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Abstract. Stalmarcks algorithmis a patentedechniquefor tautology-checking
whichhasbeenusedsuccessfullyor industrial-scalg@roblemsHerewe describe
thealgorithmandexploreits implementatiorasa HOL derivedrule.

1 Intr oduction

To testwhethera Booleanexpressioris atautologyi.e. is truefor all truth assignments
of the variablesit involves,thereis no shortageof available methods.For example,
one can constructits truth-tableand make sureeachrow evaluatesto ‘true’, corvert
it to conjunctve normal form and checkthat eachconjunctcontainssomevariable
disjoinedwith its negation,or eventranslateit into an integer programmingproblem
andsolve it usinga variety of standardechnique$9]. Moreover, mary standargproof
searctproceduresor first orderlogic yield adecisionprocedurdor propositionalogic
asaspecialcasee.g.the Davis-Putnamprocedureresolution,modeleliminationand
tableauxjncludingthe moreefficient variantof tableauxstudiedby d’Agostino|[5].

Whatever their particularstrengthsandweaknessesll known methodstake time
exponentialin the sizeof the input formula, in the worst case SinceCook [4] shaved
thedualproblemof testingBooleansatisfiabilityto be NP completetautologychecking
is co-NPcomplete andsoit seemgyuite likely thatany algorithmwill have exponen-
tial compleity characteristicd-However this still leavesopenthe possibilitythatsome
algorithmsareacceptablyefficientin alargenumberof importantcasesSometimeshe
traditionalmethodscanshinein the right problemdomain[17]. Butin practicalappli-
cations,the two mostpromisingtechniqgueseemto be binary decisiondiagrams[2],
andarecentpatentedalgorithmdueto Stilmarck[14].

Binarydecisiondiagram$ave beermostsuccessfuh hardwareverification though
otherapplicationshave beenexplored— Bryant[3] givesa survey. Stalmarcks algo-
rithm hasalsobeenappliedto hardwareverification,in alargenumberof realindustrial
situationsSomeearlyexampleqd12] includereverseflushingcontrolin anucleampower
stations emepgeng cooling system,andlandinggearcontrol logic for Saabmilitary
aircraft.More recently the algorithmhasalsobeenappliedto verificationof, inter alia,
carenginemanagemergystemsspecialkervicenon-interactionn telephonenetworks,
programmabléogic controllers(PLCs)in variousprocessndustriegwood, steel food
etc.),andrailway interlockingsystemsThis lastapplicationgenerallyrequirescheck-
ing of tautologiesinvolving somethingike 10° variables.This is too muchfor mary
traditionalmethodsincludingBDDs, thoughby usingcarefulproblempartitioning,e.qg.
a hiding techniqueproposedoy Groote[7], they might still be tractable.Stilmarcks



algorithmseemdesssensitve to the numberof variablegshanothermethodswith run-
timesdependingnoreon certainproof-theoretigropertiesof theformula.

This paperiscussetheimplementatiorof StilmarcksalgorithmasaHOL derived
rule. Part of our motivationwasthatit is aninterestingexperimentin LCF-stylereduc-
tion of standarddecisionprocedurespotentiallyyielding anothervaluabledatapoint.
Moreover, thealgorithmitselfis notyetwidely known, andit’ sinterestingo investigate
how it performswith or without integrationasa HOL derivedrule. But therearealso
deepereasons.

Thepresentwuthor[8] hasimplementedhe BDD algorithmasa HOL derivedrule.
Thisturnedoutto be possiblewith only aconstanfactorslovdovn ascomparedvith a
directML implementationbut the constanfactorwassignificant(40-50), andtheim-
plementatiomeededjuitesophisticatedricks.! Stilmarcksalgorithmhastwo features
thatmake it seemamorepromisingtargetfor HOL implementationFirst, it is concep-
tually closerto a traditionalnaturaldeductionsystemof the kind HOL implementsso
stepsin the algorithm may be translatedqjuite directly into HOL inferencesSecond,
thealgorithmpermitsa significantseparatiorof proof searcHrom proofcheckinglt is
well-known thatthis is advantageou$or HOL implementationThe proof searchstage
neednotproduceHOL inferencesit needonly recordtheproofeventuallyfound,which
maythenbe‘checked’,i.e. translatedo primitiveinferencesBy contrasttheHOL im-
plementatiorof BDDs needgo trackall stageof BDD constructiorby inferencerules.
(On the otherhandthe matterof decidingon a suitablevariableordering,which is of
considerablsignificanceor the efficiency of the BDD techniquecanbe separated.)

