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Abstract. St̊almarck’s algorithmis a patentedtechniquefor tautology-checking
whichhasbeenusedsuccessfullyfor industrial-scaleproblems.Herewedescribe
thealgorithmandexploreits implementationasaHOL derivedrule.

1 Intr oduction

To testwhetheraBooleanexpressionis a tautology, i.e. is truefor all truthassignments
of the variablesit involves,thereis no shortageof availablemethods.For example,
onecanconstructits truth-tableandmake sureeachrow evaluatesto ‘true’, convert
it to conjunctive normal form and checkthat eachconjunctcontainssomevariable
disjoinedwith its negation,or even translateit into an integer programmingproblem
andsolve it usinga varietyof standardtechniques[9]. Moreover, many standardproof
searchproceduresfor first orderlogic yield adecisionprocedurefor propositionallogic
asa specialcase,e.g.theDavis-Putnamprocedure,resolution,modeleliminationand
tableaux,includingthemoreefficientvariantof tableauxstudiedby d’Agostino[5].

Whatever their particularstrengthsandweaknesses,all known methodstake time
exponentialin thesizeof the input formula,in theworstcase.SinceCook[4] showed
thedualproblemof testingBooleansatisfiabilityto beNPcomplete,tautologychecking
is co-NPcomplete,andso it seemsquite likely thatanyalgorithmwill have exponen-
tial complexity characteristics.However this still leavesopenthepossibilitythatsome
algorithmsareacceptablyefficient in alargenumberof importantcases.Sometimesthe
traditionalmethodscanshinein theright problemdomain[17]. But in practicalappli-
cations,the two mostpromisingtechniquesseemto be binary decisiondiagrams[2],
anda recentpatentedalgorithmdueto St̊almarck[14].

Binarydecisiondiagramshavebeenmostsuccessfulin hardwareverification,though
otherapplicationshave beenexplored— Bryant [3] givesa survey. St̊almarck’s algo-
rithm hasalsobeenappliedto hardwareverification,in a largenumberof realindustrial
situations.Someearlyexamples[12] includereverseflushingcontrolin anuclearpower
station’s emergency cooling system,andlandinggearcontrol logic for Saabmilitary
aircraft.Morerecently, thealgorithmhasalsobeenappliedto verificationof, interalia,
carenginemanagementsystems,specialservicenon-interactionin telephonenetworks,
programmablelogic controllers(PLCs)in variousprocessindustries(wood,steel,food
etc.),andrailway interlockingsystems.This lastapplicationgenerallyrequirescheck-
ing of tautologiesinvolving somethinglike

�����
variables.This is too muchfor many

traditionalmethods,includingBDDs,thoughby usingcarefulproblempartitioning,e.g.
a hiding techniqueproposedby Groote[7], they might still be tractable.St̊almarck’s



algorithmseemslesssensitive to thenumberof variablesthanothermethods,with run-
timesdependingmoreoncertainproof-theoreticpropertiesof theformula.

Thispaperdiscussestheimplementationof St̊almarck’salgorithmasaHOL derived
rule.Partof ourmotivationwasthatit is aninterestingexperimentin LCF-stylereduc-
tion of standarddecisionprocedures,potentiallyyielding anothervaluabledatapoint.
Moreover, thealgorithmitself is notyetwidelyknown,andit’sinterestingto investigate
how it performs,with or without integrationasa HOL derivedrule.But therearealso
deeperreasons.

Thepresentauthor[8] hasimplementedtheBDD algorithmasaHOL derivedrule.
Thisturnedout to bepossiblewith only aconstantfactorslowdownascomparedwith a
directML implementation,but theconstantfactorwassignificant( � � –� � ), andtheim-
plementationneededquitesophisticatedtricks.� St̊almarck’salgorithmhastwo features
thatmake it seemamorepromisingtargetfor HOL implementation.First, it is concep-
tually closerto a traditionalnaturaldeductionsystemof thekind HOL implements,so
stepsin the algorithmmay be translatedquite directly into HOL inferences.Second,
thealgorithmpermitsasignificantseparationof proofsearchfrom proofchecking.It is
well-known thatthis is advantageousfor HOL implementation.Theproof searchstage
neednotproduceHOL inferences;it needonly recordtheproofeventuallyfound,which
maythenbe‘checked’, i.e. translatedto primitiveinferences.By contrast,theHOL im-
plementationof BDDsneedsto trackall stagesof BDD constructionby inferencerules.
(On theotherhandthematterof decidingon a suitablevariableordering,which is of
considerablesignificancefor theefficiency of theBDD technique,canbeseparated.)

