setting is provided by tem-
poral logic, wherede nabilit y hasbeenshonvn decidablefor variouslanguage
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classede ned by limiting the type or nesting of modalities allowed [70]. Al-
though intensive researt cortinues,one can safelysay that we have by now
attained a solid understandingof the relationship betweenlogic and regular
word languages.

Unfortunately, the samecannot be said for tree languages.Much theory
of regularlanguagesarriesover to the tree casein a straightforward manner,
including the corresppndencebetweenmonadicsecond-ordetogic and regular
languageg59]. In the subject of de nabilit y, howeer, instancesof progress
have beenfew and far between. In particular, decidability of the problem:

Is a given regular tree languagede nable in rst-order logic?

remains,despiteattempts at resolution, opento this day. In a senseChapter
2 of this thesisis a chronicle of one sud failed attempt.

Much of the successn the word casehasbeendueto automata-theoretic
and algebraicmethods. It seemsthat this is alsothe way to go in the tree
case.That is why, in Chapter 2, we dewte our energiesto the dewelopmert
and analysis of two sud tools: wordsum automata and cascadeproduct of
tree automata.

A wordsumautomaton is a bottom-up tree automaton which runs a word
automaton on all the branchesof an input tree. It calculatesthe set of pos-
sible states that the underlying word automaton can assumeafter reading
some branch of the tree. In particular, by looking at the state of the word-
sum automaton one can determineif all (or some)branchesof the tree are
acceptedby the underlying word automaton.

Cascadeproduct, on the other hand, is an operation that takestwo tree
automata A and B andreturns a newtree automaton B A. This automaton
runs on an input tree rst the automaton A and then lets the automaton B
read both the labeling of the original tree and the statesassumedn the run
of A.

By using the notions of wordsum automaton and cascadeproduct, we
obtain se\eral characterizations of logically de ned languageclasses. One
of thesesays that a tree languageis rst-order de nable if and only if it is
recognizedby a cascadeproduct of aperiodically wordsum automata (these
are wordsum automata whoseunderlying word automaton correspndsto a
rst-order de nable word language). Other characterizations are related to
a hierardy of formulas within the branching temporal logic CTL

In the secondpart of Chapter 2, we turn our attention to atree logic that
sits between rst-order logic and monadic second-orderogic: chain logic.
This logic, introduced by Thomasin [62], is obtained from monadic-second
order logic by limiting setquarti cation to chains. We considerthe de nabil-
ity problem for chain logic and, although failing to prove it decidable,we do
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suggesta conjecture. This conjecture statesthat a languageis de nable in
chain logic if and only if it is nonconfusing,i.e. is recognizedby an automa-
ton that doesnot cortain a specialtype of pattern (called confusion). At the
very least, confusionis a conveniert method of shaving that a languageis
not de nable in chain logic, sincea chain-de nable languagecan be proved
not to cortain confusion.

The confusion conjecture also admits an interesting application of the
cascadeproduct: it is shovn that the classof automata that do not contain
confusionis closed under homomorphic image and cascadeproduct. This
closureresult implies, in particular, that nonconfusinglanguagesare closed
under chain quarti cation and the booleanoperations.

In the next chapter, researb on the de nabilit y problem is cortinued.
We cut badk our ambitions a bit, and insteadof rst-order logic, we consider
temporal logicswhereonly two operators are allowed: EF, correspnding to
\there existsa node below the currert one"; and EX, correspndingto \there
exists a successor".For instance, the formula

EREXa” EXb)

is satis ed in treesthat cortain a node with one successotabeled by a and
the other successolabeled by b. Three logics are considered. These are
called TL[EX], TL[EF and TL[EX, EF and accourt for the three possible
combinations of allowing and disalloving the operators EF and EX. For eah
of theselogics, the de nabilit y problem is researbed.

Consider rst the de nabilit y problem for the logic TL[EX]. It turns out
that a languagerecognizedby a tree automaton is TL [EX]-de nable if and
only if the acceptanceof a tree by this automaton dependsonly upon nodes
whosedistancefrom the root is boundedby some xed threshold. Sincethis
threshold, if it exists, can be bounded by the size of the automaton, the
de nabilit y problemis decidablefor TL [EX].

The characterizationabove is rather straightforward and hasalreadybeen
known in the literature for sometime [46]. The original cortribution in this
thesis are characterizationsfor the other two logics TL [EF and TL[EX; EF,
which shaw the correspnding de nabilit y problemsto be decidable. In fact,
if the input automaton is assumedo be deterministic, the appropriate algo-
rithms run in polynomial time.

This concludesthe rst part of the thesis,which is about the de nabilit y
problem. In the rst part the treesare assumedo be nite and the logicswe
consideredare fragmens of monadic second-ordedogic. In the secondpart,
we shift our attention to in nite trees. The logic concernedis still monadic
second-orderlogic, but this time we are more interested in its extensions
rather than its fragmerts.



A fundamenal result of Rabin [50] says that a languageof in nite treesis
regularif and only if it is de nable in monadicsecond-ordetogic. Dueto the
expressie power of monadic second-orderogic over in nite trees, Rabin's
theorem has beenthe basis for many decidability results [17, 63, 64, 27].
There are properties, howeer, that cannot be de ned ewen in this powerful
logic. Consider,for instance,the following one:

There are chains of a-labelednodesof any nite size,but none of
in nite size.

The secondpart of this property { the absenceofanin nite chain of a-labeled
nodes{ can easily be expressedn monadic second-orderogic over in nite
trees. This is in corntrast with the rst part though, which can be shavn to
be inexpressibleusing monadic-secondorder logic. This is really a shame,
since cardinality constrairnts sud as the one above have seeral interesting
applications (someof which are discussedn Chapter 4).

For this reason,we consideran extensionMSOL+ B of monadic second-
orderlogic, wherea newsecond-ordeguarti er B isadded. In this extension,
aformula BX: (X) is satis ed in the treesthat admit a nite bound on the
possiblesizeof setssatisfying (X).

In the particular exampleregarding chains of a-labeled nodesconsidered
above, an appropriate MSOL+ B seriencewould be the conjunction

o= oBX: (X)) M 8Xi( (X)) 9x2X 8y2X:y X)
wherethe formula (X) saysthat X is a chain of a-labeled nodes:
(X)=8xy2X:[ax)" (x y_y Xx)]

In the sertence’ , the rst conjunct says that no nite bound on the size
of a-labeled chains can be found, while the secondone says that every sud
chain hasa maximal elemen and is therefore nite.

In Chapter 4, we enbark on an investigation of the logic MSOL+B. The
decisionproblem consideredhereis satis abilit y, i.e. the questionwhether a
givenformula is satis ed in sometree. Although we fail to prove satis abilit y
decidablefor all of MSOL+ B, we manageto idertify two fragmers where
the problem is decidable. Thesetwo fragmerts are interesting enoughto
include se\eral important applications (and the formula ' above).

One of these applications is the subject of the next and nal chapter of
the thesis, Chapter 5, wherethe modal -calculuswith badkward modalities
[67, 36, 3] is considered. A characteristic trait of this logic is that it does
not have the nite model property: it de nes formulas which are satis able



only in in nite structures. What makesthe modal -calculuswith badkward
modalities remarkable, however, is that { cortrary to most other formalisms
without a nite model property sut as rst-order logic over arbitrary rela-
tional structures{ it is a computationally manageabldogic. In particular, it
is known to have decidablesatis abilit y [67]. Theseconsiderationsstimulate
us to considerthe following decisionproblem:

Is a givenformula of the modal -calculuswith badward modal-
ities satis able in some nite structure?

Instead of working directly with the -calculus,we usealternating two-way
automata over graphs. This is an automata formalism [56, 43] closelyrelated
to the -calculus. In particular, for every formula of the modal -calculus
with backward modalities there existsan alternating two-way automatonthat
acceptsexactly the samegraphs[43,42,67]. Thereforethe nite satis abilit y
problemfor the -calculusmentioned above canbe reducedto the analogous
questionfor two-way alternating automata on graphs.

Although the alternating two-way automata we usework over arbitrary
graphs, in the proof we limit our attention to graphswhich resenble trees,
i.e. two-way tree unravelings. An alternating two-way automaton cannot
distinguish betweena graph and its two-way tree unraveling, therefore one
can consideronly the latter type of graphswhereall sorts of tree-automata
techniguescan be applied.

Howeer, the tree unraveling of a graph is necessarilyan in nite tree.
The questionis: how canwe tell, looking at this in nite tree, if it originated
from a nite graph? It turns out that this can be doneusing a cardinality-
related property de nable in MSOL+B: a tree can be \wound badk" into
a nite structure if and only if there is a nite bound on the cardinality of
certain paths. What is more, the appropriate MSOL+ B sertence belongsto
one of the fragmerts from Chapter 4 that have decidablesatis abilit y, and
thereforethe nite satis abilit y problem for the two-way -calculusis showvn
to be decidable.

We would like to concludethis introduction with someremarks on the
structure of the thesis. Each of the chaptersis fairly self-conained; a reader
with somebadkground in tree automata can probably read them separately
(perhapsan exceptionhereis Chapter 5 which relieson someconceptsfrom
Chapter 4). There is no global \Preliminaries" section;de nitions are intro-
duced more or lesswherethey are rst used. This implies that de nitions
of the most basic conceptsare conceitrated in the rst sectionsof the next
chapter. Finally, what may well be the most interesting part of the thesis, is
not what it cortains, but what it doesnot cortain. For this reason,at the



end of ead chapter an attempt is madeto summarizethe problemswhich
are left open and invite further researab.
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Chapter 2

Cascade Pro ducts of Tree
Automata

2.1 Intro duction

Many logical formalisms deweloped for branching structures can be de ned
as fragmernts of monadic second-orderogic over trees. This is the casefor
the temporal logic CTL [19, 16|, and consequetty all of its fragmerts sut
asCTL [1]1]. The samealsogoesfor rst order-logicand its fragmerts, suth
as the restriction to two variables and the restriction which only usesthe
successorelation.

With sud a large variety of logical formalisms,onewould like to under-
stand how they arerelated to ead other in terms of expressibility. We would
like to answer questionssud as: \can a given tree languagebe de ned in
rst-order logic?" or \what type of properties cannot be de ned in CTL ?"
A good answer to sud a questionis an algorithm decidingif a tree language
is de nable in a particular logic. In sud a casethe de nability problem
for the logic is said to be decidable. But lessde nitiv e answers may be of
somevalue, too { for instanceonemight be interestedin providing su cien t
conditions for a languageto be not de nable in a given logic.

This is the subject that we will undertake in this chapter and the next
one. We shall try to characterize sometree logics within the framework
of regular tree languages. In this chapter, we tackle \expressiwe" logics,
sud as rst-order logic or chain logic. We presen characterizationsof these
two logics, using a version of cascadeproduct for tree automata. However,
these results do not yield any algorithms for deciding rst-order or chain
de nabilit y, although a conjecture pertinent to the latter is preserted. In
Chapter 3, on the other hand, we considermuch simpler logics, obtained by

10



using only the branching temporal modalities EF and EX. The simplicity
of the subject matter is traded for strongerresults: e ective proceduresare
presened for decidingif a regular tree languagecan be de ned in any of the
logicsTL[EX], TL[EH and TL[EX; EH.

Due to the remarkable robustnessof regular languages,the input to a
procedure for the de nability problem { a regular tree language{ can be
presened in oneof many ways: by a formula of monadic second-ordetogic,
by one of a number of equivalert variants of tree automata, by a regular
expressiongetc. Although e ectiv e proceduresexist which translate between
theseformalisms,oneshouldseeka framework that is corveniert for studying
and formulating structural properties. For this, we seart for inspiration in
a wide body of work done on analogousproblemsfor word languages.

The de nabilit y problem for word languageshas a rich and evertful his-
tory. A celebratedearly result is Schutzerberger'sTheorem[53], which says
that a word languageis star-free if and only if its syntactic semigroupis
aperiodic, i.e. doesnot cortain a nortrivial group. This, together with Mc-
Naughon's and Papert's [40]result that star-freeword languagesare exactly
the rst-order de nable ones,yieldsa decidablecharacterizationof rst-order
logic over nite words. Decidable characterizations are also known for, to
name but a few: linear temporal logic, its fragmerts obtained by restricting
the types of modalities usedor the nesting that is allowed; also restrictions
of rst-order logic where only the successorrelation is used (or only two
variables), etc. We direct the readerto the surweys [58, 47, 70] for more
information. The important point hereis that all of thesecharacterizations
arein terms of properties of the syntactic semigroup,or { more or lessequiv-
alertly { of the minimal deterministic automaton.

The tree analogueto the syntactic semigroupseemso bethe syntactic al-
gebr, wherebinary operatorsareallowed (in the caseof binary trees). On the
automata side, the tree analogueto a deterministic nite automaton seems
to be a bottom-up deterministic tree automaton. Of the two approades,we
choosehereto work with the automata one, although an algebraicframework
would yield the sameresults.

For bottom-up tree automata, cartesian product, determinization and
projection work the sameway as for word automata. We would verture to
s&/, howewer, that the mostimportant analogousproperty is the existenceof
syntactic automata As in the word case,for ewery regular tree languageL
there is a uniqgue minimal bottom-up automaton recognizingit, which can
be treated asa canonicalrepresetation of L. This syntactic automatonis a
closeanalogueto the onein the caseof words: it is a homomorphicimage of
ewery other automaton recognizinglL, its statesrepreseh equivalenceclasses
of the context-indistinguishability relation, etc.

11



We start with rst-order logic and considerthe question[62, 31, 48]:

What property of the syrtactic automaton correspndsto rst-
order de nabilit y of a regular tree language?

This is a notoriously di cult questionand we immediately dispel any undue
expectations: no serious progressis made regarding decidability. We do,
howewer, proposean automata-theoretic framework for the problem, which
puts seeral previousresultsin a fresh perspective and opensnew averuesof
researb.

As might be expected, tree languagesbring new di culties which did
not appear in the word case. One the one hand, somelanguagescannot
be de ned in rst-order logic despite satisfying a rough tree equivalert of
aperiodicity, cf. booleanexpressiong\waluating to true. On the other hand,
languageswhich posseseriodic-like behaviour can be de ned in rst-order
logic, using the auxiliary structure provided by a binary tree. An example
of the secondtype is presetted in Section2.3.3: the set of treeswhereewery
path is of even length. The three-state syntactic automaton of this language
seems{ at rst glance{ to use\p eriodic" courting modulo two. Howe\er,
the languagecan be showvn to be rst-order de nable.

Instead of working with rst-order formulas directly, we usethe result of
Hafer and Thomas [30] that over binary trees, rst-order logic de nes the
sameclassof languagesas CTL [19, 16]. Within CTL we distinguish a hi-
erardy 1; 1, 2, »;:::accouring for the nestingdepth of the E operator.
We then set out to relate this hierarchy with tree automata.

We start in Section 2.4 with some simple results regarding low levels
of this hierardy, presening decidablecharacterizations of languagesin
and ;. Theseare languagesecognizedby deterministic (respectively code-
terministic) top-down automata where certain aperiodicity constrairts are
satis ed. Perhapsinterestingly, this is somethingdi erent than saying: de-
terministic (resp. codeterministic) and in rst-order logic. Unfortunately,
already the boolean combinations B; of languagesin ; and 1 prove too
di cult and we leave the decidability of the classB; open, although we do
presen a correspnding classof automata { aperiodic wordsum automata.

In the next section, Section2.5, we extend theseautomata characteriza-
tions to higher levels of the hierardhy using a conceptof casade product of
tree automata. The cascadeproduct of two automata B and A is an au-
tomaton B A which rst runs A on the input tree and then lets B read
both the original tree and the run of A. This operation is devisedas an
automata-theoretic analogueof formula composition and as sud is a tree
generalization of cascadeproduct of sequetial transducers[2, 12, 13 33].
A similar operation for trees can also be found in [21]. Using the cascade
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product operation, we shav that a regular languageL is rst-order de nable
if and only if it can be recognizedby a cascadeproduct of aperiodic word-
sum automata. Unfortunately, we do not know whether this re ects some
decidablestructural property of the syntactic automaton of L, which is only
known to be a homomorphicimage of sud a cascadeproduct.

In Section2.5.4,we usethe cascadeproduct to prove that the E-nesting
hierarchy in CTL over nite binary treesis in nite. Sincea similar result is
already known [55], this sectionsenesmainly to shov how the cascadeprod-
uct is a conveniert tool for nonde nability proofs; being a sort of automata-
theoretic equivalert of the Ehrenfeudit-Frasse gametechnique usedin logic.

In the last sectionswe shift our attention to chain logic [62. This logic
is obtained from MSOL by restricting the second-orderquanti cation from
arbitrary setsto linearly orderedones,i.e. chains. The sametechniquesas
for rst-order logic showv that a languageis de nable in chain logic if and
only if it canbe recognizedby a cascadeproduct of arbitrary { not necessar-
ily aperiodic { wordsum automata. Equivalertly, a languageis de nable in
chain logic if and only if it can be recognizedby a cascadeproduct of syn-
tactic automata of deterministic languages. This characterization supports
the intuition that chain logic is a half-way point between rst-order logic
and monadic second-ordetogic, a point where periodicity is allowed on the
\v ertical axis" correspndingto paths, but not on the \horizontal axis" cor-
responding to branching. One should, howewer, be careful with taking this
metaphor too far, astesti ed by the even-depth languagemertioned previ-
ously, or by a languagedue to Pottho [48] which is de nable in chain logic
and simultaneously aperiodic with respect to cortexts, yet is not de nable
in rst-order logic.

Finally, in Section 2.6, we introduce a structural property of tree au-
tomata called confusion and conjecturethat a languageis de nable in chain
logic if and only if its syrtactic automaton doesnot cortain confusion. It is
decidablewhether or not an automaton corntains confusion,thereforeif the
conjecturewereto betrue, the classof tree languagesle nable in chain logic
would be decidable. We do show that languageswith confusionare not chain
de nable, the open questionis whether a languagenot expressiblein chain
logic must necessarilycortain confusion.

We concludethe chapter by providing someargumerts in favour of the
confusionconjecture. Arguably the most compelling pieceof evidenceis pre-
serted in Section2.6.3,whereit is shovn that languageswithout confusion
are closedunder boolean operations and chain quarti cation. It is in this
context that the cascadeproduct shaws its worth. The de nition of non-
confusingautomata has a conbinatorial character, yet closureunder chain
guarti cation hasmore of a logical character. Due to its hybrid nature, the
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cascadeproduct seneshere as a sort of bridge betweenthe two worlds: for
instance,chain quarti cation over a nonconfusinglanguagecorrespndsto a
homomorphicimage of the cascadeproduct of two nonconfusingautomata.

Figure 2.1: Languageclassesconsideredin this chapter

2.2 The Word Case

Webeginthe chapter by brie y andinformally surveyingsomeresultsrelating
logic and automata over words. We cite here two classiccorrespndences:
between regular word languagesand word languagesde nable in monadic
second-orderlogic; and between aperiodic word languagesand word lan-
guagesde nable in rst-order logic.

A deterministic word automatonis atuple A = hQ; ;q; i, whereQisa
nite setof states isa nite input alphalket, g 2 Q is the initial state and

'Q I Q is the transition function. The run of this automaton over a

wordw=a, a, 2 is the unique sequencef states , = ¢  G+1 Sud
that o = g andfor all i < n, the state g+; is (g;a&). Givenan accepting
condition, or setof statesF  Q, the languageL (A; F) is the set of words
whoserun endsin a state from F. In sud a caseA is said to recognize this
language,and the languageis called regular .

Another way of de ning regular word languagess by using the synactic
equivalencerelation of Myhill and Nerode. Given a languagelL, the (bidirec-
tional) syntactic equivalene relation iderti es two words w; w°2 if

uwv2L i uwv2lL for all u;v 2

An L-type is an equivalenceclassof this relation. A standard result says that
a languageis regular if and only if it has nitely many types. The syntactic
equivalenceis a congruencewith respect to concatenation, henceit makes
senseto write for two types and of L.
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Yet anotherway of looking at regular word languagess by using a logical

approad. Let =f 4;:::; ,gbea nite alphabetandw = a; a, a nite
word over . This word is represeted as a relational structure
w = (dom(w); "; 1";iin a"):

in the word w, the binary relation " represeis the natural order and the

unary relations ;" represeh the letters accordingto " = fj :a = ;0.
The signature of this structure is denotedas Sig .
A languageof nite words L is de nable in monadic second-order

logic if there is a monadic second-ordersertence over the signature Sig
which is true in exactly the words from L. We use MSOLW to de ne the
classof word languagesde nable in monadic second-orderogic. A classic
result [9, 14, 66] statesthat this classis equalto the classof regular word
languages.

Within the framework of monadicsecond-ordetogic, onenaturally distin-
guishesthe fragmert which doesnot quartify over sets,i. e. rst-order logic.
Akin to monadic second-ordede nabilit y, a word languageis rst-or der de-
nable if the de ning formula can be found already in rst-order logic. We
write FOLW to denotethe classof rst-order de nable word languages.

A property of automata correspnding to rst-order de nability is as
follows. A regular languageis periodic, if for sometype

6 but "= forsomen 2:

A languageis aperiodic if it is not periodic. A celebratedresult due to

Sdutzerberger [53] and McNaughton and Papert [40] says that a language
is rst-order de nable if and only if it is aperiodic. In particular the fol-
lowing problem is decidable: \is a given regular word language rst-order

de nable". This is due to the fact that cheding aperiodicity is decidable{

in fact it is in Pspace with respect to the sizeof a recognizingdeterministic
automaton [57].

2.2.1 LTL and Kamp's Theorem

In this sectionwe introducethe syntax and semarnics of linear temporal logic
(LTL). We then cite the famoustheorem of Kamp, which statesthat word
languagesde nable in LTL are exactly the rst-order de nable ones.

Let =1 4;:::; ,g bea nite alphabet. Formulas of linear temporal
logic over are de ned by the following grammar:

Vi=VAV|V_VjV jVUV] 1] ] n:
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We de ne the semattics by giving a translation that assignsto ewvery LTL
formula a correspnding rst-order formula [ J:o. with onefreevariable.
This translation is de ned by induction:

[ Jroo (x) = _(x) for 2 ;
I ™ Jac ) =1 Jrat CONMT Teor (%), similarly for @ ;_;
[ULka(X)=9>x[ ka(Y)"8z2x<z<y) [ Il (2).

Note that our sematics of the U operator are strict, i.e. we do not require
to hold in the node x.

An LTL formula is satised in a word w if the rst position of the
word model w satis es the rst-order formula [ J-o.. A formula de nes a
languagelL if it is satis ed in exactly the words belongingto L.

Sometimesthe syrtax of LTL is extendedby additional operators F, G
and X { called nal ly, glokally and next, respectively { which we consider
hereto be the following abbreviations:

F=>U G=:F' X =?U

By de nition, ewery LTL-de nable languageis in FOLW. By Kamp's
theorem[34, 26], the corversealso holds.

2.3 Finite Trees: Basic De nitions

We now focus our attention on tree languages. In this section, we intro-
duce somebasic conceptsregarding automata and logic for tree languages,
extending the de nitions for the word case.We then establishan analogous
logical framework, along with the correspndenceof monadic second-order
logic and regular languages.Finally, as a tree analogueto LTL, we presen
the branching temporal logic CTL .

2.3.1 Regular Tree Languages and Tree Automata

In this section we introduce the basic de nitions regarding trees and tree
automata. We will consider nite trees here, although someof our results
carry over to the in nite case.

A nite A-sguene is a function a : f0;:::;ng! A, while an in nite
A-sequene is a function a : N ! A. We use boldface letters to denote
sequencesGivena function f : A! B and an A-sequencea, the function
compositionf a is alsoa well de ned B -sequence Often we will forsake the
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functional notation and write a; instead of a(i). The length jaj 2 N[ flg

of a sequencas the sizeof its domain. We useA to denotethe setof nite

A-sequencesaind AN for the set of in nite A-sequencesThe concatenation

of two sequences and b, denotedby a b, is de ned in the usual fashion.
An unlakelal tree is a nite nonempl pre x-

closedsubsetu of f 0; 1g which contains aword x 0

if and only if it cortains the word x 1. Let be

some nite set, called an alphalet. A -tree is a

functiont : u! , whereu is an unlabeled tree,

which is calledthe domain of t and denoteddom(t).

We write Treeg ) to denotethe setof -trees. A Figyre 2.2: A tree

tree languageover is any set of -trees. A node

of a tree is any elemen of its domain. We order nodes of a tree using the

pre x relation . In ewery tree we distinguish the empty sequence', called

root, which is the least elemen with respectto . A nodev oft is a leaf if

it is -maximal. Nodesthat are not leaves are called inner nodes. Given

two -trees s andt and a nodev 2 dom(t), the substitution t[v := s] is the

-tree de ned:

. _s(u) ifw=v ufor someu2 dom(s)
tv = slw) = t(w) otherwise

The composition of a -tree sanda -tree t isthe -tree st de ned
(sM)(v) = (s(v);t(v)). For this composition to be de ned, both trees need
to have the samedomain.

Let be someletter not occurring in the alphabet . A -multicontext
isa [ fg -tree wherethe label may occur only in the leaves. We will
denote multicontexts using letters C, D. Any leaf labeled by is called a
hole; we write holegC) to denotethe set of holesin a multicontext C. Let

plugging ead tree t; into the respective hole v;. We will sometimestreat a
letter 2 asthe unique multicontext with holesin the nodes0 and 1 and
the label in the root. Hence [s;t] is the unique tree with  in the root
and the treess and t in the left and right sons.

