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Abstract

This paperintroducesa new paradigmfor minimax game-treesearchalgo-
rithms. MT isamemory-enhancecersionof Pearls Testprocedure By changing
theway MT is called,a numberof best-®rsgame-treesearchalgorithmscanbe
simply andelegantlyconstructedincluding SSS*).

Most of the assessments minimax searchalgorithmshavebeenbasedon
simulations.However thesesimulationsgenerallydo notaddresswo of thekey
ingredientof highperformancgame-playingrogramsiterativedeepeningnd
memoryusage.This paperpresentexperimentatatafrom threegame-playing
programs(checkersOthello and chess),coveringthe rangefrom low to high
branchingfactor. Theimprovedmoveorderingdueto iterative deepeningand
memoryusageaesultsan signi®canthdifferentresultsfrom thoseportrayedn the
literature.WhereasomesimulationsshowAlpha-Betaexpandingalmost100%
moreleaf nodesthanotheralgorithms[9], our resultsshowedvariationsof less
than20%.

Onenew instanceof our framework(MTD-f) out-performsour bestalpha-
betasearchef(aspirationNegaScoutpn leaf nodes,total nodesand execution
time. To our knowledge theseare the ®rstreportedresultsthat compareboth
depth-®rsandbest-®rsalgorithmsgiventhe sameamountof memory
Keywords: Minimax-treesearchalgorithms Alpha-Beta,SSS*.

No license: PDF produced by PStill (c) F. Siegert - http://www.this.net/~frank/pstill.html



Contents
1 Intr oduction

2 Memory-enhancedTest
2.1 A BinaryDecisionProcedure
22 Example ... ........
2.3 Discussion. ... ... ...

3 Drivers for MT
3.1 Elegance...........
3.2 Ef®ciency. ... .......
3.3 MemoryUsage. . . ... ..
3.4 Startingvalue ... ... ..

4 Experiments
4.1 PreviousWork . .. ... ..
4.2 ExperimentDesign. . . . . .
4.3 BaselLine...........
4.4 ExperimentResults . . . . .
4.5 ExecutionTime. . . ... ..
46 MTD-best. . ... ... ...

5 Conclusions

No license: PDF produced by PStill (c) F. Siegert - http://www.this.net/~frank/pstill.html

=

N Bk NN

10
10
11

13
13
14
15
15
19
20

20



1 Intr oduction

For over 30 years,Alpha-Betahasbeenthe algorithmof choicefor searchinggame
trees. Using a simpleleft-to-right depth-®rstraversal,it is ableto ef®cientlysearch
trees[8, 14]. Severalimportantenhancementwere addedto the basicAlpha-Beta
framework,includingiterativedeepeningtranspositiortableg24], thehistoryheuris-
tic [22] andminimal window searchind2, 13, 18]. Severalstudiesshowedthatthe
algorithms ef®ciencywas approachingoptimal and that there was little room for
improvemen{4, 5, 22].

In 1979, Stockmanintroducedthe SSS* algorithm which was able to provably
expandiewerleaf nodeghanAlpha-Betaby adoptinga best-®rssearchstrategy25].
Scienti®cskepticismquickly followed asit becameevidentthat SSS* had serious
implementatiordrawbacks. Theseproblemsrevolvedaroundthe OPEN ist, a data
structurewhosesizewasexponentialn thedepthof thesearchree,andtheexpensive
operationsequiredto maintainthelist in sortedorder[20]. Neverthelesshepotential
for building smallersearchreeshadbeendemonstratedUnfortunatelyit seemedhat
SSS*wasaninterestingdeafor thetheoreticiansbutit failedto becomeanalgorithm
usedby the practitioners.

This paperintroduceghe Memory-enhancedest(MT) algorithm,a variationon
Pearls Testprocedurg13]. This routine ef®cientlysearches gametreeto answer
a binary question. MT canbe calledfrom a simpledriver routinewhich may make
repeatectallsto MT. By usingmemoryto storepreviouslyseennodes(a standard
transpositioriable),MT canbeusedef®cientlyto re-searchrees.

A searchyielding a singlebinary decisionis usuallynot usefulfor game-playing
programs.Repeatectallsto MT canbe usedto homein on the minimaxvalue. By
constructinglifferentdriverprogramghatcall MT, differentalgorithmscanbecreated.
In particular a variety of best-®rsalgorithmscan be implementedusing depth-®rst
searchsuchasSSS*andDUAL* [9, 19]. Thesurprisingesultisthataserieof binary-
valuedsearches moreeffectiveat determininghe minimaxvaluethansearchesver
awide rangeof values. It is interestingto notethatthe basicAlpha-Betaalgorithm
cannotbecreatedusingMT, becausés wide searctwindow cause$ewercutofs than
MT-basedalgorithms.

TheMT drivers(MTD) caneasilybechangedo createnewalgorithms.Somenew
algorithmsareintroducedin this paperandoneof them,MTD-f, out-performsSSS*,
DUAL*, Alpha-BetaandPVS/NegaScoUe, 18 onaverageWhile SSS*usestw as
its initial searchboundandDUAL* uses—~, MTD-f usestheresultof the previous
iterationin aniterativedeepeningearch.Startingwith aboundcloserto theexpected
outcomencreasesearchef®ciencyaswe will show

Most papersn the literaturecomparegame-treesearchalgorithmsusing simula-
tions. Typically, the simulationsdo not useiterativedeepeningr transpositiortables
(for example[7, 9, 12]). Sincethesearenecessaringredientdor achievinghigh per
formancein realapplicationsthisis a seriousomission.Ratherthanusesimulations,
our resultshavebeentakenfrom threegame-playingorograms. Theseinclude the
checkergprogramChinook(a gamewith low branchingfactor), the Othello program
Keyano(mediumbranchingfactor) andthe chessprogramPhoenix(high branching
factor). All threeprogramsarewell-knownin their respectivedomains. Experimen-
tally comparingavarietyof best-®rsanddepth-®rsalgorithmsusingthesamestorage
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requirementpaintsavery differentpictureof therelativestrengthf the algorithms.
In particular theresultsof non-iterativedeepeningxperimentseportedn thelitera-
turearemisleading.With iterativedeepeningndtranspositiortables,moveordering
is improvedto the pointwhereall thealgorithmsstartapproachinghe minimal search
treeandthedifferencedetweerthealgorithmsbecomdesspronounced.

