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ABSTRACT. We study type checking, typability, and type inference problems for
type-free style and Curry style second-order existential systems where the type-free
style differs from the Curry style in that the terms of the former contain information
on where the existential quantifier elimination and introduction take place but omit
the information on which types are involved. We show that all the problems are
undecidable employing reduction of second-order unification in case of the type-
free system and semiunification in case of the Curry style system. This provides
a fine border between problems yielding to a reduction of second-order unification
problem and the semiunification problem. In addition, we investigate the subject
reduction property of the system in the Curry-style.

1. INTRODUCTION

The System F (A2) of Girard-Reynolds is a fundamental system for the study of
polymorphism. Its polymorphic properties are seen as the theoretical basis for the
functional programming languages such as ML and this resulted in thorough studies
e.g. [Boe85, Wel99, Sch98| and for the A2 subsystems [FS00, Mai90]. A system with
2nd order existential types provides a theoretical basis for abstract data types [MP88].
This ingredient is also present in languages based on ML, but has been less studied
except for the domain-free style [NTKNOS].

The polymorphic system has enough power to encode impredicatively other con-
nectives A, V,3 and so on in terms of —,V [Pra65]. In this sense, the 2nd order
existential type system A7 [FujO5] can be regarded as a subsystem of A\2. On the
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other hand, the existential system A* can serve, under CPS-translations, as a tar-
get calculus not only of A2 (2nd order intuitionistic logic) but also of Au-calculus
(2nd order classical logic) of Parigot [Fuj05, Has06]. Moreover, a recent work [Fuj10]
on an intimate connection between A2 and A7 reveals duality not only on reduction
correspondence but also on proof structures between the systems.

In this light, the expressiveness of A2 and \> is comparable. Still, the unde-
cidability of the type related problems cannot be established as a corollary of the
mentioned above translations. This is in principle due to the fact that the transla-
tion works smoothly for systems with adequate type information, e.g. domain-free
style [BS00, NTKNOS8], while the additional or missing type information introduces
complications which are not immediate to overcome.

In this paper, we study type checking, typability, and type inference problems
of 2nd order existential type systems in the styles of type-free and Curry. First, we
show that all of the type related problems are undecidable for 2nd order existential
type system in the type-free style, which can be regarded as an intermediate system
between Church style and Curry style. For this, 2nd order unification problem in the
flat form is introduced, and this form is proved undecidable by the reduction from
2nd order unification of simple instances [Sch98]. Then, by the reduction from the
flat forms, it is proved that all of the type related problems of the type-free system
are undecidable.

Secondly, we show that type checking and typability problems of the system in
the style of Curry are undecidable. By reductions from the semiunification prob-
lem [KTU90], the undecidability proofs are established for fragments: (—,3) and
(=,A,3). The first of these results answers the decidability issue for the type re-
lated problems the solutions of which were left open by Nakazawa et al. [NTKNOS].
Moreover, we investigate the subject reduction property of the system in Curry-style.

The 2nd order unification is used to prove the undecidability of several type
related problems for second-order calculi [Sch98, FS00, Pfe93, Boe85|. Similarly, the
semiunification problem (SUP) is appropriate as a tool to prove the undecidability for
other ones [Wel99, KTU93|. The systems in this paper elucidate the mutual relation
between the two problems as applied to type related questions. We can conclude that
the possibility to fix the number of arguments to a second-order construct plays the
crucial part here. This possibility is, indeed, the only difference between the type-free
system and the Curry-style system. In this light the semiunification problem can be
viewed as a kind of 2nd order unification where the number and the shape of 2nd
order variable arguments are not known.

The main advantage of the Curry-style type systems from the programmers’ point
of view is that a programmer is liberated from the burden of making the type annota-
tions. The type-free system can be an interesting alternative here as the annotating
tax is not high, but the programmer can decide where the polymorphism is employed
and how much of the polymorphism is exploited. One more advantage of the type-free
systems is that they correspond to the 2nd order unification which is more extensively
studied than the semiunification problem.
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System TCP | TIP | TP
Curry-(—, 3) No | No | ?
TF-(—,3) No | No | No
DF-(—, no' no'

)
Church-(—, 3) ? ? ?
Curry-(—,A,3) | No | No | 7
TF-(-, A, 3) R
DF-(—, A, 3) no! no'

Church-(—,A,3) | 2 | 7 | ?

Figure 1: (Un)decidability of TCP, TIP, and TP for systems with existence
fig:undecidability

We summarise the results concerning the undecidability of the type related pro-
lems in type systems with existential quantifier in Figure 1. In the figure, DF means
domain-free, TF means type-free, no and No mean undecidable and yes decidable.
The results marked with superscript 1 are proved in [NTKNOS8| by the so-called CPS-
translation. Remarked that according to [KN09], the undicidability of TIP for DF-
(=, A,3) in the case of a closed term follows from that of the corresponding TP.
The undecidability of TCP, TIP, TP for TF-(—,A,3) and TP for Church-(—, A, 3)
respectively can be deduced from those of A2 in the corresponding style by the CPS-
translation. These problems will be discussed elsewhere. In this paper, we show that
No indeed means undecidable in the figure above.

2. SECOND ORDER EXISTENTIAL TYPE SYSTEMS (-, —, A, 3)

2.1. Type-free systems. We consider a second order system consisting of L, —,
—, A, and second order existential quantification 4. The subsystem with — and 4
is denoted by (—,3) while the one with L, =, A and 3 is by (-, A,3). The possible
types of the full system are:

An=X|L[-A|(A— A)|(AAA)|3X.A

In the system, we infer judgements of the form I' = M : A where I is an environment,
M aterm, and A is a type. The environments we deal with here are sets of pair of the
form x : A where z is a variable and A is a type. We write - M : A as a shorthand
for 0 = M : A.

First, a system between Church and Curry styles is defined as follows, where
the special symbol 3 marks the existence of a witness. We call this system type-free
system as we erase here all the types from the terms, but we mark the locations where
the types should occur in the corresponding Church-style terms.

M o= | M) | (MM) | (M, M) | 7,(M) | (3,M) | (Let (3,z)=M in M)

(var)

oAz A
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a:AFM: L 'EM:—-A THMy: A

Traear—A D TFMM,: L (~E)
P,LUIA1|_MZA2 <—>I) F|_M12A1—>A2 P}_MgAl(_)E)
F")\ZL’MA:[—)AQ F"MlMQZAQ

I'E M : Ay FI—M22A2<I) I'EM: AN A,
['F (M, M) : Ay A As C'Em(M): A
I'EM:A[X = A an I'EM,:3dX. A T,x:AF My : Ay
'E{3,M):3X.A ['Flet (3,2) = My in My : Ay
where (FE)* denotes the eigenvariable condition X ¢ FV(I', A;) and I' are contexts
which are sets of pairs z : A that assign types to object variables.
In case of the rules (=F), (— E), and (IE)*, we use the term magjor premise to
denote the premise with the type = A, A; — A,, and 3X.A, respectively. The other
premise is called minor premise.

(AE)

(3E)

Example 1. ex:derivation-to-exists Here is an example of a derivation in the
type-free system (—,3) for a closed term Az.z(let (3,y) = (3,z) in (3,y)). Let
A= (3X.X) — (3X.X). We can derive

r:AFxz: A (vargzl[)
r:AF(3r) 3X.X (2.1)
and also
r:Ay:YFy:Y (var()an
r:Ay:YE Ty 3XX (2.2)

These derivations can be used in the following derivation around places marked (2.1)
and (2.2) respectively.

(2.1) (2.2)
r:AF(Fx):IXX z:Ay:YE Ty IXX 1B
x:Al—m:A(Uar) r:AkFlet (J,y)=(3,z) in (J,y) : IX.X (—>§?) )

r:AF z(let (3,y)=(3,x) in (J,y)) : IX. X /
Ava(let (3= (2 in @.9): A= IxxX

Note that the term is a type-free counterpart of the Curry-style term Az.xz (see
Section 2.2 for an appropriate forgetful mapping).

As a curiosity for a reader who is aquainted with the System F in Church version

we provide here a term
Ax VX X (zA'x) A (2.3)

where A’ = (VX.X) — (VX.X), which manifests various symmetries with the term
in Example 1. Note that the term is closed and its type is (VX.X) — A’. We leave
it for the reader to enjoy it.

We use the term above to construct an interesting example of a derivation in the
system (-, A,3). The term considered below is motivated from the term (2.3) using
the CPS translation from [NTKNO8, Def. 3] and [Fuj10].
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Example 2. Here is an example of a derivation in the type-free system (-, A, 3) for
a closed term

M = Mem(k)(3, (m(k), (3, ma(k))))
Let us define the types Az = (3X.X), B3 = =A3 A A3, C5 = = A3 A Bs. Consider
now derivations of subterms of M. We start with a derivation for m;(k):

(var)

kZﬁAg/\Bgl—kI_'Ag/\Bg (/\E)

k:C3t m(k): —As (2.4)

The derivation above helps in providing of the following derivation for the first com-
ponent of (m(k), (3, ma(k))):

]{?ZﬁAgABgl—ki_\Ag/\Bg

(2.4) ko Co - mo(k) : Bs (3(?)@
k:CsFm(k):—-A;s k:CsF (3,m(k)) : 3X.X 7
k:C3t (m(k),(3,m(k))): Az A A (A]) (2.5)
Now, we are ready to compose the full derivation for M:
2.5)
(2.4) k:C3t (m(k),(3,m(k))): 7"Az A A3
ke CsEm(k): A3 Ok (3, (m(k), (3 W2(/<;)>>> A (5]';)

k:=A3 A BsF m(k)(3, (m(k), (3, mk))) : L (E)

FM: _|(_|A3 VAN ("Ag N Ag)) (_J)

The term derived here becomes Ak.my(k)(m(k), mo(k)) under a forgetful mapping,
which can be regarded as a counterpart of the Curry-style term A\z.zx.

It is worth stating explicitely that the type-free systems are syntax directed in
the following sense.