A multicontext C with only oneholev is called a context and is denoted
C[]. The composition of two cortexts C[] and D[] is the naturally de ned
context C[D[]]. By C"[] we denotethe n-fold composition of CJ[].

De nition 2.3.1 A deterministic bottom-up tree automaton over -trees is
atuple A = Q; ;q; i, whereQ is nite setof states is a nite input
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alphalet, g 2 Q is the initial state and 2 Q2 I Q is the transition
function.

This automaton starts belowv the leavesin the initial state (which are
calledthe bottom of the tree) and then proceedstowards the root according
to the transition function. Formally, with an automaton A and a -tree t
we assaiate the run tree t* : dom(t) ! Q de ned inductively:

tA(v) = (9;9;t(v) if visa !eaf;
(tA (v 0);tA(v 1);t(v)) otherwise.
A treet is saidto evaluateto the statet”("). GivenasetF  Q of accepting
states we write L (A; F) to denotethe languageof -trees which evaluate to
a state in F. Sud a languageis recognizal by A and is said to be regular.
The syntactic equivalene of a languageL.  Treeg) is the equivalence
relation ' | which identies two -trees s andt if

C[s]2L i CJt]2L for all -con texts C:

Equivalenceclassesf the syntactic equivalenceof L are called L -types and
the setof L-typesis denotedas TypeqL). A languageis regular if and only
if it hasa nite number of types. The syntactic equivalencerelation is a
congruencen the sensethat for all 2 |,

s'  slandt' [ t° ) [s:t]' o [s%t9:
Henceit makessenseo write expressiondike [ ; ], with aletter and
types. For ewvery regular languagethere is a minimal bottom-up deterministic
automaton recognizingit, calledits syntactic automaton The states of this
automaton are typesof the languageand the transition function is de ned
accordingly

Let L be a regular tree languageover and A an automaton of state
spaceQ over -trees. For a -m ulticontext C we de ne in the natural way
the following evaluations:

C[ ]2 Q where :holefC)! Q;
C[]12 TypeqL) where :holegC)! Typeql);
C[]12 Treeg) where :holegC) ! Treeg)

which describe how the multicontext C a ects statesof A, treesand types
of L respectively.
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De nabilit vy

Given a classL of regular languageswe will be interestedin the de nability
decisionproblem for L:

Given a regular languagelL represeted by its syntactic automa-
ton, decideif L belongsto L.

If the above problem is decidable,we say the classL is decidable.

2.3.2 Logic

In this section we introduce the logical approad to tree languages. We
start by consideringlanguagesde nable in monadic second-ordefdogic and
languagesde nable in rst-order logic.

Let =1 1;:::; hgbea nite alphabet. With a -tree t we asseiate
the logical structure

t= (dom(t); Sg; St b ahiin W)

which is de ned like in the caseof words, exceptthat now we have two new
unary relations S{ and S!, which denotethe setsof left and right sons:

S, = dom()\ f0;1g 0 and S!=dom(t)\ fO;1g 1:

We denotethe signature of sud a structure by Sigt .

A tree languageL  Treeq) belongsto the classMSOLT of monadic
seond-order de nable tree languagesif and only if there is a serience
of monadic second-ordefogic over the signature Sigt which is satis ed in
exactly the treesbelongingto L. If is actually a rst-order formula, then
L alsobelongsto the classFOLT of rst-or der de nable tree languages For
nite trees,atheoremof Thatcherand Wright [59]showvsthat atree language
is regular if and only if it is in MSOLT.

Tree Ap eriodicit y

We would like to end this section by noting that the natural analogue of
aperiodicity for treesdoesnot characterizethe rst-order tree languages.

De nition 2.3.2 A regulartree languageL  Treeg ) is periodic if there
existsa -con text and an L-type sud that

C[]6 but C"[ ]= forsomen 2: (2.1)

The languageis aperiodic if it is not periodic.
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The rst exampleof an aperiodic tree languagewhich is not rst-order
de nable was preserted by Heuter in [31]. A simple exampleof this sort of
languagefollows:

Example: Considerthe setL  Treegf0;1, ;”~g) of treesthat represemn

well-formed booleanexpressionghat evaluate to 1. This languagehasthree
types: expressiong\waluating to 0, expression®valuating to 1 and malformed
expressions.Considernow a cortext C[]. The function on typesinduced by

C[] is monotoneon the types0 and 1 and returns a malformed expression
when given a malformed expression. Therefore, no context satis es condi-
tion (2.1) and the languageL is aperiodic. In Section2.6.1will prove that

this languageis not rst-order de nable.

233 CTL and FOLT

In this sectionwe presen the branching time temporal logic CTL [19, 16].
We considerthis logic becauseit is equivalert to rst-order logic over trees,
but hasa structure more corveniert for automata.

Let = f 4;:::; ,g be a nite alphabet and considerthe following
grammar, with two mutually recursiwe variablesV and W'

VI VAVjV_Vj:V jVvuv

W I BEVJAVIWAWIW_WJiW | 1] | niSiS
Formulas derived from the symbol V are called path formulas and formulas
derived from the symbol W are called node formulas. In path formulas, we
will alsousethe abbreviationsF, G and X introducedin the sectionon LTL.
The setof CTL formulasover is de ned to be the set of node formulas.

Analogouslyto the casefor LTL, we de ne the semairtics usinga mapping
into rst-order logic. This mapping assignsto eat node formula a formula
of onefree variable and to eat path formula a formula of two free variables
asdescriked below.

Intuitiv ely, a node formula  correspndsto a formula [ J:o. (X), which
descrikes the subtree rooted in the node x, while a path formula corre-
spondsto aformula [ J-o. (X; y) which describesproperties of the path from
the node x to a leafy, alongwith the relevant subtrees.

For node formulas, the translation is:

[E Ia(X) = 9y X[ lro (X;y)" 8z (z>Y)
A o) = [LE ]
I »"Jac (X)) = [ Tt O Jeou (X), similarly for _ and:
[RIro () = R(x) forR2 [ fSo;Si9
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We call node formulas of the form E' existential formulas and node formulas
of the form A" universal formulas. For path formulas the translation is the
sameasfor LTL:

[ U Lo (Xy) 9z.x<z Y "[ la(zy"
Mux<u<z) [ o (uy)]

[ T 5Y) M T Jeou (X5 y), similarly for _ and :

[ ~' Ja (X5Y)

A CTL formula is satised in a -tree t, which is written t
if the rst-order formula [ ]-o. is true in the root of t. A CTL formula
de nes a tree languagel if it is satis ed in exactly the treesfrom L. Our
very de nition shawsthat CTL de nable languagesare in FOLT. It turns
out, that the corverseis alsotrue { a generalizationof Kamp's Theoremalso
holds for CTL

Theorem 2.3.3
FOLT and CTL de ne the sameclassof tree languages.

This theorem { allowing for di erent syntax { has been proved for in nite
trees by Hafer and Thomasin [30]. The simpler caseof nite treescan be
shown using the sameproof technique.

A CTL Hierarc hy

We de ne herea hierardhy of CTL formulas which accourts for nesting of
the E and A operators. Let o= ¢ be the set of node formulas cortaining
neither E nor A. The ensuinglevels of the hierarchy for i > 0 are de ned by
induction:

B, is the set of booleanconbinations of ; and ; formulas.

i is the set of existertial node formulas whose every proper node
subformula belongsto B; ;.

i is the set of universal node formulas whoseewery proper node sub-
formula belongsto B; ;.

i isthe setof ; formulasfor which an equivalert formulain ; exists.

Abusing the notation, we will alsouseB;, i, i and ; to denotethe lan-
guageclassesorrespnding to the appropriate formula types. This hierarchy
of languagesis depictedin Figure 2.3 along with the obvious inclusionsand
equalities.
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Figure 2.3: The hierarchy in CTL with arrows denoting inclusion

An Example

Before we proceedwith a more systematic exposition, we attempt here to
whet the reader'sappetite using an examplethat shavs how insidiously the
structure of a CTL formula can be hidden in a language.

Everylanguagein ; isdeterministic (seethe next sectionfor ade nition)
and rst-order de nable. What may be surprisingis that the reverseinclusion
doesnot hold.

Lemma 2.3.4 There exists a deterministic and rst-order de nable lan-
guageoutside ;.

Pro of
Considerthe language:

L=1ft2 Treegf Q) :eweryleafoft is at evendepthg:

Obviously this languageis deterministic. Using the algorithm from Lemma
2.4.5,onecanprovethat L isnotin ;. Thetricky part isthat L is rst-order
de nable.

In order to shaw this, we will producea CTL formula de ning the com-
plemert of L. Given a node v, the middle path from v is the path which
starts in v with a left turn and alternately doesleft and right turns. The
following CTL formula statesthat the middle path is of odd length:

1 = HXSNMG(S1) 1 XS)MG(Sy) XSi)]

A similar formula o for evenlengthscanbe written. We say a tree is mixed
if it contains paths of both even and odd lengths. No mixed tree belongs
to L. If atreeis not mixed then all of its leavesare at even depth if and only
if the tree satises .

The key ideais that the following conditions are equivalert:
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a tree is mixed;

there are two siblingswhosesubtreesare non-mixed
and which satisfy ¢ and ; respectively;

there are two siblings which satisfy o and ; re-
spectively.

Hencethe following CTL formula de nes the complemen of L:

1_EF 7 (EX] o SDM(EX 1~ St

i2f 0;1g

2.4 Low Levels of the Hierarc hy

In this sectionwe considerthe classes 1, 1, 1 and B;, and characterize
them in terms of tree automata. Using thesecharacterizations,we prove that
the rst three are decidable. We are, howeer, unable to provide a decision
procedurefor the classB;.

Deterministic  Top-Down Automata

Before proceeding,we brie y considertop-down tree automata, which tra-
versethe tree in a direction opposite to that of bottom-up automata: they
start in the root and go down into the leaves. Although nondeterministic
top-down automata de ne the same class of languagesas bottom-up au-
tomata, this is no longer true for their deterministic variant. For instance,
the language\there exists an a-labeled node" is not recognizableby any
deterministic top-down automaton.

A precisede nition isasfollows. A deterministic top-downtree automaton
is a tuple

D=m; ;qg; i;
with Q beingthe setof states beingthe input alphalet, g 2 Q the initial
state and the transition function being of the form : Q I Q2 The
run of the automaton D over a -tree t is the tree

t° :dom()! Q

de ned by induction asfollows: the root is labeledwith the initial state g,
and if a node v 2 dom(t) is labeledwith g, then its sonsv Oandv 1 are
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labeledwith the rst and secondcomponerts of (q;t(v)) respectively. Note
that this run doesnot depend on the leaf labels.

Givenasetof statesF  Q, calledthe aacepting condition, the language
L(D;F) isthe setof -trees t wherefor every leafv the value (t°(v);t(v))
belongsto F F. Sud alanguageis saidto be deterministic. We useDET to
denotethe classof deterministic languages.As noted above, not all regular
languagesare deterministic. Moreover, the classDET is not closedunder
booleanoperations (exceptintersection), henceDET menbership cannot be
decidedsimply by looking at the syntactic automaton.

Another way of looking at a deterministic top-down automaton is that
it veri es if every path in the given tree satis es someproperty. Given an
alphabet , thetrace alphaletof , denoted ¢, istheset fO0;1g. A trace
of a -tree t is any sequence

(0;@0);::5( njan) 2

suh that ay a, ;isaleafintand ;=t(ag & ) foralli 2 [0;n]. The
set of tracesof a tree t is denotedtr(t). For instance,the tree:

has the following traces: f (a;0) (b;0); (a;0) (b;1);(a;1) (c;0);(a;1) (c;1g.
The set of tracesof a languageL is

tr(L) = [ tr(t):
t2L

Fact 2.4.1 The set of traces of a regular tree languageis a regular word
languageand can be e ectively computed.

Pro of

Considera languageL = L(D;F) recognizedby a top-down deterministic
automaton D = hQ; ;q; ;Fi. We assumewithout lossof generality that
ewvery state is usedin someacceptingrun. The languagetr(L) is recognized
by the deterministic word automaton whosestate spaceis Q, whoseinitial
state is g and whosetransition function °is de ned:

We:id)=ai (g )=(wma) ford2f0lg:

Fact 2.4.2 A treelanguageL is deterministici L = ft:tr(t) tr(L)g.
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Pro of
Follows from the fact that the state of a top-down deterministic automaton
in a node v is uniquely determined by the trace leadingto the node v.

Ap eriodically Deterministic Automata and

A languageis aperiodically deterministic if it is deterministic and tr(L) is
an aperiodic word language. We use DETAP to denote the classof sudh
languages.Here we shaw that this classcoincideswith ; and is decidable.
Hencealsothe decidability of the classes ; and ;.

The tree completion of aword w 2 , is any nonempty setA . Sud
that for some -tree t,

A=fv2tr(t):wisaprex ofvg:

Given a languageK (»awordw 2 , canbeK -completal if sometree
completion of w is a subsetof K .

Fact 2.4.3 LetK . bea rst-order de nable word language. The set of
words that can be K -completedis also rst-order de nable.

Pro of

Let A bean aperiodic word automatonrecognizingk . Whether or not aword
can be completeddependsonly on the state of A to which it is ewvaluated.
Hencethe set of completablewords is alsorecognizedby A.

Lemma 2.4.4 A treelanguagelL isin ;i it isaperiodically deterministic.

Pro of
If tr(L) is aperiodic, then it is equivalert to someLTL formula, thereforethe
right to left implication follows from Fact 2.4.2.

The left to right implication requiressomemore e ort. Let L be of the
form A andlet K be the aperiodic word languagede ned by . The tree
languagel is deterministic, sinceit is recognizedoy a top-down deterministic
automaton which veri es whether ewvery trace is in K. By construction, a
tree in L hasall tracesin K, hencetr(L) K. LetM = K ntr(L). In
generalthe languageM neednot be empty, but every word w 2 M must
satisfy the following property:

t 62 for all t sud that w 2 tr(t):

This is equivalernt to the property that some pre x of w cannot be K -
completed. By Fact 2.4.3, this is property is rst-order de nable. Hence
tr(L) belongsto FOLW asthe di erence of two languagesn FOLW.
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Lemma 2.4.5 It is decidableif a regular languageisin ;.

Pro of

By Lemma 2.4.4, a languageis in ; if and only if it is deterministically
aperiodic. But this is decidable,by Facts2.4.2and 2.4.1and the decidability
of aperiodicity for word languages.

Corollary 2.4.6 The classes ;, 1 and ; aredecidable.

Wordsum Automata and B,

In this sectionwe introducewordsum automata. A wordsum automaton is a
bottom-up tree automaton which runs a word automaton on all of the traces
of the tree (starting with the leaves). We show that languagesecognizedoy
theseautomata coincidewith the classB;.

De nition 2.4.7 Let A = hQ; ¢;q; i beaword automaton over the trace
alphabet ; of somealphabet . The wordsum automaton over A is the
bottom-up tree automaton

WS(A) = IP(Q); ;fgg; @
whosetransition function °is de ned
[ .
YRo;Ry; ) = f (g(a;i) g2 Rig:
i2f 0;1g

We use WS to denotethe classof wordsum automata and WSAP to denote
the classof aperiodically wordsumautomata, i.e. wordsumautomata obtained
from an aperiodic word automaton. Abusing the notation slightly, we also
useWS and WSAP for the classe®f languagesecognizedoy theseautomata.

Lemma 2.4.8 A languageis in WSAP if and only if it is a boolean combi-
nation of languagesin DETAP. A languageis in WS if and only if it is a
boolean conbination of languagesn DET.

Pro of
We will only prove the secondpart of the statemert, the proof of the rst
being analogous.

First we shav that a booleanconbination of deterministic languagess in

sider now the word automaton A obtained by taking the cartesianproduct
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automaton WS(A) recognized..

For the other inclusion, let L be a languagein WS. This meansthat
L = L(B;F) for somewordsum automaton B = WS(A) and some family
F of subsetsof the state spaceQ of A. To end the proof, we will usethe
following obvious claim, which shows that if the acceptancecondition is a
powerset,then a wordsum languageis deterministic:

Claim 2.4.8.1 Forewry R Q, the languageL (B; P (R)) is deterministic.

languagesL (B; f R;g), the proof of Lemma 2.4.8 follows from Claim 2.4.8.1
and the following equality:

L(B;fRig) = L(B;P(Rj)) n [ L(B;P(Rinfag)) :
2R

Corollary 2.4.9 A languagebelongsto B; if and only if it is recognizable
by an aperiodic wordsum automaton.

Unfortunately, we do not know if the classeaNS and WSAP are decidable.

2.5 Cascade Pro duct

In this sectionwe introducethe cascaderoduct of tree automata. Using this
notion, we presei two characterizations: we shov that rst-order logic over
trees correspnds to cascadeproducts of aperiodically wordsum automata;
and that chain logic corresppndsto cascadeproducts of arbitrary wordsum
automata. We then prove that the hierarchy from Figure 2.3 is in nite.

2.5.1 Cascade Pro duct

From now on, we will only be using bottom-up deterministic automata. The
cascadeproduct B A de ned hereformalizesthe ideathat the automaton
B readsthe output of the automaton A on an input tree.

De nition 2.5.1 Let A be an automaton over -trees of state spaceQ and
let B be an automaton over Q-treesof state spaceR. A cas@de product
B A is an automaton over -trees of state spaceR Q sud that

tBA = (tMth)BaA for all -trees t.
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Intuitiv ely, a run of B A can be decommsedinto two parts: rst, A
runs on the tree and additionally labels ead node with a state; then B runs
over the tree equipped with the additional labeling. Cascadeproduct of tree
automata is an analogueof cascadecomposition of sequetial transducers|2,
12,13 33]and alsoof wreath product of transformation semigroupsfrom the
celebratedKrohn-Rhodes Theorem[39].

A cascadeproduct evaluatestreesthe sameway asthe automaton whose
initial state is (¢f; o*) and whosetransition function is de ned:

BA (s ro); (A ra);@) = ( B(aan; (&;r));r)  wherer = A(rg;ry):

Although cascadeproduct doesnot expandthe power of automata beyond
regular tree languages,it does introduce a certain structure. Using this
structure, we will characterizelogically de ned classesf tree languages.

Givenn 1, the n-th cascadegyower of a classof automata X is de ned:

"=fA, A,:A;2 X foralli ng:

By corvertion, the classX ° consistsof all automata with one state. We use
CP(X;n) to denotethe classof languagesecognizedoy automatain X" and
usethe abbreviation [
CP(X) = CP(X;n):
n2N

In our characterizations, we will also be using deterministic languages.
Howewer, sincethese are de ned using top-down automata, while the cas-
cadeproduct usesbottom-up automata, we usethe classSDET of syntactic
(bottom-up) automata of languagesin DET. Note that not ewery language
recognizedby an automaton in SDET is in DET, nor do the classesSDET
and WS coincide (cf. the syntactic automaton of the language\there is an
a-labeled node and there is a b-labeled node", which is in WS but not in
SDET). The classSDETAP is the aperiodic versionof SDET.

Fact 2.5.2 CP(WS) = CP(SDET) and CP(WSAP) = CP(SDETAP).

Pro of

The right-to-left inclusionsin both equalitiesare obvious. We will only showv

the left-to-right inclusionfor the rst equality, the other onebeinganalogous.
We will shov that WS  CP(SDET), essetially proving that cascade

product can simulate booleanoperations. Let L belongto WS. By Lemma

2.4.8, L is a boolean combination of languagesL;:::;L, 2 DET. Let

ft' o Mp:t2 L andt; 2 TreegQ;) forj < ig:
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Let B; 2 SDET bethe syntactic automaton of the languageK ;. Without loss
of generality, we can assumethat the state spaceof B; is the sameasthat of

Ai. One can easily verify that the cascadeproduct B, B, recognizes
the languageL.

2.5.2 Tree Automata for First-Order Logic

In this sectionwe presen the cascadeproduct characterization of rst-order
de nable tree languages. This characterization is obtained by following a
straightforward translation of CTL formulasinto automata.

We say a CTL formula de nes a state q in an automaton A if it is
satis ed in exactly the treesthat ewaluate to q.

Lemma 2.5.3 Forn 1, CP(WSAP;n) B,.

Pro of

We will provethat ewery state of an automatonin WSAP" is de ned by some
formula in B,. The proof is by induction on n, the casefor n = 1 following
from Corollary 2.4.9.

For n > 1, consideran automaton B A 2 WSAP", with A 2 WSAP" !

an automaton of state spaceQ and B awordsumautomaton over the alphabet
Q. By induction assumption,for ewery stater 2 Q, there is a formula
+ 2 B, 1 dening r in A and for ewery state q of B, there is a formula

' q2 By dening qin B.

Let A, be the formula obtained from ' 4 be replacing every occurrenceof
aletter ( ;r) 2 Q by the formula ~ . A simple veri cation shows
that for ewvery stater of A and g of B, the formula  ~ **; belongsto B,, and
denes(qg;r)in B A.

The following lemma can be proved by an induction on k using a similar
technigue to the oneusedin the proof of Lemma2.4.8:

Lemma 2.5.4 For ewery nite setoflanguagesX CP(WS;Kk), thereis an
automaton in WS recognizingsimultaneously all languagesin X .

Lemma 2.55 Forn 1,B, CP(WSAP;n).

Pro of

Induction on n. The caseof n = 1 follows from Corollary 2.4.9. Consider
somen > 1 and assumethat the statemert is true forn 1. Let' 2 B, be
a formula over  with B, 1 beingall its node subformulas.
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By induction assumptionand Lemma 2.5.4, there is an automaton A 2
WSAP" 1! of state spaceQ recognizingall the formulasin . Let 2 B, be
the formula over the alphabet " = P() obtainedfrom' by replacing

2 with =~ () and 2 with — (;):
D2

This formula, instead of using subformulas from , consults the value of
an appropriate letter. Since ' belongsto B, there is by Corollary 2.4.9
a wordsum automaton B 2 WSAP recognizingit. Let C be the wordsum
automatonover  Q-treesobtainedfrom B by treating aletter ( ;q) 2 Q
asthe letter

(;f 2 :sometree ewaluating to g satises Q)

One can now verify that the cascadeproduct C A recognizes .
Putting together Lemmas2.5.3and 2.5.5we obtain:

Corollary 2.5.6 Forn 1,B, = CP(WSAP;nN).
Applying Lemma2.4.5and Fact 2.5.2to this corollary yields:

Theorem 2.5.7
FOLT = CP(WSAP) = CP(SDETAP).

In particular, every rst-order de nable tree languagecan be recognizeda
cascadeproduct of automata from a decidableclass. (SDETAP).

2.5.3 Chain Logic

In the previoussection,we provedthat rst-order logic coincideswith cascade
products of deterministically aperiodic languages.This naturally brings the
question: what classof languagesoincideswith cascaderoducts of arbitrary
deterministic languages? In this section we prove that this classhas an
elegan logical characterization: a languageis in CP(SDET) if and only if it
is de nable in chain logic.

Recall that a set of nodesis a chain if it is totally ordered by the re-
lation . Formulas of chain logic (CL) have the samesyntax as monadic
second-ordetogic, but the semattics are di erent in that the second-order
guarti ers are restricted to chains. Chain logic was introduced by Thomas
in [62].

Fact 2.5.8 ([62]) FOLT ( CL ( MSOLT.
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Pro of

The inclusionsare obvious. The language\the length of the leftmost path is
even" isin CL andnot in FOLT, which canbe proved usingthe Ehrenfeudt-
Frasse game technique. Boolean expressionsthat ewaluate to true are de-
nable in monadic second-orderogic but are not de nable in CL (seethe
examplein Section2.6.1).

We would like to remark herethat antichain logic, wherequanti cation is
restricted to setsof pairwise incomparablenodes, is strong enoughto de ne
all regular tree languageq49].

Beforewe prove the announcedequivalencebetweenCL and cascadegrod-
ucts of wordsumautomata, we needto de ne a conceptof chain quarti cation
for arbitrary tree languages,not only those obtained from formulas. Given
a -tree tandasetA dom(t), we de ne t, to bethe uniquef 0; 1g-tree of
the samedomain ast which hasa 1 in exactly the nodesfrom A. Let L be
a tree languageover f0;1g. The tree language9°.L is:

ft 2 Treeg) :t'ta 2 L for somechain A dom(t)g
We are now in a position to prove the periodic equivalent of Theorem2.5.7:

Theorem 2.5.9
CL = CP(WS) = CP(SDET).

Pro of

The secondequality was showvn in Fact 2.5.2and we therefore only consider
the rst one. The right-to-left inclusion can be shavn using the sametech-
nique asfor rst-order logic. For the other inclusion, the only nontrivial step
is shawing the chain quarti cation:

L2 CP(WS) )  9°L 2 CP(WS):

LetthenL Treeg fO0;1g) bealanguagerecognizedby anautomaton
A which belongs for somek, to the classwS¥. Wewill show that 9°L belongs
to CP(WS). This is doneby using a cascadgroduct of seweral intermediate
automata.

One rst constructs an automaton A? over -trees that simulates A
assumingthat the f 0; 1g componert is always 0. One can prove by induction
onk that A? canbe assumedo be in WSK.

Then, using cascadeproduct, an automaton B is run over A?, whose
state in v says what statesare assumedby A? in the nodesv Oandv 1.
Sud an automaton can be found in WS.