Since binary decisionproceduresare shownto be more effective than wide-
windowedsearchesthereis no goodreasonfor continuedusageof wide-windowed
Alpha-Beta. Although every introductory book on arti®cialintelligencediscusses
Alpha-Beta,we would arguethatMT is a simpleralgorithm,is easierto understand,
andis more ef®cientthan Alpha-Beta. To putit bluntly, why would anyonewantto
useAlpha-Beta?

2 Memory-enhancedTest

This sectiondiscusseshe advantagesf usinga binary decisionprocedurdor doing
game-treesearch.

2.1 ABinaryDecisionProcedue

Pearlintroducedheconcepbf aproofprocedurdor gametreesn his Scoutalgorithm
[15]. A proofprocedurdakesa searchassertior(for example the minimaxvalue of
thetreeis = 10) andreturnsa binaryvalue (assertioris trueor false). It wasinvented
to simplify the analysisof the ef®ciencyof Alpha-Beta. In doing the analysis,Pearl
discoveredhatanalgorithmusingabinarydecisionprocedureouldsearchreesmore
ef®ciently The proof proceduravascalledTest,sinceit wasusedto testwhetherthe
minimaxvalueof a subtreenvouldlie aboveor belowa speci®edhreshold.Scoutwas
thedriverprogranthatcalledTest. Enhancements thealgorithmweredevelopedand
analyzedthisis well documenteth [19]). It turnsoutthatScout-basedlgorithmswill
neverconsidemmoreuniqueleaf nodesthanwould Alpha-Beta. For the specialcase
of aperfectlyorderedreebothAlpha-Betaandthe Scout-variantsearctthe so-called
minimal seach tree [8]. Simulationshave shownthat, on average Scout-variants
(suchasNegaScout}igni®canthout-performAlpha-Betd 7, 9]. Howeverwhenused
in practicewith iterativedeepeningaspirationsearchingandtranspositiortables the
quality of the moveorderinggreatlyincreasesAs a result,the relativeadvantagef
NegaScousigni®canthydecrease?2].

Testdoesanoptimaljob of answeringa binary-valuedquestion.However game-
treesearcheareusuallyoverarangeof values.We would like to usetheef®ciencyof
Testto ®ndtheminimaxvalueof asearchiree. Repeatedallsto Testwill beinef®cient,
unlessTestis modi®edo reusetheresultsof previoussearchesEnhancingrestwith
memoryyieldsa newalgorithmwhichwe call MT (shortfor Memory-enhancetes),
asillustratedin ®gurel. Thestoragecanbeorganizedasafamiliar transpositioriable
[10]. Beforeanodeis expandedn a searchacheckis madeto seeif thevalueof the
nodeis availablein memory theresultof a previoussearch.Lateronwe will seethat
addingstoragenassomeotherbene®tshatarecrucialfor the algorithms ef®ciency

We would like to formulateour versionof Testasclearandconciseaspossible,
usingtheoftenusedNegamaxormulation[8]. Hereweencounteaproblem.Suppose
we wantto testwhetherthe minimaxvalueof maximizingnoden is atleastw. A call
Testf, w) would do this. A child returninga value= w is suf®cientto answerthe
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guestionandthereforecauses cutoff. Unfortunatelyfor aminimizingnnode,acutof
shouldoccuronly whenits returnvalue —g > —w (usinga Negamaxformulation).
Thereis a simpleway of removingthe@>°/2>° asymmetry:This canbe obtainedby
usinginputparametersf theform w — € andw + ¢, wheree is avaluesmallerthanthe
differencebetweeranytwo leaf nodeevaluationsThenMT(n, w — €) guaranteethat
all nodesn thetreeareeithergreaterthanor lessthanw — ¢; notiesarepossible.So,
therearetwo differencesetweerMT andTest. Oneis thatMT is calledwith w — ¢
insteadof w, sothatthereis no needfor the2=° partin the cutof test,obviatingextra
testsin thecodeof MT or arti®cialincrementing/decremeng of theinput parameter
(asin [11]). Thesecondandmorefundamentalilifferenceis thatMT usesstorageto
passon searclresultsfrom onepassto the next, makingef®cientmulti-passsearches
possible.

Figurel showsthe pseudo-codér MT. Theroutineassumeanevaluateroutine
that assignsa valueto a node. Determiningwhento call evaluateis application-
dependenandis hiddenin the de®nitionof the conditionn = leaf For a depthd
®xed-deptlsearcha leaf is any nodethatis d movesfrom theroot of thetree. The
searchreturnsan upperor lower boundon the searchvalueat eachnode,denotedoy
f* andf~ respectively Beforesearchinga node thetranspositioriableinformationis
retrievedand,if it hasbeenpreviouslysearchedleepenoughthesearchs cutof. At
the completionof a node,the boundon the valueis storedin the transpositiortable.
Theboundsstoredwith eachnodearedenotedusingPascak dotnotation.

function MT(n,y) - g;
{ precondition:y # anyleaf-evaluationMT mustbecalled
withy =w — etoproveg< worg=w}
if retrieve) = foundthen
if n.f~ > ythenreturn n.f~;
if n.f* < ythenreturn n.f*;
if n=leafthen
n.f":=n.f~ :=g:=evaluate();
else
g:= —;
¢ := ®@rstchildf);
whileg< yandc# 1 do
g := maxg, —MT(c, —y));
¢ := nextbrotherf);
if g< ythenn.f" :=gelsen.f~ :=g;
store);
return g;

Figurel: MT, amemory-enhancedgersionof Pearls Test

Usually we wantto know morethanjust a boundon the minimax value. Using
repeatedallsto MT, thesearclcanhomein ontheminimaxvalueuntil it is found. To
achievehis, MT mustbecalledfrom adriverroutine. Oneideafor suchadriverwould
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function MTD+o(n) - f;
g = +oo;
repeat
bound:=g;
g := MT(n,bound- ¢);
until g = bound
return g;

Figure2: MTD+: A sequencef MT searcheso ®ndf.

beto startatanupperboundfor thesearchvalue,f* = +o. Subsequertallsto MT can
lower this bounduntil the minimaxvalueis reached.Figure2 showsthe pseudocode
for thisdriver calledMTD+w. Thevariableg is atall timesanupperboundf* onthe
minimax value of the root of the gametree[17]. Surprisingly MTD+e expandghe
sameleaf nodesin the sameorderas SSS*, providedthat no collisionsoccurin the
transpositioriable,andthatits sizeis of orderO(w/%?!) [3, 17].