Anothermotivationis thatSt̊almarck’scompany LogikkonsultNPAB � is becoming
increasinglyinterestedin proof loggingandproof checkingfor its implementation.In-
deed,someof its customersarerequesting(or insistingon)somekind of proof thatcan
beindependentlychecked.Thisphenomenonis likely to becomeincreasinglycommon
in applicationsof formalmethods,assuggestedby theU.K. Ministry of Defence[11]:

32.3.1[. . . ] It is [. . . ] possibleto removetherelianceon thecorrectnessof the
theoremprovingassistantfrom thecasefor correctnessof anapplicationby ar-
rangingthataversionof thefinal proof(omittingall historyof its construction)
is passedfrom thetheoremprovingassistantto aproofchecker. For reasonable
languages,sucha proof checker couldbea very simpleprogram(perhapsten
pagesin a functionalprogramminglanguage)that could be developedto the
highestlevel of assurance.

Implementationasa HOL rule with the 2-passstructurethat we have outlined is
a form of proof checking.Indeed,it might be arguedthat it offers a ratherhigh level
of reliability. But even if HOL checkabilitydoesn’t coincidewith the proof-checking
interestsof Logikkonsultor its customers,many of the sameissuesarisewith other
proof-checkingarrangements,so someof our experimentsherehave a wider signifi-
cance.	

In fact, not all of theseare necessarygiven certainassumptionsaboutequality testingand
sharinginsideterms.
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2 Stålmarck’s Algorithm

Stalmarck’s methodcan deal with formulas involving all the usual logical connec-
tives, � (negation), � (conjunction),
 (disjunction), � (implication)and � (logical
equivalence).However it avoidsduplicationlaterif someinitial canonicalizationis ap-
plied.Theexactmethodchosenis notparticularlyimportant,thoughit shouldavoid the
blowupin formulasizethatresultsfrom splittinglogicalequivalences.An earlyversion
of the algorithm[15] systematicallypulled negationsup the formula, leaving a body
involving only conjunction,disjunction,implicationandlogicalequivalenceappliedto
unnegatedpropositionalvariables.This hasthe appealingfeaturethat if the resulting
formulais negated,it is immediatelyclearthatit cannotbea tautology(setall proposi-
tionalvariablesto ‘true’); thereforein themainpartof thealgorithm,negationis avoided
completely. However, we follow a morerecentversionof thealgorithmin reducingthe
formulasothatit usesonly negation,conjunctionandlogicalequivalence.Specifically,
we applythefollowing transformationsin a singlebottom-upsweep,applyingthefirst
in thelist wheremorethanoneis possible:
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If theformulais thusreducedto thelogicalconstant' or * , thenwearefinished:in

thefirst casetheformulais a tautology;in thesecondit is not; indeedit is unsatisfiable.
Otherwisewe maysupposethat the formulanow involvesonly negation,conjunction
andlogicalequivalenceappliedto propositionalvariables.

Reduction to triplets

Next, weimagineintroducinganew propositionalvariableto representeachsubformula
thatis eitheraconjunctionor anequivalence,andassumingasetof logicalequivalences
representingtheir ‘definitions’.For examplegiventheformula:

���5�76#�98��&:�!;�<�%8=�>��:?!;�$6@!
weintroducenew variablesA �CB�D?D?D?B A � definedby:

A � �>8��$:A � �+6#��A �A"EF�>8=�>��:ACGH��A"EI� 6A � ��A � �&ACG
Under theseassumptions,the whole formula is equivalent to �JA � . Thereforeto

prove that formula it sufficesto derive a contradictionfrom the above definitionsto-
getherwith theadditionalassumptionA � .

