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Abstract

We prove generic semipositivity of the tangent bundle of a non-uniruled
Calabi–Yau variety in positive characteristic. We also construct an exam-
ple of a nef line bundle in characteristic zero, whose each reduction to
positive characteristic is not nef.

Introduction

In [25] Y. Miyaoka proved generic semipositivity of the cotangent bundle of a
nonuniruled variety in characteristic zero. Although his proof used reduction to
positive characteristic, his method does not work in positive characteristic. In
fact, T. Ekedahl constructed examples of non-uniruled surfaces of general type
in arbitrarily high positive characteristic for which the cotangent bundle is not
generically semipositive (see [25, Example 8.8]).

One of the aims of this paper is to prove that this cannot happen for Calabi-
Yau varieties:

Theorem 0.1. (see Corollary 3.3) Let X be a smooth n-dimensional projective
variety defined over a field of characteristic p ≥ (n − 1)(n − 2). Assume that

Author’s work was partially supported by Polish National Science Centre (NCN) contract
numbers 2013/08/A/ST1/00804 and 2012/07/B/ST1/03343.
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KX is numerically trivial and X is not uniruled. Then for every ample divisor
H the tangent bundle of X is strongly H-semistable and c2(X)Hn−2 ≥ 0.

Note that if KX is numerically trivial then TX is strongly H-semistable if
and only if it is generically H-semistable. To prove the above theorem we study
maximal destabilizing subsheaves of the tangent bundle and prove that in some
cases they give rise to 1-foliations (see Theorem 3.2)

Another aim of this paper is to study positivity properties of Hodge sheaves
of smooth group schemes. In particular, we generalize Bost’s theorem [5, Corol-
lary 2.7] in characteristic zero and Rössler’s theorem [31, Theorem 1.2] in pos-
itive characteristic to higher dimension of the base space. Then we use Moret-
Bailly’s example (see [37, Exposé 8]) to construct an example of a nef line bundle
in characteristic zero such that none of its reductions to positive characteristic
is nef. Existence of such an example is quite surprising. In particular, this ex-
ample gives a counterexample to Keeler’s conjecture (see [1, Appendix]) saying
that arithmetically nef line bundles are nef.

Let us also note that this example is related to the problem of behaviour of
semistability of vector bundles under reduction. More precisely, let us consider
a degree zero vector bundle on a smooth complex projective curve. One of the
open problems is wether semistability of this bundle implies strong semistability
of infinitely many reductions of this bundle to positive characteristic (see [26,
Problem 5.4]). This problem is equivalent to saying that if the tautological line
bundle on the projectivization of the bundle is nef in characteristic 0 then it
remains nef for infinitely many reductions. The above example suggests that
possibly the answer to this question is negative.

In equal characteristic 2 there exists an analogous example due to Brenner
and Monsky [7] who used it to show that tight closure does not commute with
localization.

Other results in the paper describe stability properties of the tangent bundle
of a K3 surface, Chern classes inequalities for generically positive sheaves in
positive characteristic and generalization to positive characteristic of Carrell’s
result [8] saying that there are no non-vanishing one-forms on surfaces of general
type.

The paper is organized as follows. Section 1 contains some preliminary
results and definitions. In Section 2 we study rational curves coming from 1-
foliations. In Section 3 we study destabilizing subsheaves of the tangent bundle
in positive characteristic and we prove Theorem 0.1. In Section 4 we study sta-
bility of the tangent bundle of a K3 surface. In Section 5 we prove that in positive
characteristic there are no non-vanishing one-forms on surfaces of general type.
In Section 6 we generalize Hartshorne’s theorem about formal subschemes with
ample tangent bundle relaxing ampleness assumption to generic positivity. In
Section 7 we use this to study positivity properties of Hodge sheaves of smooth
group schemes. In Section 8 we construct an example of a nef line bundle with
non-nef reductions. In Section 9 we generalize Miyaoka’s inequality for Chern
classes of generically positive sheaves to positive characteristic.
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0.1 Notation and conventions

All varieties in the paper are defined over an algebraically closed field k.
Let E be a rank r torsion free sheaf on a smooth (or only normal) n-

dimensional projective variety X with an ample line bundle L. Then one can
define the slope of E by setting µ(E) = c1E · c1Ln−1/r. Similarly, we can define
the slope of E with respect to a collection {D1, . . . , Dn−1} of nef divisors on X
by setting

µD1,...,Dn−1(E) =
c1(E)D1 . . . Dn−1

r
.

When the collection is clear from the context we usually omit in the notation
dependence of slope on the collection.

Semistability will always mean slope semistability with respect to the con-
sidered ample line bundle (or a fixed collection of nef divisors). The slope of
the maximal destabilizing subsheaf of E is denoted by µmax(E) and that of the
minimal destabilizing quotient by µmin(E).

The discriminant of E is defined by ∆(E) = 2rc2(E)− (r − 1)c21(E).

Let S be a scheme of characteristic p. By FmS : S → S we denote the
m-th absolute Frobenius morphism of S which corresponds to the pm-th power
mapping on OS .

If X is an S-scheme, we denote by X(m) = X(m/S) the fiber product of X
and S over the m-th Frobenius morphism of S. The m-th absolute Frobenius
morphism of X induces the relative Frobenius morphism FmX/S : X → X(m). In
particular, we have the following commutative diagram:

X

""E
EE

EE
EE

EE

Fm
X

##

F m
X/S

// X(m)

��

Wm
X/S

// X

��
S

Fm
S

// S

which defines Wm
X/S : X(m) → X.

If X is a normal projective k-variety and k has characteristic p > 0 then for
any torsion free sheaf E on X we set

Lmax(E) = lim
m→∞

µmax((FmX )∗E)
pm

.