2.2 Example

The following exampleillustrateshow MTD+~ traversesa tree as it computesa
sequenc®f upperboundson the gamevalue. For easeof comparisonthe example
treein ®gure3 is the sameashasbeenusedin otherpaperq15]. Figures4+7 show
thefour stagesnvolvedin buildingthetree. In theseRguresthe g valuesreturnedoy
MT aregiven besideeachinterior node. Maximizing nodesaredenotedby a square;
minimizing nodesby acircle. Thediscussioruseshe codein ®gured and?2.

2]
() (M
c ] ! P
@ @ O O d @O @ )
EIIEII L L) K L) [of [ II

5 12 90101 8 20 30 34 80 36 35 50 36 25

Figure3: Exampletreefor MTD+c,

First Pass: (®gured)

MTD+w initially startswith a valueof +« (1000for our purposes).MT expandsall
branchestmaxnodesandasinglebranchatamin node.In otherwords,themaximum
numberof cutof's occursinceall valuesin thetreeare< 1000— ¢ (< «). Figure4
showstheresultingtreethatis searcheéndstoredin memory The minimaxvalueof
thistreeis 41. Notethatatmaxnodes, candi anf* valueis savedn thetransposition

4
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41 5 skipped skipped

Figure5: Pas.

table,while anf~ valueis savedatmin nodesh, d, f,h,j andl. Both boundsarestored
at leaf nodese, g, k and m sincethe minimax value for that nodeis exactly known.
Thesestorednodeswill beusedin thesubsequenasses.

SecondPass: (see®gures)

MT is calledagainsincethe previouscall to MT improvedthe upperboundon the
minimaxvaluefrom 1000to 41 (thevariableg in ®gure2). MT now attemptdo ®nd
whetherthe treevalueis lessthanor greaterthan4l1 — . The left-mostpathfrom

theroot to a leaf, whereeachnodealongthat path hasthe sameg valueasthe root,

is calledthe critical path or principal variation The patha, b,c,d downto e is the
critical paththatis descendeah thesecondgass.e doesnothaveto bereevaluatedits

valuecomesrom the transpositiortable. Sinced is a minimizing node the ®rstchild

e doesnotcausea cutof (value< — (41— ¢)) andchild n mustbe expandedn’s value
getsbackedup to ¢, who thenhasto investigatechild f. The boundon f, computed
in the previouspass,causeghe searchto stopexploringthis branchimmediately c

takeson the maximumof 12 and5, andthis becomesghenewvaluefor b. Sinceh has
avalue< 41— ¢ (from thepreviouspass)the searchs completepothof a's children
provethata hasavaluelessthan41. Theresultingtreede®nes newupperboundof
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36 ontheminimaxvalue.

skipped skipped36 35

Figure6: Pass3.

Third Pass: (see®gures)

The searchnow attemptsto lower the minimax value below 36. From the previous
searchwe know b hasavalue< 36 buth doesnot. Thealgorithmfollows thecritical
pathto thenodegivingthe36 (htoi to | to m). m'svalueis known,andit is notless
than36. Thusnodeo mustbe examinedyielding a valueof 35. Fromi's point of
view, the newvaluefor | (35) andthe boundon j's value (34 from the ®rstpass)are
bothlessthan36. i getsthe maximum(35) andthis getspropagatedo theroot of the
tree. Theboundon theminimaxvalueattheroot hasbeenimprovedfrom 36 to 35.
Fourth Pass(see®gurer)

The previoussearchoweredthe boundfrom 36 to 35, meaningconvegencehasnot
occurredandthe searchmustcontinue. The searchfollows the critical patha, h, i,
ando. At nodel, bothits childrenimmediatelyreturnwithout havingbeenevaluated;
theirvalueis retrievedfrom thetranspositiotable. Notethatthe previouspassstored
an f~ valuefor I, while this passwill storea f*. Thereis roomfor optimizationhere

skipped skipped36 35 50 36

Figure7: Pass4.
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by recognizinghatall of I's childrenhavebeenevaluatecandthuswe knowthe exact
valuefor | (see[16, 18]). Thevalueof | doesnot changeandj's boundprecludest

from beingsearchedthusi's valueremainsunchangedi cannotlower h's value (no
cutoff occurs),sothe searchexploresp. p considersy which, in turn, mustsearchr

ands. Sincep is a maximizingnode,the valueof q (36) causes cutof. Bothof h's
childrenaregreaterthan35 — . Nodea was searchedattemptingto showwhether
it's valuewaslessthanor greaterthan35 — €. h providesthe answer;greaterthan.
This call to MT fails high, meaningwe havea lower boundof 35 onthe search.The
previouscall to MT establishe@dnupperboundof 35. Thusthe minimaxvalueof the
treeis provento be 35.

2.3 Discussion

MTD+w causeMT to expandhesamedeafnodesin the sameorderasSSS*(a proof
canbefoundin [17]). How doesMT, a depth-®rssearchproceduregxaminenodes
in a best-®rstanner?Thevalueof f* — & causesMT to exploreonly nodesthatcan
lower the upperboundat theroot. This is the best-®rsexpansiororderof SSS*: in
thethird passof the examplejoweringthe valueof nodeb cannotin uencef*(a), but
nodeh can. Selectingnodeh givesa best-®rsexpansiororder

Theexampldllustrateghatstoraggis critical to thepeformanceof amulti-pasMT
algorithm. Without it, the programwould revisit interior nodeswithout the bene®bf
informationgainedfrom theprevioussearchInsteadMT canretrievevaluablesearch
informationfor anode,suchasanupperor lower bound,usingarelativelycheaptable
lookup. The storagetable providestwo bene®ts:(1) preventingunnecessarypode
re-expansiorand(2) guidingMT alongthecritical path,ensuringabest-®rsselection
schemeBoth arenecessarfor the ef®ciencyof thealgorithm.