Anothermotivationis thatStilmarcks compairy LogikkonsultNP AB? is becoming
increasinglyinterestedn proofloggingandproof checkingfor its implementationin-
deed someof its customersarerequestingor insistingon) somekind of proofthatcan
beindependentlghecled. This phenomenois lik ely to becomeancreasinglycommon
in applicationsof formal methodsassuggestethy the U.K. Ministry of Defence11]:

32.3.1...] ltis[...] possibleto remove therelianceon the correctnessf the
theorenproving assistantrom the casefor correctnessf anapplicatiorby ar
rangingthataversionof thefinal proof (omitting all historyof its construction)
is passedrom thetheorenmproving assistanto a proofchecler. For reasonable
languagessucha proof checler could be a very simple program(perhapgen
pagesin a functionalprogramminganguage}hat could be developedto the
highestlevel of assurance.

Implementatiorasa HOL rule with the 2-passstructurethat we have outlinedis
a form of proof checking.Indeed,it might be arguedthat it offers a ratherhigh level
of reliability. But evenif HOL checkabilitydoesnt coincidewith the proof-checking
interestsof Logikkonsultor its customersmary of the sameissuesarisewith other
proof-checkingarrangementsso someof our experimentsherehave a wider signifi-
cance.

LIn fact, not all of theseare necessaryiven certainassumptionsboutequality testingand
sharinginsideterms.
2 Swedenbagsgatar?, S-11848 Stockholm Sweden.



2 Stalmarck’s Algorithm

Stalmarcks methodcan deal with formulasinvolving all the usuallogical connec-
tives,— (negation),A (conjunction),v (disjunction),= (implication) and <> (logical

equvalence)Howeverit avoidsduplicationlaterif someinitial canonicalizations ap-
plied. Theexactmethodchoseris notparticularlyimportant thoughit shouldavoid the
blowupin formulasizethatresultsfrom splittinglogical equivalencesAn earlyversion
of the algorithm[15] systematicallypulled negationsup the formula, leaving a body
involving only conjunctiondisjunction,implicationandlogical equivalenceappliedto

unneyatedpropositionalvariables.This hasthe appealingfeaturethatif the resulting
formulais negatedit isimmediatelyclearthatit cannotbe atautology(setall proposi-
tionalvariabledo ‘true’); thereforan themainpartof thealgorithm,negationis avoided
completely However, we follow a morerecentversionof thealgorithmin reducingthe

formulasothatit usesonly negation,conjunctionandlogical equivalence Specifically

we applythefollowing transformationdn a singlebottom-upsweep applyingthefirst

in thelist wheremorethanoneis possible:

-—p—p
“pV-g— ~(pAq)
“pVqg— ~(pA9)
pV =g — ~(=pAq)
pVg— ~(=pA-q)
—p =g — ~(-pAq)
-p=q— (-pA-q)
p=-g— ~(pAq)
p=q— =(pA-q)
T — L
-1 —T
pANT —p
TAp—Dp
pANL — 1
LAp— L
pVT —T
TVp— T
pvVLlL—p
lvp—p
p=>T—T
T=p—p
p=>LlL—-p
l=p—T



pe T —p
T&p—p
pes L —p
lESp——p

If theformulais thusreducedo thelogical constantT or L, thenwearefinished:in
thefirst caseheformulais atautology;in thesecondt is not; indeedit is unsatisfiable.
Otherwisewe may supposeahat the formulanow involvesonly negation,conjunction
andlogical equivalenceappliedto propositionalariables.