Similarly, we define Lmin(E) using µmin instead of µmax. [17, Theorem 2.7]
implies that both Lmax(E) and Lmin(E) are well defined rational numbers.

1 Preliminaries

In this section we gather a few auxiliary results.
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Theorem 1.1. (see [13, Theorem 3.1]) Let X be a normal projective variety
with a fixed ample line bundle. Let G be a connected reductive algebraic group
over k and let G → SL(V ) be a low height representation (see [13, 2.1] for the
definition of low height representations). Then for every semistable principal
G-bundle E on X, the induced vector bundle E(V ) is also semistable.

Corollary 1.2. If E1 and E2 are semistable sheaves and p > rkE1 +rkE2−2
then E1 ⊗E2 is semistable. If E is semistable and p > i(rkE − i) then

∧i
E is

semistable.

Remark 1.3. The strong restriction theorem [17, Corollary 5.4] implies that the
above corollary holds for an arbitrary collection of ample divisors.

Definition 1.4. ([9, Section 4]) Let X be a smooth projective variety defined
over a perfect field k of characteristic p > 0. A coherent subsheaf F ⊂ TX =
TX/k is called a 1-foliation if it is saturated in TX (i.e., TX/F is torsion free)
and it is closed under the Lie bracket and p’th powers. We say that a 1-foliation
F is smooth, if TX/F is locally free.

To check if a subsheaf of the tangent bundle is a 1-foliation one usually uses
the following criterion:

Lemma 1.5. ([9, Lemma 4.2]) Let F be a saturated OX-submodule of TX . If

Hom(
∧2
F , TX/F) = Hom(F ∗XF , TX/F) = 0

then F is a 1-foliation.

Let us fix any collection of nef divisors (D1, ..., Dn−1).

Definition 1.6. We say that E is generically (D1, ..., Dn−1)-semipositive, if
Lmin(E) ≥ 0. We say that E is generically (D1, ..., Dn−1)-positive, if Lmin(E) >
0. If H is an ample divisor then we say that E is generically H-(semi)positive
if it is generically (H, ...,H)-(semi)positive.

In the curve case E is generically H-semipositive (H-positive) if and only if
it is nef (ample, respectively). In characteristic zero this fact and any restriction
theorem for semistability (e.g., the Mehta–Ramanathan restriction theorem) im-
ply that E is generically H-semipositive (H-positive) if and only if its restriction
to a sufficiently general complete intersection curve C ∈ |m1H| ∩ ...∩ |mn−1H|,
where mi � 0, is nef (ample, respectively). The analogous fact is not known
in positive characteristic, as a restriction theorem for strong semistability is not
known (apart from some special cases).

2 Rational curves coming from 1-foliations

Let X be a n-dimensional projective variety defined over an algebraically closed
field k of positive characteristic p. In this section we generalize some theorems
about tangent bundles (see [15] and [16]) to 1-foliations.
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Theorem 2.1. Let L be a nef R-divisor on X. Let f : C → X be a non-constant
morphism from a smooth projective curve C such that X is smooth along f(C).
Let F ⊂ TX be a 1-foliation, smooth along f(C). Assume that

c1(F) · C >
KX · C
p− 1

.

Then for every x ∈ f(C) there is a rational curve Bx ⊂ X passing through x
such that

L ·Bx ≤ 2n
pL · C

(p− 1)c1(F) · C −KX · C
.

Proof. Let ρ : X → Y = X/F be the quotient by 1-foliation F . Then KX =
(p− 1)c1(F) + ρ∗KY and we have

KY · C = KX · C − (p− 1)c1(F) · C < 0.

Since the 1-foliation is smooth along f(C), the variety Y is also smooth along
the image of C. Therefore by [15, II, Theorem 5.8] we know that there exists
such a family of rational curves B′x covering Y that for any nef R-divisor M on
Y we have

M ·B′x ≤ 2n
M · C
−KY · C

.

Let L′ be the pull back of L(1) via the canonical morphism Y → X(1). Then
ρ∗L′ = (FX)∗L = pL. Since ρ is purely inseparable (of degree prkF ) the reduced
pre-image Bx of B′x is also a rational curve. Note that

p (L ·Bx) = ρ∗L′ ·Bx ≤ pL′ ·B′x.

If the induced morphism Bx → B′x is non-separable then we have equality.
Otherwise, ρ∗L′ ·Bx = L′ ·B′x and the inequality is obvious.

Therefore

L ·Bx ≤ L′ ·B′x ≤ 2n
L′ · C
−KY · C

≤ 2n
pL · C

(p− 1)c1(F) · C −KX · C
,

which proves the required assertion.

Corollary 2.2. Under the hypotheses of Theorem 2.1 assume additionally
that X is smooth and the 1-foliation F ⊂ TX is also smooth. Then for every
x ∈ f(C) there is a rational curve Bx ⊂ X containing x such that

L ·Bx ≤ 2n
pL · C

(p− 1)c1(F) · C −KX · C

and
((p− 1)c1(F)−KX) ·Bx ≤ p(n+ 1).

The corollary follows by applying in proof of Theorem 2.1 [15, II, Theorem
5.14] instead of [15, II, Theorem 5.8]. Similarly, applying [16, Theorem 1.13]
instead of [15, II, Theorem 5.8], we get the following theorem:
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Theorem 2.3. Assume that X is smooth. Let H be an ample divisor on X and
let f : C → X be a non-constant morphism from a smooth projective curve C.
Let F ⊂ TX be a smooth 1-foliation. Assume that

c1F · C >
KX · C
p− 1

.

Then there is a rational curve B ⊂ X such that

0 < (p− 1)c1(F) ·B −KX ·B ≤ p(n+ 1)

and
H ·B

(p− 1)c1(F) ·B −KX ·B
≤ H · C

(p− 1)c1(F) · C −KX · C
.