Onecould askthe questionwhethera simple one-pasdlpha-Betasearchwould
not be as ef®cient. To seewhy MT is more ef®cientit helpsto think of MT asa
null-window Alpha-Betasearch8 = a + 1) with a transpositiortable. Null-window
searchinghas beenshownequivalentto Testand hasbeendiscussedy numerous
authors[2, 9, 15, 19]. Variouspaperspoint out that a tighter Alpha-Betawindow
causesnore cutoffs thana wider window; all otherthingsbeingequal(for example,
[2, 17]). SinceMT doesnot re-expandnodesfrom a previouspass,it cannothave
fewer cutof's thanwide-windowedAlpha-Betafor new leaf nodes. This impliesthat
anysequencef MT callswill bemoreef®cient(it will neverexpandmoreleafnodes
andusuallysigni®cantljfessnodesthana call to Alpha-Betawith window (—o, +).

3 Drivers for MT

Having seernonedriver for MT, theideascanbe encompasseith a generalizedlriver
routine. Thedriver canberegardedsprovidingaseriesof callsto MT to successively
re®neéboundson the minimaxvalue.

The driver codecan be parameterizedo that one piece of codecan constructa
varietyof algorithms.Thetwo parameterseededare:

®rst The®rststartingboundfor MT.

next A searcthasbeencompleted.Useits resultto determinghe nextboundfor MT.
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function MTD(®rst,next,n) - f;

fri=+4o f7 1= —o;

bound:= g := ®rst;

repeat
{ Thenextoperatomustsetthevariablebound}
next;

g := MT(n,bound— ¢);

if g < boundthen f* :=gelsef™ :=g;
until f~=f%;
return g;

Figure8: A frameworkfor MT drivers.

Usingtheseparametersanalgorithmusingour MT driver, MTD, canbeexpressed
asMTD(®rstnext) Thecorrespondingseudocodeanbefoundin ®gure8. A number
of interestingalgorithmscaneasilybe constructedisingMTD. In thefollowing, +w
and—« areusedasthe upperandlower boundson therangeof leafvalues.In actual
implementationgheseboundsaresuitablylarge ®nitenumbers.

+ SSS*[MTD+o]
MTD+w is just SSS*andcanbedescribeds:

MTD(+, bound:= g).

« DUAL* [MTD —oo]
Theliteraturedescribes dualversionof SSS* whereminimizationis replaced
by maximization the OPENIist is keptin reversedrder andthe startvalueis
—o [9, 19]. Thisalgorithmbecomes:

MTD(—w,bound:=g+1).

Theadvantagef DUAL* overSSS*liesin thesearchof odd-depttsearchrees.
Thetreesthatde®nesucha boundarecalledsolutiontrees[16, 25]. An upper
boundis de®nedy a max solutiontree,a lower boundby a min solutiontree.
In a max solutiontreeall childrenof max nodesareincorporatedandexactly
onechild of amin node.Dually for a min solutiontree.

SinceSSS*builds andre®nes max solutiontree of size O(w/?) on uniform

trees DUAL* buildsandre®nesnin solutiontreesof sizeO(wl?2!) [19]. Since
themin solutiontreesaresmaller fewerleafnodesareexpandedndlessstorage
is required. If, for examplew = 40 andd = 9 thenit makesa big difference
whetheronehasto searchandstorea treewith 40* or 40° leaves.

(Alternatively for reasonsof symmetry we could replacethe seventhline of
®gure8 by g := MT(n,bound+ €). In this way DUAL* canbe expresseds
MTD(—w, bound:= g), whichis morelike thedriverfor SSS*.

¢ MTD-bi
Since MT can be usedto searchfrom above(SSS*) as well asfrom below

8
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(DUAL*), anobvioustry is to bisecttheintervalandstartin the middle. Since
eachpassproducesan upperor lower bound,we cantake somepivot valuein

betweerasthe nextcenterfor oursearch.n MTD terms,bisectingtherangeof

interestbecomes:

MTD(avg(+e, —), avg(f*, f))

whereavgdenoteghe averageof two values.To reducebig swingsin the pivot
value,somekind of aspirationsearchingvill be bene®ciain manyapplication
domaing22].

Weill introduceda similaralgorithmwhichhenamedNegaC*[26]. He doesnot
statethelink with best-®rs6SS*-likebehavioy nor the fact thatthis algorithm,
providedthereis enouglstoragewill neverexpandnoreleafnodeghanAlpha-
Beta.

 MTD-f
Ratherthanarbitrarily usingthe mid-pointasan approximationany informa-
tion on wherethe valueis likely to lie canbe usedasa betterapproximation.
Giventhatiterativedeepenings usedin manyapplicationdomainstheobvious
approximatiorfor the minimaxvalueis the resultof the previousiteration. In
MTD termsthis algorithmbecomes:

MTD(approximationjf g < boundthen bound:= g elsebound:= g+ 1).

MTD-f can be viewed as startingcloseto f, and then doing either SSS* or
DUAL*, skippingalargepartof theirsearchpath.

« MTD-step
Insteadof makingtiny jumpsfrom oneboundto the next, asin all the above
algorithmsexceptMTD-bi, we could makebiggerjumps:

MTD(+, bound:= max(f;., + 1,9 — stepsizp

(or thedualversion)wherestepsizés somesuitablylarge value.

e MTD-best

If wearenotinterestedn thegamevalueitself, butonly in thebestmove,thena
stopcriterionsuggestedy Berlinercanbeused1]. Whenevethelowerbound
of onemoveis not lower thanthe upperboundsof all othermovesiit is certain
that this mustbe the bestmove. To provethis, we haveto do lesswork than
whenwe solvefor f, sinceno upperboundonthevalueof thebestmovehasto
be computed.We canuseeithera prove-besstrategy(establisha lower bound
ononemoveandthentry to createanupperboundontheothers)or disprove-rest
(establishan upperboundon all movesthoughtto be inferior andtry to ®nda
lower boundon the remainingmove). The stop criterion in ®gure8 mustbe
changedo fousmove feomermoves NOtE thatthis strategyhasthe potentialto build
searchireessmallerthanthe minimal searchiree.
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Figure9: MT-basedalgorithms.