Reductionto triplets

Next, weimagineintroducinganew propositionalariableto represen¢achsubformula
thatis eitheraconjunctionor anequivalencegndassumingsetof logicalequivalences
representingheir ‘definitions’. For examplegiventheformula:

“((aebAc)A(b& —c)Aa)
weintroducenew variablesvy, . . . , v5 definedby:

v1 S bAc

Vo & a SV
v3 & bs e
vy S vsAa

Vs < V2 A\ Uy

Under theseassumptionsthe whole formula is equivalentto —w;. Thereforeto
prove that formulait sufficesto derive a contradictionfrom the above definitionsto-
gethemwith the additionalassumptiors.

We said‘imagine’ doingthe above becausét is, from a logical point of view, un-
necessaryl heintentionis only to provide corvenientshortidentifiersfor subformulas,
which is importantsincethe algorithm works by assigningvaluesto, andrecording
equivalencesetweenthesesubformulasBut the final proof discoreredcanperfectly
well bewritten outwith thesubformulasiseddirectly astheir own namesThisis what
happensn the HOL versionof the algorithmwhich we describelater The above re-
ductionmay thereforebe regardedas completelymetalogicala mereimplementation
corvenience.

We have reducedthe original formulato a setof ‘triplets’ of theformp < ¢ ®
r where® is eitherconjunctionor equivalence p is a propositionalvariable(real or
imaginary)andq andr areliterals,i.e. eithervariablesor their negations.Thealgorithm
works by usingthesetriplets to make logical inferencesAll factsusedand deduced
by the algorithm can be considerecas equationsbetweenliterals? if for the sale of
regularitywe treat T asanothervariable.Thatis, ratherthanv and—v, weusev = T

3 Or bi-implications,if thereaderprefersto think of themthatway.



andv = —T for actualtruth-assignment3.hestartingpointis thesingleequatiorv* =
=T wherev* representshe whole formula.In our examplewe startwith —vg = =T,
or equivalently, vs = T. Theobjectveis to reacha contradictoryequationof the form
v = .

Simplerules

The basicmeandor deriving new equationsrom old is a setof ‘simple rules’. These
simply usethetripletstogethemwith theexisting equationgo deducenew equationyia
someobviousdeductionsFirsttherearerulesfor conjunctvetripletsp < g A r:

— if p=—gtheng =T andr =T
—ifp=-rtheng=-Tandr =T
—ifg=rthenp=r

— if ¢ = —rthenp=-T
—ifp=Ttheng=Tandr=T
—ifg=Tthenp=r

—if ¢g=-Tthenp=-T
—ifr=Tthenp=gq

—if r =T thenp=-T

And thereis alsoa similar setof rulesfor equialentialtripletsp < ¢ < r:

—ifp=qthenr =T
— if p=—qthenr =T
—ifp=rtheng=T
— if p=-rtheng=-T
—ifg=rthenp=T
— if g=-rthenp =-T
—ifp=Ttheng=r
— if p=-T theng = —r
—ifg=Tthenp=r
— if ¢g=-T thenp = —r
—if r=Tthenp=gq
— if r =T thenp = ¢

If we forgetaboutthe metalogicakhssignmenof local variablesandthe breakdavn
into triplets,we canseeall theseasquitestraightforwardlogical rules.For examplethe
rule for conjunctvetriplets‘if p = -q thenqg = T andr = =T’ canbeseenas:

g (gAr)
q —r
while ‘if p = T theng = T andr = T’ looks even morelike a standardnatural
deductiorrule:
gAT
q T




O-saturation

Givena setof equationsthe procesf 0-saturatiorsimply meansdeducingas mary
other equationsas possibleusing only the simple rules. We also assumethe use of
symmetryandtransitvity of equalitytogethemith theinvolution propertyof negation,
e.g.goingfromp = ¢ and—-p = r to ¢ = —r. Fromatheoreticabpoint of view we can
imaginederiving all possibleequationsusingtheseextra propertiesthoughof course
in theactualimplementatiorwe do notderive sucha heaily redundanset.