We said‘imagine’ doing theabove becauseit is, from a logical point of view, un-
necessary. Theintentionis only to provideconvenientshortidentifiersfor subformulas,
which is importantsincethe algorithmworks by assigningvaluesto, and recording
equivalencesbetween,thesesubformulas.But thefinal proof discoveredcanperfectly
well bewrittenoutwith thesubformulasuseddirectlyastheirown names.This is what
happensin the HOL versionof the algorithmwhich we describelater. The above re-
ductionmay thereforebe regardedascompletelymetalogical,a mereimplementation
convenience.

We have reducedthe original formula to a setof ‘triplets’ of the form �3�K�MLN where L is eitherconjunctionor equivalence,� is a propositionalvariable(real or
imaginary)and � and N areliterals,i.e.eithervariablesor theirnegations.Thealgorithm
works by usingthesetriplets to make logical inferences.All factsusedanddeduced
by the algorithmcanbe consideredasequationsbetweenliterals,E if for the sake of
regularitywe treat ' asanothervariable.That is, ratherthan A and �JA , we use A$OP'Q

Or bi-implications,if thereaderprefersto think of themthatway.



and A�O.�(' for actualtruth-assignments.Thestartingpoint is thesingleequationA@RSO�(' where ATR representsthewholeformula.In our examplewe startwith �JA � OU�(' ,
or equivalently, A � O2' . Theobjective is to reacha contradictoryequationof theformAVOW�JA .
Simple rules

Thebasicmeansfor deriving new equationsfrom old is a setof ‘simple rules’. These
simplyusethetripletstogetherwith theexistingequationsto deducenew equationsvia
someobviousdeductions.First therearerulesfor conjunctivetriplets �X�+�=� N :

– if � OY��� then �ZO.' and N OY�('
– if � OY� N then �ZOW�(' and N OW'
– if �[O N then� O N
– if �[O.� N then� OW�('
– if � OW' then �MOW' and N O.'
– if �[O\' then� O N
– if �[O.�(' then� OW�('
– if N O.' then� OW�
– if N OW�(' then� OY�('

And thereis alsoa similarsetof rulesfor equivalentialtriplets �X�+�]� N :
– if � O3� then N OW'
– if � OY��� then N OW�('
– if � O N then �ZOW'
– if � OY� N then �ZOW�('
– if �[O N then� OW'
– if �[O.� N then� OW�('
– if � OW' then �MO N
– if � OY�(' then �ZOW� N
– if �[O\' then� O N
– if �[O.�(' then� OW� N
– if N O.' then� OW�
– if N OW�(' then� OY���

If we forgetaboutthemetalogicalassignmentof localvariablesandthebreakdown
into triplets,wecanseeall theseasquitestraightforwardlogical rules.For examplethe
rule for conjunctivetriplets‘if � OY��� then �ZO.' and N O.�(' ’ canbeseenas:

���]�^�7�_� N !�`� N
while ‘if �2O>' then �-O>' and N O+' ’ looks even more like a standardnatural
deductionrule:

�_� N� N



0-saturation

Givena setof equations,theprocessof 0-saturationsimply meansdeducingasmany
other equationsas possibleusing only the simple rules.We also assumethe useof
symmetryandtransitivity of equalitytogetherwith theinvolutionpropertyof negation,
e.g.goingfrom �,O\� and ����O N to ��Oa� N . Froma theoreticalpointof view wecan
imaginederiving all possibleequationsusingtheseextra properties,thoughof course
in theactualimplementationwedonotderivesucha heavily redundantset.

Let us seehow our examplecanalreadybe provedby 0-saturation.We startwith
just theequation�JA � O.�(' , i.e. A � O.' , andproceedasfollows:

– By A � O\' andtriplet 5, A � O\' and A G O.'
– By A G O\' andtriplet 4, A E O\' and 6�O\'
– By A E O\' andtriplet 3, 8_OY��:
– By 8�OW��: andtriplet 1, A � O.�('
– By A � O\' , 6�O.' andtriplet 2, A � O\'
– By A � O\' and A � OW�(' , A � OW�JA � , acontradiction.