Theknowledgenvhichmoveshouldberegardedisbestandasuitablevaluefor a
®rstguessmightbeobtainedrom a previousiterationin aniterativedeepening
scheme Thenotionof which moveis bestmightchangeduringthesearch.This
makesgfor a slightly morecomplicatedmplementation.

Note thatwhile all the abovealgorithmsusea transpositiortable,not all of them
needto saveboth f* andf~ values.ForexamplesinceSSS*alwaystriesto lowerthe
boundattheroot, thetranspositiotableneedgso storeonly onebound.

Figure9 illustratesthe differentstrategiesisedby the abovealgorithmsfor con-
verging ontheminimaxvalue.

The MTD frameworkhasa numberof importantadvantage$or reasoningabout
game-treesearchalgorithms.

3.1 Elegance

Formulatingaseeminglydiversecollectionof algorithmsinto oneunifying framework
focusesattentionon the fundamentatiifferences For example the frameworkallows
thereaderto seejusthow similar SSS*andDUAL* really are,andthatthesearejust

specialcaseof calling Test. The driversconciselycapturethe algorithmdifferences.
MTD offers us a high-level paradigmthat facilitatesthe reasoningaboutimportant
issueslike algorithm ef®ciencyand memoryusage,without the needfor low-level

details.

3.2 Ef®ciency

All thealgorithmspresentedrebasednMT. SinceMT is equivalento anull-window
Alpha-Betacall (plusstorage)theysearcHessnodeghantheinferior one-pas#\pha-
Beta(— o, +o) algorithm(seealso[17]).

3.3 MemoryUsage
Animportantssueconcerningheef®ciencyf MT-basedalgorithmss memoryusage.
SSS*canbe regardedas manipulatingone max solutiontreein place[17]. A max

10
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solutiontreehasonly onesuccessoateachmin nodeandall successorat maxnodes,
while theconverses truefor min solutiontrees.Whenevetheupperboundis lowered,
anew (better)subtreehasbeenexpandedThesubtreeootedin theleft brotherof the
new subtreecanbe deletedfrom memory sinceit is inferior [9, 21]. Sincethe new
brotheris better the previousbrothernodeswill nevercontainthe critical pathagain
andwill neverbe explored(otherthanastranspositions).For a max solutiontree,
this impliesthat thereis alwaysonly onelive child at a min node;bettermovesjust
replaceit. Givenabranchingfactorof w andatreeof depthd, the spacecomplexity
of adriver causingMT to constructand re®neone max solutiontreeis thereforeof

theorderO(w/??!), anda driver manipulatingonemin solutiontreeis orderO(w'%2).

Someof the algorithms,suchasMTD-bi, usetwo bounds. Theserequirea maxand
a min solutiontree, implying that the storagerequirementsare O(w/9?). A simple
calculationandempiricalevidenceshowthisto berealisticstoragerequirements.

A transpositiortableprovidesa™ exibleway of storingsolutiontrees.While atany
time entriesfrom old (inferior) solutiontreesmayberesidenttheywill beoverwritten
by newerentrieswhentheir spacées needed Garbagewill collectedncrementally As
longasthetableis big enoughto storethemin or amaxsolutiontreesthatareessential
for the ef®cientoperationof the algorithm, it providesfor fast accessand ef®cient
storage.(Not to mentionthe moveorderingandtranspositiorbene®ts.)

3.4 StartingValue

Perhapghe biggestdifferencein the MTD algorithmsis their ®rstapproximationof
theminimaxvalue: SSS*is optimistic, DUAL* is pessimistiandMTD-f is realistic.
Onaveragethereis arelationshifbetweerthestartingboundandthesizeof thesearch
treesgeneratedWe haveconductedeststhatshowthata sequencef MT searcheto
®ndthegamevaluebene®térom a startvaluecloseto thegamevalue. Valuedike +o
or —« asin SSS*andin DUAL* arein a sensaheworstpossiblechoices.

By doingminimalwindowsearchesye hopeto establishheleft-mostmin solution
treeandtheleft-mostmaxsolutiontreeasef®cientlyaspossible Doingsearchewith a
differentwindow cancausenodego beexpandedhatareirrelevantfor this proof. We
havebeenunableto formulatethis analytically andinsteadoresenempiricalevidence
to supportthis conjecture.

Figure 10 validatesthe choiceof a startingboundcloseto the gamevalue. The
®gureshowsthe percentagef uniqueleaf evaluationf iterativedeepening TD-f.
Thedatapointsaregivenasa percentagef thesizeof thesearchreebuilt by our best
Alpha-Beta-searchdAspiration NegaScout).(Sinceiterative deepeningalgorithms
areusedthe cumulativeleaf countoverall previousdepthsis shownfor the depths.)
Givenaninitial guessof h andthe minimaxvalueof f, the optimal searchvaluefor
MTD-f, thegraphplotsthesearcleffort expendedor differentvaluesof h— f. Tothe
left of the graph,MTD-f is closerto DUAL*, to theright it is closerto SSS*. To be
betterthanAspirationNegaScoutanalgorithmmustbelessthanthe 100%baseline A
®rstguesgloseto f makedMTD-f performbetterthanthe100%AspirationNegaScout
baseline. The guessmustbe closeto f for the effect to becomesigni®cant.Thus, if
MTD-f is to be effective, the f obtainedfrom the previousiterationmustbe a good
indicatorof thenextiteration’s value.
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4 Experiments

Therearethreewaysto evaluatea new algorithm: analysis,simulationor empirical
testing. The emphasisn the literaturehasbeenon analysisand simulation. This is
surprisinggiventhelarge numberof game-playingprogramsn existence.

4.1 PreviouswWork

The mathematicadnalysisof minimaxsearchalgorithmsdo a goodjob of increasing
ourunderstandingf thealgorithmsputfail to givereliablepredictionsof performance
(for example[6, 15, 16]). Theproblemis thatthe gametreesthatareanalyzedliffer
from thetreesgeneratedby realgame-playingprograms.