Applying the above theorems to F = TX we recover [15, II, Theorem 5.8],
[15, II, Theorem 5.14] and [16, Theorem 1.13], respectively.

3 Destabilizing subsheaves of the tangent bun-
dle in positive characteristic

Let X be a smooth n-dimensional projective variety defined over an algebraically
closed field of characteristic p. Let us fix some collection of ample divisors
(D1, . . . , Dn−1). In this section all slopes and degrees are counted with respect
to this chosen collection.

Proposition 3.1. If µmin(TX) ≥ 0 then all terms of the Harder–Narasimhan
filtration of TX define 1-foliations. In particular, if TX is nef then all terms of
the Harder–Narasimhan filtration of TX define 1-foliations.

Proof. If µmin(TX) ≥ 0 then all semistable sheaves on X are strongly semistable
(see [23, Theorem 2.1]). In particular, by [30, Theorem 3.23] tensor products
and exterior powers of semistable sheaves are still semistable. Therefore for any
1 ≤ j < m

µmin

(∧2
Fj
)

= 2µmin(Fj) = 2µ(F j) > µ(F j+1) = µmax(TX/Fj)

and hence Hom(
∧2 Fj , TX/Fj) = 0. Moreover, we have

µmin(F ∗Fj) = pµ(F j) > µ(F j+1) = µmax(TX/Fj)

and hence Hom(F ∗Fj , TX/Fj) = 0. In particular, Fj ⊂ TX is a 1-foliation.
The last part of the proposition follows from the fact that nefness of TX

implies µmin(TX) ≥ 0 (for any multi-polarization (D1, . . . , Dn−1)).

Theorem 3.2. Let us assume that KXD1 . . . Dn−1 ≤ 0. If p ≥ (n − 1)(n − 2)
then the maximal (D1, . . . , Dn−1)-destabilizing subsheaf of TX is a 1-foliation.
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Proof. If TX is semistable the assertion is trivial so in the following we assume
that TX is not semistable. Let F ⊂ TX be the maximal destabilizing subsheaf
of TX and let G be the minimal destabilizing quotient of TX .

Since rkF ≤ n − 1 and p ≥ (n − 1)(n − 2) > 2n − 6, the sheaf
∧2F is

semistable by Corollary 1.2. Therefore we have

µmin

(∧2
F
)

= 2µ(F) ≥ µ(F) > µmax(TX/F)

and Hom(
∧2 F , TX/F) = 0 (note that we do not need to worry about torsion

in
∧2 F as TX/F is torsion free).
It is a bit more tricky to prove that Hom(F ∗F , TX/F) = 0, as the Frobenius

pull back of a semistable sheaf can be unstable in an arbitrarily high character-
istic. So to bound µmin(F ∗F) we need to use a different technique.

If F ∗F is semistable then we can proceed as before. So assume that it is not
semistable and let 0 = E0 ⊂ E1 ⊂ · · · ⊂ Es = F ∗F be its Harder-Narasimhan
filtration. Let us set E l = El/El−1. Then for any 1 ≤ l < s we get a non-
trivial OX -homomorphism El → ΩX ⊗ (F ∗F)/El (see, e.g., [17, Corollary 2.4]).
Therefore we have

µmin(El ⊗ ((F ∗F)/El)∗) ≤ µmax(ΩX) = −µ(G).

Note that E i1 ⊗ (E i2)∗ is semistable for i1 6= i2 by Corollary 1.2 because p >
n− 3 ≥ rkF − 2 ≥ rk E i1 + rk E i2 − 2. Thus the above inequality gives

µ(E l)− µ(E l+1) ≤ −µ(G).

Summing over l = 1, . . . , s− 1 we get

µmax(F ∗F)− µmin(F ∗F) ≤ −(s− 1)µ(G)

and hence
µmin(F ∗F) ≥ pµ(F) + (s− 1)µ(G).

If Hom(F ∗F , TX/F) 6= 0 then

µmin(F ∗F) ≤ µmax(TX/F) < µ(F),

which implies
(p− 1)µ(F) + (s− 1)µ(G) < 0.

Since µ(F) > µ(TX) = −KXD1 . . . Dn−1/n ≥ 0 and s ≤ rkF we get

(p− 1)µ(F) < −(rkF − 1)µ(G).

On the other hand we have

0 ≤ −degKX = deg TX ≤ (n− rkG)µ(F) + rkGµ(G).
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Therefore

(p− 1)rkGµ(F) < (rkF − 1)(−rkGµ(G)) ≤ (rkF − 1)(n− rkG)µ(F).

Since µ(F) > 0 this implies

(n− 2)(n− 1) ≤ p < (rkF − 1)
(

n

rkG
− 1
)

+ 1.

Since rkF ≤ n− 1 this is possible only if rkF = n− 1 and p = (n− 1)(n− 2),
which implies that n = 3. Then rkG = 1 and

pµ(F) + (s− 1)µ(G) ≤ µmin(F ∗F) ≤ µmax(TX/F) = µ(G).

Since 1 < s ≤ rkF = 2, this implies

pµ(F) < (2− s)µ(G) = 0,

a contradiction.

Let us recall that a locally free sheaf E is called numerically flat if both E and
its dual E∨ are nef. For some characterizations of numerical flatness in positive
characteristic see [20, Propposition 5.1]. Let us just recall that numerical flatness
implies vanishing of all l-adic Chern classes ci(E) ∈ H2i

ét (X,Ql) for i > 0 and l
prime to p. Moreover, if E is numerically flat then it is slope semistable with
respect to all nef multi-polarizations.