Indeed,notethat in generalif theoriginal formulauseslocal variableassignments
in thefollowing style: bdc �7A

c
OYe

c
!(��fJg A �CB�D?D�D?B A"hji

thenall theequivalencesA
c
OYe

c
will bediscoveredby 0-saturation.

The Dilemma Rule

In general,0-saturationaloneis notsufficientto proveformulas.If after0-saturation,no
contradictoryassignmenthasbeenreached,thenext stepis to usetheso-calleddilemma
rule. This involvesa case-splitover a variable,thoughone of a rathersophisticated
kind. Supposethat0-saturationhasyieldeda setof equationsk , andthatwe chooseA
asthevariableto split over. Thenwe 0-saturatethesetskalnmoA$Op'�q and kal<m�A,O�('�q to producenew setsof equationsrVs and rVt respectively. Evenif we have not
gaineda contradictoryassignmentin both r s and r t , the casesplit may still yield
new information.Set r1O4r svu r t (if a setof equationscontainsa contradictory
assignment,we think of it ascontaningall possibleequationsbetweenpairsof literals;
so for exampleif r s containsa contradictionthen r/OUr t ). It is clearthatwe may
now assumethesetof equationsr , sincethey holdwhateverthevalueof A maybe.We
certainlyhave k`wPr , andif r is a propersupersetof k , new informationhasbeen
obtainedby thecasesplit.

Theprocessof 1-saturationmeansapplyingthedilemmarule to eachvariable(real
or imaginary)in turn,repeatingfor all variablesaslongasnew equationsareobtained.
If 1-saturationdoesnot solve theproblem,then2-saturationis attempted.This is like
1-saturation,but casesplits are tried over pairs of variablessimultaneously. That is,
for eachpair of variablesA and x , one0-saturatesthe sets kyl-m�AzO{' B x`O|'�q ,kUl-m�A-O4' B x}O~�('�q , kyl�m�A-O4�(' B x~O`'�q and kUl-m�A�O}�(' B x}O~�('�q ,



andtakesthe intersectionof the results,againrepeatingasoften asnew information
is obtained.Similarly, onecan � -saturatefor any naturalnumber� , case-splittingover� -tuplesof variablessimultaneously.

St̊almarck’s methoddiffers from naive methodsusingcasesplits in two important
respects.First, it is possibleto case-splitnot just over theprimitive propositionalvari-
ables,but overtheimaginaryonestoo,i.e.overnontrivial subformulas.Thismaycause
truth-assignmentsto propagateboth up anddownthe formula’s ‘syntax tree’. For ex-
ampleif theformulacontainsasubformula�_�0�7��� N ! , thentheassignment��� N OY�('
will propagateup to yield �$���%�[� N !VO/�(' , while the assignment�[� N O~' will
propagatedown to give � O�' and N O�' . Second,ratherthancase-splitover every-
increasingnumbersof variablesuntil a contradictionis reacheddirectly, the number
of simultaneouscasesplits is kept as low aspossible,with all new informationaris-
ing carefully garneredandfed backinto the next iteration.This avoids an immediate
exponentialblowup.

Thealgorithmgivesrisetoanew andinterestingclassificationof tautologiesaccord-
ing to theirhardness.A tautologyis saidtobe � -easyif it canbeprovedby � -saturation,
and � -hardif it cannotbesolvedby ����� � ! -saturation.Obviously, thepracticalityof
the algorithmfor a large problemis likely to dependon the problem’s being � -easy
for reasonablysmall � . In fact,St̊almarck[13] shows that if a tautology � with size
(numberof connectives) � ��� is � -easy, thenthereis a proof of it with size �/� ��� h�� � .
Moreover, therunningtime of his � -saturationalgorithm,which is guaranteedto find
sucha proof, is boundedby �V�5� �#� � h�� �o! .G For large formulas,even � -saturationcan
beimpractical,sothehomophony of ‘ � -hard’and‘too hard’ is quiteapt.Fortunatelyit
turnsout thatmany practicalformulasarisingin verificationarein fact