Proposition 2.1. (Syntax directed system)
In the systems TF-(—,3) and TF-(—, A, 3), whenever I' = M : A is derivable then

o if M = x then the last rule in the derivation is (var),

o if M = \x.M; and the system is TF-(—,3) then the last rule in the derivation
is (— 1),

o if M = MM, and the system is TF-(—, 3) then the last rule in the derivation
is (— E),

o if M = \x. M, and the system is TF-(—, A,3) then the last rule in the deriva-
tion is (—I),

o if M = M, M, and the system is TF-(A, =, 3) then the last rule in the deriva-

tion is (—F),

if M = (M, Ms) then the last rule in the derivation is (AI),

if M = m;(My) then the last rule in the derivation is (AE),

if M = (3, M) then the last rule in the derivation is (1), and

if M = (let (3,2) =M, in Ms) then the last rule in the derivation is (IE).
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Proof. The proof is by routine analysis of all the possible forms of terms. We leave it
to interested readers. L]

We use the proposition in the paper by refering only by recalling that the systems
are syntax directed. From the syntax directed property, the type-free system enjoys
the subject reduction property. Here, the reduction rules are defined as usual, and
we write —* for the reflexive transitive closure of the compatible closure of —.

(1) ()\$M1>M2 — Ml[f,E = MQ]

(2) 71'1'(]\4-17 M2> — MZ (Z = 1,2)

(3) let <E|,LU> = <E|,M1> in M2 — Mg[x = Ml]

(4) \e. Mz — M if x ¢ FV(M)

Proposition 2.2. (Subject reduction property)
If My —* My and T'F My : A, then '+ My : A.

Proof. By induction on the derivation of M; —* M.

2.2. Curry style systems. sec:curry-style-systems
In defintion of the Curry style system we follow [SU06]. The terms are generated
using this grammar:
M:=xz|XeM)|(MM)|{(M,M) | m;(M)
The type rules which differ from the ones of the type-free system are
['EM:A[X = A M, :3X.A T ax:AF- M,y : Ay
'FM:3X.A T'F M|z := My : Ay
where (3E)* denotes the eigenvariable condition X ¢ FV(I', 4;).

As usual, a forgetful mapping can be defined from the set of the type-free terms
to the terms in the Curry style:

(3I) (IE)*

° |z] ==,

o [Az. M| = \z.|M]|,

o ||[My Mol = [|M[[| Me],

o [[(My, My)|| = (|| My], [[ Mz]]),

o [|mi(M)]| = m([[M]}),

o [[(3, M) = |[M]],

e [[let (3,2) = My in My| = [[My|[z := [[M]]
for type-free terms M, My, My. Then well-typed Curry terms can be lifted to well-
typed type-free terms as in [Bar93].
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2.3. Type related problems. The interest in type related problems comes from
the studies on development of functional programming languages and partially from
theorem proving. The most basic of them is the problem of type checking:

Definition 2.3. (type checking problem)
The type checking problem (TCP) is a problem: given a term M, a type A, and a
context I', is the judgement I' = M : A derivable?

This problem arises when a programming language imposes the discipline that
whenever a function is defined it must be supplied with a type that describes its most
basic properties. It is also relevant for applications such as theorem proving where the
user provides all the three elements: the context, which is the library of theorems,
the type, which is the formula to be proved, and the term which is the term that
supposedly proves the formula.

Most of the functional languages, however, prefer to relieve the programmers
from the burden of supplying the type of the function she or he defines. Therefore,
a strongly typed language infrastructure must be able to cope with the following
problem:

Definition 2.4. (type inference problem)
The type inference problem (TIP) is a problem: given a term M and a context I, is
there a type A such that I' = M : A is derivable?

Finally, a typability problem arises when one tries to discover wrong assumptions
the programmer made on the library she or he uses:

Definition 2.5. (typability problem)
The typability problem (TP) is a problem: given a term M, are there a context I" and
a type A such that I' - M : A is derivable?

3. UNDECIDABILITY OF RESTRICTED UNIFICATION

The proof of undecidability of type related problems for type-free system is based
on the reduction of a version of the second-order unification problem to the problems.
We present here the second-order unification we are interested in.

Based on the syntax of types, we define expressions for unification problems. Here,
the countably infinite set of type variables is separated into two sets of variables: One
is for first-order variables denoted by X, Y and another is for constants denoted by C'.

An instance of the unification problem consists of a set of equations £ = {A4; =
By,..., Ar = By}. We say that the instance E is solvable if there exists a substi-
tution S such that S(A;) = S(By),...,S(Ax) = S(Bk). We write Dom(S) for the
domain of S.

Expressions for the first-order unification problems are defined from first-order
variables and constants, together with —

AB = X|C|(A— B).
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Expressions for simple instances of the second order unification problem are defined
using second order functional variables of a fixed arity denoted by F,G and terms
built of constants and — only, e.g. FC;---C, for F of arity n. Here, free variables in
expressions of unification problems are defined as follows:

FV,(C)=0; FV,(X)={X}
FV,(F) = {F}; FV,(A — B) = FV,(4) UFV,(B).

Definition 3.1. (Simple instances Fj)
def:simple-instance We consider the following set E of only two equations of simple
instances, which is enough for the undecidability [Sch98].

{FA;... A, =(FA|... A) — A},
GB;...B,, =(GB;]...B.,) — (FA]... A!) }
where F has the arity n and G has the arity m with m,n > 1 and free variables fulfil
FV.(A;, A}, A, B;, B}) = () for each i, j.
Theorem 3.2 (Undecidability for simple instances [Sch98]). theorem:undecidability-|

simple The second order unification for simple instances is undecidable.

The equations can be transformed so that the second-order variables occur only
as topmost symbols (at the root of the tree they correspond to). The simple instances
of Definition 3.1 can be reduced to the following equations Fi,.:

Definition 3.3. (Simple instances with root restriction FEj,.)
def:simple-root

FAlATL:XFA’lA;L_)Aé) FAIIA;:XFAIIA%
FAp ... Ay = Xeay. an
GBi ... By = Yepy.., — Xray..az GB;...B,, = Ysp . B,

We immediately have the following proposition:

Proposition 3.4. (Root restriction)
prop:root-restriction The unification of simple instances is undecidable iff it is
undecidable for instances defined in Definition 3.3.

Proof. The proof is left to the interested readers. O

The root-restricted instances can be transformed further to the next restricted
form. We say that a set of unification equations F is in the flat form if it obeys all
the restrictions as follows:

Definition 3.5. (Flat form)
def:flat-form

(1) Root restriction: Second-order variables occur only at root positions.
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(2) Monadic restriction: If second-order variable occurs as FA; - -+ A,, then either
all A; are constants or all A; are first-order variables. Moreover, the symbols
A; occur only in the equation where FA; - -+ A,, occurs.

(3) Constant restriction: Each time a second-order variable F is applied to a
vector X1,..., X, of first-order variables as FX;--- X, = A, there is a set of
pairwise distinct constants C', ..., (), such that there is exactly one equation
FC,---C, = B € E, where (4, ...,C,, occur, all C1,...,C, occur in B, and
the positions where the constants occur in B exist in A.

The first equation of the simple instances with the root restriction can be trans-
formed to the following flat form FEg:

Definition 3.6. (Simple instances in flat form E,; and Fgp)
def:simple-flat

Xajoa, = Xeaa, — A
F/Xl...Xn = XAl---An_>A1_>"'—>An—>O
F/CICn : XA]_An—>Cl—>"'_>Cn_>O

where F' is a fresh second order variable of arity n; the symbols X;, X4, a,, X4, 4.,
Xpr4,..4, are fresh first-order variables; C1, ..., C, are subject to the constant restric-
tion; and o is a distinguished constant.

In this way, all the equations in Ej,. of Definition 3.3 can be transformed to the
flat form. Let us call Egr the set with all the resutls of the transformation.

Lemma 3.7. (Simple and flat)
lem:root-flat The equations in Eg. from Definition 3.3 are solvable if and only if the
equations in Egp from Definition 3.6 are solvable.

Proof. We here show only that the first equation in E\, is solvable if and only if the
equations in the corresponding s are solvable. The other equations of the simple
instances with the root restriction can be reduced to the flat form in a similar way.

(=) Suppose that S is a substitution such that S(F)A;... A, = S(Xrar..a) —
Aj. Then we can define a substitution S’ which solves the equations in Definition 3.6
as follows:

S (FYZy...Z,=(S(F)Z,...Z,) = Zy — -+ — Z,, — 0
S'(Xay.a,)=SF)A; ... Ay
S'(XY,.4,)=SF)Cy...Cy;

( .

Now all the equations in Definition 3.6 are solvable. Note also that the definition of
S’ is universal and works the same for all equations from Definition 3.3.

(<) Suppose that the equations in Definition 3.6 are solvable under S. As the
constants C,...,C, are different than subtypes Aq,..., A,, the substitution S has
the following form: S(F)Z,...Z, = (A — Z; — --- — Z,, — o) for some A such that
S(Xay.a,) = AlZy = Ay, . Zy = Ay) and S(Xy, 4 ) = AlZy = Cy, ..., 2, =
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C,]. Then define a substitution S’ for the first equation in Definition 3.3 as follows:
S (F)Zy...Z, = A and ' (Xrar..a;) = S(Xra,..a,). Now the first equation in
Definition 3.3 is solvable. Note that the construction is universal with regard to the
equations from Definition 3.3 and gives the same result for F independent of the
equation that is taken into account in the procedure above. O

Proposition 3.8. (Reduction from E; to Egp)
prop:simple-flat The simple instances of Es are solvable if and only if the simple
instances in the flat form Esp are solvable.

Proof. The equations F can be reduced to E,. by Proposition 3.4 and then to Egp
by Lemma 3.7. L]

4. UNDECIDABILITY OF TYPE RELATED PROBLEMS FOR TYPE-FREE SYSTEM

Now, we embark on the reduction of the unification of equations in the flat form
to the type related problems. We provide for a set of equations E, a A-term M such
that if a type derivation for M exists then a unifier S for F can be separated from it.
The main idea of the construction is to ensure that the shape of a type for a variable
x4 occurring in M, which corresponds to a subexpression A in E strictly corresponds
to S(A).