Corollary 3.3. Let X be a smooth n-dimensional projective variety defined
over a field of characteristic p ≥ (n−1)(n−2). Assume that KXD1...Dn−1 = 0
and X is not uniruled. Then the tangent bundle of X is strongly (D1, . . . , Dn−1)-
semistable and c2(X)D2...Dn−1 ≥ 0. In particular, if c2(X)D2...Dn−1 = 0 then
TX is numerically flat.

Proof. If TX is semistable then µmin(TX) = µ(TX) = 0. In this case all
semistable sheaves on X are strongly semistable by [23, Theorem 2.1]. There-
fore we can assume that TX is not semistable. In this case let F denote the
maximal destabilizing subsheaf of TX . By Proposition 3.1 and Theorem 3.2,
respectively, we know that F is a 1-foliation. Hence uniruledness of X follows
from Theorem 2.1 applied to the normalization of any complete intersection
curve C ∈ |m1D1| ∩ · · · ∩ |mn−1Dn−1| (we take large integers m1, ...,mn−1 to
get a family of curves covering X).

The second part of the corollary follows from [20, Proposition 5.1] and [17,
Theorem 3.2].

Remark 3.4. 1. Let X be a smooth projective, non-uniruled variety with
nef tangent bundle. Then for any collection of ample divisors we have
KXD1...Dn−1 = 0 and TX is numerically flat by [20, Proposition 5.1].
In particular, all Chern classes of X are numerically trivial. In this case
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X does not contain any rational curves. Indeed, if f : P1 → X is a
normalization of a rational curve then TC = OP1(2) ↪→ f∗TX . But f∗TX
is numerically flat and hence isomorphic to OnP1 , a contradiction. This
shows that in this case X is as far as possible from being uniruled.

2. In the next section we show surfaces with KX = 0 for which the tangent
bundle is not semistable with respect to some ample polarizations. One
can still speculate that there exists a function f : N → N such that
for every p > f(n) and every smooth n-dimensional projective variety
X defined over an algebraically closed field of characteristic p if X has
trivial canonical divisor then the tangent bundle is strongly semistable
with respect to all ample polarizations. This is not known even in the
case of K3 surfaces (but see the next section).

3. In the surface case if KX = 0 then using classification of surfaces one can
easily see that c2(X) ≥ 0. The analogous semipositivity of c2(X) for X
with KX = 0 should be false in higher dimensions although the author
does not know any such examples. The main reason why this should fail
is that in positive characteristic there are many example of surfaces of
general type with c2(X) ≤ 0.

Corollary 3.5. Let X be a smooth n-dimensional projective variety defined
over a field of characteristic p ≥ (n− 1)(n− 2). Assume that X is not uniruled
and KXH

n−1 = 0 for some ample divisor H. Then all slope H-semistable
sheaves are strongly H-semistable. In particular, if E is a slope H-semistable
torsion free sheaf then ∆(E)Hn−2 ≥ 0.

Proof. By Corollary 3.3 the cotangent bundle of X is slope H-semistable. Hence
µmax(ΩX) = 0 and the first part follows from [23, Theorem 2.1]. The second
part follows from [17, Theorem 3.2].

4 Tangent bundle of a K3 surface

Let us recall that a surface is called a Zariski surface, if there exists a purely
inseparable dominant rational map of degree p from the projective plane to this
surface. In particular, any such surface is unirational and its Picard number
ρ(X) is equal to its second Betti number b2(X).

The following proposition is a refinement of [32, Theorem 5].

Proposition 4.1. Let X be a K3 surface defined over an algebraically closed
field of characteristic p. If the tangent bundle of X is not strongly semistable
with respect to some ample polarization H then X is a Zariski surface.

Proof. If the tangent bundle is not semistable with respect to H then by The-
orem 3.2 the maximal H-destabilizing subsheaf F is a 1-foliation (in fact, one
can also see this directly using Lemma 1.5). In this case consider the quotient
ρ : X → Y = X/F . Then ρ∗KYH = −(p − 1)c1(F)H < 0, so the canonical
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divisor of the minimal resolution Ỹ of Y has negative intersection with respect
to some nef and big divisor. Hence κ(Ỹ ) = −∞. In this case Y is rational, be-
cause q(X) = 0 and hence there exists no surjective morphism from a blow up
of X to a curve of positive genus. Since we have a factorization X → Y → X(1)

of the geometric Frobenius this shows that X is a Zariski surface.
Now let us assume that the tangent bundle is semistable with respect to

H. In this case µmax(ΩX) = 0 so TX is strongly H-semistable by [23, Theorem
2.1].

The above proposition implies that if a K3 surface is not unirational then its
tangent bundle is strongly semistable with respect to every ample polarization
(cf. Corollary 3.3 for a weaker version in all dimensions).

Corollary 4.2. If a K3 surface X has structure of a quasi-elliptic fibration
then its tangent bundle is not semistable with respect to some ample polarization.
In particular, X is a Zariski surface.

Proof. Let f : X → B be a quasi-elliptic fibration and let Σ0 be the curve
formed by the cusps of the fibers of f (i.e., the closure of the locally closed
subset forms by such cusps). Since h1(OX) = 0 the curve B is isomorphic to P1.
By a local computation we see that the map df : f∗ΩP1 → ΩX factors through
L = f∗ΩP1(Σ0) (in fact, if char k = 2 then it factors also through f∗ΩP1(2Σ0)).
On the other hand, intersection of Σ0 with the general fiber F is positive (and
equal to the characteristic of k; see [3, Proposition 1]). Therefore L(F+εH) > 0
for ample H and small positive ε. In particular, ΩX is not (F + εH)-semistable.
The last part of the lemma follows from the above proposition.