Let us seehow our examplecanalreadybe proved by O-saturationWe startwith
justtheequation-ws = =T, i.e.v5 = T, andproceedasfollows:

— By wy = T andtriplet5,vo = Tandvy, =T

— Bywy = T andtriplet4,v3 = Tanda =T

— By ws = T andtriplet3,b = —¢

— By b= —candtripletl,v; = =T

— Bywy, =T,a=T andtriplet2,v; = T

— Bywv; = T andv; = =T, v; = —wy, acontradiction.

Indeed,notethatin generalf the original formulauseslocal variableassignments
in thefollowing style:

/\(Ui = EZ) = ¢[Ula s ,’Un]

thenall theequivalences; = E; will bediscoreredby 0-saturation.

The DilemmaRule

In generalP-saturatioraloneis notsufiicientto proveformulas.If afterO-saturationno
contradictoryassignmenhasbeernreachedthenext stepis to usetheso-calleddilemma
rule. This involvesa case-splitover a variable,thoughone of a rathersophisticated
kind. Supposehat0-saturatiorhasyieldeda setof equationsY’, andthatwe choosey
asthevariableto split over. Thenwe O-saturatehesetsX U {v = T} andX U {v =
—T} to producenew setsof equationsA+ and A respectrely. Evenif we have not
gaineda contradictoryassignmenin both A+ and A, the casesplit may still yield
new information.SetA = A+ N A, (if asetof equationscontainsa contradictory
assignmentye think of it ascontaningall possibleequationdetweerpairsof literals;
sofor exampleif A+ containsa contradictionthenA = A)). It is clearthatwe may
now assumehe setof equationsA, sincethey hold whateverthevalueof v maybe.We
certainlyhave XY C A, andif A is a propersupersebf X, new informationhasbeen
obtainedby thecasesplit.

The procesof 1-saturatiormeansapplyingthedilemmarule to eachvariable(real
orimaginary)in turn, repeatingor all variablesaslong asnew equationsareobtained.
If 1-saturatiordoesnot solve the problem,then2-saturations attemptedThis s like
1-saturationjput casesplits are tried over pairs of variablessimultaneouslyThat s,
for eachpair of variablesv andw, oneO-saturateshesets¥ U {v = T,w = T},
YUfo=T,w=-THLXU{v=-T,w=TtandX U {v = -T,w = =T},



andtakesthe intersectionof the results,againrepeatingas often asnew information
is obtained Similarly, onecann-saturatdor arny naturalnumbern, case-splittingover
n-tuplesof variablessimultaneously

Stalmarcks methoddiffers from naive methodsusingcasesplitsin two important
respectskFirst, it is possibleto case-splihot just over the primitive propositionalvari-
ablesbut overtheimaginaryonestoo,i.e. overnontrivial subformulasThis maycause
truth-assignmentt propagatéoth up and downthe formula’s ‘syntaxtree’. For ex-
ampleif theformulacontainsaasubformulap A (g Ar), thentheassignmeng Ar = =T
will propagateup to yield p A (¢ A r) = =T, while theassignmeng A r = T will
propagatalown to giveq = T andr = T. Secondratherthancase-splibbver every-
increasingnumbersof variablesuntil a contradictionis reacheddirectly, the number
of simultaneousasesplitsis keptaslow aspossiblewith all new informationaris-
ing carefully garneredandfed backinto the next iteration. This avoids animmediate
exponentiablowup.