Since we have a countably infinite set of term variables of A-calculus, we can
assume one-to-one mappings between expressions of unification problems and term
variables of A-terms. Based on this, we write term variables x4 and y4 corresponding
to an expression A of unification problem. For instance, we have term variables xx
and yx from the first order variable X, and similarly term variables - and y¢o from
the constant C'. In particular, from the distinguished constant o we have a term
variable z,.

We simply write A" — B for A — -+ — A — B with n-occurrences of A,
and MN"™ for MN ... N with n-occurrences of N. For a context I', an updated
context ['(z : A) is defined as usual, such that I'(x: A)(y) = A if y = z, otherwise
D(z:A)(y) =T(y).

We define a context I'y, = {2,:0,Y,,:0 — 0,...,Y,, :0" — o} for a fixed n > 16,
where y,, are fresh term variables and o is the distinguished constant. We often
shorten y,, to y, when this does not lead to confusion.

Definition 4.1. (Encoding of first order expressions)
def:first-encording For an expression A of the first order unification problem, we
define a A\-term My, as follows:
(1) Case A of X (first order variable):
Mx = yo, (yxx)
(2) Case A of C' (constant):
Mc = yo, (yorc)
(3) Case A of (A — Ay):
MA1—>A2 = You (yAz(xAl—n“zxfh)) (yAzxAz) MAI MA2'
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Note that FV(M,4) € Dom(I',) U {zp,yp | B is subexpression of A}.

The encoding in Definition 4.1 is constructed in such a way that the types of
variables x4 follow the structure of the corresponding expressions A. In addition, the
encoding gives enough freedom to enable the operation of first-order substitutions.
This is precisely expressed by the following lemma.

Lemma 4.2. (First-order equations)
lem:basic-first

(1) For any first-order expression A, there exists a context I' O T, such that
I' = My : o and a substitution Sp such that I'(zg) = Sr(B) and I'(yp) =
Sr(B) — o for any subtype B of A and FV,(A) C Dom(Sr).

(2) For any first-order expression A and a first-order substitution S such that
FV,(A) C Dom(S), there exists a context I's 2 T', such that I's = M, : o
where g(xp) = S(B) and I's(yg) = Sr(B) — o for each subtype B of A.

Proof. We prove (1) and (2) together by induction on the structure of A. We present
here the proofs for the case A = A; — A,. The remaining cases are left to the reader.

(1) For the proof of (1), we inductively construct a context I" and a substitution
St accordingly. We proceed only with demonstration that I'(z4) = Sr(A) the
condition with y4 is proved in the similar way.

Case A = A; — Ay From the induction hypothesis (1), we have I';
My, : o such that I'y D T', and a substitution Sr, such that I'y(zg) = Sr,(B)
for all subtypes B of A; and FV,(A;) € Dom(Sr,). We obtain St by adding
to Sr, the associations (xx:Bx) for all X € FV,(A)\FV,(A4;) and arbitrary
Bx. By the induction hypothesis (2) we obtain a context I'y D I', such that
[y = My, : 0 and such that I';(xp) = St (B) for each subtype B of A;. Note
that I'y gives the same types as ['; on variables that occur both in M4, and
My, since Sp, coincides with Sf. on variables from FV,(A4;) NFV,(4;) and
both I'y and I's include I',. Therefore, IV = I' U T’y is well defined and as
this is extension of I'; we obtain [V = My, : o for i = 1,2. Moreover, we have
St,(B) = I"(xp) for all subtypes B of A; and A;. Now we define

Layma, = Iy {yA2 :F/(xA2> 7 0, XA - Ay :P/<x141) - F/<IA2)}'
Finally, we establish I'4, .4, F Ma, 4, : 0. Moreover, we can obtain the
remaining equality of types:
Lai—a, ("EA1—>A2) = F/(xA1) - F/($A2)
= 51, (A1) = 51, (Az) = 5p, (A1 — Ag).
Therefore, we can define Sr, _, = Sr.
(2) For the proof of (2) we proceed as follows.
Case A = A; — Ay: By induction hypothesis, we have I'g; = My, : o for
i = 1,2. Moreover, for each subtype B of both A; we have I's;(zp5) = S(B)
and I's;(yg) = S(B) — o respectively (*). W.l.o.g. we can assume that
Dom(I's;) = FV(M4,)UDom(I',). Now, we observe that FV(Mg) = {zp, yp |
D is a subtype of B}. Therefore, FV(M,,) N FV(M4,) contains only zp and
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yg such that B is a subtype of both A; and A, and the variables from I',. We
can now derive I's1(yp) = S(B) — o = I'sa(yp) (and similarly I'gy(zp) =
[s2(zp)) and obtain, therefore, that for all z € FV(Ma,) N FV(M,,) the
equality I's1(z) = I's2(2) holds. As the contexts coincide on the common part
we can safely define I's = I'gq U g 2(T 4,4, 1 S(A1 — A2))(Ya,—a, : S(41 —
Ay) — o) such that I's = My, : o is derivable for ¢ = 1,2. A direct check
confirms now that ['s = M4, .4, : 0. I's(xp) = S(B) and I's(yg) = S(B) — o
for arbitrary subtype B of A we obtain using (*) above in case B is a proper
subtype of A and directly from definition of S in case B = A.

[

Definition 4.3. (Encoding of first order unification)
def:encordingl Let E be a finite set of equations of first-order unification. In case
E =10, we define Mg = z,. In case F = {A; = By} U Ey, we define Mg to be:

Mg = Yos (yAlel) (yAlel) MAl MB1 MEO’

In the definition above, we use M 4,, Mp, to encode the shape of the types Ay, By
respectively. This is done in such a way that x4,,zp, have the types S(A;), S(B)
for some substitution S. We can now force them to be equal by placing z4,,xp, as
arguments to the same variable y4,. The rest of the set of equations can be taken
into account in the same fashion in the subterm Mpg,. Note that

FV(Mg) € {zp,yp | B is subexpression of some expression in £} U Dom(T,).

Lemma 4.4. (First-order unification and typechecking)

lem:1st-unif Let E be a finite set of equations of first-order unification and S a
substitution. The substitution S solves E if and only if there is a context I' O T,
such that I' = Mg : o is derivable and I'(xp) = S(B), I'(ys) = S(B) — o for each
subexpression B of expressions in E.

Proof. The proof is by induction on the size of E. The case £ = () holds trivially.
Consider now the case F' = {A; = By} U Ej.

(=) A straightforward check with help of Lemma 4.2(2) to obtain derivations for
M,, and Mp, and the induction hypothesis to obtain one for M.

(<) Suppose that T' = Mg : o for some context I' 2 T, with I'(zg) = S(B),
I'(yg) = S(B) — o. This means that I' = Mg, : o is derivable. The induction
hypothesis gives immediately that S solves Fy. We have also that I' = My, : o and
't Mpg, : o are derivable. As x4, and xp, are both applied to the same variable, we
have I'(z4,) = I'(xp,). Then we can infer that S(A;) = ['(x4,) = I'(zp,) = S(By).
Hence all A = B € E are solvable under S. O

We define a A-term (3"t M) = (3, (3", M)) and (3', M) = (3, M), which means
successive applications of (3I). We also define a A-term (let (3"™' a) = M in N)
= (let (J,a;) = M in (let (3",a) = a; in N)) and (let (I',a) = M in N) =
(let (3,a) = M in N), which means successive applications of (IE) where a; is
fresh.
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A reduction from E, of Definition 3.1 to simple instances in the flat form Eg;
provides totally 10 equations with second order variables, where two second order
variables are used, to say F for four equations and G for the rest six equations. We
define the following encoding for equations with F, and the case with G follows the
same pattern.

Definition 4.5. (Encoding of second order unification)
def:encoding2 For a set of equations F such that the set F\E’ consists of the
equations in the flat form containing the second order variable F of arity n:

FX,...X, = By, FC,...C, = B, FY:...Y, = Bs, FCi...Cl = By,
where By = (X - A — - — A, —0),B=Y - A4 —----— A — o),
B=(X'—-C—--—C,—o0),and By=Y' - C] — -+ — C! — o)
we define a M-term Mg as follows:

Yoo (Yr(T" 2m,)) (Yr(3", 7B,)) (ye(3", 7By)) (Vr(3" 2B,)) (YFTE)

(ye(let (3", a) = xF in (I, X221 ... 20 Yo, (@221 - . . 2,)'2))) (4.1)
MBl MBz MBs MB4 Mg <y012l’(1)2)
where Mp,, ..., Mp, are encodings of the first order expressions By, ..., By; and Mg

is an encoding of the set £’ of equations.

Note that
FV(Mg) C {zp,yp | B is subexpression of some first-order expression in E}U
{ze, yr | F is a second-order variable in £} U Dom(T',).

In order to reduce the unification problem, additional care should be taken to make
sure that the types of different constants are indeed different. This can be obtained
with the help of the following construction.

From the definitions of the encoding, the set of free variables FV(Mp) is a finite
set. Let 26 = {x¢,,...,2¢c, }, where all the constants in E subject to the constant
restriction are collected. Let 7 = FV(Mg)\({x,} U %), and Mg be the following
term:

let (3,2¢,)=w3 in ---let (3, 2¢, ) =23 in let (I, x,) =23 in (I, \j. ME)

Proposition 4.6. (second-order unification)
prop:2nd-unif Let E be the equations in the flat form above. The problem E is
solvable if and only if x3:3X. X F Mg : 3X.X.

Proof. (=) Suppose that E is solvable under S. Then, from the constant restriction
on C;, C!, the subsutitution S(F)Z; ... Z, has the form of (A — Z; — -+ — Z,, — 0)
for some A. On the one hand, from the solution S restricted to first order variables,
there exists a context I'g D I', such that I's - Mp, : o together with I's(xp,) = S(B;)
fori=1,2,3,4. Let
U =TsU {ye: (321 ... 20.8(F) 2y ... Z,)) — 0, 2¢:3Z1 ... Z0.S(F) 2y ... Z,).