Corollary 4.3. Let X be a K3 surface defined over a field of characteristic 2.
Then the following conditions are equivalent:

1. X is unirational,

2. X is a Zariski surface,

3. X has structure of a quasi-elliptic fibration,

4. TX is not semistable with respect to some ample polarizations,

5. TX is not strongly semistable with respect to some ample polarizations.

Proof. This follows from Proposition 4.1, Corollary 4.2 and the fact that in
characteristic 2 unirationality of X implies existence of a quasi-elliptic fibration
(see [32]).

Remark 4.4. 1. A well known old result of Rudakov and Šafarevič says that
in characteristic 2 a K3 surface is unirational if and only if it is supersin-
gular, i.e., all cycles on X are algebraic. This gives yet another condition
equivalent to those in Corollary 4.3.
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2. The above proposition and corollaries are essentially implicit in [36]. It is
well known that Corollary 4.3 fails in characteristics 6= 2. For example, the
tangent bundle of a Kummer surface in characteristic 6= 2 is semistable
with respect to all polarizations, whereas some such surfaces are unira-
tional (this is remarked in [36, Remark 3.3 (ii)]). Actually, in characteris-
tic ≥ 5 there are no known examples of K3 surfaces with non-semistable
tangent bundle.

3. Corollary 4.2 implies that in characteristics 2 and 3 there exist K3 surfaces
with non-semistable tangent bundle (with respect to some polarizations).
Note that all K3 surfaces lift to the Witt ring as the obstruction space
H2(X,TX) vanishes (by the Rudakov–Šafarevič theorem the Serre-dual
space H0(ΩX) = 0).

Theorem 4.5. Let X be a K3 surface defined over an algebraically closed field.
Then the tangent bundle of X is strongly semistable with respect to some non-
trivial nef polarization.

Proof. Without loss of generality we can assume that the base field has positive
characteristic.

Assume that the tangent bundle of X is not strongly semistable with respect
to some ample polarization. Then by Proposition 4.1 X is a Zariski surface.
Hence X is unirational and its Picard number is equal to b2(X) = 22. Therefore
by the Hasse–Minkowski theorem (see [35, IV.3.2, Corollary 2]) there exists a
non-trivial isotropic vector in the Néron–Severi lattice of X. By [33, Theorem]
this implies that X has an elliptic fibration π : X → C. Since the generic fibre
of π is smooth, we have the short exact sequence

0→ π∗ΩC → ΩX → ΩX/C → 0.

Let M = π∗ΩC(D) ⊂ ΩX be the saturation of π∗ΩC in ΩX and let L denote the
class of the fibre of π. Since D is supported on a finite set of multiple irreducible
components of the fibres of π, we have M · L = 0. But KX = 0 so ΩX is an
extension of two rank one torsion free sheaves of degree 0 with respect to L.
This implies that the tangent bundle of X is strongly L-semistable.

5 Surfaces with nowhere vanishing one-forms.

In [8] J. Carrell proved that there are no nowhere vanishing global 1-forms on
a smooth complex projective surface of general type. Afterwards there were
many results trying to generalize this to higher dimensions and they culminated
in a recent proof of the analogous fact by M. Popa and Ch. Schnell in every
dimension (see [29]). In connection with these developments Ch. Schnell asked
the author wether the analogue of Carrell’s result holds in positive characteristic.
The following theorem gives an affirmative answer to this question.
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Theorem 5.1. Let X be a smooth projective surface of general type. Then every
global one-form must vanish at some point.

Proof. Assume X admits a global nowhere vanishing one-form. Its dual gives a
short exact sequence

0→ L→ TX → OX → 0, (1)

where L = ω−1
X . First let us note that X does not contain any (−1)-curves.

Indeed, if C is a smooth rational curve with KXC = C2 = −1 then the above
short exact sequence splits after restricting to C giving TX |C ' OP1 ⊕OP1(1).
But TC = OP1(2) is contained in TX |C , a contradiction.

This shows that X is minimal. Let us choose a minimal surface of general
type with a nowhere vanishing one-form for which K2

X is the smallest possible.
First let us assume that the sequence (1) splits. Then Lemma 1.5 implies

that OX ⊂ TX defines a 1-foliation. Let f : X → Y be the quotient by this
1-foliation. Since TX/OX = L is locally free, by [9, Proposition 3.2] Y is smooth
and by [9, Corollary 3.4] we have a short exact sequence

0→M → TY → OX → 0,

where M = ω−1
Y is such that L = f∗M . This shows that KX = f∗KY and

K2
Y = K2

X/p. Therefore Y is a minimal surface of general type with a nowhere
vanishing one-form for which K2

Y < K2
X , a contradiction.

Therefore the sequence (1) does not split giving a non-zero class in Ext1(OX , L) =
H1(ω−1

X ). By [10, II, Theorem 1.7] this implies that the characteristic of the
base field is 2 and χ(X) = 1. Actually, the proof of [10, II, Theorem 1.7] shows
that b1(X) = 0. Hence c2(X) = 2 − 2b1 + b2 ≥ 3, whereas the sequence (1)
implies that c2(X) = 0, a contradiction.

6 Generalization of Hartshorne’s theorem

The following theorem generalizes [12, Theorem 6.7].

Theorem 6.1. Let X be a regular, proper formal scheme with a scheme of def-
inition X. Assume that X is a normal projective variety of dimension > 1 and
it is a locally complete intersection in X . Let us fix an ample line bundle H on
X. If the normal bundle NXX is generically H-positive then the transcendence
degree of the field K(X ) of meromorphic functions on X is at most n = dimX .

R. Hartshorne proved in [12] the above theorem under assumption that NXX
is ample. This assumption is usually much stronger than generic positivity,
except for the curve case where they are equivalent. We follow general strategy
of Hartshorne’s proof, although we do not restrict to the curve case and we need
to use different bounds for the number of sections of a coherent sheaf.