Finally, an automaton C guesses path and a labeling of it with f0; 1g.
On this path, C simulates the automaton A by using B to read the states
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of A? on siblings of nodes on the path. Guessinga path and ewaluating
somethingregular on it can be done by a wordsum automaton.

This meansthat the language9°L is recognizedby the automaton C B
A’ and hencebelongsto CP(WS).

Seeinghow similar the characterizationsof FOLT and CL are, one ask
ask the natural question:

Under what conditionsis a CL languagein FOLT?

This turns out to be a rather tricky issue. One example of the inherert
di culties is LemmaZ2.3.4.

Another exampleis related to tree aperiodicity, cf. De nition 2.3.2. One
might supposethat an aperiodic CL languagewould be in FOLT; yet this
hasbeendisproved by Pottho in [48], wherea tree languageis shovn which
is both aperiodic and chain-de nable, yet not rst-order logic de nable.

2.5.4 Cascade Pro duct Hierarc hies

In this section we shav that the CTL hierarchy depicted in Fig. 2.3 is
in nite. Although this result { that the E-nesting hierardy is in nite { is
already known in the literature [55], we chooseto include the proof for two
reasons. First, it shovs how cascadeproduct can be usedas an automata-
theoretic equivalert of the Ehrenfeutt-Frasse gametechnique. Second,the
sameproof can be usedto shov that an analogoushierarchy for chain logic
is alsoin nite.

Figure 2.4: A tree with 3-alternation, a tree in E; and atree in E;.

For the proof, we return to the boolean expressionsalready mertioned
in the examplein Section2.3.2. A A ; _;0; 1g-tree belongsto the set E of
expressionenadings if the leavesare labeledwith 0 or 1 and the inner nodes
with ~ or _. Within E, we distinguish the set L of expressionencalings
which evaluate to 1. A treein E is said to have n-alternation if it cortains
a path with at leastn occurrencesf either _ ~ or® _. Wewrite E; E
to denotethe set of treeswhich do not cortain n-alternation and have _ in
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the root. Similarly we de ne E,. All the E, and E; languagesarein ;.
Finally, considerthe languages:

Lr=E;\ L L,=E;\ L
Of course,L isaunion of all the L; and L, languages.The following obvious
fact can be proved by induction:

Fact 25.10 L 2 ,andL,2 ,

Our aim is to show that the languages. - and L, witnessthe in nit y of
the E-nestinghierarchy in CTL . We rst presen alemmathat will be used
seeral times in proofs which shav by induction that a cascadeproduct of
wordsum automata cannot recognizesomelanguage.

We say an automaton A distinguishestwo treess and t if it evaluates
them to di erent states. In Lemma 2.5.11,we are goingto describe runs of
a cascadeproduct B A over multicontexts whoseholes are plugged with
combinations of two treess and t that are not distinguishedby A.

Consider a multicontext C and a valuation  of its holes which uses
only the treess and t. By assumption,the A componert of B A labelsthe
multicontext C with the samestatesregardlessof the valuation . Therefore,
the only part of B A that dependson the actual valuation is the B
componert. Moreover, if B is a wordsum automaton then only particular
properties of the valuation canbe recognizedwhere,intuitiv ely, every hole
of C is treated independerily. This reasoningis formalized in the following
Lemma:

Lemma 2.5.11 Let Cbe an automaton over -trees of the form
C=WSB) A:

Considera -m ulticontext C of holesV andtwo -trees s andt which arenot
distinguishedby A. There existsa set A and a function :V fs;tg! A
sud that for everyvaluation :V ! fs;tg, the stateto which the automaton
C evaluatesthe tree C[ ] dependsonly upon the value

(v; (V) A
v2V

The sizeof the set A dependsonly on the automaton C, not the context C.

Pro of
Given a -m ulticontext C and two valuations ; :V ! fs;tg, from the
indistinguishability of sandt by A it follows that

(CL DA (v) = (C[ DA(Vv) for all v2 dom(C) nholegC): (2.2)
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Henceit makes senseto talk about a tree € of domain dom(C) n holes()
de ned €(v) = (C[ ])*(v) without specifying the valuation . Considerthe
statesof C to which it evaluatesthe treess and t:

()= (R;r) t%(")=(S;s) where s=r R;S Q:

The equationr = s follows from (2.2). We will usethe setsR and S to de ne
the function

Let Q bethe state spaceof the word automaton A. We setA to be P (Q).
Givena state g2 Q, let f,(q) be the state assumedby the word automaton
B after starting in q and reading the trace in the tree € from the hole v to
the root. Using the functions f,, and the setsR and S from the previous
paragraph,we de ne the function :V fs;tg! A asfollows:

fy(R) ifu=s;

(viu) = fy(S) otherwise.

Having thusde ned onecan easily verify, usingthe de nitions of wordsum
automata and cascadeproduct, that the state to which C evaluates a tree
C[ ] indeeddependsonly on the sumin the statemen of the lemma.

Lemma 2.5.12 Forall n O, the languages.,,;L,,; arenotin B,.

Pro of

The proof is by induction on n. We will shov that given an automaton
A 2 WS", there exist two treess;t, 2 E, sud that s, belongsto L-,, and
tn does not; howewer both are indistinguishable by A. Simultaneously we
will shav the analogousstatemert for L., . By Corollary 2.5.6, thesetwo
invariants yield the statemert of the lemma.

The caseof n = 0 is obvious. Assumethen that we have already proved
the statemert for n 0, and considern + 1. We will only prove the caseof
L+.., the caseof L., being symmetric.

Considerthen an automaton in WS"*! of the form

C= WS(B) A:

where A 2 WS". We will nd two treess,,; and t,,1 which are indistin-
guishableby C and sud that

Sn+1 2 Lﬁ+2 tn+1 2 En+2 nl_ﬁ+2

Consider rst the treesfrom the induction assumption, which are indistin-
guishableby the automaton A:

Sn 2 L,r\]+1 tn 2 En+1 nL,r\]_'_l
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Consider then the following balanced multicontext C of su ciently large

By Lemma 2.5.11,there existsa set A and a function :V fs,;t,g!
A sud that for ewery valuation :V ! fs,;t g, the state to which the
automaton C ewvaluatesthe tree C[ ] dependsonly upon the value

R = [ (v; (V) A (2.3)
v2V

If the depth d waslarge enough,we can nd two elemeits a;b2 A and three

(Vissn) = (Viisn) = (Vk;Sn) = @;
(Vi;tn) = (Vj ;tn) = (Vk;tn) =b:
Considerthen the two valuations:
(V) =s, i v2fvi;vi;wig
o(V)=s, i v2fvi;wg:
The valuationsdi er only onthe positionv;. Howeer, sincethe value (v;; )
is either a or b, and both these elemens are already included in the sum
R from (2.3), the value R and, consequetty, the state of C does not

di erentiate betweenthe two valuations ; and ,. This is testied by the
equation

[ [
(v; 1(v)) = (v; 2(v)) = fajbg | (v; 1(Vv)) :

v2v v2v v2Vnfvi;vjvkg

Sincethe expressioncorrespndingto C[ 4] ewvaluatesto true and the expres-
sion correspnding to C[ ;] evaluatesto false, we can choosethese as the
treessy+; andt,.;, completing thus the proof of the lemma.

Lemma 2.5.13 Foralln>0, ,6 ,

35



Pro of

We will provethat L 62 , and L, 62 ,, which, together with Fact 2.5.10,
givesthe statemert of the lemma. We will only do the caseof L, 62 ,, the
proof of Lz 62 , being symmetric.

Let E beaformulain , and considerthe set B, 1 of all the node
subformulas of ' . Using the previous lemma, Corollary 2.5.6 and Lemma
2.5.4we can nd two treess 2 L,, t 2 E, nL; which satisfy the same
formulas from . But then, from the CTL semarnics, it follows that E
cannot recognizel ;,, sinceeither one of the following casesmust hold:

Asit)]FE or Ml E or  Ms;s] 6 E:

Lemma 2.5.14 Foralln> 0,B, ( n+1.

Pro of
Anfa;_;";0; 1g-treet is n-wel-formed if all nodeson the leftmost path are

Figure 2.5: A treein K,

labeled by a and all subtreesoutside the leftmost path belongto E,. Being
n-well-formed canbe veried by a ; formula' . Considerthe languageK ,
consistingof n-well-formedtreest sud that for all j satisfying®' 12 dom(t),
the following implication holds (seeFig. 2.5):

tjo 1 65 ) tjx 165 forallk j:
We claim that K, witnessesthe strictnessof B, ( n+1, 1. €.
Kn6B, and K,2 .4 forall n > O:

The secondpart is simple. Let 2  beaformula de ning Ly obtained
from Fact 2.5.10. One can prove that thereis a formula ! 2 | sud that

for every tree t:

tF ' i tiF
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The languageK , canthen be equiwvalertly de ned by both formulas written
below and thereforebelongsto 41 :

E[ "X(GSo)*G( ') G N2 nu;
Al " X(GS0)) G ') G N2

We will now prove that K,, 62CP(WS; n), which impliesK , 62B,. Let us
assumefor the sake of cortradiction, that K, is recognizedby an automaton

C= WS(B) A

with A 2 WS" !, Lets2 L- andt 2 E,nL betrees,obtainedfrom Lemma
2.5.12,which are indistinguishableby A. Let N 2 N be a suciently large
number and considera multicontext C de ned:

C(0=afork N C(O¢ 1)= fork< N:

By LemmaZ2.5.11,there existsa setA andafunction :V fs;tg! A sud
that for every valuation :V ! fs;tg, the state to which the automaton C
ewvaluatesthe tree C[ ] dependsonly upon the value

R = [ (v; (V) A
v2V

By inspecting the construction of in the proof of Lemma 2.5.11, 0ne can
shaw using pumping that there is somem sud that if N > 4m,

(0 2;u)= (0™ 2Lu) forallk2fm;:::;2mgandu?2 fs;tg. (2.4)
Considerthen two valuations ; and , de ned below:

10 D=t i k2f0;:::;mg

L0 )=t | k2 f0;:::;m;2mg:
By (2.4), the setsR , and R , are equal, hencethe automaton C does not
distinguish betweenthe trees C[ 1] and C[ ,]. Howewer, sincethe rst be-

longsto K,, and the secondone doesnot, C doesnot recognizethe language
K.

Theorem 2.5.15
All the inclusions of the hierarchy depictal in Fig. 2.3 are strict.
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Pro of
The strictnessof the inclusionB,, 1 n wasshowvn in LemmaZ2.5.14. Since
any of the below equalities

n = Bn n = Bn n= n n= n
would imply, by the symmetry of , and ,, the equality , = ,, all the
remaining inclusionsin Fig. 2.3 must be strict by Lemma2.5.13.

Note that the sameproof would yield an analogueof Theorem2.5.15for
an correspnding hierarchy in CL. As a sidenote we would like to remark the
perhapssurprising result that for all k, the language:\there exist exactly k
nodeslabeledby a" isin CP(WS; 2).

2.6 Confusion Conjecture

In this sectionwe preser a conjectureregarding de nabilit y in chain logic.
This conjecture sagys that a languageis in CL if and only if its syntactic
automaton doesnot cortain a certain type of pattern, called confusion. One
of the implications in this conjecturedequivalenceis proved in Section2.6.1,
whereit is shovn that languageswhich cortain confusionare not in CL. The
validity of the other implication remains open, but, in Sections2.6.2 and
2.6.3,someargumernts in its favour are preseted.

2.6.1 The Conjecture

Consideran alphabet and a regular languageL over this alphabet. Let
be a setof L-typesand C a multicontext. By Val(C; ) we denotethe set of
all possiblevaluations holefC) ! . Any subsetX Val(C; ) iscalleda
constraint, the trivial constraint beingthe wholesetVal(C; ). Givenatype

2 andaholev, the pair ( ;v) is X -legal if there is somevaluation 2 X
which assigns to v.

De nition 2.6.1 Let L be a languageand a setof at leasttwo L-types.
Let C be a multicontext alongwith asetX Val(C; ) of valuations. The
pair (C; X) is -confusion if

1. For ewery valuation 2 X, the type C[ ] belongsto ;

2. Forewerytype 2 andewery X-legalpair ( ;v), thereis avaluation
2 X suhthat (v)= andC[ ]=
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A languagewithout confusionis called nonoonfusing We use NC to
denote the class of nonconfusinglanguages. Intuitiv ely, confusion means
that in the multicontext C, there is no hole which, when plugged with a
legal type, \ xes" the type of the tree in the senseof narrowing the set of
possibletypes,just like a 1 xes the type of a tree of 's and a 0 xes the
type of a tree of M's.

Example: Recall the languagelL of properly formed boolean expressions
ewvaluating to 1 de ned in Section2.5.4. The set of L-typesis f0;1;?g, ?
being the set of malformed trees. The languageL contains confusion,since
the following multicontext is f 0; 1g-confusingunder the trivial constrairt:

Note that this is a minimal confusingmulticontext.

In amomert, we will shov in Lemma2.6.4that alanguagewith confusion
cannot be de nable in chain-logic. By our failure to nd a nonconfusing
languagebeyond CL, we propose:

Conjecture 2.6.2 (Confusion conjecture) CL=NC.

We would like to remark that we have not even found a languagewheremore
than two types are neededfor , nor one where a nontrivial constrairt is
necessary

We now proceedto show that a confusinglanguagecannotbein CL. The
notion of an X -legal pair is extendedto valuationsin the following manner.
Let X Val(C; ). A valuation :W! is saidto be X -legalif it canbe
expandedto a valuation in X . In particular, W needsto be a set of holesin
C. The pair (C; X) is calledi-fold -confusionif for every type in , ewery
X -legalvaluation of domain no biggerthan i canbe expandedto a valuation

in X sudh that C[ | =

Lemma 2.6.3 If there is -confusion, then there is i-fold -confusion for
eweryi 1.

Pro of

The proof is by induction oni. Fori = 1 we take the -confusion (C;X)

from the assumption. Considersomei 1 and let (C';X') be the i-fold

confusionfrom the induction assumption. To construct (C'*; X '*1) we take
C and substitute C' for ead of the holesof C. The constrairnt X'*! needs
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to be de ned as a sort of composition of the constrairts X and X ' With a
valuation : holegC'*1) ! we assaiate:

For ewery holev of C, the valuation jv:holeC')! , which assigns
to w the type (v w).

The valuation j" : holeC) ! , which assignsto v the type of the
tree C'*1 in the node v (this is the type C[ jv]).

The constrairt X'*! is de ned to be the set of thosevaluations sud that
both j" belongsto X and all the jv valuations belongto X'.

We will verify now that (C'**;X™*1) is indeed (i + 1)-fold -confusion.
Considerany valuation  which is X *! -legal and whosedomain consistsof
at mosti holesof C'*1. If theseholesare chosenin more than one copy of
C' then ewvery copy of C' can have arbitrary type, soC'*! canhave arbitrary
type. If all the holesare chosenin one copy of C', then the type of this
copy may be determinedto sometype . But this is only one hole v of
the multicontext C. Moreover, the pair ( ;V) is X -legal by assumptionthat

is X *1-legal. As the remaining holes are unconstrained,C'** may have
arbitrary type.

Lemma 2.6.4 A confusinglanguageis not in CL.

Pro of

Let L be a languagecortaining -confusion (C;X), with =1f 4;:::; no.
We prove by induction on k that for every automaton C in WS¥, we can
de ne a setof treesTX = fty;:::;tng sud that

t5(") = =tS(") and type(ty) = ;forali m:

We will shav that no automaton Cin WS¥ can recognizeL. This is of
coursesu cient to shawv that the languagel is not in CL. The casek = O is
obvious. For the induction step, considersomelevel k 0 and an automaton

C=WS(B) A  with A 2 wsk:

in WS**1. We assumethat, using the induction assumption, we have con-
structed the set of trees Tk = fty;:::t,,g with the required properties for
the automaton A. We are going to shov how to construct the set T¥*! for
the automaton C. Let n be a number biggerthan the sizeof the set A from
Lemma2.5.11appropriate for the automaton C. Considerthe n-fold ampli-
cation (C;X) of the -confusion we have assumedto exist. Let V be the
set of holesin C.
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By an obvious generalizationLemma 2.5.11from the two treess and t
to the m treesin T, there existsa function :V TK! A sud that for
ewery valuation :V ! TK, the state to which the automaton C ewaluates
the tree C[ ] dependsonly upon the value

R = [ (v; (V) A:

v2V

Let W be a subsetof V. With avaluation :W ! TX we assiate the set

R = | (v; (V) A
v2W

Consider a set W of no more than n elemens and an X-legal valuation

: W I Tk whoseewery expansion :V ! TKsatsesR = R . Sud
W and canbe found by successigly adding elemerts to W. But then, no
matter what expansion of is chosen,the automaton C evaluatesthe tree
C[ ] to the samestate.

Howewer, sinceonly n holesare xed in the valuation and sinceC is

expansion ; 2 X of the valuation sud that the type of the tree C[ i] is
i. This goesto shaw that the set

satis es the desiredproperties.

Lemma 2.6.5 NC menbershipis decidable.

Pro of
The generalidea is that the existenceof confusion can be expressedin
monadicsecond-ordetogic. Howewer, we needto do a little coding to express
the constraint X.

Let C be a multicontext of holesV. With a set of types and a set
A V, we assaiate the the following constrairt X (A; ):

f 2 V:C[]2 and( (v);v)2Aforallv2 Vg

This is the maximal constraint which ensuresthat the resultisin  but the
legal pairs arein A.

If (C; X) is confusionand A is the set of X -legal pairs, then (C; X (A; ))
is also confusion. Therefore a languagecortains confusionif and only if for
somecornext C, someset of types and someA holegV), the pair
(C; X (A; ) is -confusion. But this can be expressedn monadic second-
order logic.
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2.6.2 Evidence in Favor of the Confusion Conjecture

In the previoussectionit was shown that a confusinglanguagecannot be in
CL. Howewer, the validity of the reverseimplication, and consequetty of the
confusionconjecture,remainsopen. The remainderof Section2.6is dewted
to presening someevidencein its favor. By doing an exhaustive seart), once
can shaw that the confusionconjectureis true when restricted to languages
with two types. In a momen we will also give a more involved class of
languagessatisfyingthe conjecture,i.e. frontier languages.Finally, in Section
2.6.3, we will prove that the classNC of nonconfusinglanguagesis closed
under someof the sameoperationsas CL, in particular chain quarti cation
and boolean operations.

We now proceedto shaw that the conjectureis true for so-calledfrontier
languages.The frontier of a -tree t is the sequencdr(t) 2 of labelsin
the leavesof t, read from left to right. The frontier fr(L) of a word language
L is the set of -trees whosefrontier belongsto L. Sud a set of treesis
called a frontier language

Note that a tree languagel is a frontier languageif and only if for all
L-types 1; »; 3 and all letters a;b;c;d, the typesof the two trees below
are the same:

It follows that being a frontier languageis decidableand that the regular
tree languageswhich arefrontier languagesare exactly the frontier languages
obtained from regular word languages.

Lemma 2.6.6 If L 2 FOLW, then fr(L) 2 FOLT.

Pro of
This follows from the fact that the lexicographicordering of leavesis rst-
order de nable in atree.

Lemma 2.6.7 If L 62FOLW, then fr(L) is a confusinglanguage.

Pro of
If L is not rst-order de nable, then by Scutzerberger'sTheoremit is pe-
riodic, i.e. there is a word type  sud that

6 but "= forsomen 2:
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Sincethe typesof the tree languagefr(L) are isomorphicto the typesof the
word languagelL, one can easily verify that for any letter , the following
multicontext isf ;:::; " !g-confusingwith the trivial constrairt:

Corollary 2.6.8 For frontier languagesFOLT=CL=NC.

2.6.3 NC Closure Prop erties

In this sectionwe demonstratethat the classNC is closedunder chain quan-
ti cation and booleanoperations. In orderto prove this result, we show that
nonconfusingautomata are closedunder cascadegoroduct and homomorphic
images.

Let A be an automaton over -trees and R a subsetof its states. The
notion of R-confusion (C;X) in the automaton is de ned analogouslyto
confusion over types. Sincethere is a one-to-onecorrespndencebetween
typesand statesof the syrntactic automaton, we obtain:

Fact 2.6.9 A languageis nonconfusingf and only if its syrntactic automaton
is nonconfusing.
Homomorphic Images

In this section we shav that a homomorphic image of a nonconfusingau-
tomaton is alsononconfusing.

De nition 2.6.10 Giventwo automata A and B over the samealphabet ,
we sa& a function h assigningstates of B to states of A is an automaton
homomorphismif for all statesq; gp; » of A and all letters 2

B(h(m); h(a); ) = h( *(cp;a; )):
The automaton B is called a homomorphicimage of B.

Homomorphicimagesare important dueto the following property, which
is proved the sameway asthe analogousproperty of word automata:

Fact 2.6.11 If A recognized., then the syntactic automaton of L is a ho-
momorphic imageof A.
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Since we will be simultaneously using valuations over di erent sets of
states,di erent contexts and di erent automata, we aregoingto usefollowing
notation to avoid somemisunderstandingsn the proofsto come.Let A bean
automaton and R a set of its states. Given a multicontext C, an (A;C; R)-
valuation is any function :holegC)! R.

Let us x for the rest of this sectionan automaton B over  which is a
homomorphicimage of someautomaton A over via a homomorphism

h:Q*!1 QF:
Let be the equivalencerelation on Q* identifying states with the same
image under h. We extend the relation  onto valuations, writing if
h = h . Let R be a subsetof Q*. A setof (A;C;R)-valuations X

is saidto respct (R; h) if every two -equinalert (A; C; R)-valuations either
both belongto X or both are outside X.

The following de nition is a technical generalizationof the notion of con-
fusion. Apart from additionally requiring that X respect (R;h), item 2 of
De nition 2.6.1is weakenedby only requiring the statesobtainedin the root
of the multicontext to be speci ed up to the equivalencerelation . The
de nition is tailored to go through the induction in Lemma2.6.14.

De nition 2.6.12 Let R be a set of at least two states of A, and C a
multicontext along with a set X of (A; C; R)-valuations. The pair (C; X) is
called R-pseudaonfusion if

1. For ewery valuation 2 X, the state C[ ] belongsto R;

2. For every stater 2 R and ewery X -legalpair (q; V), thereis a valuation
2 X suththat (v)=qgandC[ ] r;

3. The constraint X respects (R; h).

Lemma 2.6.13 If B contains confusion,then A cortains pseuda@onfusion.

Pro of

Assumethat for somesubsetS of the state spaceof B, the pair (C;Y) is
S-confusionin B. Let R = h (S) andlet X bethe setof thosevaluations
sudr that h 2 Y. One caneasily verify that (C; X) is R-pseud@onfusion
in A.

The following is the key technical lemmaregarding pseud@onfusion:

Lemma 2.6.14 If A contains pseudaonfusion,then it cortains confusion.
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Pro of
Induction on the size of the set of states R for which the pseudaonfusion
holds. Let (C; X) be R-pseud@onfusionin A. The basecaseis wherejRj =
jh(R)j. In this caseC[ ] r impliesC[ ] = r and hencethe pseuda@onfusion
is actually confusion.

Considerthen pseudaonfusionwith R having morethan jh(R)j elemelts.

S=fC[]: 2X and (V)= pg

is a proper subsetof R (it must be a subsetby de nition of pseuda@onfusion).
We x this index i for the rest of the proof.

Figure 2.6: The multicontext E

Since(C; X) is R-pseud@onfusionin A, for ewery stater 2 R thereis a
valuation 2 X sudthat (v;) = pandthestateC[ ]2 Sis -equivalert
to r, i.e. hasthe someimageunder h asr. Therefore,

h(R) = h(S):

Let f be a tree which evaluatesto p under A and let D be the multicontext
obtained from C by substituting f for v; while leaving the other holesopen.
Finally, let E be the multicontext obtained from D by substituting C into
all the holes. The holesin E, the set of which we denoteby V, are

fvi w:j21;k2Jg with J = f1;:::;ngand | = J nfig:  (2.5)

We will show that the multicontext E, alongwith a certain constraint Y,
is S-pseuda@onfusion. This constrairnt Y will be de ned by requiring certain
parts of a (A; E; R)-valuation to conformto the original constraint X. The
precisede nition follows.

As in the proof of Lemma 2.6.3, with an (A; E;R)-valuation we asso-
ciate two typesof derived valuation: an (A;C;R)-valuation jj de ned for
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everyj 2|1 andan (A;D;R)-valuation j". Theseare de ned:

(v W) fork 2 J;
C[ jk] fork 2 1:

i (V)
J" (Vi)

Given an (A;D;R) valuation , let © bethe (A;C;R) valuation obtained
from by additionally mappingv; to the state p which \narrows down" C.
The aforemenioned constrairt Y is the following setof (A; E; S)-valuations:

Y=f :(j)°2Xand jj2X forallj2lg:

We are now going shaw that (E;Y) is S-pseuda@onfusionin A. For this we
needto prove the three items from De nition 2.6.12.

3. First weshow that Y respects(S;h). Let ; betwo (A; E;S)-valuations.
If , then all the derived valuations ", j" and ji, ji arere-
spectively -equivalert. SinceX respects (R;h), either both and

belongto the setY or both are outside it.

1. We needto shav that E[ ]2 Sforall 2 Y. Let 2 Y and consider
E[ ]. By the assumptionthat belongsto Y, the statesin the nodes
v; all belongto R forj 2 |. Sincethe nodev; is xed with p, and the
valuation ( j")¢ belongsto X, we obtain E[ ]2 S by de nition of the
setS.