From I' F zp, : S(By) and S(F)S(X1)...5(X,) = S(By), we have

't (3" xp,):32...Z,.5(F)Z, ... Z, by n-times application of (3I). Similarly, we
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alsohave '+ (3", xp,) : 32, ... Z,.S(F)Z; ... Z,. Hence, all of the terms (yg (3", xp,))
and (yrxe) are well-typed. Since

C'kop:32,...2,.S(F)Z; ... Z, and the form of S(F)Z,...Z,is (A — Z; — -+ —
Z, — o) for some A, we have I'

(let (I",a) = z¢ in (3", Az21 ... 20 90(az21 ... 2,)'%)) : 321 ... Z,.S(F)Zy ... Z, by
successive applications of (3I) and (FF). Thus, the term

(yr(let (I, a) = xF in (3", Azz1 ... 2p.y0(azzy . . . 2,)'?))) is also well-typed. Hence,
we have I' - Mg : 0 and then I' | ({z,} Ux) F (3, \y.Mg) : 3X.X, where the domain
of T" is restricted to {z,} U 2¢. Therefore, from the constant restriction, we have
23:3X.X F My : 3X.X by successive applications of (IE).

(<) Suppose z3:3X. X F My : 3X.X. Then, from the eigenvariable condition, we
have z¢, : C1,...,z¢,, : Cm, o0 F (I, Ay Mg) : B’ for some B’, where Cy,...,C,,,0
are pairwise distinct type variables. Hence, from the coding of Mg, we also have
' Mg :oforsomeT DT ,U{zc, :Ch,...,2z¢c, :Cn,x,:0}. Then for all i = 1,2, 3,4,
we have I' = Mp, : 0 as well and I'(zp,) = S(B;) for some substitution S restricted to
first order variables.

Since (let (3",a) = x¢ in (I", X221 ... 2,.Y0(azz1 . .. 2,)'?)) is well-typed by n-
times application of (3F) and (31), type of z¢ has the form of 37; ... Z,,.B for some
B, such that Azz;...z,.y.(azz ... zn)12 and a have the same type B in the form of
(A—-0; — -+ — 0, — o) for some types A, ;.

From I' b zp, : S(B;) for all i = 1,2,3,4, we must derive the same type
37y ...,7Z,.B such that T' - (3", xp,) : 37, ..., Z,.B by n-times application of (37).
Since C; and C! are pairwise distinct, these variables (constants) are to be abstracted
one by one, and moreover the head parts of S(B;); S(X),S(X’),S(Y),S(Y’) are
also to be abstracted by (3I). This means that B= (A — Z; — -+ — Z, — 0)
with S(X) = A|Z, == Ay,....Z, = A,); S(X') = AlZ, = C4,...,Z, = C,);
SY)=AlZ,:=A,,.... Z, =A), SY')=A[Z, :=C},...,Z, = C!]. Now we can
extend the substitution S to F, such that S(F)Z;,... 2, =(A— 2, — -+ — Z,, — 0),
and that S(X;) = A; and S(Y;) = A! for fresh first order variables X;,Y;. Then we
establish that

S(F)S(Xy)...8(X,) =S(F)A;... A,

=AlZy=A,..., 2y =A) > A — - A, —o0

=95(X)— A —---— A, —0=5(B); and

S(F)Cy...C,=AlZy:=C,.... 2, :=Cy| > Cy — - —=C, —o0

=5(X")—=C,— -+ —=C, —0=5(By).

The other equations can be solved as well. Thus E is solvable. L]

Lemma 4.7. (Term which enforces o)

lem:exists Let M3 = z1(2223)(22(3, Ax.2))(20(F%, 23)), where 21, 20, 23, 23 are fresh
term wvariables. Then Ms is typable if and only if there are some I' and A such that
[(z3) =3X. X and '+ M5 : A.
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Proof. Take I's = {253:3X.X,2,: B} — A, 2,:3X.X — By, 23: B3} where A, By, B;
are arbitrary types, and observe that only the possible form of T'(z3) is 3X. X if M5
is typable. O

Theorem 4.8 (TP, TIP, TCP (—,d)). th:undecidable-typefree TP, TIP, and
TCP are undecidable for the system (—, 3).

Proof. The flat form E is solvable iff x5:3X.X Mg : 3X.X by Proposition 4.6 iff
r3:3dX. X, z2:dX. X - Z + zME : B for some B, where z and Z are fresh variables.
So the undecidability of TCP and TIP follows.

Next, suppose that IV F Av. ngM g . B’ for some IV and B’. Then, from Lemma
4.7, we have T3 + M5 : B” and 5 + My : B" for some B” and B", where FV(ME)
{z3} and I'3(z3) = 3X.X. Hence, we also have z3:3X. X F My : 3X.X. The inverse
direction is clear as well. Thus, the flat form F is solvable iff I - )\v.ngM g B for
some I and B'.

Therefore, all of TCP, TIP, TP are undecidablie for (—, 3). O

5. SIMPLE DERIVATIONS OF THE SYSTEM IN THE CURRY-STYLE

We analyse the structure of derivations in the full Curry-style system. This is
further applied to TCP and TIP, and to investigate the subject reduction property.
The results obtained here apply both to the system (—,3) and (=, A, 3).

We say that a quantifier 3 is vacuous in a type 3X.A when X ¢ FV(A). For
successive applications of substitutions, we write A[Y; = A;]...[Y,, = A,,] where
Y, € FV(A,) for i # j.

Definition 5.1. (Removing vacuous )

A=
Al <>A2’ = |A1| o |A2| for o € {—> /\}
3X.A| = 3X.|A| if X € FV(A);

(6) AX.A| = |A[ if X ¢ FV(A).

Lemma 5.2. (Basic lemma)
lemma:basic-lemma For the Curry-style systems the following statements hold.
(1) (Weakening): I',x: A+ N : Ay is derivable, where x ¢ FV(N), if and only
if ' N Ay is. Moreover, I';x: A+ N : Ay has a derivation with no vacuous
3, if and only if U'= N : Ay has.
(2) (Substitution): If T'H M : A, then T[X := A;|F M : A[X := Ay].
(3) (Cut): IfT'-M:Aand'yxz:AF N : Ay, then '+ N[z := M| : A;.
(4) (Homomorphism): |[A[X := B|| = |A|[X = |B|].
(5) (Non-vacuous 3): IfI' = M : A is derivable, then |U'| = M : |A| is deriv-
able with no vacuous quantification in types throughout the whole derivation.

(1) |X] =
(2) |1 =
(3) |
(4) |
(5)
6
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(6) (Permutation): I' = M : 3X.3Y.A if and only if T+ M : Y. IX.A.

Proof. The proof of (1) is in both directions by induction on the derivation that exists
by the assumption. The proof of (2) is by induction of the derivation that is assumed
to exists. The proof of (3) is by induction on the derivation of the second judgement.
The proof of (4) is by induction on the structure of A.

As for the proof of (6), we can combine the following derivation:

(assumption) ["Fz:3Y.A (var) I"Fy:3dY.3X.A (3E)
T M:3xX3v.A O yly =] VXA
[+ 2z = M]: 3Y.3X.A
where " =T,z : Y. Aand I =T, 2 : Y. A,y : A, with the derivation
Fy: A “’g})
7 .
I"Fy:3X.A a1

" y:3Y.3X.A

to obtain thre remaining derivation for I' F y : JY.3X . A.

For the proof of (5) we proceed by induction on the derivation of I" F: A by cases
on the last rule used. The cases (var), (— E) and (— I) go by routine decomposition
using induction hypothesis when necessary.

In case the last rule is (37), we have |I'| F M : |A;[X := Aj]|, by induction
hypothesis. The case (4) of the current lemma gives that |A;[X := As]| = |A1|[X =
|As]]. If X € FV(A;) then |3X.A;| = 3X.|A;] and also X € FV(|A;]). In that case
we can use directly the (37) rule and obtain |T'| H M : 3X.|A;| which is equal to
Il = M :|3X.A;|. In case X € FV(A;), we have that |[3X.A;| = |A;] and already
the result of induction hypothesis gives the derivation |I'| = M : |A;[X = Ay]| as
|A1[X = AQ” = ‘Al‘

In case the last rule is (3E), we have |I'| = M; : |[3X.A| and [T,z : |A| F
M, : |B| where M = Mslx := M;] by induction hypothesis. If X € FV(A) then
|I3X.A| = 3X.|A|] and we are able to apply (IFE) using |I'| v M; : 3X.|A| and
IT|,z:|A| = M, : |B| as premises to obtain the required |I'| - Ms[x := M;] : | B].

If X ¢ FV(A) then |[3X.A| = |A|. This allows us to apply the already proved
case (3) of the current lemma to obtain |I'| - N[z := M] : |B]. O

Now, we are able to introduce a certain normal form of derivations for a fixed
term M, i.e. simple derivations. We show below that once a term has a derivation it
has also a simple one. In this way we obtain a tool to restrict the number of possible
derivations for a term to a managable size.

Definition 5.3. (Simple derivations)
df:simple-derivations A derivation D of I' = M : A in the Curry-style system is
called simple, if D complies to all the restrictions:

(1) For each existential type 3X.A in D, we have X € FV(A).
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(2) (No redundant (IE)) For each application of (IE) in D, we have = € FV(N)

. PEM:3X.A T,2:AF N : A,
' Nx:=M]: A
(3) The derivation D contains no application of rules (37), (3E) such as:
I'EM:A[X = A @n
'EM:3dX.A Ix:AF N : Ay
I'E Nx:= M]: Ay
where the major premise of (3E) is a consequence of (37).
(4) The derivation D contains no application of rules (IF) such as:
'-M:3X1.A1 DAy E Ny 3X5. A,
I'F Nyfzy = M) 3X5. A9 [ag: Ay Nyt A
['F Nyfxg := Nyl := M]]: A
where the major premise of lower (IF) is a consequence of upper (IE).
(5) The derivation D contains no application of rules (IF), (3I) such as:

'FM:3X.A T x: A N: A Y := Ay
I'E Nz = M]: A[Y = Ag]
['F N[z = M]: 3V.A,

where the premise of (37) is a consequence of (IF).

(3E)

(3E)

(3E)

(3E)

(31)

Proposition 5.4. (Simple derivations)
prop:simple For any derivation D of I' = M : A in the Curry-style system, we have
a simple derivation D' of I" - M : A" with the same term M.

Proof. First step: We obtain the condition (1) of Definition 5.3 by Lemma 5.2(5). We
can now remove one by one cases forbidden in the condition (2) by using the right
premise of the wrong rule (3F) and then removing the superflous assumption z : A
with help of Lemma 5.2(1).