�
-easy. Sooften,

in fact,thatLogikkonsult’s toolsperform
�
-saturationfirst, andif that fails, try to find

a falsifyingassignment,sinceexperienceshows thata formulais either
�
-easyor nota

tautologyatall!
In particular, notice that 1-saturationwill alwaysdiscover commonsubformulas,

modulothe symmetryof conjunctionandequivalence,so assumingthe formula is at
least1-hard,thereis not muchadvantagein clever structuresharingwhenforming the
triplets.If two identicalformulas��Lv� appearin differentplaces,giving riseto tripletsN � OU� L3� and N � OP� LW� , thensplitting over either � or � will yield the equationN � O N � . By the iterationof 1-saturation,this effect propagatesup arbitrarycommon
subformulas.

Patent

Notethattheabovealgorithmis patentedfor commercialuse.

�
Thealgorithmdescribedthereandin otherwritten presentationsis morelimited thanthecur-
rentversionaswedescribeit here:ratherthanfindingandusingarbitraryequationsbetweenlit-
erals,it only usestrue/falseassignments.Thismakesit simpler, andalsomuchcloserto astan-
dardnaturaldeductionpresentation.However theextensionwith arbitraryequationsbetween
variablesis significantlymorepowerful, andis usedin Logikkonsult’s industrialpractice.



3 Implementation

We shallfirst describea direct implementation,sinceonly minor modificationsarere-
quiredto produceaHOL derivedrule.Thealgorithmis fairly straightforwardto imple-
ment,themaindifficulty beingto representefficiently thepotentiallyquadraticnumber
of equationsderived.

Storing equations

Each(realor imaginary)variableis allocatedapositive integerasanidentifier. Logical
negationis representedby numericallynegatingthecorrespondinginteger. Thismeans
of coursethatwe can’t use

�
. Moreover, we allocate

�
to thepseudo-variable ' . Now

out of all theequationsbetweenvariables�SA,OU�Sx , we storeonly canonicalonesin
theform A0O\�Sx wherex)�-A and x is theminimumpossiblevalue.Soin particular,
if a variableis assignedto ' or * , thenthatassignmentis theonestored.Fromthese,
otherequationsbetweenvariablesmaybecreatedwhenrequiredby pluggingthestored
equationstogethervia transitivity andsymmetry:if ��Op� is derivable,thenwe must
have �$O\�SA and ��O.�SA for thesamecanonicalassignmentA .

Thesecanonicalvariableassignmentsarestoredin assignmentarrays.Thesehave
onecell per variable,which containseitherits canonicalassignment,if it hasone,or
otherwisethe list of variables(with their signs)which areassignedto it (this list may
beempty— initially all listsareempty).

Whena new assignment�3O�� is deduced,first of all the canonicalassignments
of � and � aretaken from theassignmentarrays,giving anequation���(OU�@� between
unassignedliterals. Moreover, we orient it so that it is of the form A.O9�Sx wherexp�\A . Now this assignmentfor A is enteredin thetable,andmoreover, eachelement
in thelist alreadyassignedto A now becomesassignedto x (with theappropriatesign).
The list of variablesassignedto x hasappendedto it the list of thosewhich were
previouslyassignedto A .
Main loop

Themainpartof thealgorithmis now quitesimple.We repeatedlymake the new as-
signmentsindicatedthenattemptto derive new factsusingthesimplerules,repeating
until nonew informationcanbederived.To avoid toomuchredundantsearchingof the
simplerules,weinitially producelistsof thetripletsinvolving eachvariable.Thenafter
a variableassignmentto A � B?D�D?D�B A h (aftercanonicalization),only thetripletsinvolvingA � B?D?D�D?B A h needbe examinedfor new information.Variablesaretried in orderof the
numberof tripletsin whichthey appear, sothatmoreapparentlyimportantvariablesare
favoured.