2. Let (g;v) be a Y-legalpair and r a state in S. We needto shaw that
there existsan (A; E; S)-valuation 2 Y sud that

(v, = g and (2.6)
E[] r: (2.7)

By (2.5), the hole v is of the form v; v, for somej 2 | andk 2 J,

which we x for the rest of the proof. By de nition of the setS, there

is some(A;D;R)-valuation sud that D[ ] = r and © belongsto

X. We are going to try to expand this valuation into the valuation
for the big multicontext E. In the processhowewer, the value E[ ]

may changeto someother state, yet will remainin S and will still be
-equivalert to r.

By assumptionon the multicontext C, for every m 2 |, there existsa
(A; C; R)-valuation ,, 2 X sud that:

R3 C[ m] (Vm): (2.8)
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Moreover, the ; valuation can be assumedo satisfy
i) = o (2.9)

Sinceh(S) = h(R) and X respects(R; h), we may alsoassumethat all
thesevaluations are actually (A; C; S)-valuations.

We have started with the valuation and created basedon it some
valuations ., for m 2 |. Unfortunately, thesevaluations do not com-
posecorrectly, sincein (2.8) only -equivalencebetweenthe output of

m and the input of is postulated. That is why we comebad to
the valuation and modify it into one which does composewith the
valuations ,: an (A;D;S)-valuation ~ de ned

Nvm) = C[ m] form21:

SinceX respects (R;h) and € belongsto X, then also (*)¢ belongs
to X, by (2.8). Sinceh is a homomorphism,h(C["]) = h(C[ ]) = h(r),
hence

NS (2.10)

We are now ready to de ne the desired(A; E; S)-valuation
(M Vm)= (vyn) forall2l;m2J:

We show that  belongsto Y and satis es equations(2.6) and (2.7).
By de nition, jm= ,,form2 1 and j" = ~. Since(™)® and all the

m Valuations belongto X, we have 2 Y. By (2.9), satises (2.6).
By constructionof and E, we have E[ ] = C["], hence(2.7), follows
from (2.10).

Sincethe automata A and B and the homomorphismh were picked ar-

bitrarily , we obtain from Lemmas?2.6.13and 2.6.14the following corollary:

Corollary 2.6.15 The homomorphicimageof a nonconfusingautomaton is
nonconfusing.

Pro ducts

In this sectionwe considercascadeand cartesian products of nonconfusing
automata.
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Lemma 2.6.16 If both A and B are nonconfusing,then soisB A.

Pro of

We will prove that if B A cortains confusion,then either one of A or B
doestoo. Let (C;X) be Q-confusionin B A, with Q QB Q* beinga
subsetof the state spaceof B A. Considertwo cases:

The projection of Q onto Q* has more than one elemen. Let Y be
the projection onto Q* of the constraint X. Then (C;Y) is confusing
for A, sincethe rst elemen in the automatonB A behasesasin the
automaton A.

Q=R fqgfor someq2 Q" and R  QB. Let D be the
Q*-multicontext obtained from C by additionally labeling ead node
with the state assumedby A provided that in the holesof C state g
is assumed. It is now easyto ched that D along with the obvious
constrairt give R-confusionin B.

We omit the obvious proof of the following fact:

Fact 2.6.17 The cartesian product of two nonconfusingautomata is non-
confusing.

Closure of NC

Now we are ready to shav that the classNC is closedunder the basicopera-
tions de nable in CL. Note that the following theoremwould be a straight-
forward corollary if the confusionconjectureweretrue.

Theorem 2.6.18
NC is closal under boolean operations and chain quanti c ation.

Pro of
The syntactic automaton of a boolean conbination of languagess, by Fact
2.6.11,a homomorphicimage of the cartesianproduct of syrtactic automata
of theselanguageswhich provesthe rst part of the theorem.

For the secondpart, considera nonconfusinglanguagelL. By the proof
of Theorem 2.5.9,the language9°L is recognizedby an automaton

C B A’

whereA”? is a nonconfusingautomaton obtained from the syrtactic automa-
ton A of L, while C B is a nonconfusingautomaton represeting the chain
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quarti er. By LemmaZ2.6.16,the automatonC B A7 is nonconfusing.By
Fact 2.6.11,the syntactic automaton of 9L is also nonconfusing,hencethe
languageis in NC.

2.7 Open Problems

In this sectionwe would like to recall the most important open problems
concerningthis chapter. Naturally, a decidable characterization of either
rst-order logic over trees or chain logic would considereda breakthrough.
Howewer, a seeminglysimpler problem remainsto beresoled: is it decidable
whether a languageis recognizedby an (aperiodic) wordsum automaton?
Finally, it remainsto be seenwhether the de nition of confusion can be
limited to setsof two typesor trivial constrairns.
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Chapter 3

Logics with the Operators EX
and EF

We cortinue in this chapter our study of the de nabilit y problem for tree
logics. The reader might recall that the characterizationsin the previous
chapter did not yield decisionproceduresfor rst-order or chain logic de n-
ability. In this chapter, we considersomefragmerts of rst-order logic which
are simple enoughto make the de nabilit y problem decidable.

The fragmerts in questionarerestrictionsof CTL wherethe only modal-
ities allowed are EX (there is a successorland EF (there is a descendat).
Apart from perhapsbeing a step towards solving the rst-order de nabilit y
problem, theselogicsmay be of someindependert interest. In somecaseghe
model-cheking problem for them is easierthan for CTL (and even CTL);
for instance when the model is given by a BPP [22] or by a a push-davn
system [68]. The operators EX and EF are also closelyrelated to the path
operators of XPath [25, 24].

We prove the de nability problem decidable for three logics: TL[EX],
TL[EF and TL[EX; EF. Thesearebuilt usingthe eponymousoperatorsalong
with boolean connectives. Our decisionproceduresuse a sort of forbidden
pattern characterization that is expressedin terms of types of the given
language. The resulting algorithms are polynomial in the number of types.
If, on the other hand, we assumethat the input is a CTL formula or a
nondeterministic tree automaton, then de nabilit y is Exptime -complete.

The plan of this chapter is as follows. After a preliminary section we
briey state a characterization of the logic TL[EX]. This is very similar to a
characterization of modal logic presered in the literature [46], sowe mertion
the result mostly for completenessin the next two sections,we characterize
the logicsTL[ EF and TL[ EX; EF respectively. Maybe courterintuitiv ely, the
argumern for the wealer logic is longer. In the penultimate sectionwe sum-
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marize the results, shaving how they imply decidability algorithms. Finally,
we justify our characterizationsby pointing out why the forbidden patterns
known from the word casedo not adapt directly to the tree case.

3.1 EX+EF Formulas

EX+EF formulasare CTL formulas which usebooleanconnectiwes, letter
symbols and wherethe modalities U, E and A are allowed only in the forms
EX (exists next) and EF (exists nally).

Although formula satisfactionwasalreadyde ned in the sectiononCTL ,
we repeat the de nition herefor this restricted case:

A tree satis es the formula a if its root is labeledby a;
Satisfaction for booleanoperationsis de ned in the standard way;
A tree satis es EX if onethe subtreesrooted in its sonssatises ' ;
A tree satis es EF if it hasa proper subtreethat satises"' .

Obsene that the modality EF has strict semaiics here: the appropriate
subtree has to be proper. The formula AX' is usedas an abbreviation of
: EX ', while AG is usedasan abbreviation of : EF. ' .

Given a set G of EX+EF formulas, we say that a tree languageis G-
de nable if there existsa formula in G that de nesit. Givena setof modal-
ities M f EF, EXg, we write TL(M ) to denote the set of formulas con-
structed using boolean operations, letter constaris and modalities from M .
We will be consideringthree instancesin this chapter: TL[EX], TL[EF and
TL[EX EH.

3.2 TL[EX

In this sectionwe state a characterization of TL[ EX]-de nable languages.We
do this for the sake of completenessincethe characterization is essetially
the sameasin [46].

De nition 3.2.1 Two treesare identical up to depthk if they are the same
whenrestricted to f0; 1g ¥. We say that a languageL is degendenton depth
k if every two treeswhich are idertical up to depth k have the sameL-type.

A cortext is nontrivial if its holeis not in the root.
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De nition 3.2.2 Let L bealanguageandlet ; betwo distinct L-types.
We sa that the languagel cortains an f ; g-loop if for somenontrivial
context C[], both C[ ]= andC[ ]= hold.

Theorem 3.2.3
For a regular languagel, the following conditions are equivalent:

1. L is TL[EX]-de nable;
2. For somek 2 N, L is degendenton depthk;
3. L doesnot haveanf ; g-loop for any two L-types ;

Pro of
The equivalenceof the rst two conditions is obvious, asis the implication
from 2 to 3. To end the proof of the theorem, we will showv that if the
languagel is not dependen on any depth k, then a loop can be found.

Let k > jTypeqL)j? and assumethat L is not dependernt on depth k.
This meansthere are trees s and t which are identical up to depth k but

gradually morphs from the tree s to the tree t:
Sp=S and Si+1 = Si[vi := tjy,]:
Since the trees sp and s, have dierent types, there must be somei 2

dier only below the nodev;. Let wy < ::: < wg ; be all the ancestorsof
the nodev;. Givenj < Kk, let

i = type(si iw) and i = type(sijw,):

Sincethe nodev; is at depth k > jTypeqL)j?, there must be sometwo indices
J < k sud that the equalites ; =  and ; = ¢ hold. Sincethe types
of s; ; and s; are distinct, soare the types ; and ;. But this meansthat
the part of s; ; whoseroot is in w; and whosehole is in wy provides an
f j; jg-oop.

3.3 TL[EA

In this section we shav a characterization of TL[EF-de nable languages.
This is the most involved sectionof the chapter, with a long technical proof.
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Beforewe can formulate the main theorem(Theorem 3.3.2) we needsome
auxiliary de nitions. We start with the key de nition in this section: that of
a delayed type.

Givena -tree t and a letter a 2 , we write thai to denote the tree
obtained from t by relabeling the root with the letter a. With ewery -tree t
we assaiate its delayel type, which is the function:

dtype (t): ! TypeqlL) de ned dtype,(t)(a) = type,(thai):

Note that the delayed type of a tree doesnot depend on the letter labeling
its root. We will denote delayed types using the letters x;y;z. We write
(x;a) E_ vy if there is a tree of delayed type y having a subtreeof type x(a).
We alsowrite XE_ yif (x;a)E_y forsomea2 . This relationisaquasiorder
but not necessarilya partial order, sinceit may not be antisymmetric.

For delayed typesx; y and letters a;b2 , we write dtype, (x; a;y; b) for
the delayed type which assignsto a letter c the type c[x(a);y(b)]. In other
words, this is the delayed type of a tree whoseleft and right subtreeshave
typesx(a) and y(b) respectively. The set of neutral letters of a delayed type
X is the set

Ny = fa:x = dtype (x; a;X; a)g:

This setmay be empty.

Denition 3.3.1 A -language L is EF-admissibleif it is a regular tree
languagesud that all delayedtypesx;y and all letters a;c2  satisfy:

P1 The relation E, on delayed typesis a partial order;
P2 dtype, (x; a;y;b) = dtype, (x; a;y; P for all b;i?2 NL;
P3 if (x;a) EL y then dtype, (x; a;y;c) = dtype,(Y;cC;y;0);
P4 dtype_(x; a;y;c) = dtype _(y;c;x; a).
Another important conceptusedin Theorem 3.3.2is that of typesetde-
pendency The typesetof a -tree t is the set
TS, (t) = ftype, (tjw) : w2 dom(t) nf"gg:

Note that the type of the tree itself is not necessarilyincludedin its typeset.
We say that a languagelL is typesetdependent if the delayed type of a tree
dependsonly on its typeset.

Our characterization of TL[EF is preserted in the following theorem:
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Theorem 3.3.2
For a regular languagel, the following conditions are equivalent:

1. L is TL[EF-de nable,
2. L is typesetdependent,
3. L is EF-admissible.

The proof of this theoremis long and will be spreadacrossthe next three
sections;the implications 1) 2,2) 3and3) 1 beingprovedin Sections
3.3.1,3.3.2and 3.3.3respectively. For the remainderof Section3.3we assume
that an alphabet alongwith a -language L are xed, hencewe will omit
the L quali er from the notation, writing for instanceE insteadof E, .

3.3.1 A TL[EH-De nable Language Is Typ eset Dep en-
dent

In this section,we will showv that the languagelL is typesetdepender using
the assumptionthat it is de ned by someTL [EH formula

De nition  3.3.3 By cl( ) we denotethe smallestset of formulas that con-
tains and is closedunder negationsand subfornulas.

It is not dicult to seethat the type of a tree is determined by the set
of thoseformulas from cl( ) which it satis es (although this correspndence
neednot be injective). Our rst stepis to shav that for the delayed type,
even lessinformation is su cien t

De nition 3.3.4 An existential formula is a formula of the form EF . The
signature Sig(t) of atreet is the set of existertial formulas from cl( ) that
it satis es.

Lemma 3.3.5 The signature of a tree determinesits delayed type.

Pro of
Take two treess and t with the samesignatures. For a given letter a 2
an easyinduction on formula sizeshows that for all * 2 cl( ):

siFE’ i thiF"

This is due to the fact that the modality EX is strict. Sincethe two trees
shai and thai satisfy the sameformulas from cl( ), their typesmust be the
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same. As the choice of the letter a was arbitrary, this implies that the trees
s and t have the samedelayed types.

Given two trees to;t; and a letter a 2 , we write Sig(te;t;) instead
of Sig(alto;t1]). This notation is unambiguous since Sig(@[tq; t1]) does not
depend on the letter a.

Given two types and , we denote by dtype( ; ) the delayed type
which assignsto a letter a the type al ; ]. A type is reachablefrom a
type ,denoted 4 ,if C[ ]= holdsfor somecorntext C[]. This relation
is a quasiorderand we uset for the accomparing equivalencerelation. The
following simple lemma s given without a proof:

Lemma 3.3.6 If t%is asubtreeoft, then Sigt%s) Sigt;s). If 4 then
dtype( ; ) = dtype( ; ).

The following lemma shows that for TL [EF]-de nable languagesthe re-
lation t is a congruencewith respect to the function dtype( ; ):

Lemma 3.3.7 If ot oand it ;thendtype( o; 1) = dtype( o; 1)

Pro of

Sincea TL[EHF-de nable languagesatis es dtype( ; ) = dtype( ; ), it is
su cient to prove the casewhere ; = ;. Let C[] be a context sud that
C[ o]= oandlet D[] beacontext sucthat D[ o] = o. All thesecortexts
exist by assumption. Let sy be a tree of type o and let s; be a tree of
type ;. Considerthe two sequencesf treesfsig; o and ftg o de ned by
induction asfollows:

So = So,

ti = Clsi] for i 0;

S = D[ti 1] for i 1.
By a simple induction one can prove that for alli 0,

type(si) = o and type(ti) = o:
By Lemma3.3.6,foralli O
Sigsi;s1)  Sigti;si)  Sig(Siv;Sy)

Sincethere are only nitely many signatures,there must be somei > 0 sudch
that Sig(si;s1) = Sig(ti;s1). Consequetly, by Lemma 3.3.5, the delayed
typesdtype( o; 1) anddtype( o; 1) areequal.

We are now ready to shawv that the languagel is typeset depender.
Let s and t be two trees with the sametypeset. If this typesetis empty,
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then both trees have one node and, consequetty, the samedelayed type.
Otherwise once can consider the following four types, which descrite the
sonsof s and t:

o = type(sjo) 1 = type(sja) o = type(tjo) 1 = type(tjq):

We needto prove that dtype( o; 1) = dtype( o; 1). By assumptionthat
the typesetsof s and t are equal,both o and ; occur in nonroot nodes of
s and both  and ; occurin nonroot nodesoft. Thus ¢4  holds for
some 2 f o; 19 andsimilarly for ;, o and ;. The result follows from
the following caseanalysis:

o 14 forsome 2f o; 19. By assumptionwe must have 4
for some 2 f o; ;0. Hence t . By Lemma 3.3.7 we get
dtype( ; ) = dtype( ; ). As o; 14 4 , from Lemma3.3.6we
obtain dtype( o; 1) = dtype( ; ). Similarly one provesthe equality
dtype( 1; 2) = dtype( ; ).

o, 14 forsome 2f o; 19. Asin the caseabove.

A short analysisrevealsthat if neither of the above holds then 4 4
i4 oand 14 ;4 ,forsomei?2 f0;1g. Therefore ot ; and
1t 1 i and an application of Lemma 3.3.7yields the desiredresult.

3.3.2 A Typeset Dep endent Language Is EF-Admissible

This step of the proof consistsof verifying that all the properties P1 to P4
are satis ed if the languageis typesetdepender.

Lemma 3.3.8 L satis es the property P1.

Pro of

Condition P1 statesthat E is a partial orderon delayedtypes. The relation E
is obviously transitive and re exive. We will show that X E y E x implies that
the delayedtypesx andy areequal. Assumethen that xEyE x. In this case,
for arbitrary n wecan nd atreet with nodesvy w; Vo, W, W,
sud that foralli n:

dtype(tj;) = x and  dtype(tjw,) = y:
Naturally, forall 0 i< n,
Ts(thi) Ts(thi) TS(thi +1 ):

If we take n to be bigger than the number of typesin L then we can nd
somei sud that TS(tjy,) = TS(tjw,), which impliesx = y.
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Lemma 3.3.9 L satis es the property P2.

Pro of

Condition P2 statesthat if b;i are neutral letters for a delayed typey, then
the delayed types dtype(x; a;y; b) and dtype(x; a;y; ") are equal. To shov
that this condition is satis ed, we de ne by induction a sequenceof trees
to; t1;: 1 in the following manner. For ty we take sometree of delayed typey
with bin the root, while ti;; is de ned ast;; t;]; Ht;; t;]]. Becauseb and P
are neutral letters for the delayed typey, all the treest; have delayedtypey.
Moreover, for somej > 0, the typesetsof the treest; and Ht; ; t;] are equal.

Figure 3.1: The treet t;.

Considera tree t of delayed type x and with the label a in the root. Let
s and s° be trees sud that:

Sjo =t Sj1 = tj;

o=t s91 = Bt 41:

By assumptionon t; and Ht; ; t;], the treess and s” have the sametypesets.
SincelL is typesetdependen, their delayed typesare equal. Therefore,

dtype(x; a;y; b) = dtype(s) = dtype(s) = dtype(x; a;y; b):

The last two properties P3 and P4 are obviously satis ed in every typeset
dependen language.

3.3.3 A EF-Admissible Language Is TL[EH-De nable

We now proceedto the most dicult part of the proof, where a de ning

TL[EF formula is found basedonly on the assumptionthat the properties
P1to P4 are satis ed. We start by stating a key property of EF-admissible
languageswhich shows the importance of neutral letters.
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Lemma 3.3.10 If the delayed type of a tree t is y, then its every proper
subtreewith delayed type y hasthe root label in Ny.

Pro of

Considersomeproper subtreetj, of delayedtypey andits root label b= t(v).
Let w be the brother of the node v and let z, ¢ be its delayed type and label,
respectively. Obviously (z;c) E y. By property P3 we get dtype(y; b;z;c) =
dtype(y; b;y; b) and consequetty dtype(y;b;y;b) Ey. As E is a partial order
by P1 andsinceyE dtype(y; b;y; b) holdsby de nition, we getdtype(y;b;y;b) =
y. Henceb belongsto Ny.

Note that if the treest and tj, have delayed type y, then so does the
tree tj,, for any w < v, becauseE is a partial order. In particular, the
above lemmasays that nodeswith delayedtypey form coneswhosenon-root
elemens have labelsin N, .

Formulas De ning Delayed Types

A delayed type x is de nable if there is someTL[EH formula , true in
exactly the trees of delayed type x. A set A of delayed typesis downwad
closal if it cortains ewvery delayed type E-smallerthan an elemen of A.

The construction of the , formulas will proceedby induction on the E
order. The rst stepis the following lemma:

Lemma 3.3.11 Let x beadelayedtypeandlet A 63x be adownward closed
set of de nable delayed types. There is a TL[EF formula fork? sud that:

t fork? i dtype(t) = x and for all w> ", dtype(tj,) 2 A:

We postponethe technical proof of this Lemmauntil Section3.3.4. Mean-
while, we will usethis lemmato construct a formula , de ning x. For the
rest of Section3.3.3we x the delayedtype x and assumethat ewery delayed
typey C x is de nable by a formula .

The rst caseis when x has no neutral letters. Let x denotethe set
fy : yCxg. By Lemma 3.3.10,in a tree of delayed type x both sonshave
delayed typesin x , sincethere are no neutral letters for x. In this casewe

can set
« = fork} (3.1)

The correctnessof this de nition follows immediately from Lemma 3.3.11.
The de nition of , is moreinvolved whenthe set of neutral letters for x
is not empty. The rest of Section3.3.3is dewted to this case.
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Consider rst the following formula:
e= EF fb* iyEx"(y;b)5xg _  ffork] :y5 xg

The intention of this formula is to spell out evidert caseswhen the delayed
type of a node cannotbe x. The rst disjunct says that thereis a descendan
with a delayed type and a label that prohibit its ancestorsto have type x.

The seconddisjunct saysthat the type of the nodeis not x but the typesof all

descendats are Ex. This formula works correctly, however, only whensome
assumptionsabout the tree are made. Theseassumptionsusethe following

de nition: atreet satis es the property OK(t) if

dtype(t) C x or dtype(t) = x and t(") 2 Ny :

Lemma 3.3.12 Lett beatree whereOK,(tj,) holdsfor all v> ". This tree
satises g if and only if dtype(t) 5 x.

Pro of
The left to right implication was already discussedand follows from the
assumptionson the  formulas usedin g and from Lemma3.3.11.

For the right to left implication, let dtype(t) = dtype(y;b;z;c) with
y; b;z; c describingdelayed typesand labels of the nodes0 and 1 which cor-
respond to the left and right sonsof the root. We considerthree cases:

y = z = X. This is impossiblebecauseOK,(tjo) and OK(tj1) hold, so
the labels a;b must belongto Ny, and thus dtype(t) = x.

y = x and z C x. SinceOK(tjo) holds, the label b belongsto N,. If
the inequality (z;c) E x weretrue (which is not necessarilyimplied by
our assumptionthat z C x), then by property P3 we would have

dtype(t) = dtype(y; b;z; ) = dtype(x; b;z; c) = dtype(x; b;x; b) = x ;

a cortradiction with dtype(t) 5 x. Therefore we have (z;¢) 5 x and
hencethe rst disjunct of g holds. The casewherez = x andy C x is
symmetric.

y;z C X. In this casethe seconddisjunct in the de nition of g must
hold by Lemma3.3.11.

Let ¢4 stand for y and considerthe formula

yCx

«= cx_( g™ fa:a2Nyg):
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This formula will be usedto expressthe OK,(t) property. We use AG as
the non-strict version of AG, i.e. AG' is an abbreviation for the formula
" NAG

Lemma 3.3.13 A treet satisesAG' , i OK(tjy) holdsforallv ".

Pro of
By induction on the depth of the tree t.

) If t satises' , becausdt satis es ¢y, then obviously OK,(tj,) holds
forall v ". Otherwisewe have

t(") 2 Ny and t2 g:

By induction assumption, OK(tj,) holds for all v > ". But then,
by Lemma 3.3.12, dtype(t) E x. This, together with t 2 <, gives
dtype(t) = x and henceOK(t).

( Lett besud that OK,(tj,) holdsfor all v ". By induction assump-
tion, we have AG . We needto provethat t satises’' 4. If type(t) C x
holds,thent satis es ¢y andwe aredone. Otherwise,asOK, (V) holds,
dtype(t) = x and t(") 2 N,. Hence,by Lemma 3.3.12,t satis es the
seconddisjunct in ' .

Sincethe type of a tree can be computedfrom its delayed type and root
label, the following lemmaendsthe proof that every EF-admissiblelanguage
is TL [EFde nable:

Lemma 3.3.14 Every delayed type is de nable.

Pro of
By induction on the depth of a delayed type x in the order E. If x hasno
neutral letters then the de ning formula  is asin (3.1). Otherwise, we set
the de ning formula to be
x=1 cx™Mi gNAG
Let us shov why , hasthe required properties. By Lemma 3.3.13,
t AG 4, i OK(tjw) for all w> ": (3.2)

Ift thenwegetdtype(t) = x usingLemma3.3.12and (3.2). For the other
direction, if dtype(t) = x then clearly : ¢4 holdsin t. By Lemma 3.3.10,
OK(tjw) holds for all w > ", thereforet satis es AG , by (3.2), and then
the formula : g holdsby Lemma3.3.12.
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3.3.4 A fork Formula

Recall Lemma 3.3.11which was usedin Section3.3.3,but not proved there:

Lemma 3.3.11 Let x beadelayedtypeandlet A 63x be adownward closed
set of de nable delayed types. There is a TL[EH formula fork? sud that:

t fork? i dtype(t) = x and for all w> ", dtype(tj,) 2 A:

The rest of Section 3.3.4is dewted to a proof of this lemma. We x a
delayed type x and a downward closedset of delayed typesA. We assume
that x 62A and that all the delayed typesin A are de nable. The fork
formula will be composedout of a vast number of auxiliary formulas, which
we descrike here:

W
cy = 2Cy 2 fory2 A[ fxg;
W
Ey =  zEy 2 fory 2 A;
b= EF y~BHrAG(y) (b_Ny) fory2 Aib2 :
W
= AG f . Nc:(zOEyg fory 2 A;
‘b= DAAGE NAG(cy) ) fory 2 A:b2

Obsene that theseformulas are well de ned becausewe have assumedthat
all delayedtypesin A are de nable, hencethe appropriate , formulas exist.
We now proceedto prove that the above formulas have certain desired
properties. For a delayed typey 2 A and a letter b2 , we sa that the
pair (y;b) is su cient if dtype(y;b;y;b) is our xed delayed type x. Givena
delayed type y, we de ne the following equivalencerelation  over :

a yb [ a=b or ajb2Ny:
Lemma 3.3.15 If (y;b) issucient, atree satisfying' ) hasdelayed type x.