Second step: We can prove that for any derivation D of I' - M : A that obeys
restrictions (1) and (2), there exists a derivation D’ of I' F M : A with the same
term, which obeys restrictions (1)—(4), following [Pra65, And95] (or more directly by
induction on the term N or Ny respectively).

Third step: Suppose that we have a derivation which obeys (1)—(4). Then the
application of rules as in case (5) of Definition 5.3 can be permuted as follows:

Cyo:AE N A Y = Aj
'-M:3X.A ix:AEN:3JY. A
' Nz :=M]:3Y.A
Thus we can show the existence of simple derivations. The details are left to
interested readers. OJ

(31)
(3E)
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We introduce a notion of skeleton to ease the representation of derivations. A
skeleton of a derivation for I' = x : A in the Curry-style system can be represented as
a type-free term: M = (let (3,a1) = x in --- let (J,a,) = a,_1 in (3,...,(3F,a,)))
with ||M|| = z. This can be generalised to all terms by Curry-Howard isomorphism
together with a natural type erasure || - ||.

Now, we can conclude with a detailed description on how the applications of (IE)
and (var) in simple derivations look like.

Corollary 5.5. (Application of (3E), (var))
cor:corollaryl
(1) On the application of (IE) in a simple derivation:
''EM:3X.A Taxz:AFN: A
'k Nx:=M]: A
the judgement T' & M : AX.A is a consequence of an application of (var),
(— E) or (NE). Thus the case of M =y (variable) gives I'(y) = 3X.A, and
the term M cannot be in the form of Ay.My or (M, My) for some My, Ms.
(2) If Tk x : A, then there exists x:3X,...X,.B € T (n > 0), such that B =
BolYy := By]...[Y;m := By) and A = 3Y;...Y,,.By for some By, By, ..., B,
(m > 0). That is, the skeleton of the derivation for I' =z : A in the Curry-
style system can be represented as a type-free term:
M = (let (3,a1) =2z in --- let (F,a,) = a,_1 in (3,..., (3, a,)))
with || M| = x.

(3E)

Proof. Straightforward analysis of possible derivation shapes in case a derivation is
simple. The details are left to an interested reader. O

5.1. Immediate d elimination. The simple derivations must be further restricted.
The point of the following restriction is to gather all the possible (FF) that result
from a variable with a type that starts with 3 right after the variable is introduced
into the environment.

Note that we could not include the definition of immediate 3 elimination in the
definition of simple derivation as we need the latter in order to properly formulate
the former.

Definition 5.6 (Immediate 3 elimination). We say that a derivation has immediate
3 elimination when for each occurrence of a (— I) rule such as

Ia:3X A M : Ay
(— 1)

or a (3F) rule such as
F|—M13YE|XA1 F,I'ZHX.AlFMIAQ
I'Flet (Y,z) = M; in M : A,

(3B)"
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the derivation for I', x:3X.A; = M : A contains an application of a rule of the form
I'e-z:3X.A IM2:Ai/-M':B
I"-M:B
only immediately to I'; z:3X.A; = M : As.

(3E)" (5.1)

Observe that the variable x can occur in the major premise of a (3E)* rule in a
simple derivation only in the form (5.1), i.e. only typed to the type which is assigned
by the environment I'. Indeed, Corollary 5.5(1) implies that only the (var) rule can
be used to obtain IV F z : 3X.A; there.

We can now enjoy the following lemma:

Lemma 5.7 (Immediate 3 elimination in derivations). lemma:immediate-exists
For each simple derivation in the full system of a judgement I' = M : A there is its
deriwation with itmmediate 3 elimination.

Proof. The proof here is by induction on the length of the derivation. The cases of
the induction amount to the check that the rule (5.1) can be permuted with all the
inference rules as long as the variable x is not bound in the conclusion of the rule to
permute with. The permuted derivations are still simple. In case we have multiple
rules of the form (5.1), we can use Corollary 5.5(1) to arrive at the conclusion that
they use the same x : 3X.A; so we can collapse them all into a single (3F)* rule. [J

In order to understand better the following proofs, we consider here how the
notion of immediate 3 elimination simplifies bottom-up analysis of derivations. FEx-
amine a simple derivation snippet below, where the discharged assumption on the
application of (— I) or (3E)* has an existential type 3X; ... X,,. Ay:

[CF M :3YV.3X, ... 3X,. 4] T,2:3X,...3X,.4 F M, : A,
T+ M : A, (5.2)

(the part in square brackets occurs only in the rule (3E)*, the dots represent a further
part of the derivation). In certain leafs of the whole derivation tree, we have to apply
the rule (var) to introduce the variable z. This is so as x € FV(M;) in simple
derivations. Then from Corollary 5.5(2), the (var) rule is in general applied as in
the following derivation fragment, where A; = By[Y] := By - [Yi, := By, for some
By, B1, ..., By (m >0). Here we can assume that A; is not in the form of 3Y. A} for
any Aj. If A; were existential then we could apply more (IE) and (37) to exhaust 3

(— 1), (3E)*
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from Aj:
I by: A1 b by : BolYy := Byl -+ [V, := Byl an
I by: A1 b by Y, Bo[Yr := By -+ [Yio1 := B
@1
I b, Ay by 0 Y, .. 3Y,, . BolY: == By an
I"eb,_:3X,.Ar I7.b,: A1 Fb,:3Y,...3Y,,.By 3By
I+ b,_q:3Y;...3Y,,.B
= (var) . GF)" S
M2 3X.A b, : 3X,...3X,,.A; - b, : Y . By (3E)

I'ba: 3Y.B,

Now, we can take a simple derivation with immediate 3 elimination. In such a
derivation, all the applications of (IE)* above are permuted to the position only
immediate to the judgement ',z :3X;...3X,,.A; = M : Ay, being the premise of
(— I) or (JE)* in (5.2).

6. TCP anND TIP FOR (—,d) IN CURRY-STYLE

For the proof of undecidability of TC and TCP we adopt here the technique of
Wells [Wel99]. Let {A; < By, Ay < By} be an instance of SUP [KTU90] built of type
variables and — (the problem is undecidable for one binary symbol and two equations
[KTU90]). Let X be the set of variables of the instance. The instance has a solution
S if and only if Ry(S(A;1)) = S(B;) and Ry(S(As)) = S(B2) for some substitutions
Ry, Rs.

Let v, 71,72, ¢ be fresh type variables which do not occur in X. In the system of
(— 3), we shorten A — ( as —A.

A type in the form of 3X; ... X;. A (k > 1) is called an existential closure, simply
written by 3.4, if either FV(A) = {Xy,..., Xx} or FV(A) = {Xy,..., X, (} with
X, # ( for each 1.

In the following development, we consider only a-representants of terms such that
each bound variable is bound only once and no bound variable is equal to a free one.
This is possible with help of renaming of the bound variables. We call this property
uniqueness of bound variables. We can establish the following immediate observation:

Observation 6.1 (Subterm condition on (3£)). obs:subterm-condition Assume
that € FV(N), and let P = N[z := M| on the application of (FE):
'EM:3X.A TI'z:AFN:C
I'E N[z :=M]:C

M is a subterm P; of P, such that none of the free variables in M is bound in P.

(3E)
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For a substitution S = [X; := Aj,..., X, = A,], we say that dom(S) =
{X1,...,X,}, and we can assume X; ¢ FV(A;) for each i # j (1 < 4,5 < n), so
that we may write S = [X; := A4]...[X,, := A,] for substitutions.

We say that a type A has an existential type as one of the results when it has the
form A=A, — -+ — Ay — IX. Ap for some Ay, ..., Apiq.

We reduce SUP to TCP by letting:

M, Az Az.c(ANy.z(y(Auy.xuy ) (Aug.zuz))) and
r {c:~3=(==(B1 = n) = (72 — B) — A1 — Ay)}.

Theorem 6.2 (SUP — TCP). th:typechecking-red {A; < B, Ay < By} has a
solution if and only if I' = My : Fy.(—y — —y) is derivable in the system (—,3).

Proof. The if part For the if part, assume that the instance {A; < By, Ay < By}
of SUP has a solution, i.e., R;(S(4;)) = S(B;) for i = 1,2. Then we have the
following derivations (the reader is encouraged to reconstruct the contexts missing in
the displays below):

U; - ﬁ(Ri(SAl) - Ri(SA2)>

X . _\El.ﬁ(SAl - SAQ) U; - El_\(SAl — SAQ) (EI])
xu; ;¢

Let a:=(SA; — SAy), and y: B together with
B = (—==(SB; — R1(SAs)) — = —(R2(SA;) — SBy) — SA; — SBs) and
A= (=(—-(By — 71) — (2 — By) — A — By)). Then, one has
y(Auy.zuy)(Aug.zus) : SA; — SBy under the solution. We continue:
a:-(SA; — SAy)  y(Aup.azuy)(Aug.xug) : SA; — SAs
a(y(Auy.zuy)(Aug.zug)) : ¢
Ay.a(y(Aug.zug)(Aug.zug)) - =B
c:T(e) Ay.a(y(Aug.zur)(Aug.zug)) + g0 A
z:3(SA; — SA) c(Ay.a(y(Aup.zuq) (Aug.zug))) : ¢
c(Ay.z(y(Aug.zug ) (Aug.zug))) : €
Finally, the system (— 3) derives I' = M : 3y.(—y — —), as follows:
c(Ay.z(y(Auy.zug ) (Aug.zug))) : € (
Az.c(Ay.z(y(Auy.zuy ) (Aug.zug))) + =3.=(SA; — SA)
Ax.Az.c(Ay.z(y(Aug.zug ) (Aug.zug))) : =3.7(SA; — SAg) — —3.=(SA; — SA,)
ArAz.c(ANy.z(y(Aup.zug ) (Aug.zug))) + Fy.(—y — =)

(= 1)
(31)
(= E)

(3E)

%I)

(31)

The ‘only-if part’

For the ‘only if’ part, we assume that I' = M; : 3v.(—y — —) is derivable in the
system (— 3) and investigate all of the simple derivations of the judgement.