Proof. Let x1, ..., xd be a transcendence basis of K(X ). There exists a line
bundle L on X and sections s0, ..., sd of L such that xi = si/s0. Since the
ring A =

⊕
m≥0H

0(X ,Lm) is a domain and it contains the polynomial ring
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k[s0, ..., sd], it is sufficient to show that the transcendence degree of K(A) is at
most n+ 1.

Let I be the ideal of X in X and let Xi be the subscheme of X defined by
Ii. We have short exact sequences

0→ Ii/Ii+1 → OXi+1 → OXi
→ 0.

Since Ii/Ii+1 = SiE, where E is the dual of NXX , we have

h0(X ,Lm) ≤
∞∑
i=0

h0(X,SiE ⊗ Lm),

where L = L|X . Let us set s = dimX. By [18, Theorem 3.3] for every rank r
torsion free sheaf G on X we have

h0(X,G) ≤

 rHs

(µmax(G)
Hs + ln(r + 1) + s

s

)
if µmax(G) ≥ 0,

0 if µmax(G) < 0.

If r denotes the rank of E then ri = rk SiE =
(
i+r−1
r−1

)
. Moreover, by [19, Lemma

8.2] we have
µmax(SiE) ≤ Lmax(SiE) ≤ iLmax(E),

where by assumption Lmax(E) = −Lmin(NXX ) < 0. Let us set a = −Lmax(E)
Hs

and b = LHs−1

Hs . Then both a and b are positive and we have

h0(X,SiE ⊗ Lm) ≤

 riH
s

(
bm− ai+ ln(ri + 1) + s

s

)
if ai ≤ bm,

0 if ai > bm.

Let us remark that we have a very crude estimate ln(ri + 1) ≤ (i + r) ln 2.
Therefore for some positive constants A and B we have

h0(X ,Lm) ≤
∞∑
i=0

h0(X,SiE⊗Lm) ≤ P (m) = Hs
∑

0≤i≤bmb
a c

(
i+ r − 1
r − 1

)(
Am+B

s

)
.

Since
∑

0≤i≤bmb
a c

ij is bounded by a polynomial of degree (j + 1) in m, we see
that P (m) is bounded by a polynomial of degree n = (r + s) in m. But by the
construction, the graded ring A contains the graded polynomial ring k[s0, ..., sd],
so

dimAm = h0(X ,Lm) ≥ dim k[s0, ..., sd]m =
(
m+ d

d

)
,

so d ≤ n.
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With a little more care one can also generalize the above theorem to a non-
normal case. Since this requires some new notation, we skip the proof as in the
following we will not need the generalized version.

J.-B. Bost noticed that Hartshorne’s theorem implies algebraicity of certain
formal schemes (see [4, Corollary 3.8]). This algebraicity was also noticed by F.
Bogomolov and M. McQuillan (see [2]). In the same way Theorem 6.1 implies
the following corollary:

Corollary 6.2. Let X be a quasiprojective variety over a field k and let Y
be a normal projective subvariety of X of dimension > 1. Let Ŷ be a formal
subscheme of the formal completion X̂Y of X admitting Y as a scheme of def-
inition. Assume that Y is a locally complete intersection in Ŷ . If the normal
bundle NY Ŷ is generically positive then Ŷ is algebraic.

7 Positivity properties of Hodge sheaves

Let k be an algebraically closed field and let S be a normal projective variety
over k. Let K be the function field of S and let H be a fixed ample divisor on
S. Let us recall that an open subset of S is called big if its complement has
codimension at least 2.

Let us consider a smooth group scheme π : G → U , defined over some big
open subset j : U ↪→ S. Let ε : U → G be the zero-section and let us set

H := j∗(ε∗(Ω1
G/U )).

By definition, H is a reflexive sheaf extending the Hodge bundle of G over U to
S. Since reflexive sheaves which are equal in codimension 1 are equal, the sheaf
H does not depend on the choice of a big open subset U ⊂ S. In particular, by
normality of S we can assume that U is contained in the smooth locus of S. H
is called the Hodge sheaf of π : G 99K S.

Let us recall that a Lie algebra sheaf on S is a pair consisting of a torsion free
sheaf E on S and a homomorphism ϕ : E⊗OS

E → E∨∨ of OS-modules which is
antisymmetric and satisfies the Jacobi identity. Note that Lie (G/U) = ε∗(TG/U )
on U extends to the dual H∨ of the Hodge sheaf and H∨ carries a natural
structure of a Lie algebra sheaf on S.

7.1 Positivity in characteristic zero

The following theorem is a straightforward generalization of Bost’s [5, Theorem
2.6]. The only small difference is that we need to apply Theorem 6.1 in its proof:

Theorem 7.1. Assume that G → U is quasi-projective and k has characteristic
0. Let F be a saturated subsheaf of Lie subalgebras of H∨. Assume that F is
generically H-positive. Then there exists a connected linear unipotent algebraic
K-subgroup G′ of the generic fibre G = GK such that Lie G′ = FK .
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As a corollary we get the following result, generalizing [5, Corollary 2.7]:

Theorem 7.2. Assume that G is quasi-projective and k has characteristic 0.
Suppose that the generic fibre G = GK is a semi-abelian K-variety. Then the
Hodge sheaf H is generically H-semipositive. More precisely, there exists a big
open subset U ′ ⊂ S such that for any smooth projective curve C and any map
f : C → S such that f(C) ⊂ U ′, f∗H is nef.

This theorem follows from the fact that a semi-abelian K-group scheme
does not contain any nontrivial connected unipotent K-algebraic subgroups and
hence by the previous theorem µmax(H∨) = −µmin(H) ≤ 0.