To overcomehis de®ciencya numberof authorshaveconductedsimulationgfor
example[7, 9, 12, 19)). In ouropinion,the simulationsdid not capturethe behavior
of realisticsearchalgorithmsastheyareusedin game-playingprograms.Insteadwe
decidedo conduciexperimentgn asettingthatwasto beasrealisticaspossible. These
experimentattemptto addresshe concernsve havewith the simulationparameters:

« Variablebranchingfactor: simulationsusea ®xedbranchingfactor

» High degreeof ordering: mostsimulationshavethe quality of their moveorder
ing belowwhatis seenin realgame-playingrograms.

- lterativedeepeningsimulationsuse®xed-deptisearching.Game-playingro-
gramsuseiterative deepeningo seedmemory (transpositiortable) with best
movesto improvethe moveordering. This addsoverheado the searchwhich
is morethanoffsetby theimprovedmoveordering.

Iterative deepeningmposesa dynamicorderingon the tree. This meansthat
differentalgorithmswill searchatreedifferently Thus,proofsthatone®xed-
depthalgorithmsearchefessleaveghananothe®xed-deptlalgorithm(suchas
[25]), donot hold for iteratively-deepertesearches.

« Memory: simulationsassumeeitherno storageof previouslycomputedesults,
or unfairly bias their experimentsby not giving all the algorithmsthe same
storage. For iterative deepeningo be effective, bestmoveinformationfrom
previousiterationsmust be savedin memory In game-playingprogramsa
transpositiontable is used. For bestperformancethis table may haveto be
of considerablesize, sincethe move orderinginformation of the nodesof the
previoussearchtree must be saved(which is exponentialin the depthof the
search).

 Treesize: simulationoftenuseaninconsistenstandardor countingleafnodes.
In conventionasimulationgfor example[9]) eachvisit to aleafnodeis counted
for depth-®rsalgorithmslike NegaScoutwhereagheleafis countedonly once
for best-®rsalgorithmslike SSS* (becausdt was storedin memory no re-
expansioroccurs). This problemis a resultof the memoryproblemdescribed
above.

» Executiontime: simulationsareconcernedvith treesize,but practitionersare
concernedvith executiortime. Simulationsresultsdo not necessarilgorrelate
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well with executiontime. For example thereare manypapersshowingSSS*
expandgewer leaf nodesthan Alpha-Beta. However SSS*implementations
using Stockmars original algorithmhavetoo muchexecutionoverheado be
competitivewith Alpha-Beta.

» Valuedependencesomesimulationsgeneratahe valueof a child independent
of thevalueof the parent.However thereis usuallya high correlationbetween
thevaluesof thesetwo nodesn realgames.

4.2 ExperimenDesign

To assesghe feasibility of the proposedalgorithms, a seriesof experimentswas
performedo compareAlpha-BetaNegaScoutSSS*(MTD+w), DUAL* (MTD —w),
MTD-f, andMTD-best.

Ratherthanusesimulations pur datahasbeengatheredrom threegame-playing
programs:Chinook(checkers]23], Keyano(Othello)andPhoenix(chess)21]. All
threeprogramsarewell-knownin their respectivedomain. For our experimentswe
usedtheoriginal authots searchalgorithmwhich, presumablyhasbeenhighly tuned
to the application. The only changewe madewasto disablesearchextensionsand,
in the caseof Chinookand Phoenix,forward pruning. All programsusediterative
deepeningTheMTD algorithmswould berepeatedlycalledwith successivelgeeper
searchdepths.All threeprogramsaiseda standardranspositioriablewith amaximum
of 22° entries. Testingshowedthat the solutiontreescould comfortably®tin tables
of this size. For our experimentsve usedthe original programauthots transposition
table data structuresand code without modi®cation. * At an interior node, the
move suggestedy the transpositiontable is alwayssearched®rst(if known), and
the remainingmovesare orderedbeforebeing searched.Chinook and Phoenixuse
dynamicorderingbasedon the history heuristic[22], while Keyanousesstaticmove
ordering.

All threeprogramsusetranspositiortableswith only onebound(in contrastwith
ourcodein ®gurel). SinceMTD-bi andMTD-stepmanipulatebotha maxandamin
solutiontree,andthereforeneedto storebothanupperanda lower boundat a node,
we do not presenthesetwo algorithms. One of the pointswe are stressingn this
paperis easeof implementatiorof the MT-framework. Theamountof work involved
in alteringtheinformationthatis storedin thetranspositiortableswould compromise
this objective.

The MT codegivenin ®gurel hasbeenexpandedo include two details,both
of which arecommonpracticein game-playingprograms.The ®rstis a searchdepth
parameterThisparameteis initializedto thedepthof thesearciree. AsMT descends
the searchtree, the depthis decrementedLeaf nodesareat depthzero. The second
is the savingof the bestmoveat eachnode. Whena nodeis revisited,the bestmove
from the previoussearchs alwaysconsidere@®rst.

Conventionatestsetsin theliteratureprovedto bepoorpredictorsof performance.
Positionsin testsetsare usuallyselectedo testa particularcharacteristior property
of thegame(suchastacticalcombinationsn chessandarenot necessarilyndicative

1As a matterof fact, sincewe implementedT using null-window alpha-betasearcheswe did not
haveto makeanychangest all to the codeotherthanthe aforementionedlisablingof forward pruning
andsearctextensionsWe only hadto introducethe MTD driver code.
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of typical gameconditions. For our experimentsthe programswere testedusing a
setof 20 positionsthatcorrespondetb movesequencefom tournamengames.By
selectingmovesequencegtherthanisolatedpositions we areattemptingto createa
testsetthatis representativef realgamesearchpropertiegincluding positionswith
obviousmoves hardmoves positionalmoves tacticalmoves differentgamephases,
etc.).

All three programswere run on 20 test positions,searchingto a depthso that
all searchedoughly the sameamountof time. Becausef the low branchingfactor
Chinookwasableto searcho depth15, iteratingtwo ply atatime. Keyanosearched
to 9 ply andPhoenixto 7, bothoneply atatime.

4.3 Baseline

Many papersn the literatureuseAlpha-Betaasthe base-linefor comparingthe per
formanceof otheralgorithms(for example[2, 10]). Theimplicationis thatthisis the
standardlatapointwhicheveryonestrying to beat. However game-playingrograms
haveevolvedbeyondsimple Alpha-Betaalgorithms. Most useAlpha-Betaenhanced
with minimal window search(usuallyPVS|[2] or NegaScoufl18]), iterativedeepen-
ing, transpositiortables,move orderingandan initial aspirationwindow. Sincethis
is the typical searchalgorithmusedin high-performanc@rogramgsuchasChinook,
PhoenixandKeyano),it seemanorereasonabléo usethis asour base-linestandard.