We divide the analysis of the derivation into several stages. In the course of the
analysis we define the required substitutions 7', T3, T» such that 77(T(Ay)) = T'(By)
and TQ(T(AQ)) = T(BQ)
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(1) The final rules of the derivation of M; : Iy.(—y — —).

The final rule of the derivation cannot be (IE). If it were such, we would obtain
a contradiction in the following way. As the rule (3E) must be applied so that
M, = Nz, := M] for some N and M, the only possibilities for M and N are (*)
M = M;, N = x4 and (**) M = ¢, N = M[c := z,], by Observation 6.1. The
case (*) is impossible as M; is a A-abstraction which is forbidden by Corollary 5.5(1).
The case (**) is impossible as then the type of ¢ in I" must be an existential type by
Corollary 5.5(1) which is not the case.

As the type of M is an existential type, the only remaining possibility is that the
final rule is (37), where the premise is I' v M; : =D — =D for some D. Then the
only possible rule which can be applied to that judgement is the (— I)! rule as the
derivation is simple (we mark the rules with superscript to refer below). The premise
of the rule must be I',x : =D + My : =D where M; = \x.Ms.

Now, it is again impossible to apply the (3£ rule to the premise since we have, by
the Observation 6.1, the same possibilities (*), (**) as in case of M; with additional
(***) M = Auj.xuy and (F) M = Aug.zug. All these are, however, again forbidden
by Corollary 5.5. Therefore, we can again apply here only the (— I)? rule and obtain
a derivation fragment:

Dyz:=D, 2: D F c(Ay.z(y(Aug.zuy) (Aug.zug))) = € )
[,z:2DF Az.c(Ay.z(y(Aug.zuy) (Aug.zus))) : =D (=) )
I'F Az Az.c(Ay.z(y(Aug.zuy) (Aug.zug))) : =D — =D (_()EI—?)
I'F Az Az.c(Ay.z(y(Aug.zuy) (Aug.zug))) = Fy.(—y — =)
We let M3 = c(Ay.z(y(Aug.zur)(Aug.zug))) and Ty =T z: =D, z: D.
(2) A chain of (JF) to derive M3 = c(\y.z(y(Aui.xuy ) (Aug.zusy))) : ¢
Note that the variable z is used as an operator in an application in Mjs. This,
combined with the fact that the derivation we analyse has immediate 3 elimination,

implies that 'y = Mj : ¢ is derived by a chain of the applications of (IE) which
exhausts all the initial existential quantifiers of D:

M 'ra,  :3X.D; THFMP:C

£))
T2 Mt (3E)
Ty F z:3X.D, TLE Ms[z i= a1 : ¢ .
Ty F Ms:( (3E) (6.2)

where D; does not start with 3, Ty = Ty U {a; : 3X,_,;---X1.D; |1 < j < i},
M = Mz := ay).
We observe now that by Corollary 5.5(1) the only rule which can be used to derive
'y = M3 ¢ is:
Fg Fc: Fg(C) Fg H M4 : ELH"}@"YQ.DQ
'y = M3 ¢ (

—>E)
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where
Dy = ~(=~(Bi =) =~ — By) — A — Ay) and

M, AY.a (y(Aug.zuy) (Aug.zug)).
Let T'; = I'y. Now, the goal for the derivation is I's F Ay.a, (y(Auq.zuy)(Aug.zus)) :
H.El’yl’)/g.Dg.
(3) A derivation for M; = \y.a,(y(Aui.zuq)(Aug.zusz)) : 3.3y1.92.2(—~(By —
M) — 7 (By — 1) — A — As)

Note that we have no variable in the environment which is free in M, and has
existential type as one of the results. This gives, by Corollary 5.5(1), that no (IF)
rule can be applied until new object variables enter the environment. This implies
that the only rule to apply to obtain I's - My : 3.3vv0.~(—=(B; — 1) — (2 —
By) — A; — Aj) is a sequence of (37) rules. These define a substitution 7" such that
dom(T) = FV(A;, A, By, By) and types Al,AQ (substltuted for v; and 7, respec-
tively). We define now D3 = -—~(T'B; — Al) — —M(AQ — TBy) —» TA; — TAy. At
the end of the sequence of (37), we obtain an arrow type with which we can employ
the (— I) rule so that the derivation must have the shape:

[3,y: D3 = a,(y(Auy.2ur ) (Aug.zug)) 1 ¢ (= 1)
I3 b Ay.an(y(Aup.zuq) (Aug.zug)) : = D3 o seq. of (A1)
3 F \y.an(y(Aup.zuq) (Aug.zug)) © 3.3v192. Do ’
Let I'y = I's, y: D3. Currently, the goal is
Ty F M5 = a,(y(Aug.zur) (Aug.zug)) : C.

(4) A derivation for M; = a,(y(Auy.zuy)(Aug.zus)) : €
As the derivation has immediate 3 elimination and the variable y is freshly in-
troduced to the derivation, the derivation for M5 must start with a chain of (IE)
rules which exhausts all the initial existential quantifiers of D3. However, D3 does
not start with quantifiers so the only rule that can be used to derive I'y = M5 : ( is:
F4 F (07 F4<6Ln) = D1 F4 H Mﬁ . D4
F4 H M5 . C
for some Dy such that Dy = Dy — ¢ and Mg = y(Aug.xuy) (Aug.xusg).
Currently, the goal is

Ly F Mg = y(Aug.zuy)(Aug.zug) = Dy.

(5) A derivation for Mg = y(Auy.xuy)(Aug.xug) @ Dy

We cannot apply the (3E) rule to obtain the term by Corollary 5.5(1). This is so
as there is no individual variable v in I'y which is free in Mg and has an existential
type as one of the results. Therefore, the derivation must start with two (— E) rules
(written here as one):

PyFy:Ts5(y)=Ds Tyb Aujzuy 0 Ds Ty b Aug.zus @ Dy (
Ly B y(Auy.zuy ) (Aug.zug) © Dy

(= E) (6.3)

—E) (6.4)
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Recall that D3 = ——(TB; — [11) — —m(flz — TBy) — TA; — TAy so Dy =
——~(TB; — A,), Dg = ~—(Ay — TB,), and Dy = TA; — TB,.
Now, we have to analyse the derivations for the judgements I'y F Auj.zu; : Dy
and F4 H )\UQ.QZU,Q . D6.
(6) A derivation for Auj.zu; : Ds
Using an argument similar to the one in the previous step, we eliminate the
possibility to apply the (3E) rule. In this situation the only possibility which remains
is the application of (— I):
Ty,uy - ~(TBy — Ay) b zuy : €
S
F4 F )\ul.xul . _|_|(TBl — Al)
Now, recall that I'y(z) = =D. By the usual argument, (3E£)* cannot be applied here.
The only other possible next rule is (— E):
I'stxz:-D TI'stwu :D
I's Faup @ ¢
where I's = Iy U {uy : =(T'B; — A;)}. Recall from the analysis of the derivation
fragment (6.2) that D = 3X,, - -+ X;.D; where D; does not start with 3. The further
derivation of I's = u; : D by the (var) rule is possible only provided that T} (D;) =
—~(TB; — A,) for some substitution T}. Recall from the analysis of the derivation
fragment (6.3) that Dy = —Dy4. Therefore, T1(Dy) = TB; — A; must hold. Recall,
now, from the analysis of the derivation fragment (6.4) that Dy = TA; — TAs.
Therefore, we obtain T (TA; — TAy) =TB; — Ay and finally

(6) A derivation for Aus.zus : Dg

Using an argument similar to the one in the previous case we arrive at a substi-
tution T5 such that T5(T'A; — T Ay) = Ay — T B, and finally

Ty(T A3) = TB,. (6.6)

(— E)

(7) Final recapitulation

In the analysis above, we defined substitutions 7', T}, T5 such that 71(T'A;) = T'By,
by (6.5), and T5(T'As) = T'Bs, by (6.6). This proves that T, T3, T, are solution to the
SUP instance {A; < By, Ay < By} which concludes the proof for the ‘only if’ part. [

Theorem 6.3 (TCP (—, J)). th:typechecking-imp The TCP of the system (—, 3)
in the Curry style is undecidable.

The proof given to the theorem above works as well for the statement of type
inference. Let N’ = Az Az.c(Ay.z(y(Aui.zur ) (Aug.zusz))) and N = bN', and

' = {b:3Fv.(~y— —),c: ~F=~(—~(B; = 1) = (12 — Bz) — A} — Ay)}.
Theorem 6.4 (TIP (—, 3)). th:typability-imp {A; < By, Ay < By} has a solution

if and only if there exists some A such that '+ N : A in the system (—,3). Therefore,
TIP of the system (—,3) in the Curry style is undecidable either.
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Proof. Tt is enough to show that if there exists some A such that I' = N : A then we
have a simple derivation of I' = N : (. The only ways to apply (IE) at the end of the
derivation are:
I'EN':3X.B T'x:BkFbx:A 'N:3X.B TI'z:BFaxz: A
I'Fbzfz:=N'T: A M'Fzfz:=N]: A

for some 9X.B as otherwise Observation 6.1 is violated. The former case is impossible
by Corollary 5.5(1), since N’ is in the form of A-abstraction. In the latter case,
N : 3X.B must be derived by (— E) by Corollary 5.5. Here, however, the type of N
cannot be existential but (. This implies that I' N : A is in the last step derived
5 by (— FE), where A = (. O

(3E) (3E)

7. TCP AND TIP ARE UNDECIDABLE IN CURRY-STYLE (—, A, 3)

Let {A; < By, Ay < By} be an instance of SUP built of type variables and A as
the binary symbol. We use for (=, A, 3J) in the Curry style a reduction similar to the
one in Theorem 6.2.

10 Note that Lemma 5.7 on derivations with immediate 3 elimination applies to the
derivations in the Curry (—, A, 3) alone, as well.

Let M, Ax.c(Auy.my (x)uy, AMug.m1(x)ug, mo(x)) and

r {C: _El(_\_\(Bl /\")/1> /\_\_\(’}/2/\32) /\_|<A1 /\Ag))}

Theorem 7.1 (TCP (-, A, 3)). th:typechecking-wedge {A; < By, Ay < By} has
a solution if and only if ' My : Iy.=(=y A7) in the system (=, A, 3).