Pro of

Let t beatreethat satis es'’ 5’ First we will shov that somenodew 2 f0; 1g
must have delayed type y and a label y-equivalert to b. Let Y be the set
of nodesw > " with delayed typey; this setis not empty because satis es
ER " b). SinceE is a partial order and AG g, holds, every nonroot node
betweenthe root and a nodein Y is alsoin Y. If the letter b belongsto N,
then, by AG( y ) (b_ Ny)), we have a node in f0;1g with a label in Ny,
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hence y-equivalert to b. If b62Ny then by EFR y ~ b), there is a node in Y
with label b. This must be oneof 0 or 1 asLemma3.3.10says that all nodes
in Y nf0; 1g must have labelsin Ny .

Now we can prove that t has delayed type x. If both sonshave delayed
type y and labels -equivalert to b then, by property P2, t is of delayed
type x. If the brother of w hasdelayed type y but a label c that is not -
equivalert to bthen ¢ must belongto Ny, becauseAG( ) (b_ Ny)) holds.
By de nition of Ny, wehave (y; c)Ey. By property P3wegetdtype(y; b;y;c) =
dtype(y; b;y; b) = x. The last caseis whenthe brother of w is of delayed type
z and hasletter ¢ sud that (z;c) E y (because EY holds). By property P3

dtype(y; b;z; c) = dtype(y; byy;b) = x.
Giventwo delayed typesy;z 2 A and letters b;c2 , we de ne

8
2"y if (O Ey;

oz T L, if (y;b) E z and not the above;
© PN SMAG( ey E.) Otherwise.

Lemma 3.3.16 If dtype(y;b;z;c) = x andatreet satises' (y.;zc), thenits
delayed type is x.

Pro of
If (z;c) E y then by property P3, the pair (y;b) is su cient and the lemma
follows from Lemma3.3.15. Similarly if (y;b) E z. It remainsto considerthe
casewhen

(z,o 5y and (y;b5 z: (3.3)

Let u; 6 " beanodewhere y* bholdsandu, 6 " anodewhere ,” c holds.
Sud nodesexistssincet satis es both f,’ and ¢. Letw; 2 f0;1g bethe rst
letter of u; and let w, 2 f0;1g bethe rst letter of u,. By (3.3), tjw, 6§ ez,
while tj, 6 gy. Henceit must be the casethat

th1 F Ey and thz F Ez -

In particular, w; 6 w,. By a reasoningsimilar to the onein Lemma 3.3.15,
one shaws that

dtype(tjn,) =y and t(wy) b
dtype(tjw,) =z and t(wp) c:

By property P2, the delayed type of the tree't is X.

Lemma 3.3.17 Let y, b be the delayed type and label of tj,, similarly for
z, cand tj,. If dtype(y;b;z;c) = x andy;z2 AthentfF (yhz0)-
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Pro of

If (z;c¢) Ey then z E y and an easyanalysisshows that t satis es ' 5’ and
hencealso (2. A similar reasoningshowsthat if (y; b) E z then t satis es
(y:bz)- 1he last caseis when(z;¢) 5 y and (y;b) 5 z. But then t satis es

the formula )~ S~ AG( gy _ e2).

But Lemmas3.3.16and 3.3.17are exactly what we needto shaw that the
fork formula de ned below satis esthe propertiespostulatedin Lemma3.3.11.:

forkg = (AG™ )" ' (yizo - X = dtype(y; b;z; 09
y2A

3.4 TL[EXERH

The last logic we considerin this chapter is TL[EX; EF. As in the previous
sections,wewill presen a characterizationof TL[ EX; EF-de nable languages.
For the rest of the sectionwe x an alphabet alongwith a -language L
and will henceforthomit the L quali er from notation.

Recall the type readability quasiorder4 along with its accomparing
equivalencerelation t , which werede ned on p. 55. The t -equivalenceclass
of a type is called hereits strongly connected component and is denoted
SCG ( ). We extendthe relation 4 to SCCsby setting:

4 if 4 forsome 2 and 2 ;

4 if 4 for some 2
We usethe standard notational shortcuts, writing when 4  but
not = ; similarly for

Let besomeSCCandlet k 2 N. The ( ;k)-view of atreet is the tree
view( ;k;t) whosedomain is the set of nodesin t at depth at most k and
wherea node v is labeled by:

t(v) if v is at depth smallerthan k;
type(tjy) if v is at depth k and type(tj,) ;
? otherwise.

Let viewq ;k) denotethe set of possible( ;k)-views. The intuition behind
the ( ;k)-view of t is that it gives exact information about the tree t for
typeswhich are4 smallerthan , while for other typesit just says\l don't
know". The following de nition descrikeslanguageswherethis information
is su cient to pinpoint the type within the strongly connectedcomponert .
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De nition 3.4.1 Let k 2 N. The languageL is ( ;k)-solvable if every two
treess and t with typesin  and the same( ;k) view have the sametype.
The languageis k-solvableif it is ( ;k)-solvable for every SCC andit is
SCC-solvabléf it is k-sohable for somek.

It turns out that SCC-sohability is exactly the property which characterizes
the TL [EX; EF]-de nable languages:

Theorem 3.4.2
A regular languageis TL[EX; EH-de nable if and only if it is SCC-solvable.

The proof of this theoremwill be preserted in the two subsectionghat follow.

3.4.1 An SCC-solv able Language is TL[EX; EF-De nable

In this sectionwe show that onecanwrite TL[EX; EF formulas which com-
pute views. Then, using theseformulas and the assumptionthat L is SCC-
sohable, the type of a tree can be found.

Fix somek sud that L is k-sohable. Let viewq ) be the set of possible
( ;k)-viewsthat canbe assumedn atree of type 2 . By assumptionon
L being k-sohable, we have:

Fact 3.4.3 Let t be a tree sud that type(t) 4 . Thetypeoftis if and
only if its (SCC( ); k)-view belongsto the setviewq ).

The following lemma statesthat views can be computed using the logic
TL[EX EH.

Lemma 3.4.4 Supposethat for ewery type , thereis a TL[EX EH
formula dening it. Then for everyi 2 N and every s 2 viewy ;i) there
is aformula ¢ satis ed in exactly the treeswhose( ;i)-view is s.

Pro of
By induction oni.

We de ne below a set of views which certainly cannot appear in a tree
with a typein a strongly connectedcomponen :

Bad() = fals;t]:s2 viewq );t2 viewy );where ; 4 ;a[ ; ]8 g]
[f t:type(t) 8 anddom(t) = f"gg

Obsenethat Bad() isasetof ( ;k+ 1)-views. The following lemmashons
that the above casesare essetially the only ones.
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Lemma 3.4.5 Foratreet andan SCC , the following equivalenceholds:
type(t) 8 [ view( ;k+ 1;tj,) 2 Bad() for somev 2 dom(t):

Pro of
Both implications follow easily from Fact 3.4.3if one considersthe maximal
possiblenode v satisfying the right hand side.

The following lemma completesthe proof that L is TL[ EX; EF-de nable.

Lemma 3.4.6 Everytype of L is TL[EX; EH-de nable.

Pro of
The proof is by induction on depth of the type in the quasiorder4 . Consider
atype andits SCC . By induction assumption,for all types , there

is a formula  which is satis ed in exactly the trees of type . Using the
formulas and Lemma 3.4.4we construct the following TL [EX; EF] formula
(recall that AG is the non-strict versionof AG de ned on page60):
N
= AG Dot
t2Bad()

By Lemma3.4.5,atreet satises if andonly if type(t) 4 . Finally, the
formula  is de ned:

— N - .
= t

t2views( )

The correctnessof this construction follows from Fact 3.4.3.

3.4.2 A TL[EX EH-De nable Language is SCC-Solv able

In this section, we are going to showv that a languagewhich is not SCC-
sohable is not TL[EX; EH-de nable. For this, we introduce an appropriate
Ehrenfeutt-Frasse game,calledthe EX+EF game which characterizestrees
indistinguishable by TL[EX; EF-formulas.

The gameis played over two treesand by two players, Spoiler and Dupli-
cator. The intuition is that in the k-round EX+EF game the player Spoiler
tries to di erentiate the two treesusing k moves.

The precisede nition is as follows. At the beginning of the k-round
game,with k 0, the players are facedwith two treesty, and t;. If these
have di erent root labels, Spoiler wins. If they have the sameroot labelsand
k = 0, Duplicator wins; otherwisethe gamecortinues. Spoiler rst picks one
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of the treest;, with i 2 f0;1g. Then he chooseswhether to make an EF or
EX move. If he choosesto make EF move, he needsto choose somenon-
root node v 2 dom(t;) and Duplicator must respond with a non-root node
w 2 dom(t; ;) of the other tree. If Spoiler choosesto make an EX move, he
picks a sonv 2 f0; 1g of the root in t; and Duplicator needsto pick the same
sonw = v in the other tree. If a player cannot nd an appropriate node in
the relevant tree, this player immediately looses.Otherwisethe treest;j, and
t; ijw becomethe new position and the (k  1)-round gameis played.

The operator nestingdepthof a formula is de ned by induction in the nat-
ural fashion. Formulas that corresmpnd to letters have depth zero,the depth
of a boolean combination is the maximal depth of the formulas involved,
while applying EX or EF to a formula increaseghe depth by one.

Lemma 3.4.7 Duplicator wins the k-round EX+EF gameoverty andt; i
to and t, satisfy the sameEX+EF formulas of operator nesting depth k.

Pro of
A standard proof by induction on k. The caseof k = 0 is obvious. Let us
assumethat we have proved the statemert for somek and considerk + 1.
Consider rst the left to right implication. We show that if a formula
distinguishesthe treesty and t;, then a winning strategy for Spoiler can be
found. If ' distinguishesthe treesty and t1, then one of its subformulas of
the form EX or EF distinguishesthem too. Let us considerthe caseof
EF and assumewithout lossof generality that EF holds only in ty. This
meansthat there is a nonroot node vy in the tree to sud that

tojv, F and tijv, 6 for all nonroot nodesv; of t;

The winning strategy for Spoiler is, of course,to pick an EF move, the tree
to and the vertex vo. Since is of operator nesting depth k, no matter
what vertex v, Duplicator picks, Spoiler has{ by induction assumption{ a
winning strategy in the k-round gameover the treestyj,, and t1j,,. A similar
argumern is usedwhen the distinguishing formula is of the form EX .

For the right to left implication, we shov how to write a distinguishing
formula of nestingdepth k + 1 basedon the assumptionthat Spoiler wins
the k + 1-round game. Considera winning strategy of Spoiler in this game.
We assumewithout lossof generality that Spoiler chooseshe tree t, to make
his move. Two caseqneedbe considered.The rst is when Spoiler choosesan
EF move and a subtreet,j,,. Sincehis strategy is winning, for every possible
choice of a node v; in the tree t,, the k-round gameover the treestgj,, and
t1Jy, can be won by Spoiler. By induction assumptionthis meansthat for
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ewvery node v; in the tree ty, there is a formula , of nesting depth k sud
that

tojvo F Vi and tle1 @ Vi .

Note that in orderto have ,, satis ed in toj,, and not in t,j,,, we may have
negatedthe formula from the induction assumption.Let be a conjunction
of all the , formulas for all choicesof v;. The appropriate formula that
distinguishesthe treesty and t; is then EF . A similar reasoningis used
for EX.

Fortwotypes ; 2 wedene an( ; )-contextto be a multicontext

C sud that there are two valuations of its holes ; :V ! giving the

typesC[ ]= andC[ ]= . The holedepthof a multicontext C is the

minimal depth of a holein C. A multicontext C is k-bad for an SCC if

it has hole depth at leastk and is an ( ; )-context for two di erent types
;2 .

Lemma 3.4.8 L is not SCC-sohable if and only if for someSCC and
every k 2 N, it cortains multicontexts which are k-bad for .

Pro of
A k-bad context existsfor if and only if L is not ( ;k)-solvable.

The following lemma concludeshe proof that no TL[ EX; EF] formula can
recognizea languagewhich is not SCC-sohable:

Lemma 3.4.9 If L isnot SCC-sohablethen for every k there aretreess 2 L
andt 62 sud that Duplicator wins the k-round EX+EF gameover s andt.

Pro of
Take somek 2 N. If L is not SCC-sohable then, by Lemma 3.4.8, there
is a multicontext C which is k-bad for someSCC . LetV = fvy;:::;vh0
be the holesof C, let ; :V ! be the appropriate valuations and
= C[ ], = C[ ] the resulting types. We will usethis multicontext to
nd treess2 L andt 62L sud that Duplicator wins the k-round EX+EF
gameover s and t.
Sinceall the typesusedin the valuations and comefrom sameSCC,

Cl]l= (w Cll= (w) foralli2fl;:::;ng:

This meansthere are two contexts D and D with n holesead, suth
that: 1) D and D agreeover nodesof depth lessthan k; 2) whenall holes
of D are pluggedwith , we get the type ; and 3) when all holesof D
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are pluggedwith , we getthe type . Theseare obtained by plugging the
appropriate \translators" C, [] and C; [] into the holesof the multicontext C.
Let to be sometree of type . The treest; for j > 0 arede ned by induction
asfollows:
2§ ¢ AL
tasr = D [ta; i ta] ta+z = D [taiva; 75t It

By an obvious induction, all the treest, have type and all the trees
ty+1 havetype . As 6 |, there existsa context D[] such that D[ ]2 L
and D[ ] 62 (or the other way round).

Figure 3.2: The tree ty.;.
To nish the proof of the lemma, we will showv that Duplicator wins the
k-round EX+EF gameover the trees
S = D[tax+2] and t= D[tox+]:

The winning strategy for Duplicator is obtained by following an invariant.
This invariant is a disjunction of three properties, one of which always holds
whenthe i-round gameis about to be played:

1. The two treesare idertical;
2. The two treesare sj, and tj, for somejvj k i;
3. The two treesaretyj, and ty, »j, for

v2domD ) if misewn;

m k+i+1 and _ _
v2 dom(D ) if mis odd.

The invariant holds at the beginning of the rst round, due to 2, and one
can verify that Duplicator can play in sud a way that it is satis ed in all
rounds. Item 2 of the invariant will be presened in the initial fragmen of
the gamewhen only EX movesare made, then item 3 will hold until either
the gameendsor item 1 beginsto hold.
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3.5 Decidabilit y

In this sectionwe round up the results by showving that our characterizations
are decidable.

Theorem 3.5.1
It is decidablein time polynomial in the numker of typesif a languageis:

TL[EX]-de nable;
TL[EH-de nable;
TL[EX; EF-de nable.

Pro of
Using a simple dynamic algorithm, one can compute in polynomial time all
tuples( ; ; % 9 sud that for somecortext C[], C[ ]= %andC[ ]= °

Using this, we can nd in polynomial time:
Whether L cortainsanf ; g-loop;
The 4 andt | relationson types.

Sincethe delayedtype of atree dependsonly on the typesof its immediate
subtrees,the number of delayed typesis polynomial in the number of types.
The relation E| on delayed typescan then be computedin polynomial time
from the relation 4 . Having the relations 4, and E,, one can che in
polynomial time if L is EF-admissible.

This, along with the characterizations from Theorems3.2.3 and 3.3.2,
provesdecidability for TL[EX] and TL[ EF]. The remaininglogicis TL[EX; ER.

By Theorem3.4.2,it is enoughto show that SCC-sohability is decidable.
In order to do this, we give an algorithm that detectsif a given SCC
admits bad multicontexts of arbitrary size,cf. Lemma3.4.8. Fix an SCC .
We de ne by induction a sequenceB' of subsetsof

BO =
(;)2B"™if (; )2 B' andeither

{ thereisapair ( ¢ 92 B', atype and aletter a2 sud
that type(a] % )= andtype(a % )= ;or

{ therearepairs( ¢ 9;( % %92 B' andaletter a2 sud that
type(a] % °0) = andtype(a % °f) =
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The sequenceB' is decreasingsoit reacesa x-p oint B in no more than
j j? steps. The following lemmavyields the algorithm for TL[ EX; EF:

Lemma 3.5.2 admits bad multicontexts of arbitrary sizei B! 6 ;.

For the left-to-right implication supposethat B! is not empty. By induc-
tion on k we shav that for everyk and( ; )2 B!, wecanconstruct( ; )-
context of holedepthk. Take( ; ) 2 B! . Wehaveoneofthe two casedrom
the de nition above. The rst is whenthereareapair ( ¢ 92 B!, atype

0 andalettera2 sudthat type(a] ¢ 9) = andtype(a] ¢ 9= .
By induction assumptionwe have an ( ¢ 9-cortext C°of holedepth k 1.
Using this multicontext, we construct the multicontext a[C® s], wheres is a
tree of type . It isarequired( ; )-context of holedepth k. The other case
is similar.

For the right-to-left implication weshovthat if ( ; )2 B B'*! thenall
( ; )-contexts have hole depth boundedby i. This is alsodoneby induction
oni.

Corollary 3.5.3 If the input is a CTL formula or a nondeterministic tree
automaton, all of the problemsin Theorem 3.5.1are Exptime -complete.

Pro of
Since,in both casesthe typescanbe computedin time at most exponertial
in the input size,the Exptime menbership follows immediately from The-
orem 3.5.1. For the lower bound, we will usean argumen analogousto the
onein [69], reducingthe Exptime -hard universality problemsfor both CTL
[23] and nondeterministic automata [54] to any of theseproblems.

We will only shov herethe Exptime -hardnessof the problem:

Is a given CTL formula equivalert to onein TL[EF? *)

Let beaCTL formula over somealphabet . By [23],the questionwhether

is satised in all -trees is Exptime -hard. We shav the Exptime -
hardnessof the problem (*) by preseriing a formula ' which is de nable
in the logic TL[EH if and only if the formula is true in all -trees. This
formula is obtained by using and some xed formula (say, E(aUb)) not
de nable in TL[EHF:

"= EXS” ) _EXS " )

First we show that if istrue in all -trees, then' is de nable in the logic
TL[EF. But this is simple: if is true in all -trees, then, by its rst
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disjunct, ' istrue in all -trees with morethan onenode. This languageis
de ned by the TL[EF formula EX>.

Finally, we needto prove that if is not true in all -trees, then' is
not de nable in TL[ER. Let us assumefor the sale of cortradiction that '
is equivalert to someTL[EF formula . Let be the setof all subformulas
of . By assumptionthat the formula is not de nable in TL[EF, there
existtwo treest; andt, that satisfy the sameformulasin , but onesatis es

and the other doesnot (otherwise an appropriate boolean combination of
formulasin  would be equivalert to ). Thereforeexdangingt; with t; in
any subtreedoesnot a ect the satisfactionof . Let s beatree that doesnot
satisfy , obtained by the assumptionon not beingsatis ed in all -trees.
One can easily verify that for any letter a2

als;ti] F a[s;t)] 6 '

but either both thesetreessatisfy or both do not.

3.6 Why Forbidden Patterns Do not Work

In the survey [70], onecan nd decidablecharacterizationsfor seweral frag-
merns of LTL. Thesefragmerts can be seenas the word equivalernts of the
logics TL[EX], TL[EF and TL[EX; EF] consideredhere. One naturally asks
the question: how arethe word and tree caseselated? In the caseof the logic
TL[EX], the loop characterization from Theorem 3.2.3is an exact analogue
of the characterization correspnding to the fragmen TL[X] of LTL.

For the two remaining logics, howewer, the word and tree casesdiverge.
This sectionis dewted to shoving why.

Case of TL[EF. First we needto introducethe appropriate de nitions for
words. The delayed type of a word w is the function which assigngo a letter
a the type of the word a w. Two word types ; arein the sameSCC if
there are word types % Osuhthat © = and © = . In[70]it
is shavn that a word languageis de nable using only the modality F if and
only if the delayed type of a word is determinedby the SCC of its type.

Hencea natural question: is a tree languageTL [EF-de nable if and only
if the delayed type of a tree is determinedby the SCCsof its two sons?This
can understood in two ways: the ordered pair of SCCs,or the set of SCCs.
The rst ideacan be immediately disproved, for instanceusing the language
\there is an a in the left subtree". The ideathat usessetsrequiresa more
elaborate example,which is presered here.
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X

Figure 3.3: The delayed typesof L alongwith the treess and t

Considerthe fa;bg-languageL de ned by the formula (which usesthe
non-strict versionsof AG and EF):

= EF [EX(AG a) » EX((EF a) ~ (EF b)]

A tree t satis es this formula if it cortains two nodesv and w which are
siblings and tj, contains only a's, while tj,, cortains both a's and bs. This
languagehasfour types , , and>, which are de ned by the formulas:

= AG a = AGb;, = (EFa”(EFbh”": ; > =

Ead of thesetypesis its own strongly connectedcomponert. There are also
four delayed typesf xs ; Xa; Xp; X g, which are de ned in Figure 3.3.

Considernow the two treess and t drawn in Figure 3.3 (we do not specify
the root letters sincewe are interested only in delayed types). Thesetrees
shav that the languagel is not typeset dependert and therefore not in
TL[EH, since:

TS(s) = TS(t)=f ; ; g but x = dtype(s) 6 dtype(t) = x>

Howe\er, if the SCCsof both sonsare known, then the types of both sons
are known and hencesois the delayed type of the tree.

Case of TL[EX, EF. In [70]it is shavn that a word languageis de nable
usingthe modalities F and X if and only if onecannot nd two distinct types
; in the sameSCC and a nonempty word w sud that:

=w and =w (3.4)

We will shaw that a straightforward generalizationof this condition obtained
by considering cortexts instead of words does not work in the tree case.
Considerthe languageK over the alphabet f a; b;cg de ned by the formula

= AG ; where . =[EX>) ( "A( U)):
6 2f a;b;cg
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This languageconsistsof thosetreeswherefor every node v, all the minimal
nodesin the setfw : w > v and t(w) 6 t(v)g have the samelabel. The ten
typesof the languageare:

? = = MNAX?; .= N forall 6 2 fa;b;cg:

There are v e SCCsin this language:an SCC cortaining the six . types,
while eat of the remaining typesis its own SCC.

The languageK is not k-sohablefor any k 2 N, and henceis not de nable
in TL[EX;EH. We will shav, howewer, that if in the de nition (3.4) one
considersnontrivial cornexts instead of nonempty words w, the resulting
condition on tree languagesis satis ed by K. This goesto shawv that in a
bad multicontext one sometimesrequiresthe useof more than one hole.

Let C[] be anontrivial cortext, i.e. onewith the hole not in the root. We
will shav that onecannot nd two distinct typesin the SCC sud that

Clid= 1 and Cl2= 2 (3.5)

Let bethe letter in the parert v of the hole, and let w be the brother of
the hole. Let V = fu:u wandC(u) 6 g. If V =;, or nodesin V have
two di erent labels,then C[ ] = ? for all types . Otherwise,let be the
unique label of all nodesin V. This meansthat for any tree t, the typein v
of C[t] is either ? or ., which provesthat (3.5) cannot be satis ed.

3.7 Open Problems

The questionof de nabilit y for the logicsTL[EX], TL[EF and TL[EX; EH has
beenpretty much closedin this chapter. One possiblecortinuation are logics
whereinstead of EF we usethe non-strict modality EF . The resulting logics
are wealer than their strict counterparts (for instancethe languageEFRa is
not de nable in TL[EF ]) and therefore decidability of the their de nabilit y
problemscan be investigated.

Another question is what happens if we enrich these logics with past
quarti cation (there existsa point in the past)? This questionis particularly
relevant in the caseof TL[EX; EH, sincethe resulting logic coincideswith
rst-order logic with two variables(where the signature contains  and two
binary successorelations).

Finally, thereis the logic CTL. This logicis similar to the onesconsidered
in this chapterin that it toois cas@adebounde, i.e.for somen, every language
de nable in CTL is recognizedby a cascadeproduct of n-state automata. In
the caseof CTL, n 4. Providing a decidablecharacterizationof CTL would
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be valuableachievemen, sincethis is a widely usedlogic. Note that on words
CTL collapsesto LTL and hence rst-order logic, sosud a characterization
would to subsume rst-order de nabilit y for words.
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Chapter 4

A Bounding Quantier

In this chapter and the next one,we changethe setting: insteadof nite trees,
we considerin nite onesand instead of de nabilit y, we considersatis abilit y.
The only thing in common with the rst chapters is that we will still be
consideringmonadic second-ordetogic and regular languages.

When the tree is in nite, many sorts of cardinality constrairts can be
expressedising monadic second-ordefogic. Someconstraints, howe\er, fall
outside monadic second-orderogic, sud as: \there exist bigger and bigger
setssud that..." or \there is a bound on the size of setssud that...". In
this chapter we presen decisionproceduresfor an extensionof MSOL where
sud cardinality-bounding properties are de nable.