Theworsethe base-linecomparisoralgorithmchosenthebetterotheralgorithms
appeato be. By choosingNegaScouenhancedvith aspirationsearchingAspiration
NegaScouths our performancemetric, we are emphasizinghatit is possibleto do
betterthan the "best" methodscurrently practicedand that, contraryto published
simulationresults somemethodsareinferior.

Becauseave implementedhe MTD algorithms(like SSS*andDUAL*) usingMT
(equivalento null-window Alpha-Betacallswith atranspositiortable)we wereable
to comparea numberof algorithmsthat were previouslyseenasvery different. By
using MT asa commonproof-proceduregvery algorithmbene®tedrom the same
enhancementoncerningterativedeepeningtranspositionables andmoveordering
code.To ourknowledgethis is the ®rstcomparisorof algorithmsdepth-®rsandbest-
®rstminimaxsearchalgorithmswhereall thealgorithmsaregivenidenticalresources.

4.4 ExperimenResults

Figure11 showsthe performancef Chinook,KeyanoandPhoenix respectively
usingthe numberof leaf evaluationgNBP or Numberof Bottom Positions)asthe
performancanmetric. Figures12 showthe performanceof thesealgorithmsusingthe
numberof nodesin the searchree(interior andleaf) asthe metric. The graphsshow
thecumulativenumberof nodesoverall previousiterationsfor a certaindepth(which
is realisticsinceiterativedeepenings used)relativeto AspirationNegaScout.Since
we couldnottestMTD-bi andMTD-stepproperlywithoutmodifyingthetransposition
tablecode thesaesultsarenotshown.Thesearchlepthgeachedytheprogramsary
greatlybecausef the differing branchingfactors. In checkersthe averagebranching
factoris approximately3 (therearetypically 1.2 movesin a captureposition; while
roughly8 in anon-capturgosition),in Othelloit is 10 andin chesst is 36.
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Over all threegamesthe bestresultsarefrom MTD-f. Its leaf nodecountsare
consistenthybetterthanAspirationNegaScoutaveragingat leasta 5% improvement.
More surprisinglyis thatMTD-f outperformsAspirationNegaScoubn the total node
measuraswell. Sinceeachiterationrequiresrepeatedtallsto MT (atleasttwo and
possibly many more), one might expectMTD-f to perform badly by this measure
becaus®f the repeatedraversalof thetree. This suggestshatMTD-f, on average,
is calling MT closeto the minimumnumberof times. For all threeprogramsMT gets
calledbetweer8 and4 timesonaverageln contrastthe SSS*andDUAL* resultsare
poorcomparedo NegaScoutvhenall nodesin the searchireeareconsidered.Each
of thesealgorithmsperformsdozensandsometime&venhundredsf MT searches.

The succesf MTD-f implies thatit is betterto startthe searchwith a good
guessasto wherethe minimax valuelies, ratherthanstartingat oneof the extremes
(+o0 Or —o0). Clearly MTD-f out-performsAlpha-Beta,suggestinghatbinary-valued
searcheare more ef®cientthan wide-windowedsearches.Of more interestis the
MTD-f andNegaScoutomparisonlf bothsearchesavethe correctbestmovefrom
the previousiteration,thenboth®ndthe valueof thatmoveandthenbuild prooftrees
to showtheremainingmovesareinferior. SinceNegaScoutloesthis with aminimal
window; it visits exactlythe sameleaf nodesthat MT would. Sinceour results(and
thosefrom simulations)showNegaScouto be superiorto Alpha-Beta,this suggests
that limiting the use of wide-window searchegs bene®cial. MT takesthis to the
extremeby eliminatingall wide-windowsearches.

Whatis the minimum amountof searcheffort that mustbe doneto establishthe
minimax valueof the searchiree? If we know the valueof the searchireeis f, then
two searchearerequired:MTD-f(f — €), whichfails high establishingalowerbound
on f, andMTD-f(f + 1 — ¢), which fails low andestablisheanupperboundon f. Of
the algorithmspresentedMTD-f hasthe greateslikelihood of doing this minimum
amounbfwork. Theclosertheapproximatiorio f, thelessthework thathasto bedone
(seealso®gurel0). Consideringhis, it is nota surprisethatbothDUAL* andSSS*
comeour poorly. Theirinitial boundsfor the minimaxvaluearegenerallypoor (—o
and+e respectively)meaningthatthe manycallsto MT resultin signi®cantlymore
interior nodes. In the literature,SSS*is regardedasgood becausat expandsfewer
leaf nodesthan Alpha-Beta,and bad becauseof the algorithm complexity storage
requirementandstoragemaintenanceverhead.Our resultsgive the exactopposite
view: SSS*is easyto implementbecausef theMT framework,usesasmuchstorage
as Aspiration NegaScoutand performsgenerallyworsethan Aspiration NegaScout
whenviewedin thecontextof iterativedeepenin@ndtranspositiortables.DUAL* is
moreef®cientthan SSS*but still comesout poorly in all the graphsmeasuringotal
nodecount. TheChinookleafcountgraphis instructive sincehereiterativedeepening
SSSt*is generallyworsethaniterativedeepeningilpha-Beta. Thisresultrunsopposite
to boththeproofandsimulationdor ®xeddepthSSS*andAlpha-Beta.An interesting
observatioris thatthe effectivenes®f SSS*appearso be afunctionof the branching
factor;thelargerthe branchingfactor, the betterit performs.

AspirationNegaScouis betterthanAlpha-Beta.Thisresultis consistentwith [22]
whichshowedaspiratiorNegaScouto beasmallimprovemenbverAlpha-Betawhen
transpositiotiablesanditerativedeepeningvereused.NegaScoutisesawide-window
searcHor theprincipalvariation(PV) andall re-searchesThewide-windowPV search
resultgivesa good®rstapproximatiorto the minimax value. That approximatioris
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then usedto searchthe restof the tree with minimal window searcheswhich are
equivalentto MT calls. If theserefutationsearchesre successfu(no re-searchis
needed)thenNegaScoutleviatesrom MTD-f only in theway it searchethePV for a
value. MTD-f usesMT alsofor searchinghe PV, andfor re-searcheafterafail high.
SinceMTD-f doesnotderiveits ®rstguesdrom thetreelike NegaScoutoes,it must
getit externally In our experimentghe minimax value from the previousiterative
deepeningterationwasusedfor this purpose.