Thealgorithmgivesriseto anew andinterestingclassificatiorof tautologiesiccord-
ing to theirhardnessA tautologyis saidto ben-easyif it canbeprovedby n-saturation,
andn-hardif it cannotbe solvedby (n — 1)-saturationOhviously, the practicality of
the algorithmfor a large problemis likely to dependon the problems beingn-easy
for reasonablysmall n. In fact, Staimarck[13] shaws thatif a tautology A with size
(numberof connectves)| 4| is n-easy thenthereis a proof of it with size< |A4|**1.
Moreover, the runningtime of his n-saturatioralgorithm,which is guaranteedo find
sucha proof, is boundedby O(]A|?>"+1).4 For large formulas,even 2-saturationcan
beimpractical,sothehomophory of ‘2-hard’ and‘too hard’is quite apt. Fortunatelyit
turnsoutthatmary practicalformulasarisingin verificationarein fact1-easySooften,
in fact, thatLogikkonsultstools perform1-saturatiorfirst, andif thatfails, try to find
afalsifying assignmentinceexperienceshavs thata formulais either1-easyor nota
tautologyatall!

In particular noticethat 1-saturatiorwill always discorer commonsubformulas,
modulothe symmetryof conjunctionand equivalence so assuminghe formulais at
least1-hard,thereis not muchadvantagean clever structuresharingwhenforming the
triplets.If two identicalformulasp ® ¢ appeaiin differentplacesgiving riseto triplets
r1 = p® q andry = p ® g, thensplitting over eitherp or ¢ will yield the equation
r1 = rq. By theiterationof 1-saturationthis effect propagatesip arbitrarycommon
subformulas.

Patent

Notethattheabove algorithmis patentedor commercialse.

* Thealgorithmdescribedhereandin otherwritten presentationis morelimited thanthe cur-
rentversionaswe describet here:ratherthanfindingandusingarbitraryequationbetweerit-
erals,it only usedrue/falseassignmentslhis malesit simpler andalsomuchcloserto astan-
dardnaturaldeductionpresentationHowever the extensionwith arbitraryequationdetween
variablesss significantlymorepowerful, andis usedin Logikkonsults industrialpractice.



3 Implementation

We shallfirst describea directimplementationsinceonly minor modificationsarere-
quiredto producea HOL derivedrule. Thealgorithmis fairly straightforvardto imple-
ment,the maindifficulty beingto represenefficiently the potentiallyquadratimmumber
of equationglerived.

Storing equations

Each(realor imaginary)variableis allocateda positive integerasanidentifier. Logical
negationis representedy numericallynegatingthe correspondingnteger. This means
of coursethatwe cant use0. Moreover, we allocatel to the pseudo-ariableT. Now
outof all the equationshetweenvariablestv = +w, we storeonly canonicalonesin
theform v = +w wherew < v andw is theminimum possiblevalue.Soin particular
if avariableis assignedo T or L, thenthatassignmenis the onestored.Fromthese,
otherequationdetweervariablesnaybe createdvhenrequiredby pluggingthestored
equationgogethervia transitivity andsymmetry:if = y is derivable,thenwe must
have r = +v andy = +wv for the samecanonicakssignment.

Thesecanonicalvariableassignmentarestoredin assignmenarrays.Thesehave
onecell pervariable,which containseitherits canonicalassignmentif it hasone,or
otherwisethelist of variables(with their signs)which areassignedo it (this list may
beempty— initially all lists areempty).

Whena new assignment: = y is deducedfirst of all the canonicalassignments
of z andy aretakenfrom the assignmenarrays,giving anequationz’ = y' between
unassignediterals. Moreover, we orientit sothatit is of the form v = +w where
w < v. Now this assignmentor v is enteredn thetable,andmorewer, eachelement
in thelist alreadyassignedo v now becomesssignedo w (with theappropriatesign).
The list of variablesassignedo w hasappendedo it the list of thosewhich were
previously assignedo v.

Main loop

The main part of the algorithmis now quite simple.We repeatedlymake the new as-
signmentsndicatedthenattemptto derive new factsusingthe simplerules,repeating
until no new informationcanbe derived. To avoid too muchredundansearchingf the
simplerules,weinitially producdists of thetripletsinvolving eachvariable.Thenafter
avariableassignmento vy, . . . , v, (aftercanonicalization)pnly thetripletsinvolving
v1,...,U, Needbe examinedfor new information.Variablesaretried in orderof the
numberof tripletsin which they appearsothatmoreapparentlymportantvariablesare
favoured.