The needfor cardinality constrairts occursnaturally in applications. For
instance, a graph that is interpreted in the full binary tree using monadic
second-ordettogic is known to have boundedtree-width if and only if it does
not cortain bigger and bigger complete bipartite subgraphs[4]. Another
example: a formula of the two-way -calculus[67]is satis ed in some nite
model if and only if it is satis ed in sometree model in which there is a
bound on the sizeof certain sets[5]; this problem is the subject of the next
chapter. Sometimesboundednesds an object of interest in itself, cf. [8],
where pushdavn gameswith the boundedstadk condition are considered.

In light of these examples,it seemsworthwhile to consider the logic
MSOL+B obtained from MSOL by adding a new quarti er B, which ex-
pressesproperties like the onesjust mertioned. Let (X) be a formula
de ning someproperty of a set X in a labeledin nite tree. The formula
BX: (X) is satis ed in thosetreest wherethere is a nite bound { which
might depend on t { on the size of sets satisfying this property. We also
considerthe dual quanti er U, which statesthat there is no nite bound.

Adding new constructionsto MSOL has a long history. A notable early
exampleis a paper of Elgot and Rabin [15], where the authors investigated
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what predicatescan be addedto the structure hN; i while preservingdecid-
ability of its monadicsecond-ordetheory. Amongthe positive examplegshey
gave are monadic predicatesrepreseting the setsfi! :i 2 Ng, fik :i 2 Ng
andfk' :i 2 Ng. This line of researb wasrecerily cortinued by Carton and
Thomasin [10], wherethe list was extendedby so called morphic predicates
which include, for instance,the set of Fibonaccinumbers.

A construction similar to our bounding quarti er can be found in [35],
whereKlaedtke and RuessconsiderextendingMSOL on treesand words with
cardinality constrairts of the form:

Xajt  + [ Xmp<jYaj+  + Yo

Although MSOL with these cardinality constraints is in generalunde-
cidable, the authors shov a decisionprocedurefor a fragmert of the logic,
where, among other restrictions, quarti cation is allowed only over nite
sets. Interestingly, the bounding quarti er B is de nable using cardinality
constrairts, although it doesfall outside the aforemenioned fragmert and
cannot be descrited using the techniquesof Klaedtke and Ruess:

BX: (X) i 9Y:Finite(Y) ~ 8X:( (X)) jXj<jYj) :

Finally, a quarti er 9°that alsodealswith cardinality can be formulated
basedon the results of Niwinski in [44]. It is not the size of setssatisfying
(X), but the number of sut setsthat is quantied in this case,howewer.
More precisely a binary tree t satis es 9°X: (X)) if there are cortinuum sets
satisfying (X). This quartier, it turns out, is de nable in MSOL, and
thus its unrestricted useretains decidability.

Our bounding quarti er B, howewer, is not de nable in MSOL. Using
the bounding quarti er, one cande ne nonregularlanguagesand hencethe
guestion: is satis abilit y of MSOL+ B formulas decidable? In this chapter
we investigate this question and, while being unable to provide an exhaus-
tive answer, we presemn decisionproceduresfor two nortrivial fragmerts of
MSOL+B.

This investigation leadsus to idertify a classof tree languages,new to
our knowledge, which we call quasiregulartree languages.A set of in nite
treesis L-quasiregular if it coincideswith the regular languageL over the
set of regular treesand, moreover, is the sum of somefamily of regular tree
languages. The intuition behind an L-quasiregularlanguageis that it is a
slight non-regular variation over the languagel, yet in most situations it
behasesthe sameway.

On the one hand, quasiregularlanguagesare simple enoughto have de-
cidableemptiness:an L -quasiregularlanguageis nonempty if andonly if L is
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nonempty. On the other hand, quasiregularlanguagesare powerful enough
to allow nortrivial applications of the bounding quarti er: they are closed
under bounding quarti cation, existertial quarti cation, conjunction and
disjunction. This yields the decidability result in Theorem4.2.12:

The satis abilit y problem for existential bounding formulas, i. e.
onesbuilt from arbitrary MSOL formulas by application of B, 9,
N and _ is decidable.

Unfortunately quasiregularlanguagesio not captureall of MSOL+B. For
instance, they are not closedunder complememation, henceTheorem4.2.12
giveslittle insight into propertiesthat usethe dual quartier U.

For this reason,we also conduct a separateanalysisof the U quarti er
(note that satis abilit y for U is related to validity for B). By inspection of
an underlying automaton, we prove Theorem4.2.20:

Satis abilit y is decidablefor formulas of the form UX: , where
is MSOL.

We are, howewer, unable to extend this result in a fashion similar to
Theorem4.2.12,by allowing for non-trivial nesting.

The plan of this chapter is as follows. After somepreliminariesin Sec-
tion 4.1, weintroducethe quarti er in Section4.2. In Sections4.2.1and 4.2.2
we prove decidability for bounding existertial formulas, while in Section4.2.3
we prove decidability for formulas which usethe unbounding quanti er next
to an MSOL formula.

4.1 Preliminaries

In this sectionwe de ne the basicnotions usedin the chapter: in nite trees,
regular languagesof in nite trees and regular trees. The de nitions are
straightforward extensionsof the onesfor nite treesformulatedin Chapter 2.

Let be some nite set, called the alphalet. An innite -tree is a
functiont : f0;1g ! . Therefore,all in nite treeshave the samedomain.
We denotethe setof in nite -trees by Trees (). An innite tree language
over is any subsetof Trees (). Sincewe will only considerin nite trees
in this chapter and the next one, we will omit the word in nite and simply
write -tree and tree language.

A nodeis any elemen of f0; 1g . The de nitions of a subtreetj, and the
composition t"s of two trees are the sameas for nite trees. A regular tree
is a tree with nitely many distinct subtrees;the classof all regular treesis
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denotedby REG. An innite path is any in nite sequenceof nodes sud
that:

0= 1= o0d 2= 1& g 210 1g:
Given two nodesv < w, we de ne the set Bet(v;w) of elemens betweenv
andw asv f0;1g nw f0;1g .

Let beanalphabetand aletter outside. A -contextisany [ fg -
tree C wherethe label occursonly once,in a position called the hole of
C. We don't require this position to be a leaf, sincethere are no leavesin
anin nite tree, but all nodesbelow the hole are goingto beirrelevant to the
context. The domain dom(C) of a context C is the set of nodesthat are not
below or equalto the hole. Givena -tree t and a cortext C[] whoseholeis
v, the tree CJt] is de ned by:

t(u) if w=v ufor someu?2 f0;1g ;

Cltiw) = C(w) otherwise.

The composition of two cortexts C and D is the unique cortext C D sud
that (C D)[t] = C[D]Jt]] holds for all treest. We do not use multicontexts
for in nite trees.

4.1.1 Nondeterministic  Tree Automata and Regular
Tree Languages
As in the caseof nite trees,regularlanguagesofin nite treescanbede ned

both using automata and monadic second-ordetdogic. The two approathes
are briey descriked in this section.

De nition  4.1.1 [Parity condition] A sequencea 2 AN of numbers belong-
ing to some nite set of natural numbers A is said to satisfy the parity
condition if the smallestnumber occurring in nitely oftenin a is even.

A nondeterministic tree automaton with the parity condition is a tuple

A=hQ; ;qg; ;i
whereQ is a nite setof states is the nite input alphalet, g 2 Q is the
initial state, Q Q Qisthe transition relationand :Q! Nis

the ranking function. Elemerts of the nite image ( Q) are calledranks A
run of A overa -tree tisany Q-tree sud that

h (v);t(v); (v0); (v1)i2 foreveryv 2 f0; 1g :
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The run is accepting if for every in nite path , the sequenceof ranks

satis es the parity condition. The automaton acceptsa tree t from
state q 2 Q if there is someacceptingrun with state g labeling the root. A
tree is acceptd if it is acceptedfrom the initial state g . The languageof A,
denotedL(A), is the set of trees acceptedby A; sud a languageis said to
be regular. An automaton is nonempty if and only if its languageis.

We say two trees s and t are equivalent for an automaton A, which is
denoteds ' A t, if for ewery state g of A, the tree s is acceptedfrom q if
and only if the treet is. If the treess and t are equivalert for A, then they
cannot be distinguishedby a cortext, i.e. for every cortext C[], the tree CJ[s]
is acceptedby A if and only if the tree CJ[t] is.

We now proceedto de ne the logical approad to regular languagesof
in nite trees. Consideran alphabet = f 4;:::; ,g. Asin the nite tree

t=hf0;1g9 ;Se;Sy; ;_4;:ir L

The relations are interpreted as follows: S, is the set of left sonsf0;1g O,
S, is the set of right sonsf0;1g 1, is the pre x ordering, while _! is the
set of nodesthat are labeledby the letter ;.

With a sertence of monadic second-orderogic we assiate the lan-
guagelL( ) of treest sud that t satises . Sud a languageis said to
be MSOL-de nable. A famousresult of Rabin [50] says that a languageof
in nite treesis MSOL-de nable if and only if it is regular.

4.2 The Bounding Quantier

The logic MSOL+ B is obtained from MSOL by adding two quarti ers: the
bounding quanti er B, and its dual untoundingquanti er U, which we de ne
here usingin nitary disjunction and conjunction:

B'X: :=8X:(" (X)) jXj<i) UX: = 9X:(" (X)) jXj 1)
W , \% :
BX:"' = ,yB'X! UX:' =, UX!

MSOL+ B de nesstrictly morelanguageshan MSOL (seeFact 4.2.13),hence
it is interesting to considerdecidability of the following problem:

Is a given formula of MSOL+ B satis able in somein nite tree?

The remainderof this chapter is dewoted to this question. Although unableto
provide a decisionprocedurefor the wholelogic, we do identify two decidable
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fragmerts. The rst, existertial bounding formulas, is proved decidablein
Sections4.2.1and 4.2.2,while the secondformulas of the form UX: with

in MSOL, is proved decidablein Section4.2.3. Beforeconcludingthe chapter,
we overview in Section4.3 someof the possibleapplications of theseresults.

4.2.1 Quasiregular Tree Languages

Before we proceedwith the proof of Theorem4.2.12,we de ne the concept
of a quasiregulartree language. We then demonstrate somesimple closure
properties of quasiregulartree languagesand, in Section 4.2.2, shav that
quasiregulartree languagesare closedunder bounding quarti cation. These
closure properties, along with the decidable nonemptinessof quasiregular
languages,yield the decision procedure for existertial bounding formulas
found in Theorem4.2.12.

For technical reasons,we will nd it henceforth corveniert to work on
trees where the alphabet is the powerset P() of someset . The same
results would hold for arbitrary alphabets, but the notation would be more
cumbersome. By Val() we denotethe set of P()-trees. Elemerns of the
set will betreated assetvariables,the intuition beingthat atreein Val()
represems a valuation of the variablesin . Givenatreet 2 Val() anda
setF f0;1g, the tree

t(X ;= F]2 Val( [ fXQ)

is de ned by adding the elemem X to the labels of all nodesin F and
removing it, if necessaryfrom all the other nodes.

Bounding quarti cation for an arbitrary tree languagelL val() is
de ned asfollows. A treet 2 Val( nfXg) belongsto the languageBX:L if
there is some nite bound on the sizeof setsF sud that the tree t[X = F]
belongsto L.

We now give the key de nition of a quasiregulartree language.

De nition 4.2.1 (Quasiregular Language) Let L be a regular tree lan-
guage.A tree languageK is L-quasirgular if

K\ REG= L\ REG, and
K is the union of somefamily of regular tree languages

A tree languageis quasiegular if it is L-quasiregularfor someregular
languageL. For the rest of Section4.2.1we will usethe letter L for regular
languagesand the letter K for quasiregularones.
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Lemma 4.2.2 If K is L-quasiregular,then K L.

Pro of

Let fL;gi», be the family of regular tree languageswhoseunion is K. We
will shav that ead languagel; is a subsetof L. Indeed, over regular trees
L; is a subsetof L, sinceK and L agreeover regular trees. This implies
the inclusionL; L for arbitrary trees, sinceotherwisethe regularlanguage
Li nL would be nonempty and therefore, by Rabin's Basis Theorem [51],
cortain a regular tree.

The following easyfact shavsthat emptinessis decidablefor quasiregular
tree languagesgiven an appropriate preseration:

Fact 4.2.3 If K is L-quasiregular,then K is nonempty i L is nonemply.

Pro of

If L is nonempty, then it cortains by Rabin's Basis Theorem a regular tree
and henceK must cortain this sametree. The other implication follows from
Lemma4.2.2.

In particular, every nonemply quasiregularlanguagecortains a regular
tree. For a variable X we de ne the projection function x which given
a tree returns the tree with X removed from all the labels. Projection is
the tree languageoperation correspnding to existertial quarti cation, as
testi ed by the following equation:

L(9X: )= x(L( )):

A setF f0;1g is regular if the unique tree t[X = F] 2 Val(fXg) is
regular. Equivalertly, F is regular if it is a regular word language. The
following is a standard result:

Lemma 4.2.4 If aregulartreet belongsto the projection x (L) of aregular
languageL, then t[X := F] belongsto L for someregular setF.

Pro of

Sincet is a regular tree, the set ftg is a regular tree languageand so is
< (ftg). Thereforethe intersectionL \  ,*(ftg) is regular and nonempty

and, by Rabin's Basis Theorem, cortains someregular tree. Obviously, the

X componert in this tree must be a regular set.

Now we are ready to shov somebasic closure properties of quasiregular
languages:

Lemma 4.2.5 Quasiregularlanguagesare closedunder projection, intersec-
tion and union.
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Pro of

The casesof intersection and union are trivial; we will only do the proof

for projection. Let K be L-quasiregular. We will show that the projection
x (K) is x (L)-quasiregular. First we prove that  (K) is the union of a

family of regular languages.By assumption,K is the union somefamily of

regular tree languages L;gi», . But then

[ [
x(K)= x( L= x (Li)
i21 i2]

and, sinceregular tree languagesare closedunder projection, x (K) is the
union of somefamily of regular tree languages.
We alsoneedto shaw that for ewvery regular tree t,

The left to right implication follows from Lemma 4.2.2. The right to left
implication follows from the fact that if t 2 (L) then, by Lemma4.2.4,
for someregularsetF, t[X = F] 2 L. Sincethe tree t[X = F] is regular, it
alsobelongsto K and hencet belongsto x (K).

4.2.2 Closure Under Bounding Quanti cation

In this section, we show that quasiregulartree languagesare closedunder
application of the bounding quarti er. This, togetherwith the closureprop-
ertiesdescribed in Lemma4.2.5,yields a decisionprocedurefor the fragmert
of MSOL+ B that nestsB alongwith existertial quarti cation, conjunction
and disjunction.

Recallthat a chain is any set of nodesthat is linearly orderedby . We
say that a chain C is a trace path of a setof nodesF if the setF \ Bet(v;u)
is nonempty for all nodesv < w in C.

Lemma 4.2.6 A setof at least 3" nodes has a trace path of sizen. An
in nite sethasan in nite trace path.

Pro of

We prove the nite caseby induction, strengtheningthe statemert by re-
quiring the leastelemen of the trace path to be the greatestlower bound of
the set of nodesF in question. The basecaseof n = 0 is trivial. Assume
therefore, that the statemert hasbeenproved for n and considera set F of
cardinality at least 3"**. Let v be the greatestlower bound of F. There
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must be at least 3" elemens of F below somesuccessow of v, thereforean
n-elemen trace path C w f0;1g of F canbe found. The n + 1-elemen
chain C[ fvg must alsobe a trace path of F, sincethe setBet(v;w)\ F is
nonempty by assumptionon v.

The in nite casefollows by an in nite iteration of the above process.

Lett2 Val() andL Val( [ fXg). An (L; X)-bad chain in the treet is
an in nite chain C whoseewery nite subsetis a trace path of someset F
sud that t[X := F] 2 L. The set of treescortaining no (L; X )-bad chain is
denotedby CX:L. Bad chains have the desirableproperty of being MSOL
de nable, astesti ed by:

Lemma 4.2.7 If L is regularthen CX:L is regular.

Pro of

Sincel is regular,then L = L(' ) for someMSOL formula' . Using' and
somestandard coding, we will descrite an MSOL formula expressingCX L.
First we de ne a formula Chain(X) which expresseghat X is a chain:

Chain(X) = 8x8y: (x2X"*"y2X)) (x y_x Yy):

Before we expressin nit y for arbitrary sets,we rst provide an MSOL for-
mula describingin nite chains:

InfChain(X) = Chain(X)”" (9%x: x 2 X) "
ANBX:x2X) 9y:(y2X"ry>X)):

By Lemma4.2.6,a nite setis onethat doesnot cortain an in nite trace
path, which can be expressedn MSOL asfollows:

TrPath(Y;X) = Chain(Y)”" 8x8y:[x2Y " ry2Y "N (x<Vy)])
) 922(z2X~"x z"yb6 2);
:9 Y: InfChain(Y) ™ TrPath(Y;X) :

Finite (X))
Finally, the languageCX L is de ned by the formula:

:9 Y: InfChain(Y) ~ 8Z: (Z Y ” Finite(2)) ) 9X:' (X)” TrPath(Z;X)

Lemma 4.2.8 If K is L-quasiregularthen REG\ CX:K = REG\ CX:L.
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Pro of

This follows from the fact that for a nite (and thereforeregular) node setF
and a regular tree t, the tree t[X := F] is regular, and hencebelongsto L if
and only if it belongsto K.

Lemma 4.2.9 Let L bearegulartree language.A regulartree that belongs
to CX:L alsobelongsto BX:L.

Pro of
Considera regular tree t with m distinct subtrees. Let A being someau-
tomaton recognizingL with k beingthe index of the relation ' 5. Setting n
to be 3x™*1 we will shav that if t doesnot belongto the languageB"X L,
then an (L; X )-bad chain must exist.

Considerindeeda setF of at leastn nodessud that the tree t[X = F]
belongsto L. By Lemma4.2.6,this sethasa trace path with morethan k m
nodes. Let v < w be two nodeson this trace path sud that

t(X := Fliv ' A t[X = Fliw and tjy = tjw :

Sud two nodesexist by virtue of the trace path's size. Moreover, sincev
and w are on the trace path, the intersectionF \ Bet(v; w) is nonempty. Let
u2f0;1g besud that w=v u.

We claim that the chain fv u' :i 2 Ng is a bad chain. For this, we will
shaw that for everyi 2 N, the subchain C; = fv ul :j  igcanbeexpanded
to a setF; satisfyingt[X = F] 2 L.

This is doneby pumping i times the part of the setF betweenv and w.
Considerthe following partition of F:

F,=fu’:u< vg\ F F, = Bet(v;w)\ F Fs=fu’:u’> wg\ F
One can easily ched that the following set F; cortains the subchain C;:

Fi = Fi o[ vu viF, [ vuv!Fs

t[x = I:j]vuj " A t[X = F]jw

holds, the tree t[X := F;] belongsto L.

Using the Lemma 4.2.9 above, we can showv that quasiregulartree lan-
guagesare closedunder application of the bounding quarti er.
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Lemma 4.2.10 If K is quasiregular,then sois BX:K.

Pro of

. : L .S .
If K is quasiregular,then it isaunion ,, L; of somefamily of regular tree
languages.ThereforeBX: K is alsoa union regular tree languages:

[ [
BX:K = B'X:L;:
i21 j>0

Let L be sud that K is L-quasiregular. We will show:
CX:L\ REG = BX:K \ REG:

The right to left inclusion follows from Lemma4.2.8and the simpleinclusion
BX:K  CX:K. The left to right inclusionfollowsfrom Lemma4.2.9. The

following lemma provides an e ective assesmenof size of setsin a formula
with the bounding quarti er.

Lemma 4.2.11 Let K be L-quasiregular,L being recognizedby somenon-
deterministic automaton A. Then BX:K is nonemply if and only if B"X:K
is nonempty, wheren is doubly exponertial in the sizeof A.

Pro of

By Lemma 4.2.10,the languageBX :K is CX:L-quasiregular. Since CX:L
is recognizedby an automaton whosesizeis polynomial in the sizeof A, it
contains, by Rabin's BasisTheorem, a regular tree t whoseregularity is also
polynomial in the sizeof A. By the proof of Lemma4.2.10,the tree t belongs
to B"X:K, wheren is the constart from Lemma4.2.9,which is exponertial
in the regularity of t and the (exponertial) index of the relation ' 4.

Putting together the closure properties of quasiregulartree languages
proved in this and the previous section,we obtain:

Theorem 4.2.12
The satis ability problemfor existertial bounding formulas, i.e. ones built
from arbitrary MSOL formulas by application of B, 9, » and _ is decidable.

Pro of

By Lemmas4.2.5 and 4.2.10, the languageL( ) of an existertial bound-
ing formula is L-quasiregularfor somee ectively obtained regular tree lan-
guageL. By Fact 4.2.3,the emptinessof L( ) is equivalert to the emptiness
of L.

Unfortunately, we cannot hope to extend the quasiregulartree language
approad to decideall possiblenestingsof the boundingquarti er, ascerti ed
by the following Fact:
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Fact 4.2.13 Evenfor regular L, : BX:L is not necessarilyquasiregular.

Pro of
The languageL in questionis obtained from a formula  with free variables
X and Y. This formula statesthat Y cortains noin nite subchainsand that
X is a subchain of Y.

In aregulartreet 2 Val(f X;Yg) with n distinct subtrees,a subchain of
Y canbe of sizeat mostn { otherwiseY hasanin nite subchainand does
not hold. Therefore: BX:L( ) is a nonemply languagewithout a regular
tree and cannot be quasiregular.

4.2.3 The Unbounding Quantier

In this sectionwe presen a procedurewhich, given a regular languagelL
Val() andavariableX 2 , decidesvhetherthe languageUX :L is nhonempty.
This impliesthat satis abilit y is decidablefor formulas of the form UX: (X),
where is in MSOL. Unfortunately, we are unable to extend this decision
procedureto accommalate nesting, the way we did in Theorem4.2.12. On
the other hand though, the procedureruns in polynomial time.

In order to help the reader'sintuition a bit, we will begin our analysis
by debunking a natural, yet false, idea: for every regular languageL there
is somen 2 N sud that the languageUX:L is nonemply if and only if the
languageU" XL is.

The intuition behind this idea would be that a pumping processshould
in ate arbitrarily the set F onceit hasreaded somethreshold size. The
problem, howe\er, is that a tree may cortain labelswhich are not part of the
set F, and the pumping might violate this labeling. A suitable courterex-
ample is the following languageL ~ Val(f X; Y g):

X isasubsetof Y and Y is a nite set.

Obviously the languageUX L is empty, yet for every n 2 N, the language
U"X:L is nonempty. We will have to bear sud issuesin mind in the proofs
below, taking carethat we pump only the part of the labeling correspnding
to X.

Letus x aset, aregularlanguagel. Val() andavariableX 2 for
the rest of this section. Wewill use” to denotethe set nf X g. Analogously
to the \language" de nition of BX:L in Section4.2.1,wesa atreet 2 Val(’)
belongsto UX:L if there is no nite bound on the sizeof setsF sud that
t(X :=F]2L.

An in nite sequenceof nodesv is increasing if vi < vjs; holds for all
i 2 N. A family of node setsF is traced by an increasingsequencev of
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nodesif for all i 2 N,
jF\ Bet(vi;Vi+1)] | for someF 2 F :
Lemma 4.2.14 A family that cortains setsof unboundedsizeis traced.

Pro of

Considera family F with setsof unboundedsize. Givena nodev, let Fj, be
the family fF\ v f0;1g : F 2 Fg. Let G be the set of nodesv sud that
Fjy contains sets of unbounded size. The set G is in nite and downward
closed, henceit cortains a chain H. We are going to pick an increasing

sequenceof nodesv from this chain H in suc a way that foralli 1, the
setBet(v; 1;Vvj) cortains at leasti nodesof somesetF 2 F.
We choosevgy = ". Let us assumethat vg;:::;v, have beende ned and

that the above conditions are satised fori n. Let F 2 F be a setthat
cortains at leastn nodesbelow v,,. Sudh a setexistsby the assumptionv,, 2
H. The claim immediately follows from the fact that there must be some
nodevnys; 2 H sud that at leastn elemens of F fall within Bet(v,;Vn+1).

We x now somenondeterministic parity automaton recognizingL:
A=mM; A q; ; i
Without lossof generality, we assumethat ewvery state q2 Q is usedin some
acceptingrun. The rest of this sectionis dewted to an analysisthis automa-
ton and to establishinga structural property equivalert to the nonemptiness
of the languageUX L.
A descriptor is any elemeht of Q ( Q) Q. With aP()-con text C

we assaiate the set Trans(C) consisting of those descriptors (g; m;r) sud
that thereis a run of A that starts in the root of C in state g and:

The (nite) path of the run that endsin the hole
of C usesstates of rank at leastm and endsin the
Stater.

All the (in nite) paths of the run that do not go
through the hole of C satisfy the parity condition.