7.2 Positivity in positive characteristic

Assume that G → U ⊂ S is commutative and the base field k has characteristic
p > 0. Then the multiplication by pm on G factors through the m-th relative
Frobenius morphism FmG/U : G → G(m/U) and it defines a U -morphism V mG :
G(m/U) → G called the m-th Verschiebung morphism. This is classical in case of
abelian group schemes and works for arbitrary commutative flat group schemes
(see [28, Definition 5.18 and Proposition 5.19]).

If G is a commutative group scheme over a field K we say that it is ordinary,
if the corresponding Verschiebung K-morphism G(1/K) → G is separable.

The following theorem generalizes [31, Theorem 1.2].

Theorem 7.3. Suppose that the generic fibre G := GK is an ordinary group
scheme over K. Then the Hodge sheaf H of G 99K S is generically semipositive.
More precisely, there exists a big open subset U ′ ⊂ S such that for any smooth
projective curve C and any map f : C → S such that f(C) ⊂ U ′, the pull-back
of H to C is an extension of a locally free étale trivializable sheaf by an ample
sheaf. Moreover, if there is a closed point s ∈ f(C) such that Gs has p-rank 0,
then f∗H is ample.

Proof. The Hodge sheafHn of G(m) → U is a reflexive extension of (FmU )∗ε∗(Ω1
G/S).

By assumption the Verschiebung morphism is separable, so for any m ≥ 1 we
get an injective map of reflexive sheaves

H → (FmS )∗H.

Now let us prove the following lemma:

Lemma 7.4. Let E be a torsion free sheaf on a normal projective variety S and
assume that there exists an injective map ϕ : E → (FmX )∗E for some m ≥ 1.
Let Z be the support of the cokernel of ϕ. Let C be a smooth projective curve
and let us fix a morphism f : C → X such that f(C) 6⊂ Z and E is locally free
along f(C). Then f∗E is nef. Moreover, f∗E can be written as an extension
of an étale trivializable locally free sheaf E′ by an ample sheaf E′′.
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Proof. Let us set Ẽ = f∗E. Then since f(C) 6⊂ Z, the map ϕ̃ = f∗ϕ : Ẽ →
f∗((FmX )∗E) = (FmC )∗Ẽ is generically an isomorphism. It is more convenient to
work with the dual ϕ̃∨ : (FmC )∗Ẽ∨ → Ẽ∨, which is also generically an isomor-
phism and hence injective. It induces injective maps (FmnC )∗Ẽ∨ → Ẽ∨ for all
n ≥ 1. In particular, we have

µmax((FmnC )∗Ẽ∨) ≤ µmax(Ẽ∨).

By [17, Theorem 2.7] this implies that for n� 0 we have

µmax((FmnC )∗Ẽ∨) = pmnLmax(Ẽ∨) = −pmnLmin(Ẽ) ≤ µmax(Ẽ∨) = −µmin(Ẽ).

Hence

Lmin(Ẽ) ≥ µmin(Ẽ)
pmn

,

which after passing with n to infinity implies Lmin(Ẽ) ≥ 0. This implies that Ẽ
is nef.

If µmin(Ẽ) > 0 then Lmin(Ẽ) > 0, so Ẽ is ample. Now let us assume that
µmin(Ẽ) = 0. Let E′ be the minimal destabilizing quotient of Ẽ and E′′ the
kernel of the projection E → E′. Since µ(E′) = 0, we have µ((FmC )∗E′) = 0.
Since µmin((FmC )∗Ẽ) ≥ pmLmin(Ẽ) ≥ 0, the bundle (FmC )∗E′ is semistable of
slope zero. Therefore the composition E′′ → Ẽ → (FmC )∗Ẽ → (FmC )∗E′ is zero.
This implies that ϕ̃ induces injections E′′ → (FmC )∗E′′ and E′ → (FmC )∗E′.
Since µmin(E′′) > 0, we know that E′′ is ample. On the other hand, E′ →
(FmC )∗E′ must be an isomorphism, so E′ is étale trivializable by the Lange–
Stuhler theorem.

Let us apply Lemma 7.4 to H → (FmS )∗H. Then we get a proper closed
subset Z ⊂ S such that for any smooth projective curve C and a morphism
f : C → X such that f(C) 6⊂ Z and f(C) ⊂ U , f∗H is an extension of a locally
free étale trivializable sheaf by an ample sheaf. Now as U ′ we can take U −D,
where D is any very ample divisor on Z.

If there is a closed point c ∈ C such that Gc has p-rank 0 then for some m
(e.g., for m = dimG) the map f∗H → (FmC )∗(f∗H) is zero at s. But then the
étale trivializable part of f∗H must vanish and f∗H is ample.

The above theorem should be compared with [22, Theorem 3.5] and [14,
Corollary 2.11 and Proposition 2.15] that deal with analogous theorems for
semistable families of curves parameterized by a curve.

7.3 Moret–Bailly’s example

We recall an interesting example due to L. Moret-Bailly (see [37, Exposé 8]
and [34, Section 3]). Let k be an algebraically closed field of characteristic p.
Then for any integer n ≥ 1 there exists an abelian group scheme f : X → P1
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of relative dimension 2 such that the associated Hodge sheaf is isomorphic to
OP1(−n)⊕OP1(np), so it is not generically semipositive.

We have the following short exact sequence

0→ f∗ Lie (X/P1)→ TX → f∗TP1 → 0

(see [6, Chapter 4, Proposition 2]). Since Lie (X/P1) ' OP1(n)⊕OP1(−np), the
tangent bundle of X is not semistable with respect to any ample polarization
(f∗OP1(n) ↪→ TX is always destabilizing).

In some cases this example is related to the problem of characterizing smooth
projective varieties X with vanishing c1(X) = c2(X) = 0. In characteristic
zero every such variety has a finite étale covering by an abelian variety (this
is a well known consequence of Yau’s proof of Calabi’s conjecture). In positive
characteristic not much is known about this problem. Mehta and Srinivas in [24]
characterized ordinary varieties with trivial tangent bundle and they suggested
that every ordinary smooth projective variety with c1(X) = c2(X) = 0 should
have a finite étale cover by an abelian variety.