15 Proof. The if part For the proof of the if part, assume that R;(S(A;)) = S(B;) and
Ry(S(A2)) = S(Ba).

Let
Iy =TU{z:(-3.-(D))A(F~(D))} where D = SA; N SA,,
and
I'y=T1yU{a: D} and
Iy =Ty U{u; : =(Ri(D))} where ¢ =1, 2.

We can now derive for i = 1, 2:
Iy s =(R:SA A R;SAy)
i mar:=3-(SA; ASAy)  Thkw:3-(SA; A SA)
Fé Forzu; o L
Uy F Augmazu; - ~—(R;SA; A R;SAsg)
It is easy now to derive by double application of (Al) the judgement
o B (Aup.mzuy, Aug.mizug, a) : == (Ag) A ==(Bs) A =D,

where Ay = SBy A R1SAy, and B, = RySA; A SBs. Tt is possible to obtain ——(Aj)
20 at the first coordinate and =—(Bs) at the second by the derivation (7.1) and since the
SUP has a solution. The type =D is obtained directly by the (var) rule.

(31)
(—E)

() (7.1)
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Let A= By A7v; B=7 N By; and C = A; A A;. We can now further continue:

o B (A\uy.mazuy, Aug.mxug, a) : =—Ag A =By A =D

a7
IyFc:T(e) [y F (A\ugmzuy, Mug.mxug, a) @ 3.3v,v2. P (30)
: (—E)
[y b c(Auy.mizug, Aug.mxus, a) @ L
where P = =——A AN —-—B A —-C.
This can be used as the derivation of the minor premise in:
[y b mox: 3=(D) Ty b e{Auy.maug, Aug.mzug, a) : L
(3E)
[y b e(Aup.mizug, Mg mxus, mx) « L (1)
H
['F Az.c(Auy.maug, Mug.mazug, mx) : =(—3.=(D) A 3.=(D)) an

[ F Az.c(Aug.mzuy, Mg mzug, mex) : Iy.2(—y A7)

The derivation for the major premise of the initial rule is obtained by the (var) rule
and the (AFE) rule.

The only-if part For the proof of the only-if part, assume that I' = M; : 3y.=(=yA7y)
is derived using a simple derivation with immediate 3 elimination in the system
(=, A, 3).

(1) The final rules of the derivation M; : 3.-(—y A )

Note that T'(c) is not an existential type, not a conjunction with an existential
type in one of the conjuncts. It is impossible to use (FE)* as follows from Observa-
tion 6.1 (note that the observation is also valid for the current system). Therefore,
M, : 3.=(—y A ) can by derived only by (3I) with ~ substituted by some type D.
Furthermore, the resulting premise can only be obtained by (—/) using the same
argument with I'(c). We obtain, therefore, a derivation:

Fl H c()\ul.mxul, )\U2.7T11'UQ,7TQQJ> L

-1
'k )\SC.C<)\U1.7T1£CU1, >\U2.7TlCEU2,7T2x> . _|(_|D A D) ((El[%

['F Az.c{Auy.maug, Aug.mzug, mox) : J.2(—y A7)

where I'y =T"U {x: =D A D}.

Let My = c(A\uy.mxuy, AMug.mzus, mex). We are interested now in the form of a
derivation for I'y = My : L.
(2) A chain of (3F) to derive I'y - My : L

Now, Corollary 5.5 combined with the property that the derivations have imme-
diate d elimination implies that the judgement is derived by a possibly empty chain
of (3F) rules. This is possible only if mox : D = 3X.D, for some type D; which does
not start with 4. W.l.o.g we may assume that the eliminations exhaust 3 and the
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current derivation fragment looks as follows:
M tvra,_:3X.Dy TPFMp:L
e Myt L

(3E)

Ty - mr : 3X.Dy TR AL L

Fl F MQ L (72)

where I = Ty U {a; : 3X,,;--- X1.D1 | 1 < j < i} and M} = M|z := a;] with
M [xg := mox| = Mo.

Now, there is no variable in I'f which can be used in an (3F) rule, as no variable
with an existential type occurs in M3'. Therefore, the minor premise of the final rule
must be derived using the (—E) rule:

I"Ece:The) TTE (Aupmizug, AMug.mxus, ay) @ Doy
Tr b Mp: L
where Dy = 3.37172.(7=(B1r A1) A ==(72 A Bz) A =(A1 A A)).
NOW, let FQ = lel and M3 = <)\u1.7rlxu1, )\U2.7T1.§CU2, CLn>.
Now, we analyse the possible derivations of I's = M3 : Ds.

(3E)

(—E)

(3) A derivation for Mz = (Auj.mixur, Mg 12Uz, ay)
3372 (72(Br Am) A =72 A Bo) A =(Ar A Ap))

As no new variable occurred in the environment in the previous rule and the
derivation has immediate 3 elimination, the only possible step is to apply the (31)
rules to eliminate all the existential quantifiers in the head of Ry:

FQ - M3 : D3
[y = Ms : Do
where D3 = T'(—=—=(B1 A 71) A ==(72 A By) A =(A; A Ay)) for some substitution 7.

As there is no new variable in the environment, the only possible rule which can be
applied here is (AI) twice:

Ty B Auy.maug : D; 'y B Aug.mizusy : D% 'y Fa,y e Dg’
Lo B (Auy.mzuy, Aug.mixusg, a,) : D3

a sequence of (31)

twice (A1)

where D3 = Dj A D3 A Di. We have to analyse now the derivations for a, and
Au;.mxu; where 1 = 1, 2.
(4) A derivation for Au;.mzu; for i = 1,2

Recall that Di = ——(TB; A T;) and that v; does not occur in the original
SUP instance. As D} contains no occurrence of 3 we can assume that the following
derivation is the only possible derivation of the judgement I'y - Auy.mzuy : Dé:

Lyt w i =(TBy ANTy) =T,D,

F%l—mx:—'D F%l—ul:fl.D4

Lo,uy:~(TBy ANTy) Fmazuy : L (=)
Lo F Auypmazuy - =—=(TBy A Ty)

(31)

(—E)
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where T'Y = Ty U {uy:—~(T'By ATy,)}, Ty is a substitution and G| is a type such that
D =4.D, and
TiDy = —~(TBi ATy). (7.3)
Similarly, we can assume that the following derivation is the only possible deriva-
tion of the judgement Ty F Aug.myzuy @ D3:
2wy : =(Ty ATBy) = TyDs
2 ma:—D 2+ uy:3.D;
Lo, ug:—(Ty AT Bsg) F mzug : L (1)
Ly F Aug.mzug : = —(Tye AT By)
where T2 = T'y U {ug: (T By AT72)}, Ty is a substitution and Dj is a type such that
D = 3d.Ds and

(31)

(—E)

T2D5 = _\(TBQ VAN T’Yz) (74)
(5) A derivation for a,
Recall that the goal is to derive I's & a,, : D3 where D3 = =(T'A; A TAy). Note

that Ts(a,) = Dy with D = 3X.D; by derivation (7.2). As D; does not start with 3,
we can obtain 'y F a,, : D3 only by the (var) rule and then

(6) Final recapitulation

We observe first that D = 3.D, = 3.D5 = 3X.D;. We also know from (7.3)
and (7.4) that Dy and Dj do not start with 3. This implies that Dy = D5 = D; =
—(T'A; AT As) where the final equality is by (7.5).

In the analysis above, we defined substitutions 7', T3, T such that T (T'A;) = T B,
by (7.3) and T5(T'Ay) = T' B by (7.4). This proves that T, Ty, T5 are a solution to the
SUP instance {A; < By, Ay < By} which concludes the proof in the ‘only if’ part. [J

The same method can be applied to TIP. Let
N b(Ax.c{Auy.mi(x)uy, Aug.m () ug, mo(x))) and
Iy {b : —E|’y.—l(—|’y VAN ’y), c: —\3.(—|—|(Bl VAN ’Yl) A —l—|(’yg VAN Bg) N —\(A1 AN Ag))}.

Theorem 7.2 (TIP (-, A,3)). th:typability-wedge {A; < By, Ay < By} has a
solution if and only if there exists A such that 'y = Ny @ A in the system (=, A, 3).

Proof. For the only-if part, assume that there exists A such that I'y = Ny : A. Then
we obtain I'y = Ny : L, which follows the proof of TCP. O
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8. PREDICATIVE FRAGMENTS OF EXISTENTIAL SYSTEMS

We show that the undecidability proof methods in the previous sections still work
for predicative systems with finitly stratified types. The predicative version of the
systems divides the type variables into levels [Lei91]. We write X*) to mark that X

5 is in the level k. Then the types in the level 0 and k for £ > 0 are defined as follows:

A0 .. x(0) | L | - A0 | (A(O) . A(O)) | (A(O) /\A(O))

A(k:-i-l) - A(k:) | X(k-i—l) | —|A(k+1) | (A(k-i-l) _ A(k-i—l)) | (A(k+1)/\A(k+1)) | EIX(k)A(k—I—l)
The minimum level of a type A is denoted as level(A). The inference rules of the
predicative type-free system are as usual except for the rules of the quantification:

I'EM:AX®:=B] level(B)<k an

-3 M) :3X® A
T M :3X® ACD T ogr AR M, AR

[k let (3,2) = M; in My : AFT

And the rules of the predicative Curry system are also defined for stratified types:

(3E)

IHM:AX® .= B] level(B) <k
I'EM:3x%.A

TH M 3X® A T g A My AFTY
T+ Mz = M]: AFY

Now expressions for unification problems can be redefined from type variables

10 with level k, and then results in section 4 and 6 still hold for predicative type-free
and Curry systems, respectively.

(31)

(3B)

Proposition 8.1. (Predicative type-free system)
prop:Predicative-TF Let E%) be the equations in the flat form with level k. The
problem E® is solvable if and only if x5:3X® . X®) - My - IXEH) X (*+1),

15 Proof. From the proof of Proposition 4.6, the proof works as well for the predicative
type-free system.
]

Theorem 8.2. (TCP, TIP for predicative type-free (—,d))
th: TCP-TIPforTF TCP and TIP are undecidable at level 2 in the predicative type-
20 free system.