The intuition is that Trans(C) descrikesthe possibleruns of A which go
through the context C. The compositions of two descriptorsand then of two
setsof descriptorsare de ned below (descriptorswhich do not agreeon the
state p do not compose):

(gn;p) (p;m;r) = (g;min(n;m);r) (descriptor)
XY = fx y:x2X;y2Yg (set of descriptors)
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The descriptor set of the cortext composition C D can be computed
from the composition of the descriptor setsof the cortexts C and D:

Trans(C D) = Trans(C) Trans(D): (4.2)

We will also be using descriptors of P (9-con texts. For a P(‘)-con text C
and k 2 N, we de ne Trans¢(C) to be the set

Trans(C[X := F]):
FiFj k

A schemais a pair R = (R ;R ) of descriptor sets. A sdhemais meart to
descrite a P(")-context, the intuition beingthat the R descriptorscan be
obtained from any setsF, while the R descriptorsare obtained from \large"
sets. A P(-con text C is said to k-realize a shemaR if R Transy(C)
and R Transc(C). The composition R S of two shemasR = (R ;R )
and S = (S ;S ) is de ned to be the shema

RS=(R S[R S:R S)

The following obvious fact describteshow composition of shemascorrespnds
to composition of P (‘-con texts.

Fact 4.2.15 Let R and S be sdhemaswhich are respectively k-realized by
P (9-con texts C and D. The shemaR S is k-realizedby the cortext C D.

We now proceedto de ne the notion of an in nitary sequence. The
intuition hereis that an in nitary sequenceexhibits the existenceof a tree
belongingto UX:L, which is obtained by composingall the cortexts in C:

De nition 4.2.16 A sequenceof schemasR is in nitary if both

There is a sequencef P ()-con texts C suc that for every n 2 N the
sdhemaR,, is n-realizedby the context C,; and

For some xed stater 2 Q and all n 2 N, there is a state sequencey
with qo = r sud that:

1. Fori < n, (gi;m;Qi+1) 2 R; for somerank m;
2. Fori=n, (gi;m;gi+1) 2 R; for somerank m;
3. Fori>n, (gi;m;qgi+1) 2 R; for someewven rank m.

Lemma 4.2.17 UX:L isnonempty i there existsan in nitary sequence.
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Pro of

Consider rst the right to left implication. Let R be the in nitary sequence
with C andr 2 Q beingthe appropriate sequenceof cortexts and starting
state from De nition 4.2.16. Let t 2 Val() be the in nite composition of
all successie cortexts in C:

t:CO Cl Cz

Let D be a corntext sud that (g ;n;r) 2 Trans(D) for somen 2 ( Q). This
context existsby our assumptionon A not having uselessstates. Using the
properties of the sequenceR postulated in De nition 4.2.16,0ne can easily
verify that the tree D[t] belongsto UX:L.

For the left to right implication, considera tree t in UX:L. From this
tree we will extract an in nitary sequenceConsiderthe family of node sets

fF f0;1g :t[X := F]2Lg:

By assumptionon t, this family cortains setsof unboundedsize. Therefore,

by Lemma4.2.14,it is traced by someincreasingsequences. Considerthe

sequenceC of cortexts, where C; is obtained from the tree tj,, by placing

the holein the node correspnding to vi.; . Onecan verify that the sequence
of shemas

Ri = (Trans(C;); Trans (C));
alongwith r = q, isin nitary .

Although in nitary sequencesharacterizethe unboundednes®f L, they
are a little hard to work with. That is why we usea special type of in ni-
tary sequencewhich nonethelesgemainsequivalert to the generalcase(cf.
Lemma4.2.19). Considera very simpleschemaR which consistsof two loops
in R and a connectingdescriptorin R :

R=(R;R) where R =f(qk;g;(p;m;pg and R =f(gn;pg:

We say the pair of states (q;p) usedabove is in atable if the sequenceR
constartly equalR is in nitary , for somechoice of ranks k, m and n. Note
that in this case,the rank m must be ewven.

Lemma 4.2.18 The in atable pairs canbe computedin polynomial time.

Pro of
Fori 2 N, considerthe setA; of triples

h(tk; N1 Pa); (ki N2s P2); (G Nas Pe)i 2 (Q ( Q) Q)°
sud that for someP ()-con text C:
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(tn; N1, P1); (@6 N3; P3) 2 Transy(C);
(p; N2; p2) 2 Trans (C).

Using a dynamic algorithm, the set A; can be computedin time polynomial
on i and the size of the state spaceQ. By a pumping argumern, one can
shaw that the pair (q; p) is in atable if and only if

h(q; n1; Q); (G5 N2; P); (PsN3; P)I 2 Ajgjea for someeven ns.

We now proceedto shov Lemma 4.2.19,which shows that one can con-
siderin atable pairs instead of arbitrary in nitary sequences.

Lemma 4.2.19 Thereisanin nitary sequence thereisanin atable pair.

Pro of

An in atable pair is by de nition obtainedfrom anin nitary sequencehence
the right to left implication. For the other implication, consideran in nitary
sequenceRr alongwith the appropriate sequenceof cortexts C. With ewery
two indicesi < j, we assaiate the sdhemaR(i; j ] obtained by composingthe
schemasR ; R; 1. Sincethereisa nite number of shemas,by Ramsey's
Theorem[52] thereisasdemaR andasetofindicesl = fi; < i, < g N
sud that R[i;j] = R for every i < j in 1. Naturally, in this caseR R = R
and, by Fact 4.2.15,the sequenceonstartly equalR is anin nitary sequence
which realizesthe sequenceof cortexts D de ned

Dj:Cij Cij+1:

We will now shov how to extract an in atable pair from this sequencelLet
g! p bethe relation holding for those statesq;p 2 Q sud that (g, m;p)
belongsto R for somerank m. SinceR R = R, therelation! istransitive.
Let (g;m;p) 2 R be a descriptor usedfor in nitely many n in clause2 of
De nition 4.2.16. We claim:

rt o ! and®! g, for someq® 2 Q. This follows from
transitivity of ! if we take n in De nition 4.2.16to be big enoughto
nd a loop.

p! pland (p®m;p% 2 R for somep®2 Q and evenrank m. This is
done as above.

90



Consider nally the sequenceof cortexts E de ned
Ei=D; Disa Diw:

By Fact 4.2.15,for all i 2 N the shhemaR R R = R is i-realizedby the
context E;. One can easily verify that the sequenceE witnessesthe fact
that (o p? is an in atable pair.

From Lemmas4.2.17,4.2.18and 4.2.19we immediately obtain:

Theorem 4.2.20
Satis ability is decidablefor formulas of the form UX: , whee is MSOL.

Note that the appropriate algorithm is in fact polynomial in the size of a
parity automaton recognizing .

4.3 Applications

Before we concludethis chapter, we briey and informally overview three
possibleapplications. We would like to emphasizehat in noneof thesecases
doesusing the bounding quarti er give new results, it only simpli es proofs
of existing ones.

The rst application comesfrom graph theory. Sometimesa graph G =
(V; E) can be interpreted in the unlabeledfull binary tree f0; 1g via a pair
of monadic second-orderformulas: a formula (x) true for the nodesused
to represen a vertex from V and a formula (X;y) represeting the edge
relation E. In [4], Barthelmann shaved that sud a graph G( ; ) is of
boundedtree-width if and only if there is a xed bound on the sizen of full
bipartite subgraphsK,., of G( ; ). Giventwo setsF;G f0;1g onecan
expresausingMSOL that they represen the left and right parts of a bipartite
subgraph. The property that there exist biggerand biggersetsF; G encaling
a bipartite graph canthen, after somee ort, be expressedsa formula of the
form UZ: (Z), wherethe unboundednessf only a singleset Z is required.
The validity of sud a formula in the unlabeled tree can be veri ed using
either one of the Theorems4.2.12and 4.2.20,hencewe obtain conceptually
simple decidability proof for the problem [4]: \do esa graph represeted in
the full binary tree have boundedtree-width?"

Another application is in deciding the winner in a certain type of push-
down game. A pushdowngameis a two-player gameobtained from a push-
down graph The vertices of sud a graph are the con gurations (q; ) 2
Q of a pushdavn automaton of state spaceQ and stadk alphabet |,
while the edgesrepresen the transitions. The gameis obtained by adding a
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partition of Q into statesQ of player 0 and statesQ; of player 1, alongwith

a winning condition, or set of plays in (Q )N that are winning for the
player 0. In [8], the authors considerthe boundal stack winning condition,
wherea play is winning for player O if thereis a xed nite bound on the size
of the stacks appearingin it. Using a natural interpretation of the pushdavn
gamein a binary tree, the fact that player O wins the gamefrom a xed

position v is equivalent to the satis abilit y of a formula

9S, 8S; BX:  (So;Si;X:V) ;

in which (Sg; S;; X; v) says that the stadk represeted by X appearsin the
unique play starting in node v and concordan with the strategiesS, and
S:. We are able to quartify over strategiesdue to memorylessdeterminacy
of the relevant game. Moreover, by a closerinspection of the game,one can
show that 8S; can be shifted inside the B quarti er, yielding an existertial
bounding formula whosesatis abilit y is decidableby Theorem4.2.12.
Finally, the bounding quarti er can be applied to the following decision
problem[6, 5]: \Is agivenformula of the modal -calculuswith badkward
modalities satis able in some nite structure?" This problemand its relation
with the bounding quarti er are the subject of Chapter 5 of this thesis.

4.4 Open Problems

Whether or not satis abilit y is decidablefor the whole logic MSOL+B re-
mains an open problem. Short of giving a full decisionprocedurefor satis -

ability in MSOL+ B, onecould alsoask: canthe procedurefor the unbound-
ing quarti er be extendedto allow somenesting? Can the two procedures
in Theorems4.2.12and 4.2.20be somehav conmbined? Moreover, a better

complexity assessménfor Theorem4.2.12would be welcome.
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Chapter 5

Finite Satis abilit vy

5.1 Intro duction

The satis abilit y decisionproblem { the question whether a sertence of a
given logic can possibly be satis ed in somestructure { is a cornerstoneof
logicin computerscience.Thereis, howeer, arelated decisionproblem{ one
we call nite satis ability { which hasreceived considerablylessattention.
This is the questionwhether a sertenceis satis ed in some nite structure.

In alogic whereewery satis able sertenceis alsosatis able in some nite
structure, nite satis ability is equivalert to satis abilit y and there is no
reasonto considerthe two as separateproblems. Sud a logic is saidto have
the nite model property. Although whether or not a logic has the nite
model property is an important question, it is not the one we are interested
in here. Our point of departure is a logic which is known not to have the
nite model property; for sud a logic we are interestedin nite satis abilit y
as a decisionproblem whosedecidability or complexity can be investigated.

For the nite satis abilit y problemto be decidable,a logic cannotbe too
powerful; for the problem to be meaningful, it needsto be su ciently pow-
erful to expresssatis able sertenceswhich are not nitely satis able. These
are rather stringent requiremerts. On the one hand, logics without the -
nite model property tend to be dicult, cf. rst-order logic over arbitrary
relational structures, whereboth satis abilit y and nite satis abilit y are un-
decidable[65. On the other hand, logics with decidablesatis abilit y tend
to have the nite model property, eg. modal logic, the modal -calculus[37]
and the Guarded Fragmen of rst-order logic[1, 32).

In recen years, a number of formalisms have appearedwhich simulta-
neously have decidablesatis abilit y and do not have the nite model prop-
erty: two-way alternating tree automata, the modal -calculus with badk-
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ward modalities and guarded xed point logic.

In this chapter we considerthe nite satis abilit y problemfor the rst two
formalisms. We prove that it is decidablefor alternating two-way automata
over nite graphs. Then, using a well-establishedcorrespndencebetween
alternating automata and the modal -calculus, we transfer this result to
the modal -calculuswith badkward modalities.

The decidability proof usesproperties similar to the onesdiscussedin
Chapter 4. Indeed, nite satis ability of a given alternating two-way au-
tomaton is reducedto the emptinessof an e ectively obtained quasiregular
language.Hencedecidability of the nite satis abilit y problem follows from
Theorem4.2.12.

We now proceedto give a more detailed overview of the chapter. In this
overview we will introducethe logical formalisms consideredin the chapter,
state the main results and elaborate further on the connectionbetween nite
satis abilit y and the bounding quarti er.

Alternating Tree Automata and the -Calculus

Alternating two-way tree automata with the parity condition were used
by Vardi [67] to decide satis ability for the modal -calculus with bad-
ward modalities. The latter is a logic which augmens Kozen's modal -

calculus[36, 3] with two additional modalities and . Thesemoalities
have the following meaning: a formula ' statesthat ' is true in some
predecessoof the current state, while ' statesthat ' is true in all pre-

decessor®f the currert state.

Analogously to the -calculus with badkward modalities, the two-way
alternating tree automaton mertioned in the previous paragraphcan, apart
from the usual forward movesof one-vay alternating automata, make moves
which go badkward, i. e. toward the root of the tree.

The correspndencebetween two-way alternating automata and the -
calculuswith badkward modalities usedby Vardi ts into a well-known con-
nection betweenalternating automata andthe -calculusthat wasdiscovered
by Muller and Scupp [43, 42]. In both cases{ when badkward modalities
are considered(Vardi) and when they are not (Muller and Scwupp) { there
existsa linear translation which assigngo a -calculusformula an equivalent
alternating automaton. A linear translation in the other direction can also
be presertied, assuminga vectorial represetation of x-p oint formulas.

Apart from the -calculus,two-way alternating automata have alsobeen
usedby Graedeland Walukiewiczin [29 to decidesatis abilit y for guarded
xed point logic, a logic obtained by adding xed point operators to the
Guarded Fragmen of Andreka, Nemeti and van Bernthem [1].
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The Finite Satis abilit y Problem

There is an interesting common denominator of guarded xed point logic,
the -calculuswith badkward modalities and two-way alternating automata:
none of thesehave a nite model property.

Modal logic and even Kozen's modal -calculus have the nite model
property; the -calculuswith badkward modalities doesnot, aswitnessedby
the sertence

X:( XM Yo Y):

A similar situation occursin the Guarded Fragmert: guarded xed point
logic doesnot have the nite model property, cortrary to the Guarded Frag-
mernt without xed point operators [28].

Sincethe alternating two-way tree automata of Vardi work on in nite
trees by de nition, there is little sensein speaking about a nite model
property. Howe\er, if the de nition is tweaked a little and one considerstwo-
way alternating automata on arbitrary graphs, nite or in nite, nonempty
automata which are not nitely satis able can be found.

A formalism that, like the onesabove, does not have the nite model
property admits the nite satis ability problem mentioned above:

Is a given sertence/automaton nitely satis able?

In this chapter we presen algorithms decidingthe problem both for alternat-
ing two-way automata on graphs and the modal -calculuswith badkward
modalities. The caseof guarded xed point logic is left open.

The nite satis abilit y problemfor two-way alternating automata wasthe
subject of the paper [6], which presemed a doubly exponertial decisionpro-
cedurefor two-way alternating automata, wherenot the full parity condition,
but the more restricted Buchi condition was used. That result is improved
here in two ways: we solve the nite satis ability problem for the general
parity condition, and we do it in singly exponertial time, which turns out to
be optimal:

Theorem 5.2.22
The nite satis ability problemfor alternating two-way automata on graphs
is Exptime complete

Usingthis result and the linear translation to and from the -calculus,we
prove that the nite satis abilit y problem for the -calculuswith backward
modalities is also Exptime complete.
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Relationship with the Bounding Quantier

Although our alternating two-way automata work on graphs, the proof of
Theorem 5.2.22dealsmostly with trees: a nite graph is represeted as an
in nite tree { its two-way tree unraveling. Of course,not all in nite trees
represeh nite graphs{ for this a specialcondition, calledboundel signature,
must be satis ed. Therefore,the nite satis abilit y problem may be reduced
to the emptinessproblem for the languageconsisting of treeswith bounded
signature. Although this languageis not regular, it canbe expressedisingan
existertial bounding formula from Theorem 4.2.12. Hencethe decidability
of the problem.

Unfortunately, although using the bounding quarti er givesa simple de-
cidability proof, it doesnot yield the optimal complexity. That is why de-
cidability is reproved directly in Section5.2.7 without using the bounding
quartier. This is done by reducing nite satis ability to emptinessfor
someother, e ectively found, regular language. This approad is more com-
plicated, requiring sometechnical automata manipulations, but yields the
optimal Exptime complexity.

5.2 Two-Way Alternating Automata

In this section, we introduce two-way alternating automata and prove that
their correspnding nite satis ability problem is decidable. In the other
sectionof the chapter, Section5.3, this result will be appliedto the -calculus
with badkward modalities.

5.2.1 Parity Games

We are going to de ne the semattics of two-way alternating automata on
graphsby using a gameapproad. Therefore, before proceeding,we give in
this sectiona short introduction to parity games.

De nition 5.2.1 (Parity game) A parity gameis a tuple
G = hVo; Vg E;Vs;
whereVy and Vg are disjoint setsof positions, the ranking function assigns

E V Visthe setof edgesandvs 2 V is some xed starting position.

The gameis played by two players, 9 and 8. At eady momen of the
gamethere is a current position v from V, starting with the position vg. If
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the currernt position belongsto the set Vg, then the player 8 choosesa new
position w sud that the edge(v; w) belongsto the setE. Otherwise,the new
position is chosenin the sameway, but by the player 9. The play may reac
a position from which there are no outgoing edges,n this casethe player to
whoseset this position belongslosesfor a lack of possiblemoves. Otherwise,
the in nite sequenceof position ranks assumedin the play is considered.If
it satis es the parity condition (cf. De nition 4.1.1),the player 9 is declared
the winner; otherwisethe player 8 is declaredthe winner.

Figure 5.1: A parity game. Squarepositions are for 8, round onesfor 9. No
matter what position is picked asthe starting one,the player 8 wins.

A strategy for the player i 2 f8;9g is a mappings : V V; ! V sudh
that for eat sequence,, Vv, 2 V Vi, thereis an edgein E from v; to the
position s(vo  Vv;). Given strategiessg; sy for both players, a unique play

(ss;S9) 2 VN[ V consistem with thesestrategiesis de ned in the natural
fashion. A strategy for player i is winning if for all strategiesof the other
other player, the resulting play is winning for player i.

A strategy is memorylessif the choices(vo V;) depends solely upon
the position v;; we identify sudh a strategy with a mappingVv ! V. A
fundamental result [18, 41] says we only needconsidermemorylessstrategies:

Theorem 5.2.2 (Memoryless determinacy theorem)
In every parity gameone of the players has a winning strategy, which is,
moreover, memoryless.

5.2.2 Two-way Alternating Automata

We have now su ciently preparedthe ground for introducing two-way al-
ternating automata on graphs. Theseare a slight generalizationof two-way
alternating automata on in nite trees, which were studied by Vardi in [67]
as a tool for deciding satis ability in the modal -calculus with badkward
modalities. As opposedto \normal" one-way alternating automata, two-way
automata can also move backward acrossedges.
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In this chapter, when speaking of graphs, we mean lakeled graphswith a
starting vertex Sud a graphis a tuple

G=hE; ;e;vsi

whereV is the setof vertices E V  V is the set of edges the lakeling is
a function e: V ! and vs 2 V is the distinguished starting vertex We
assumethat the set of lakelsis nite.

Let W V be a vertex set containing the starting vertex. The sulgraph
of G induced by W is the graph obtained from G by reducing the vertex set
to W and restricting the edgesand labeling accordingly Given a vertex v
of G, we write G,,.-, for the graph wherev is chosenas the new starting
position.

De nition 5.2.3 (Tw o-way alternating automaton) A two-way alter-
nating automaton on -lab eledgraphsis a tuple:

A =M Qsiq; ; ;i
whereQg; Qg aredisjoint nite setsof states q 2 Q = Qg [ Qg is calledthe
initial state  is the nite input alphaket and is a function assigningto

ead state a natural number called its rank. The transition function is of
the form

1 Q I P(fO;+;9 Q):

Intuitiv ely, whether or not the automaton A acceptsa graph G depends
on the outcomeof a certain gameplayed by two players8 and 9. In the game,
the players alternately guide the automaton's cortrol, which at all times is
placedover singlevertex of the graph G and assume®ne of the statesin Q.
The gamestarts in the initial state g in the distinguishedstarting vertex of
G. Afterward, the automaton moves around the graph, the player deciding
which move to make being chosendepending on whether the current state is
in Qg or Qsg.

The set of possible moves depends on the value that is assignedby
to the current state and the label in G of the current position. A choice
of the form (q; +) (respectively (g; )) meansthe cortrolling player needsto
changethe state to g and move to someposition alonga forward (respectively
badkward) edge.Choosing(qg; 0) doesnot changethe position, only the state
of the automaton. The winner is determinedasin the parity game.

The precisede nition is as follows. Given a labeled graph G and a two-
way alternating automaton A :

G=hV;E; ;e;vii A =My Qs;a; ;5 I,

a parity gameG(A; G) is de ned asfollows:
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The positionsfor the player 9 arethe pairsin Qg V, while the positions
for the player 8 are the pairs Qg V;

The starting position is the pair (q ;Vs);
There is an edgefrom the position (q; v) to the position (r; w) if:

{ (O;r) belongsto (q;e(v)) andv = w; or
{ ( ;r) belongsto (qg;e(v)) and (w;Vv) belongsto E; or
{ (+;r) belongsto (q;e(v)) and (v;w) belongsto E.

The rank of a position (q; V) is the rank ( Q).

De nition 5.2.4 (Acceptance by the automaton) We say that the au-
tomaton A acceptsa graph G under the strategy s if s is a winning strategy
for player 9 in the gameG(A; G). Sud a strategy is called accepting and A
is said aacept the graph G.

By Theorem 5.2.2, we assumewithout loss of generality that accepting
strategiesare memoryless.We concludethis sectionwith an exampleof an
automaton which acceptsan in nite graph, yet rejectsall nite ones.

Example: Considerthe following two-way alternating automaton A over a
oneletter input alphabet f g:

Sincethe alphabet has only one letter, we only draw the directions next to
the transitions. The initial state is g, which is signi ed by the incoming
arrow. In the picture, round statesbelongto Qg and squareonesbelongto
Qg; while stateswith a double border have rank 0 and stateswith a single
border have rank 1.

Considermoreover the following graph, with all verticeslabeled by

The game G(A; G) looks as follows (round positions are for the player 9,
squareonesare for the player 8; the starting position is (g; 0)):
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In this game,all nite plays endin (p;0) while the only in nite onevisits all
the (r;i) vertices. Both typesof play are winning for the player 9. Hence
the automaton A is nonempty becausat acceptsthe graph G.

We will now show that A acceptsno nite graph. Let G be a graph
acceptedby A and considera vertex v. If the position (p;Vv) is winning for
player 9 in the gameG(A; G), then thereis no in nite sequencef vertices
sud that

o=V and ( n+1; n)isanedgein G forall 2 N: (5.1)

On the other hand, if the position (q; v) is winning for player 9 there must
be anin nite sequenceof vertices sud that

o=V and ( n; n+1)isanedgein G forall 2 N

and the positions (g; i) (and consequetly (p; i)) are all winning for the
player 9. The graph G cannotbe nite, sincethe path would yield a cycle
and hencea path of the form (5.1), a cortradiction.

5.2.3 The Finite Graph Problem

The examplein Section5.2.2is a motivation for the following nite satis a-
bility problemfor two-way alternating automata:

Does a given alternating two-way automaton on graphs accept
some nite graph?

It is crucial herethat our alternating automataaretwo-way. Indeed,using
a technique akin to [20], one can prove the following (a one-way alternating
automaton is one where the image of the transition function is restricted to
subsetsof f0;+g Q):

Theorem 5.2.5 (One-w ay nite model prop erty)
Every nonempty one-wayalternating automaton accepts some nite graph.
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5.2.4 Tree Unraveling

In this sectionwe de ne a two-way tree unraveling operation that out of an
arbitrary graph createsa tree-like one which is moreorver indistinguishable
by an alternating two-way automaton. Let us x for the rest of Section5.2
a two-way alternating automaton whosestate spaceQg [ Qg we will referto
asQ:
A =M Qsiq; ;5 ; i
For the salke of technical simplicity, we assumewithout lossof generaliy
that ewery state of the automaton has an outgoing O-transition, henceall
plays in the gamesG(A; G) are necessarilyin nite.

De nition 5.2.6 (Trace) Let s be a strategy for player 9 in the game
G(A;G) andlet be a play consistem with this strategy. Any cortiguous {
nite or in nite { subsequencef is calledatrace in (G;s).

Note that ewery position in a trace must be readable from the starting
position in the game G(A;G). Traceswill be denoted using the letter
We use TracegG; s) to denotethe set of all tracesin (G;s). A trace isa
sub-trace of © written as v ©if s a cortiguous subsequencef °

The following just rephrasesacceptanceof automata in terms of traces:

Fact 5.2.7 The automaton A acceptsa graph G under the strategy s if and
only if the ranks assumedin ewery in nite trace in (G;s) satisfy the parity
condition.

A two-way tree is any graph which becomesa tree when directions of
the edgesare forgotten. The starting vertex of a two-way tree, which can
be chosenarbitrarily, is called the root. In a two-way tree, a vertex v is
a suaessor of a vertex w if there is an edgebetweenv and w and ewery
two-way path from v to the root leadsthrough w. Note that the successor
relation dependson the choice of the root. We denote two-way trees using
the letter T.

Let T be a two-way tree. Given a vertex v of this tree, we use Tj, to
denotethe set of vertices which can be connectedto the root only via two-
way paths leadingthrough v. Fori 2 N, we denoteby Tj' the set of vertices
in the tree T that canbe connectedto the root with a two-way path of length
at mosti.