During n-saturation,it is necessaryto form intersectionsof the assignmentarrays
arisingfrom the differentsettingsof the variables.This is doneby repeatedpairwise
intersection.Pairwiseintersection,in thecasewhereneitherarrayis contradictory(this
is indicatedby assigningvariable

�
, which is otherwiseunused),proceedsasfollows.

For eachvariable A assignedin botharrays(lists of assignedvariablesaremaintained,
againto avoid excessive searching),we find the respective canonicalassignmentsx �



and x � . The assigned-tolists of thesevariablesareexamined,andthe leastcommon
element,if any, extracted.This is now assignedto A in the result.Whenat leastone
arraycontainsa contradiction,thenit is merelynecessaryto copy theother. To avoid
copying arrays,weproceedasfollows.Threeassignmentarraysareallocatedonceand
for all. The pointersto themarerotatedif necessaryby the intersectionfunction, i.e.
ratherthan copy one array to another, the pointersare merely exchanged.No other
storageis needed.

After a saturationstepresultingin new information,the tripletsarerewritten with
theassignmentsandall theassignmentarraysreset.However, whateverinternalassign-
mentsarederivedduringsaturation,thetripletsarenotchangedthen.

As a derivedrule

To implementthealgorithmasaHOL derivedrulerequiresremarkablymodestchanges
to the overall structureof the code.The guiding principle is that eachequationA3O�Sx is pairedwith a theorem(in general,with assumptions)justifying the equation
betweenthecorrespondingsubterms.Thealgorithmcanbeperformedmoreor lessas
above,usingsymmetryandtransitivity to justify certainprocedures,like allocatingthe
variablespreviously assignedto A to x whena new equationA�O�x is derived.The
simplerulesalsoproducetheorems,which areproducedby matchingagainstoneof
30pre-provedtautologies.Theprocessof intersectionbecomesslightly morecomplex.
After finding theleastassignmentcommonto botharrays,thecorrespondingtheorems
arecombinedusingDISJ CASES. For example,in 1-saturation,onetheoremwill have
anassumptionAVOa' , theotherwill have AVO\�(' . Theresultwill haveanassumption��A�O�'[!J
���A�O��('[! . This assumptionis itself a simpletautologyandcantherefore
beeliminatedquiteeasily. Whereoneassignmentis contradictory, wefirst useex falso
quodlibetto derive identicalconclusions.For example,from � B A<O�'�����Op� and� B AaO9�('1�U* , we first derive � B AaO+�('1�P�yO|� then proceedas before.It
wouldbemuchmoreefficientto retainaseparatelist of thoseassignmentswhichgavea
contradictionandeliminatethemonly at theend,but this is moretediousto implement.

Two passes

During thesearchfor casesplitswhich yield new information,thereis no needto per-
form inference.Accordingly, we proceedasfollows.Theversionwhich doesnot per-
form inferenceis run to discover the sequenceof casesplits which yields the result.
Only thesearethenrun performinginference.With moreeffort, the amountof work
donein the inferencephasecouldbecut backfurther. For example,oncea branchof
thecase-splithasderivedall theequationsthatareknown to hold in thefinal intersec-
tion, thereis noneedto proceedto others,sincethesewill merelybethrown away. But
the presentorganizationseemsreasonablysatisfactory, andthe proof log is of a very
simpleform: justa list of variabletuplesto split over.



4 Results

In thelong term,wehopeto give resultsfrom Logikkonsult’sown industrialexamples.
But somepracticalobstaclesneedto be clearedfirst. In any case,it is well not to let
our implementationlooseon really big examplesuntil it hasbeenimproved.For the
present,weusetautologiestakenfrom threemainsources.

1. An IFIP InternationalWorkshopon Applied Formal MethodsFor CorrectVLSI
Design13-16November1989,IMEC Leuven,Belgiumincludedasetof examples
arisingfrom hardwareverification.Theseall involve verifying that two different
combinationallogic circuits implementthe samefunction (in a coupleof cases,
moduloa few ‘don’t care’states).