During n-saturationit is necessaryo form intersection®of the assignmenarrays
arisingfrom the differentsettingsof the variables.This is doneby repeatedchairwise
intersectionPairwiseintersectionjn the casewhereneitherarrayis contradictory(this
is indicatedby assigningvariable0, which is otherwiseunused) proceedsasfollows.
For eachvariablev assignedn botharrays(lists of assignedrariablesaremaintained,
againto avoid excessve searching)we find the respectre canonicalassignments;



andw,. The assigned-tdists of thesevariablesare examined,andthe leastcommon
element,f any, extracted.This is now assignedo v in the result. Whenat leastone
array containsa contradiction thenit is merelynecessaryo copy the other To avoid
copying arrayswe proceedasfollows. Threeassignmenarraysareallocatedonceand
for all. The pointersto themarerotatedif necessarpy the intersectiorfunction,i.e.
ratherthan copy one array to anothey the pointersare merely exchangedNo other
storages needed.

After a saturationstepresultingin new information,the triplets are rewritten with
theassignmentandall theassignmenarraysreset However, whateverinternalassign-
mentsarederivedduringsaturationthetripletsarenot changedhen.

As aderivedrule

To implementhealgorithmasa HOL derivedrule requiresemarkablymodestthanges
to the overall structureof the code.The guiding principle is that eachequationv =
+w is pairedwith a theorem(in general,with assumptions)ustifying the equation
betweenrthe correspondingubtermsThe algorithmcanbe performedmoreor lessas
above, usingsymmetryandtransitvity to justify certainproceduresdljk e allocatingthe
variablespreviously assignedo v to w whena new equationv = w is derived. The
simple rules also producetheoremswhich are producedby matchingagainstone of
30 pre-proredtautologiesTheprocesof intersectiorbecomeslightly morecomplex.
After finding theleastassignmentommonto botharrays the correspondingheorems
arecombinedusingDl SJ_CASES. For example,in 1-saturationpnetheoremwill have
anassumptionw = T, theotherwill havev = —T. Theresultwill have anassumption
(v =T)V (v =-T). Thisassumptions itself a simpletautologyandcantherefore
be eliminatedquite easily Whereoneassignmenis contradictorywe first useex falso
guodlibetto derive identicalconclusionsFor example,fromIv = T F z = y and
v = =T + 1, wefirstderive I'v = =T + 2 = y thenproceedas before.It
would bemuchmoreefficientto retaina separatdist of thoseassignmentahichgavea
contradictiorandeliminatethemonly attheend,but thisis moretediousto implement.

Two passes

During the searchfor casesplitswhich yield new information,thereis no needto per

form inference Accordingly, we proceedasfollows. The versionwhich doesnot per

form inferenceis run to discover the sequencef casesplits which yields the result.
Only thesearethenrun performinginference With more effort, the amountof work

donein the inferencephasecould be cut backfurther. For example,oncea branchof

the case-splihasderivedall the equationghatareknown to hold in thefinal intersec-
tion, thereis no needto proceedo others sincethesewill merelybethrowvn away. But

the presentrganizationseemseasonablysatishictory andthe proof log is of a very
simpleform: justalist of variabletuplesto split over.



4 Results

In thelong term,we hopeto give resultsfrom Logikkonsults own industrialexamples.
But somepracticalobstaclesieedto be clearedfirst. In ary case,it is well not to let
our implementatioriooseon really big examplesuntil it hasbeenimproved. For the
presentwe usetautologiedakenfrom threemainsources.

1. An IFIP InternationalWorkshopon Applied Formal MethodsFor CorrectVLSI
Design13-16Novemberl989,IMEC Leuven,Belgiumincludeda setof examples
arisingfrom hardware verification. Theseall involve verifying thattwo different
combinationallogic circuits implementthe samefunction (in a coupleof cases,
moduloafew ‘don’t care’states).