A two-waypath in a graph G is sequencef vertices wherefor alli 2 N,
either ( i; i+1) or ( i+1; i) isanedgein G. The two-waytree unraveling
of a graph G is the two-way tree un(G) obtained from G as follows. The
vertex set is the set of nite two-way paths in G that beginin the starting
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vertex of G. The label of suc a two-way path is takento be the label (in G)
of its last vertex. If there is an edgefrom v to w in G, we include in un(G)
an edgefrom v to its extension v w. If thereis an edgefrom w to v,
we include an edgefrom v wto its pre x  v. In particular, it is possible
to have edgesin both directions. The root of the unraveling is setto be the
two-way path of length onethat cortains only the starting vertex of G. See
Figure 5.2 for an exampleof a two-way tree unraveling.

We also de ne the canonical projection  which maps a two-way tree
vertex v onto the vertex v of the original graph. Abusing the notation, we
alsocall the function which to a trace in the unwinding un(G) assignsthe
correspnding trace in G.

Figure 5.2: A graph and its unraveling

Strategiesin the game G(A; G) can be transferred to the gamein the
tree unraveling in the following manner. We de ne the strategy unraveling of
a strategy s in the gameG(A; G) to be the following strategy un(s) in the
gameG(A; un(G)):

un(s)(q; Vv) = (r; v w) wheres(q;Vv) = (r;w):

Lemma 5.2.8 (Tracegun(G);un(s))) = TracegG;s)

Pro of (sketch)
It is enoughto prove the lemmafor tracesstarting in the starting position of
the gameG(A; G). The proof is by induction on the length of the trace.

An immediate Corollary of Fact 5.2.7and Lemma5.2.8is:

Corollary 5.2.9 A acceptsthe graph G under a strategy s if and only if it
acceptsthe unwinding un(G) under the strategy un(s).
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5.2.5 Signature

Our approadt to the nite satis ability problem involves what we call an
automaton signature. This is the technical conceptbehind the key Lemma
5.2.10,which allowsusto transferthe nite satis abilit y problemfrom graphs
and alternating automata to tree languagesand the logic MSOL+ B from the
previous chapter.

Considera graph G acceptedby A under somestrategy s. For a trace

2 TracegG;s) andk 2 N, we denoteby j jx the number of thosepositions
in  whererank k is assumedand which are beforethe rst occurrenceof
a rank smaller than k. Intuitiv ely, j jx is a measureof the trace  which
says how marny statesof rank k appear at the beginningof  without being
\canceled" by somestate of smallerrank. We will be interestedin the value
of j jk only whenk is an odd rank.

Given an odd rank k, we assaiate with a position (q;v) in the game
G(A;G) its k-signature, i.e. the upper bound on possiblevaluesof j ji for
traces that start in (g;v). Notethat the signaturedependson the particular
strategy s for the player 9. This value, which can be nite or in nite, is
denotedSigﬁ;s(q; v). If the corntext is clearasto what graph and strategy are
concerned,we simply write Sigt.

We sa&y (G;s) has a signature boundal by N 2 N if the k-signature of
ewvery position is boundedby N for all odd ranks k. Sud a graph G is said
to have a boundel signature. Note that a graph may have many signatures,
correspnding to mary strategies;we require only one of them to be bound-
eded here. The following lemma characterizesautomata that accept nite
graphsin terms of signaturesand two-way trees:

Lemma 5.2.10 A acceptsa nite graph if and only if sometwo-way tree
has a boundedsignature.

The proof of this lemma is long and will be spread acrossthe next two
subsections.
A Finite Graph Yields a Two-Way Tree with Bounded Signature

The two-way tree in questionwill simply bethe unraveling of any nite graph
acceptedby A. First we state two auxiliary lemmas.

Lemma 5.2.11 A nite graph acceptedby A hasa boundedsignature.

Pro of
We will prove that this signature can be boundedby the product of the size
of the graph's vertex setV and the state spaceof A. If the cortrary wereto
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hold, there would be an acceptingstrategy s and a trace 2 TracegG;s)
sud that for someodd rank k,

i k> Vi
Without lossof generality we assumethat the trace doesnot cortain states
of rank lessthan k, otherwisewe can considerthe appropriate pre X. Since
the trace cortains more than jVjjQj statesof rank k, somegameposition
(g;v) correspnding to a state g of rank k must occur twice in . But this
meansthat the player 8 can closea loop cortaining this position. Since
the strategy s is memoryless,there exists a play consisteh with s which

violates the parity condition, a cortradiction with the assumptionthat s is
an acceptingstrategy.

Lemma 5.2.12 Treeunwinding doesnot increasethe signature,i. e.

SigEn(G);un(s)(q; V) Sig(ks;s(q; V)

Pro of
This follows from Lemma5.2.8.

Having thesetwo lemmas,the left to right implication in Lemma5.2.10
follows easily Indeed, assumethat the automaton A acceptsa nite graph
G. By Lemmab.2.9,it alsoacceptsthe unraveling un(G) under the strategy
un(s). Moreover, for every vertex v of the unraveling, every state q2 Q
and ewery odd rank k, we have the two inequalities:

Sigtlfn(G);un(s) (q’ V) Sig(ks;s(q; V) JV” QJ

The rst oneis dueto Lemmabs.2.12,the seconddue to Lemmabs.2.11.

A Two-Way Tree with Bounded Signature Yields a Finite Graph

This direction is more involved. We will shav that a two-way tree with
bounded signature can be \lo oped” into a nite graph. Let G be a graph
and s a strategy for 9 in the game G(A;G). We sa a position (r;w) of
the gameis an s-sequel of the position (q; V) if it is possibleto move in one
step from the position (q; v) to the position (r; w) in the gameG(A; G), i.e.
(g; v)(r; w) belongsto TracegG;s).

Let k be an odd rank. A k-pseudosignatug is a function X that assigns

If (g > kthen X(q; V) K(r;w) for all s-sequels(r;w) of (q; V);
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If (g =kthen K(qv)> X(r;w) for all s-sequels(r;w) of (q; V).

A pseudosignatug for (G;s) is a system of k-pseudosignaturedor all odd
ranks. We say a graph G admits a pseudosignatug if for somestrategy s,
there is a pseudosignaturdor (G;s).

Lemma 5.2.13 A acceptsa nite graph if and only if this graph admits a
pseudosignature.

Pro of

For the left to right implication it is su cien t to notice that the signatureis a
pseudosignature.For the other direction, one shows that a pseudosignature
majorizesthe signature,sothat ead state with odd rank appearsat most N
times beforea state of smallerrank state appears.

The following lemma completesthe proof of the right to left implication
in Lemma5.2.10.

Lemma 5.2.14 If a pseudosignatureexistsfor sometwo-way tree then one
existsfor a nite graph.

Pro of

Let s be a strategy which admits a pseudosignature in a two-way tree
T. By removing vertices not usedby the strategy s and duplicating some
subtrees,we can assumethat the two-way tree T hasexactly jQj successors
for ea vertex. Hence,we can assaiate with T a bijection of the verticesV
of T and the set of sequences) :

T:V!I Q (5.2)

sud that for all verticesv of T, every successow of v is assigneda sequence
T(v) q, for someq 2 Q. In the samespirit, we can encale a memoryless
strategy s in G(A;T) asa mapping

"TIVLE (Q f L,0L:::;jQjg)% (5.3)

which says what movesthe player 9 makesdependingon the vertex of T and
the state of the automaton. The neighbors are encaled by a number, where

1 is the ancestor,0 standsfor not moving and the positive numbersencale
the successorsiccordingto the bijection .

With ewery vertex v of T we shall assaiate two piecesof information
constituting its description: the value' I(v) and the values (g;v) for all
states g and odd ranks k. Since a pseudosignaturehas a nite image by
de nition, there existsa nite number of vertex descriptions. We can thus
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nd a number i sud that all vertex descriptionsin the set Tj'*' appear
alreadyin the set Tj'.

Let f : Tj"** | Tj' be any function that restricted to the set Tj' is the
identity mapping and which assignsto every vertex v from the set Tj** a
vertex of the samedescription. Sud a function exists by assumptiononi.

Usingthis function, we will constructthe nite graphfrom the statemert
of the lemma. We set the vertex setto be Tj'. The starting vertex and
labeling are inherited from the original two-way tree. The edgeset of the
new graphis:

f(f (v);f(w)):(v;w)isanedgein Tg:

An easyveri cation shows that the original pseudosignaturds also a pseu-
dosignaturefor this graph.

5.2.6 Applying Signatures to Decidabilit y

In this sectionwe presen an existertial bounding formula which expresses
the fact that a two-way tree is acceptedwith a bounded signature. Since,
by Lemma 5.2.10, the automaton A acceptsa nite graph if and only if
there is sometwo-way tree with a boundedsignature,we canusethe decision
procedurefrom Theorem4.2.12to shov decidability of the nite satis abilit y
problem.

Let G be a graph and s a strategy for the player 9 in the gameG(A; G).
Let k bean odd rank and let 2 TracegG;s) be a trace whereno state has
rank smallerthan k. A vertex v is a bad point for if for somestate q of
rank k, the position (g; v) occursin . A bad point setis a set of bad points
for sometrace. The following immediately follows from the de nition of a
signature:

Lemma 5.2.15 A graphhasboundedsignatureif and only if the cardinality
of bad point setsis bounded.

We will now showv that in the caseof two-way trees, the above property
can be expressedusing the bounding quarti er, indeed by an existertial

bounding formula. Before we do so, howewer, we needto introduce some
encalings, sincethe bounding quarti er works over in nite trees, not two-
way trees (which, technically, are graphs). For this, it will be corvenien

to consider,instead of in nite binary treesde ned in the previous chapter,
the more generalQ-ary in nite trees Sud a tree is a mapping Q !

The de nitions of regular languages,monadic second-orderlogic, etc. are
extendedin the natural manner from binary treesto Q-ary ones. All the
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resultsfrom Chapter 4, in particular Theorem4.2.12,remain valid for Q-ary
trees.

Let T be a two-way tree whoseewery vertex has exactly Q successors.
Usingthe 1 mapping de ned in (5.2), we asseiate with a two-way tree T
the tree

T:Q! ' #1g
de ned in the natural manner, with the rst componert encaling the label
of a vertex and the secondone saying what type of edgeslink it with its
parert.

In a similar manner, using the mapping (5.3), a memorylessstrategy s in
the gameG(A; T) is encaled asthe trees= ' .. A setof verticesW
in the two-way tree T is encaledusingatreery : Q ! f0;1g which assigns
1 exactly to the verticesin 1+ (W). If W is a bad point set, the tree ry is
said to enade bad points.

Lemma 5.2.16 The set L of trees T"$r, wherer encales bad points in
(T;s) is aregular tree language.

Pro of

This set is recognizedby an automaton which guessesan automaton trace
2 TraceqT;s) and conrms if all the vertices represeted by r are bad

points of . Thetrace canbeguessedy a nite automaton, sincewithout

lossof generality only traceswhich visit every vertex at most jQj times need

be considered.

Lemma 5.2.17 The setK of encalings of two-way treesthat, under some
strategy, have a bound on the cardinality of bad points sets,is de ned by an
existertial bounding formula.

Pro of

This setis obtained from the regular tree languageL in the previouslemma
by applying the boundingquarti er and existertial quarti cation over strate-
gies.

Corollary 5.2.18 It is decidablewhether a two-way alternating automaton
acceptssome nite graph.

Pro of

Let A be a two-way alternating automaton. By Lemma5.2.10,A accepts
some nite graphif and only if sometwo-way tree T hasa boundedsignature.
By Lemma 5.2.15this is equivalert to the fact that T hasa bound on the
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cardinality of bad point sets. By Lemma 5.2.17, this is equivalert to T
belongingto the the tree languageK from Lemmab5.2.17. HenceA accepts
some nite graph if and only if K is nonempty. Nonemptiness,in turn, is
decidableby Theorem4.2.12.

We also provide a bound of somesort on the size of graphs acceptedby
two-way alternating automata.

Fact 5.2.19 If A acceptssome nite graph then it acceptsa graph whose
sizeis elemettary in the sizeof jAj .

Pro of
This follows from Lemma4.2.11and the fact that all the automata construc-
tions usedhere are at most exponertial.

5.2.7 Exptime Completeness

Although the bounding quarti er givesa conceptually simple decisionpro-
cedurefor the nite satis ability problem, it does not unfortunately yield
the optimal complexity. In this section,we conduct a direct analysisof the
problem in order to prove that it is Exptime complete.

Let T be a two-way tree, s a strategy for 9 in the game G(A;T) and
consider an in nite sequenceof positions in this game. This sequences
a forward bad trace in (T;s) if it is an in nite trace in TracegT;s) which
violates the parity condition. It is a backwad bad trace in (T;s) if its states
violate the parity condition and it hasin nitely many pre xes that, when
reversed,are tracesin TracegT;s). Wesay (T;s) istrace nite if it cortains
no forward bad trace and no badkward bad trace.

Lemma 5.2.20 If T"sis aregulartree, then (T;s) hasa boundedsignature
if and only if it is trace nite.

Pro of
Obviously, if (T; s) isnot trace nite then it cannothave a boundedsignature.
For the other direction, we will prove that if (T;s) doesnot have a bounded
signature,then it is cortains a bad trace.

One can prove, using an argumert similar to the one in the proof of
Lemma4.2.9,that if bad point setsare of arbitrary size,there must exist a
state g of odd rank k and a trace

gv)  (gw)
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with all ranks at leastk, sud that the subtrees
(Ts)jv  (T"9)jw

are equal and, moreover, either v < w or w < v. But this guararteesthe
existenceof a bad trace: if v < w then it is a forward bad trace, while if
w < Vv it is a badkward bad trace.

Lemma 5.2.21 The setL of trees T"s sud that (T;s) is trace nite can
be recognizedby an automaton whosestate spaceis exponertial in jQj and
whoseacceptancecondition is polynomial in jQj.

Pro of

For purposesof this proof, we call an automaton smal if its state spaceand
acceptancecondition are polynomial in jQj (the alphabet is allowed to be
exponertial). The disjunction of two small automata is also small.

The automaton recognizingthe languagelL will be obtained from two
small automata C and D via sum, complemermation and projection. Before
describingC and D, we will rst presen the construction which makes out
of them the automaton in the statemen of the lemma.

For ewery pair (T;s) a unique labeling |15 is de ned, whosealphabet
is exponertial in the sizeof Q:

lts 1 Q !

Intuitiv ely, this labeling says what positions are reacable and what are the
possibleloops. The labeling is sud that the small automaton C acceptsa
tree T"s if and only if | & I+.s. Moreover, having accesgo suc a labeling,
the small automaton D acceptsthe complemen of L. More precisely D
acceptsT"S s if and only if T"s doesnot belongto L. Consequetly, the
languageL can be characterizedas:

L = fT"s: both Cand D reject T"s" for somelg

Thereforethe languagel is the projection of the complemen of a language
recognizedby small automata. By the complexity of complememation for
parity automata establishedin [17], an automaton for L of exponertial state
spaceand a polynomial acceptancecondition can be found.

Having preseited the construction, we now proceedto descrike in more
detail the labeling I1.s and the small automata C and D. The labeling It is
the composition of the following labellings:

ach: Q! P(Q Q) k is an odd rank
c: Q! P(Q)
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which, intuitiv ely, say what are the possibleloops and which positions are
reacable. Formally, we de ne the labellingsto be correct, i. e. rejected by
C, if and only if:

A pair (qg;r) belongsto the setin the label a,(v) if and only if there is
a trace from (q; v) to (r;v) which doesnot usestatesof rank lessthan
k; the pair additionally belongsto b (V) if a state of rank k is usedin
the trace. In particular, the pair (g; ) belongsto ax(v) if the rank of
k is at leastk and it alsobelongsto (V) if this rank is exactly k.

g2 c(v) if and only if (q;Vv) is reacablein (T;s)

Writing the small automaton C which accepts erroneouslabellings is
doneby simulating an alternating automaton using a nondeterministic one.
We omit the description here and refer interested readersto the paper of
Vardi [67].

The small automaton D which rejectsL having accesgo the labeling It
is de ned to be the disjunction

D=" (Bx_Fu)
over all odd ranks k of two typesof small automata:

F«, which acceptsif there exists a forward bad trace whosesmallest
rank occurring in nitely often is k; and

Bk, which acceptsif there exists a badkward bad trace whosesmallest
rank occurring in nitely often is k.

Let us descrite here only the small automaton Fy, the automaton for
badkward tracesBy beingde ned in a similar manner. An in nite trace may
contain a nite number of positions, in which casethere is a vertex v and a
state g sud that

q2 ¢(v) and (g0 2 b(v) :

This can be easily veri ed. Otherwise,the in nite trace can be decommsed
into in nitely many nite subtraces

wherefor all j 2 N, the trace | beginsand endsin the samevertex Vi,
which is a successonf the vertex v;; , correspnding to the previoustrace.
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If the trace is a bad forward trace whoseleast rank occurring in nitely often
is k, only ranks greater or equalto k appearin the subtraces ' after some
point m 2 N; moreover a state of rank k is assumedin in nitely many of
thesesubtraces.

The automaton F follows this characterization by guessingan in nite
path  in dom(T), a point m 2 N on this path, and two labellings q;r :
dom( )! Q of this path sud that:

The m-th position (qm; m) isreadable,i. e.belongsto the labelc( ;);
Foralli m,thereisaloop (qi;ri) 2 a( i);
In nitely often this loop cortains the rank k, i. e. (qi;ri) 2 b( );

Foralli m, the strategy s admitsamovefrom (ri; ;) to (Qi+1; i+1)-

Theorem 5.2.22
The nite satis ability problemfor alternating two-way automata on graphs
is Exptime -complete

Pro of
By Lemma5.2.10,a two-way alternating automaton is nitely satis able if
and only if the tree language

K = fT"s: the signature of (T;s) is boundedy

is nonempty. Obviously K is the sum of a family of regular languages:

[
K = fT”s: the signatureof (T;s) is boundedby ig

i2N

This and Lemma5.2.20shawv that K is L-quasiregular,wherelL is the lan-
guagefrom Lemma5.2.21. But then, by Fact 4.2.3:

K 6 : i L6 ;:

Recall that the languageL was recognizedby an automaton of exponen-
tial state space,yet with only a polynomial acceptancecondition. By [17],
emptinessfor nondeterministic parity tree automata can be tested in time
O((mn)3M), wherem is the number of states, while n is the number of ranks
in the acceptancecondition of the automaton. Hencethe Exptime mem-
bership.
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For the hardnessresult, by Theorem 5.2.5, asking whether a one-way
alternating automaton accepts some nite graph is equivalert to asking
whether it acceptsany graph at all. But emptinessfor one-way alternating
automata is well known to be Exptime -hard, for instancedueto areduction
from the satis abilit y problem for propositional dynamic logic [23).

5.3 The -Calculus

In this sectionwe considerthe modal -calculuswith badkward modalities.
We prove that for ewvery formula of this calculus, an equivalert alternating
two-way automaton of the samesize can be found; hencethe nite satis-
abilit y problem for the -calculuswith badkward modalities is Exptime -
completeby a reduction to the automata case.

As was the casewith monadic second-orderlogic, we use in formulas
variablesfrom somein nite setV. For purposesof the -calculuswe do not
di erentiate betweentypesof variables.

De nition 5.3.1 (Formulas of the calculus) Let = fPq;:::;P,g be
a nite set of atomic propositions. The set F of formulas of the modal -
calculuswith backwad modalities over is de ned by the following grammar:

G! j: JVjGrNGjG_Gj
Gj *Gj Gj *"Gj
V:Gj VG

Werespectively call and the least and greatest x-p oint operators. We
cal " and * the forward universal modality and the forward existential
modality, respectively; while and are respectively called the back-
ward universal modality and the backwad existential modality. Without the
two badkward modalities and , the logicis just the modal -calculus
introducedby Kozenin [36, 3].

In this chapter, a -calculusformula is interpreted in a graph. It would
be possibleto useKripke structures whereedgescan be additionally labeled
by some nite set of actions. This is, for instance, the approat taken by
Vardi in [67]. Although our results would also hold for this generalization,
for the sake of simplicity we stick to structures wherethere is only onetype
of edge.

Let be a setof atomic propositionsand considera P()-lab eledgraph

G=h,E;P() ;vs; @
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along with a valuation :V ! P(V). Givenaformula 2 F , the sat-
isfaction relation G; E  is de ned below. Intuitively, G; F  holdsif
is true in the starting vertex vs of the graph G, with the graph labeling
e and the valuation de ning what atomic propositions and propositional
variablesare true in which vertex. The formal inductive de nition is:

G; F P if P 2 e(vs), whereP is an atomic proposition;

G, F X if X 2 (vs), whereX is a propositional variable;

G F 1" 2ifG, F 1andG; F 3

G F 1_ 2ifG, F 10rG;, F 2

G, F ' ifGy=y; E forsomev?2V sud that (vs;Vv) 2 E;

G, F if Gy,.=v; F forsomev 2V sud that (v;vs) 2 E;
. 7 ifGy=y; F forallv2V sud that (vs;Vv) 2 E;

G, F if Gy,=v; F forallv2V sudh that (v;vs) 2 E.

The semarics of the x-p oint operators need some more explanation.
Given avaluation and avariable X, aformula canbe seenasa function
X" in the powersetlattice P (V):

(W) = fv:Gu =y, X :=W]F g forw 2 P(V) :

Since formulas cortain negation only next to atomic propositions, sud a
mapping is monotone and, by the Knaster-Tarski Theorem, has least and
greatest xed points, which are usedto de ne the operators and

G; F X : if vs belongsto the least xed point of *;
G; E X: if vs belongsto the greatest xed point of *.

If is a senence,i. e. cortains no free variables, then the satisfaction
relation F doesnot depend on the valuation and we can, without risking
ambiguity, write G insteadof G; [

Example: Considerthe following formula  over the empty set of atomic
propositions:
= X:(*XNMNY:D oY)
An easyveri cation showsthat a graph G satis es
Y: Y
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if and only if there is no in nite sequenceof vertices sud that ¢ is
the starting vertex and there is an edgefrom ,; to ; for all i 2 N.
Moreover, the graph satis es the whole formula if and only if there is an
in nite path  starting in the starting vertex, all of whosevertices satisfy
the formula Y : Y. Hence,this formula is equivalent to the automaton
from the examplein Section5.2.2and is therefore satis able yet not nitely
satis able.

As in the caseof alternating two-way automata, this example motivates
the following decisionproblem:

Is a givenformula of the modal -calculuswith badward modal-
ities satis ed in some nite structure?

The remainderof this chapter is dewoted to applying the result on alternating
automata (Theorem 5.2.22)to prove decidability of this problem.

5.3.1 Automata on Mo dels

In this section, we sketch the correspndencebetweenthe -calculus with
badkward modalities and alternating two-way automata. Let be a nite
set of atomic propositions and considera serience 2 F . Without lossof
generality, we assumethat ewery variable is bound at most oncein . We
will construct an alternating two-way automaton A on graphssud that for
all P()-lab eledgraphsG,

A acceptsG i G satis es

This automatonis obtaineddirectly from the structure of . Let cl( ) denote
the smallestset of formulasthat cortains and is closedunder subfornulas.

if X! (X)2cl( ) then " ( X:"(X))2cl( ) for 2f; g

Within cl( ) we distinguish two subsets:cly( ), which consistsof formulas
of the form ; _,, * and ; and clg( ) { the remaining formulas.
The alternating two-way automaton on P ()-lab elled graphs

A =MQg;Qs;q;:P();; i
is de ned as follows:

The state setsare Qg = clg( )[ fagand Qg = clg( )[ fo, g, with g
and ¢, being somenew states;

The initial stateq is ;
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The input alphabet is P();

The transition function is de ned asfollows:

{ (&;) =fO%)a (@:;) =10 %)

{ ForP2 , (P;) =f@;a)gif P2 , f(0; )g otherwise;
{ ForP2 , (:P;) =f(0;0)gif P 62, f(0;¢)g otherwise;
{ (1_ 22) = (1" 20) =10 1):(0; 2)g;

{ For 2f; g, (X' (X);) =f0;"( X))o,

{

For X 2 Var, (X;) = f(0; X: (X))g, where X: (X) isthe
unique formula in cl( ) wherethe variable X is bound;

{ Fork2f ;+g, (5 )= (¥ ) =f(k")g
The ranking function is xed soasto satisfy the following conditions:

{ (a)isewen,while ( &) is odd;

{ If the variable Y occurs freely in the formula X: 3(X) then
( Xo (X)) > (Y 2oY))

{ Fix-point formulas have even rank if and only if the operatoris ;

{ The other formulas have a rank biggerthan all x-p oint formulas.

The following Lemma follows from a gamecharacterization of the -calculus
that canbe found in [45]:

Lemma 5.3.2 A graphsatises if and only if it is acceptedby A .

Theorem 5.3.3
The nite satis ability problemfor the -calculuswith backwad modalities
is Exptime -complete.

Pro of

Sincethe sizeof the automaton A is linear on the sizeof the formula , the
Exptime upper bound follows immediately from Lemma5.3.2and Theorem
5.2.22.The lower bound can be obtained in a similar way to the onein The-
orem 5.2.22: a formula that doesnot use badkward modalities is satis able
if and only if it is nitely satis able [20], and satis abilit y for suc formulas
is Exptime -hard [38, 17, 20].
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5.4 Open Problems

The techniques used in this section could conceiably be applied to for-
malismsother than the -calculusand alternating automata. As mertioned
in the introduction, two-way alternating automata were usedin the paper
[29] to decide the satis ability of formulas in the Guarded Fragmert ex-
tendedwith xed points. Perhapsthe bounding quarti er might be applied
to solving the open questionwhether nite satis abilit y is decidablefor the
Guarded Fragmen with xed points.
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