2. TheSecondDIMACSChallenge
�

includeda largenumberof Booleansatisfiabil-
ity testcases.Thosepurportedto be unsatisfiablewerenegatedandusedastest
casesfor tautologychecking.They comefrom a rangeof applications;someare
encodingsof problemslikegraph-colouring,theTowersof Hanoior thepigeonhole
problem,somearisefrom circuit fault analysis,othersaregeneratedrandomly. All
are(whennegatedfor satisfiabilitytesting)in conjunctivenormalform.

3. Thevalidity of formulas��� ��B�D?D?D?B ��h D � � ��B?D�D?D�B ��h D � g � ��B�D?D?D�B ��h B � �CB?D?D�D?B ��hji , where
no function symbolsareinvolved,canbe reducedto tautologychecking[1]. We
took most problemsfrom the TPTPproblemlibrary [16] that fell into this sub-
set (i.e. that when negatedand reducedto clausalform for refutation,involved
no non-nullaryfunction symbols)� andgeneratedthe correspondingtautologies.
Again,they areall in conjunctivenormalformfor refutation.Jeroslow [10] suggests
moreefficient translationtechniques,e.g.exploiting ‘type’ informationor check-
ing smallerdisjunctionsfirst. But sinceweareinterestedin tautologycheckingper
se,an inefficient translationis quite welcome!Nevertheless,a few examples,no-
tably ‘SAM’ s Lemma’,wereexcludedbecausethe resultingtautologywasrather
big (many millions of connectives).

All resultsarein secondsof userCPUon a Sparc10. Note that this is runningin
interpretedCAML Light. It would probablyrunseveraltimesfasterin a compiledver-
sionof ML. Moreover the inference-free‘oracle’ couldbe rewritten in C andusinga
moreefficient imperative style. We estimatethat suchan implementationwould run
at about50 timesthe speed,even without improving the basicimplementationstruc-
ture explainedabove. We will first give resultsfor someproblemswhich are1-easy.
We list the problemnameandthe source(from the above threecategories).Thenwe
give thenumberof (primitive)propositionalvariables� andthenumberof connectives
(conjunctionandequivalence)they contain.Theproblemsaresortedaccordingto this
latterfigure,moreor lessthe‘size’ of theformula.Thenruntimesaregivento find the�

Seehttp://mat.gsia.cmu.edu/challenge.html. 
Otherfirst order logic problems,e.g. thoseinvolving only monadicpredicates,could be re-
ducedto thisclass[6].¡
TheIMEC examplesuselocalvariableassignments,sothisisnotanaccurateindicator. Perhaps
thenumberof variablesremainingafter0-saturationwouldbeabetterone.



variableassignmentsequencewithout performinginference,andto translatethis into
HOL inferences.

Problem Source variablesconnectivessearchtime proof time
syn3231 TPTP 2 7 0.00 0.10
syn0291 TPTP 3 9 0.00 0.11
syn0521 TPTP 2 9 0.00 0.13
syn0511 TPTP 3 11 0.00 0.13
syn0441 TPTP 3 12 0.01 0.25
syn0111 TPTP 7 16 0.01 0.18
syn0321 TPTP 6 16 0.00 0.36
ex2 be Imec 7 18 0.00 0.40
syn0301 TPTP 5 21 0.03 0.31
transpbe Imec 8 21 0.01 0.65
syn0541 TPTP 8 23 0.01 0.23
gra0011 TPTP 5 31 0.08 2.30
syn3211 TPTP 10 31 0.00 0.20
rip02 be Imec 9 41 0.20 2.96
puz0141 TPTP 13 48 0.03 0.31
mul03 be Imec 54 179 1.83 22.75
puz0302 TPTP 10 213 4.55 67.23
puz0301 TPTP 25 221 0.73 11.98
dk27 be Imec 56 227 1.75 25.58
syn0711 TPTP 16 233 0.61 1.30
aim 50 1 6 no 3 Dimacs 50 239 3.18 12.15
aim 50 1 6 no 4 Dimacs 50 239 1.98 3.88
hostint1be Imec 10 247 0.86 17.06
aim 50 2 0 no 4 Dimacs 50 298 6.91 22.21
aim 50 2 0 no 1 Dimacs 50 299 3.00 17.50
aim 50 2 0 no 2 Dimacs 50 299 6.93 21.81
aim 50 2 0 no 3 Dimacs 50 299 2.91 10.95
mul be Imec 14 324 2.73 31.20
dk17 be Imec 63 327 18.23 92.11
risc be Imec 81 337 3.13 48.11
msc0061 TPTP 32 449 1.98 2.91
syn0721 TPTP 30 518 2.65 5.60
aim 100 2 0 no 1 Dimacs 100 599 7.71 5.23
aim 100 2 0 no 2 Dimacs 100 599 8.01 6.58
prv0011 TPTP 115 600 3.00 2.18
ssa0432003 Dimacs 435 2363 261.40 228.65
jnh211 Dimacs 100 3887 310.78 1451.21