2. The SecondDIMA CS Challengé includeda large numberof Booleansatisfiabil-
ity testcasesThosepurportedto be unsatisfiablevere negatedand usedastest
casedor tautologychecking.They comefrom a rangeof applicationssomeare
encoding®f problemdik e graph-colouringthe Towersof Hanoior thepigeonhole
problem,somearisefrom circuit fault analysis pthersaregeneratedandomly All
are(whennegatedfor satisfiabilitytesting)in conjunctive normalform.

3. Thevalidity of formulasvzy, . ..,2,.3y1,. .. ,yn-Plx1,. - ., Zn,y1,- - ., Yn), where
no function symbolsareinvolved, can be reducedto tautologychecking[1]. We
took most problemsfrom the TPTP problemlibrary [16] thatfell into this sub-
set (i.e. that when negatedand reducedto clausalform for refutation,involved
no non-nullaryfunction symbols§ and generatedhe correspondingautologies.
Again,they areall in conjunctivenormalform for refutation.Jeroslev [10] suggests
more efficient translationtechniquese.g. exploiting ‘type’ informationor check-
ing smallerdisjunctiondirst. But sincewe areinterestedn tautologycheckingper
se,aninefficient translationis quite welcome!Neverthelessa few examplesno-
tably ‘SAM’ s Lemma’, were excludedbecausehe resultingtautologywasrather
big (mary millions of connectves).

All resultsarein second®f userCPU on a Sparc10. Note that this is runningin
interpretedCAML Light. It would probablyrun severaltimesfasterin acompiledver-
sionof ML. Moreover the inference-freéoracle’ could be rewrittenin C andusinga
more efficient imperatve style. We estimatethat suchan implementatiorwould run
at about50 timesthe speed gven without improving the basicimplementatiorstruc-
ture explainedabove. We will first give resultsfor someproblemswhich are 1-easy
We list the problemnameandthe source(from the above threecategories). Thenwe
give the numberof (primitive) propositionalvariable$ andthe numberof connectves
(conjunctionandequivalence)hey contain.The problemsaresortedaccordingto this
latterfigure,moreor lessthe ‘size’ of theformula. Thenruntimesaregivento find the

5 Seehttp://mat.gsia.cnu. edu/ chal | enge. htmi .

6 Otherfirst orderlogic problems,e.g. thoseinvolving only monadicpredicatescould be re-
ducedto this class[6].

" ThelMEC exampleauselocalvariableassignmentsothisis notanaccuraténdicator Perhaps
thenumberof variablesremainingafter 0-saturatiorwould be a betterone.



variableassignmensequencavithout performinginference ,andto translatethis into
HOL inferences.

Problem Sourcelvariablesconnectvegsearchime|prooftime
syn3231 TPTP 2 7 0.00 0.10
syn0291 TPTP 3 9 0.00 0.11
syn0521 TPTP 2 9 0.00 0.13
syn0511 TPTP 3 11 0.00 0.13
syn0441 TPTP 3 12 0.01 0.25
syn0111 TPTP 7 16 0.01 0.18
syn0321 TPTP 6 16 0.00 0.36
ex2_be Imec 7 18 0.00 0.40
syn03Q1 TPTP 5 21 0.03 0.3]]
transpbe Imec 8 21 0.01 0.65
syn0541 TPTP 8 23 0.01 0.23
gra0011 TPTP 5 31 0.08 2.30
syn3211 TPTP 10 31 0.00 0.20
rip02_be Imec 9 41 0.20 2.96
puz0141 TPTP 13 48 0.03 0.3]]
mul03.be Imec 54 179 1.83 22.75
puz03Q02 TPTP 10 213 455 67.23
puz0301 TPTP 25| 221 0.73 11.98
dk27.be Imec 56 227 1.75 25.58
syn0711 TPTP 16| 233 0.6] 1.30
aim.50.1_.6_.n0_3 |Dimacsg 50 239 3.18 12.15
aim50.1.6_.no4 |Dimacg 50 239 1.98 3.88
hostintlbe Imec 10 247 0.86 17.06
aim.50_.2_.0_.no.4 |Dimacsy 50 298 6.91 22.21]
aim.50.2_.0_.no_1 |Dimacsy 50 299 3.00 17.50
aim.50.2_.0_.no_2 |Dimacsg 50 299 6.93 21.81]
aim.50_2_.0_.no_3 |Dimacsg 50 299 2.91 10.95
mul_be Imec 14 324 2.73 31.20
dk17.be Imec 63 327 18.23 92.11
risc_be Imec 81 337 3.13 48.11
msc0061 TPTP 32 449 1.98 2.91
syn0721 TPTP 30 518 2.65 5.60
aim_100.2_0_no_1|Dimacg 100 599 7.71 5.23
aim_100.2_0_no_2|Dimacg 100 599 8.01 6.58
prv0011 TPTP 115 600 3.00 2.18
ssa0432003 Dimacs 435 2363 261.40 228.65
jnh211 Dimacs 100 3887 310.78 1451.21