Simulationresultsshowthatfor ®xeddepthsearchesyithouttranspositiortables
anditerativedeepeningSSS* DUAL* andNegaScouaremajorimprovementover
simple Alpha-Beta[7, 9, 19]. For example,one study showsSSS* and DUAL*
building treesthat are half the size of thosebuilt by Alpha-Beta[9]. This is in
sharpcontrastto the resultsreportedhere. Why is theresucha disparity with the
previouslypublishedwork? Includingtranspositiortablesanditerativedeepeningn
the experimenimprovesthe searchef®ciencyin two ways:

 improvemoveorderingsothatthelikelihood of thebestmovebeingconsidered
®rstat a cutof nodeis very high,and

- eliminatelarge portionsof the searchby havingthe searchtreebe treatedasa
searchgraph. A paththattransposemto a pathalreadysearchedanreusethe
previouslycomputedesult.

Themoveorderingis improvedto theextentthatall algorithmsareconveging onthe
minimal searchtree.

How effectiveis themoveordering?At anodewith acutoff, only onemoveshould
be examined.Datagatheredrom Phoenix Keyano,andChinookshowanaverageof
aroundl.2,1.2and1.1 move,respectivelyareconsideredit cut nodes.On average,
over 95% of thetime the moveorderingis successful.Clearly the low ply numbers
shouldhavevery goodorderingbecaus®f theiterativedeepenindtypically 97-98%).
Of moreinterestare these®guresfor the higher ply numbers. Thesenodesoccur
nearthe bottomof the treeandusuallydo not havethe bene®bf transpositiortable
informationto guidethe selectionof the ®rstmoveto consider Neverthelesseven
thesenodeshaveasuccessatein exces®f 90%(80%for Keyanowhichdoesnothave
the history heuristic). Campbelland Marslandde®nestrongly ordered tressto have
thebestmove®rst80%of thetime [2]. Kaindl etal. called90%verystronglyordered
[7]. Our resultssuggesthereshouldbe a new category almostperfectlyordered,
correspondindo over 95% succes®f the ®rstmoveat cutof nodes. Giventhatthe
simulationausedpoorermoveorderingthanis seenin practiceijt is not surprisingthat
theirresultshavelittle relationto ours.

4.5 Executionlime

Thebottomline for practitionerss executiortime. Sincewedid nothavetheresources
to run all our experiment®on identicalandotherwiseidle machineswe do not show
executiontime graphs.However comparingresultsfor the samemachinesve found
thatMTD-f is consistentlythe fastestalgorithm. It is about5% fasterthanAspiration
NegaScoutor checkerandOthello,andaboutl0%fasterfor chess(dependingn part
onthequalityof thescoreof thepreviousteration). Wefoundthatfor Phoenixprogram
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executiontime is strongly correlatedo the leaf-nodemetric, while for Chinookand
Keyanoit is stronglycorrelatedo thetotal-nodemetric.

4.6 MTD-best

The algorithmsdiscussedo far are designedo ®ndthe minimax value of the tree.
MTD-bestis only interestedn the bestmoveandnot the bestvalue. Thusit hasthe
potentialto build evensmallertrees. This algorithmusesthe value of the previous
iterationto try to establishonly a lower boundon the bestmove, andthen (if this
wassuccessfulanupperboundontheothermoves.MTD-bestprovesthe superiority
of the bestmoveby only constructinga lower bound. This algorithmsaveson node
expansionby notconstructinganupperboundonthevalueof thebestmove. Figurel3
showsthatMTD-bestcanbesslightly betterthanMTD-f. Thisresultmustbe takenin
the contextthat MTD-bestis trying to solvea simplerproblem: ®ndthe bestmove,
notthebestvalue. If the choiceof bestmoveis the sameasin the previousiteration,
MTD-bestis effectiveatprovingthatmoveis best.Whenthecandidatéestmoveturns
outnotto bebest,MTD-bestis inef®cientsinceit endsup doingmorework becausés
initial assumptior(the bestmove)is wrong. Thuson a givensearchMTD-bestmay
bemuchbetteror muchworsethanMTD-f. In thetestdata MTD-bestwaseffectiveat
provingthe bestmoveabouthalf of thetime. Sincethe algorithmis oftenperforming
afew percenbetterthanMTD-f, thepotentialgainsof provingamovebestout-weigh
the potentiallosses.

Our implementatiorof MTD-bestis just a ®rstattempt. We believethatthereis
still roomfor improvingthealgorithm.

5 Conclusions

Overthirty yearsof researcthavebeendevotedio improvingthe ef®ciencyof alpha-
betasearching. The MT family of algorithmsare comparativelynew without the
bene®of intensanvestigations GiventhatMTD-f is alreadyout-performingour best
alpha-betdasedmplementation#n realgame-playingorogramsfutureresearcttan
only makevariationson this algorithmmore attractive. MT is a simpleandelegant
paradignfor high performanceyame-treesearchalgorithms.

Thepurposeof asimulationis to exactlymodelanalgorithmto gaininsightinto its
performanceSimulationsareusuallyperformedwhenitistoodif®cut or too expersive
to constructhe properexperimentaénvironment.The simulationparametershould
be choserto comeascloseto exactlymodelingthe desiredscenaricasis possible.In
the caseof game-treesearchingthe casefor simulationss weak. Thereis no needto
do simulationswhentherearequality game-playingprogramsavailablefor obtaining
actualdata. Further asthis paperhasdemonstratedsimulationparametersanbe
incorrectresultingin large errorsin theresultsthatleadto misleadingconclusionsin
particular the failure to includeiterative deepeningtranspositiortables,and almost
perfectlyorderedtreesin a simulationareseriousomissions.

With easyto understandMT-basedalgorithmsout-performingNegaScoutthis
leadsto the obviousquestion:Why areyou still usingalpha-beta?
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