The resultsarequite variable,but it is clear that to someextent the slownessof
performinginferenceis compensatedfor by thefactthatproof searchdoesnot needto
beperformed.In mostcasestheproof timeis greater, but seldomby adramaticmargin.
In somecasesit is evenshorter. Now let uslook atsomefiguresfor 2-hardproblems.



Problem Source variablesconnectivessearchtime proof time
rip04 be Imec 19 97 4.02 6.62
ztwaalf2 be Imec 13 107 9.11 36.75
ztwaalf1 be Imec 15 111 57.17 32.01
z4 be Imec 31 145 3.70 16.13
rip06 be Imec 29 153 20.38 14.52
add1be Imec 59 173 11.43 9.95
rip08 be Imec 39 209 70.08 20.43
aim 50 1 6 no 1 Dimacs 50 238 4.91 3.28
aim 50 1 6 no 2 Dimacs 50 239 8.88 5.25
vg2 be Imec 77 277 30.10 26.38
misg be Imec 108 279 68.36 10.58
x1dn be Imec 79 279 261.70 61.36
counterbe Imec 18 290 182.75 97.22
sqnbe Imec 66 317 52.43 183.28
add2be Imec 144 407 38.11 27.05
dc2 be Imec 87 409 90.43 231.28
f51m be Imec 101 449 371.25 207.10
aim 100 1 6 no 3 Dimacs 100 479 117.10 18.18
dubois20 Dimacs 60 479 335.65 41.31
add3be Imec 260 693 270.50 31.03
add4be Imec 376 1110 1267.03 85.18

Clearly the balancehasshifted:herethe proof searchstageusually takes longer,
significantlyso in somecases.This is as expected,sincethe numberof possible2-
saturationsincreasesquadraticallywith thesizeof theformula,leadingto muchmore
expensive search.It is an interestingquestionwhethervery large1-easyproblemsex-
hibit similarcharacteristics.

5 Conclusions

We have seenthat St̊almarck’s algorithmcanbe implementedreasonablystraightfor-
wardly asa HOL rule.This resultsin a substantialslowdown. However this slowdown
(which in any casecould no doubtbe reducedby more efficient inferencepatterns)
neednotaffect theproof-searchphase.For problemswherethisdominates,particularly
problemswhichare2-hard,performanceasaderivedrule is quitegood.

At present,neitherthe inference-freeversionnor thederivedrule hasbeenimple-
mentedespeciallyefficiently. Futurework will beto remedythis,andseehow thebal-
anceof theabovetablesis modified.Ratherthanexpendenergy onahighly efficientC
implementationof thealgorithm,we hopeto useLogikkonsult’s own implementation
to providea proof log. It will beinterestingto seehow theHOL versioncancopewith
truly largeproblems.
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12. M. Säflund. Modelling andformally verifying systemsandsoftwarein industrialapplica-
tions. Unpublished;availablefrom theNationalPhysicalLaboratory, Teddington,Middle-
sex, TW110LW, UK, 1994.

13. G. St̊almarck.A proof theoreticconceptof tautologicalhardness.Unpublishedmanuscript,
1994.

14. G. St̊almarck.Systemfor determiningpropositionallogic theoremsby applyingvaluesand
rules to triplets that are generatedfrom Booleanformula. United StatesPatentnumber
5,276,897;seealsoSwedishPatent467076,1994.
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