The resultsare quite variable,but it is clearthat to someextent the slovnessof
performinginferenceis compensatetbr by thefactthatproof searchdoesnot needto
beperformedIn mostcasegheprooftimeis greaterbut seldomby adramaticmamgin.
In somecasest is evenshorter Now let uslook at somefiguresfor 2-hardproblems.



Problem Source|variablesconnectvegsearchime|prooftime
rip04_be Imec 19 97 4.02 6.62
ztwaalf2 be Imec 13 107 9.11] 36.75
ztwaalfl be Imec 15 111 57.17 32.01
z4 be Imec 31 145 3.70 16.13
rip06_be Imec 29 153 20.38 14.52
addlbe Imec 59 173 11.43 9.95
rip08_be Imec 39 209 70.08 20.43
aim50.1_.6_no_1 |Dimacs 50 238 4.91 3.28
aim.50.1.6_no.2 |Dimacs 50 239 8.88 5.25
vg2 be Imec 77 277 30.10 26.38
misg.be Imec 108 279 68.36 10.58
x1ldnbe Imec 79 279 261.7( 61.36
counterbe Imec 18 290 182.75 97.22
sqnbe Imec 66| 317 52.43 183.28
add2be Imec 144 407 38.11 27.05
dc2be Imec 87 409 90.43 231.29
f51m._be Imec 101 449 371.25 207.10
aim_100.1_6_no_3|Dimacs 100 479 117.1d 18.18
dubois20 Dimacs 60 479 335.64 41.31
add3be Imec 260 693 270.50 31.03
add4be Imec 376 1110 1267.03 85.18

Clearly the balancehasshifted: herethe proof searchstageusually takes longer,
significantly so in somecases.This is as expected,sincethe numberof possible2-
saturationsncreasegjuadraticallywith the sizeof the formula,leadingto muchmore
expensve searchlt is aninterestingquestionwhethervery large 1-easyproblemsex-
hibit similar characteristics.

5 Conclusions

We have seenthat Stalmarcks algorithm can be implementedeasonablystraightfor
wardly asa HOL rule. This resultsin a substantiaklovdown. However this slovdown
(which in any casecould no doubt be reducedby more efficient inferencepatterns)
neednotaffectthe proof-searchphaseFor problemswherethis dominatesparticularly
problemswhich are2-hard,performancesaderivedruleis quitegood.

At presentpeitherthe inference-freeversionnor the derivedrule hasbeenimple-
mentedespeciallyefficiently. Futurework will beto remedythis, andseehow the bal-
anceof theabove tablesis modified.Ratherthanexpendenegy on ahighly efficientC
implementatiorof the algorithm,we hopeto useLogikkonsults own implementation
to provide aprooflog. It will beinterestingo seehow the HOL versioncancopewith
truly largeproblems.
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