Proof. From Proposition 8.1, we set k = 0 so that TCP and TIP are undecidable at
level 2 in the predicative type-free system.

U
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Lemma 8.3. (Predicative enforcing)

lem:predicative-exists Let Mg = z1(2223)(20(3, \v.x))(22(F%, 23)), where 21, 22, 23,
and z3 are fresh terms variables. If M5 s typable in the predicative type-free system,
where the derivation contains types only in level (k+2) with k > 0, then for all types

Alk+2) B(k+2) Bék , there exists a context I's, such that

FH(ZEI) _ E|X(k+1).X(k+1),

FEI(Zl) k+2 N B(k+2) N B§k+2 N A(k+2)7

FEI(ZQ) E|X (k+1) x(k+1) _ B(k+2) and

['3(23) =
Proof. Observe that M3 is typable in the predicative system only when I's(z3) =
IXO.XO for some [ > 1. The subterms z(3, A\z.x) and 2 (3%, z3) enforce the shape
AXFH)_ X+ on type of aa, if 23 : B and Az.z: BP — B, For types of other
free variables, the analysis is straightforward. ]
Theorem 8.4. (TP for predicative type-free (—,d))
th:TPforTF TP is undecidable at level 3 in the predicative type-free system.

Proof. Suppose that I" + Av.uM3Mp : B for some I and B’, where the derivation
contains types only in level (k + 2). Then, from Lemma 8.3, we have I's - M5 : B”
and T's F Mg : B” for some B” and B” with level (k + 2) in the predicative system,
where I's(z5) = IXED) XEFD | Hence, we also have 3 : IX*H) X+ My -
IX ++2) X *+2) with level (k + 3) types. The inverse direction is clear. Thus, from
Proposition 8.1, the problem E**1 is solvable if and only if x5 : IXE+HD) X E+D -
Mg - AX 2 X (#+2) | Finally, we set k = 0 to obtain that TP is undecidable at level
3 in the predicative system. L]

For the predicative Curry system, we consider substitutions of the semi-unification
problem, under which levels are closed such as [X*) := A(®)],
Let M; be the term M; in Theorem 6.4, and M be the term M; in Theorem 7.1.

Proposition 8.5. (Predicative Curry system)

prop:predicative-Curry {Agk) < Bfk),Agk) < B;k)} has a solution if and only if
[ F M 3y (o) — —~ k41 s derivable in the predicative system (—,3).
(AP < B® AW < BMY has a solution if and only if T '+ M| : 3y*+D —(—yk+) A

A *+D)Y in the predicative system (=, A, 3).

Proof. The proofs of Theorem 6.4 and Theorem 7.1, respectively work even for the
predicative Curry systems. L]

Theorem 8.6. (Predicative Curry (—,d), (—,A,3))
th: TCP-TIPforCurry TCP and TIP are undecidable at level 2 in the predicative
Curry-style systems.

Proof. From Proposition 8.5, we set £ = 0 so that TCP and TIP are undecidable at
level 2 in the predicative Curry systems.

U
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9. SUBJECT REDUCTION PROPERTY FOR CURRY SYSTEMS

According to the syntax directed property, the type-free system enjoys the subject
reduction property. However, it is known [SU0OG| that the subject reduction property
is broken in the Curry system with both V and 3. Prop. 5.4 is applied to the analysis
of the subject reduction property as well. We show a stronger result that the system
(—,3) does not enjoy the subject reduction property. Let I = Ax.z. We use below
implicitly the following lemma:

Lemma 9.1. (identity)
IfT'E1:T then:

° TzEI)?YZY, or
o I'=4X.T) — T, or
o I'="T, — T for some T7.

Proof. The proof is by analysis of all possible derivations. The details are left to an
interested reader. O

Proposition 9.2. (Subject reduction of [3)

prop:subject-beta The subject reduction property of B-reduction is broken with re-
spect to the existential system (—,3) in Curry-style. Let T" be {f : Z — IX.(X —
X),z : Z}. Then T'F de.(If2)(Ifzx) : AX(X — X) but T' V/ Xe.(f2)([fzx) :
AX.(X — X).

Proof. We can derive I' = Ax.(Ifz)(Ifzzx) : 3X.(X — X) by using (IE) rule with
major premise I' F Ifz : Y. (Y — Y) and the minor premise Iy : (Y — Y) I
Av.y(yz) : 3X.(X — X). The derivation for I' = I'fz : I3Y.(Y — Y) is done by
the rules which directly result from the structure of the term Ifz. The judgement
Fy: (Y —=Y)F Aey(yz) : 3X.(X — X) can be derived using the (37) rule followed
by the rules which directly result from the structure of Az.y(yzx).

By Lemma 5.7, it is enough to show that no simple derivation with immediate
3 elimination can derive I' - Az.fz([fzx) : 3X.(X — X). As the derivation has
immediate 3 elimination, it must start with (3F) rules. As a variable bound in the
resulting term cannot occur in the term in the major premise as a free one, the only
possible major premises must derive existential types for the subterms of Az. fz(I f zx):
(1) f(2)2(3) I (4) fz(B) If (6) Ifz (7) M\x.fz(Ifzx). By Corollary 5.5 the cases
(1)-(3), (7) are impossible. Note now, that the applications of the (3IF) rule to
subsequent minor premises can be permuted. Therefore, we may assume that the
outermost application of (3F) uses fz in the major premise, the one deeper I f in the
major premise and the deepest one I fz in the major premise.

Note now, that the ordering of (3E) we introduced here implies that fz cannot
be used in the major premise of (FF) rule in cases (5), (6). This, however, leads
immediately to contradiction as fz can only be typed to an existential type which
cannot be used in the major premise of the (— E) rule which must be used to derive
a type for fz(Ifzx). Therefore, we have to consider further the case (4) only.
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In case (4): \x.fz(I fzz) must be derived by (IE)
CEfz:Ty Ta: Xy — XgFAvay(Ifzx): T) (
CEXe.fz(Ifzx): Ty

where 77 = 3X.(X — X). Let Iy =T'U {a; : X — X;}. In order to obtain
the derivation for the minor premise, we can use further an (3E) rule. Using
a reasoning as above we can limit the possible uses so that the minor premise
derives a type for (a) If or (b) I fz. These cases are analysed below.

In case no further (IE) rule is applied, we must derive at some point I'y, z :
Uy &+ Ifz: Uy for some Uy and Uy = 3Y.(Y — Y). The latter, however,
implies that I fz cannot be applied to x as U, is not an arrow type.

In case (4a): I'y F Az.ay(I fzx) : Ty is derived by (FE):

CyEIf:3INNYy -1 Ti,a2:Y7 — T F Ax.ag(agzx) - Th

Iy F X eag(Ifzz) - Ty
Note now, that the derivation must at some point derive I'y,as:Y; — T} F
asz : Uy for some U;. This is, however, not possible as Y] # Z.
In case (4b): I'y F A\x.ay (I fzx) : T is derived by (IE):
Fl F IfZ . E'YiTQ Fl,agi T2 F )\I.(Zl(agﬂf) . T1
Iy F X eag(Ifzz) : Ty
Note that I'y = I fz : 3Y7.T» can only be derived by (— FE) rule by Corol-
lary 5.5. Therefore, we must derive I't = If : T3 — Y. T and 'y F 2z : T}
where T3 = Z by Corollary 5.5. We can exclude the possibility to ap-
ply the (FF) rule as in the reasoning above (cases (1), (3)). Therefore,
Iy If: Z — 3Y1.T, must be derived using the (— FE) rule. This, how-
ever, means that T, = Y; — Y;. This, however, excludes the possibility to

derive I'y, ag: Ty F A\x.ai(agx) : Ty as the return type of as does not match the
argument type of a;.

3E)

(3E)

(3E)

U

Proposition 9.3. (Subject reduction of 7)
prop:subject-eta The subject reduction property of n-reduction is broken with respect
to (—,3) or (—,3).

Proof. Let f : dX.X — W. Then take Aa.fa: Z — W. Let g : -3X. X, and then
take Aa.ga : =Z. Neither f:(IX.X) =Wk f:Z — W nor g:=-3X.X F ¢g: ~Z can
be derived in the Curry system by Corollary 5.5(2). ]

10. DISCUSSION ON UNIFICATION AND SEMIUNIFICATION

In this paper, we consider type-free and Curry-style terms. The systems differ
in how much of a derivation is preserved in a term —the Curry-style terms omit the
information from the rules (3E) and (37) while the type-free terms mark applications
of the rules, but they omit the types used. This makes a considerable difference as far
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as derivation reconstruction problem are concerned. In case of a Curry-style term,
we are forced to consider a potentially infinite number of 3 introduction rules (as
in the rule (37) from the derivation (6.1) in the proof of Theorem 6.2), while in a
type-free term the number of the introduction rules is determined to be the number
of occurrences of (3, -) construct (as in the terms of the first line in the term presented
as (4.1) in Definition 4.5).

A solution of a semiunification inequality X < A where X is a variable is a pair
of substitutions R, S such that R(S(X)) = S(A). The formulation of the problem
does not restrict the domain of R in any way. Therefore, this problem matches well
the situation we have in the Curry-style system. Still, the unification of the equations
in the flat form in its instance FX; ... X, = A, where X1,...,X,, are unique in the
set of equations, requires a fixed number of ‘additions’ to the variable F. However,
the equation in the flat form can be seen as a semiunification inequality in a variant
of semiunification where an additional restriction on the substitution R is imposed to
have domain of size n. It is indeed so as the variables X, ..., X,, are unique in the
whole set of equations.

The difference between the case with the potentially infinite domain of R and
with a domain of a fixed size is considerable as the original semiunification problem
enjoys the most general solution property while the semiunification with restricted
domain of R, as well as the second-order unification, does not. Therefore, it is difficult
to devise a direct translation between the two problems and no such translation is
known now.

In [FS00], we have studied the type related problems of other systems between
Church-style and Curry-style. One of them is known as the domain-free style, and
the type inference problem had been shown undecidable for the predicative fragment
of domain-free A2, called domain-free ML. For this, we reduced the second-order
unification problem for simple instances. However, the same reduction method cannot
be applied to the problem of systems in the type-free style, since the previous method
essentially refers to type information which is to be erased in the type-free case.
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