If a variety has a finite étale cover by an abelian variety, then its tangent
bundle is strongly semistable with respect to any ample polarization. This raises
the question if tangent bundles of smooth projective varieties with c1(X) =
c2(X) = 0 have semistable tangent bundle. The answer to this question is
negative. Indeed, in Moret–Bailly’s example in case (p, n) = (3, 1) or (2, 2), X
has vanishing all Chern classes. So in characteristics 2 and 3 we get a smooth
projective 3-fold X with c1(X) = c2(X) = c3(X) = 0 and such that the tangent
bundle of X is not semistable with respect to any ample polarization.

Let us remark that the above X does not lift to the ring W2(k) of Witt
vectors of length 2, which raises the question if in presence of lifting the situation
improves. However, there exist quasi-hyperelliptic surfaces (in characteristic 3)
that lift to W2(k) and have non-semistable tangent bundle (see [21, Remark 4]).
For such surfaces its l-adic Chern classes ci(X) vanish in H2i

ét (X,Ql) for i > 0
and l prime to p.

Although varieties in the above examples do not have a finite étale cover
by an abelian variety, all of them have a finite covering by an abelian variety.
Indeed, in Moret–Bailly’s example, X is, by construction, a finite quotient of a
product of an abelian surface and P1, and P1 has a finite covering by an elliptic
curve. Also in the second example X has a finite cover by an abelian variety (X
is constructed as a quotient of the product of an elliptic curve with a rational
cuspidal curve).

All the examples known to the author support the following optimistic con-
jecture:

Conjecture 7.5. Let X be a smooth projective variety defined over an alge-
braically closed field k. If c1(X) = c2(X) = 0 then X admits a finite (possibly
ramified) cover by an abelian variety.

Clearly, the conjecture is interesting only if k has positive characteristic.
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8 Example of a nef line bundle with non-nef re-
ductions

The main aim of this section is to construct an example of a smooth projective
scheme X → S = Spec Z[ 1

N ], where N is some integer, and a line bundle L
on X such that Lη̄ is nef on the generic geometric fibre Xη̄ but for any closed
geometric point s̄ ∈ S, Ls̄ is not nef on Xs̄.

To construct such an example we start with the moduli stack Ag,m/Z clas-
sifying principally polarized abelian varieties of dimension g with a symplectic
level m structure. Faltings and Chai [11] constructed toroidal compactifications
Āg,m which carry universal semi-abelian group scheme G → Āg,m. The zero
section e : Āg,m → G induces the universal Hodge bundle E = e∗(Ω1

G/Āg,m
).

If k is a field of characteristic zero then the bundle E⊗ k on Āg,m⊗ k is nef.
Indeed, for any smooth projective curve C over k and a map ϕ : C → Āg,m⊗k,
the pull back of E ⊗ k is isomorphic to the Hodge bundle associated to the
pull-back of the universal semi-abelian group scheme G, so it is nef by Theorem
7.2.

On the other hand we claim that for any algebraically closed field k of pos-
itive characteristic p prime to m, the bundle E ⊗ k on Āg,m ⊗ k is generically
semipositive but it is not nef. Generic semipositivity of E⊗ k follows as above
from Theorem 7.3. The fact that it is not nef follows from Moret-Bailly’s exam-
ple (see 7.3). More precisely, there exists an abelian group scheme f : X → P1

such that the associated Hodge bundle is not nef. By an appropriate base change
via a finite morphism C → P1 we can find a family f ′ : X ′ → C of abelian sur-
faces with a symplectic level m structure. Clearly, the Hodge bundle associated
to f ′ is also not nef. Now the claim follows from the fact that this Hodge bun-
dle is isomorphic to the pull-back via the classifying map C → Āg,m ⊗ k of the
universal semi-abelian group scheme G.

Actually, by using Moret–Bailly’s construction of f one can see that making
a base change C → P1 is not necessary. More precisely, f is obtained by
dividing a certain constant abelian group scheme over P1 by a certain finite
group subscheme of length p. Since π1(P1) = 0 and p is prime to m this implies
that X[m] is a constant group scheme, so there exists a symplectic level m
structure on X/P1.

For m ≥ 3 the stack Ag,m ⊗ Z[1/m] is a scheme and with an appropriate
choice of the compactification Āg,m we can assume that Āg,m⊗Z[1/m] is smooth
and projective (see [11, pp. 172–173]). So as our X we can take the projec-
tivization of the universal Hodge bundle E and as L we can take the tautological
line bundle OP(E)(1).

9 Chern classes of generically semipositive sheaves

In this section we study inequalities between Chern classes of generically semi-
positive sheaves in positive characteristic. This generalizes Miyaoka’s [26, The-
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orem 6.1] which works in the characteristic zero case. It can be used, e.g., to
give some bounds for Chern classes of Hodge bundles (see Theorem 7.3).

The proof of [26, Theorem 6.1] shows the following lemma. We repeat a
slightly simplified version of the proof for the convenience of the reader.

Lemma 9.1. Let E be a torsion free sheaf on X such that D1 = c1(E) is nef. Let
us fix a collection of nef divisors (D2, ..., Dn−1). Let E0 = 0 ⊂ E1 ⊂ ... ⊂ Em =
E be a filtration of E and let us set Ei = Ei/Ei−1 and µi = µ(Ei). Assume
that µ1 > ... > µm ≥ 0 and ∆(Ei)D2...Dn−1 ≥ 0. Then c2(E)D2...Dn−1 ≥ 0.

Proof. Let us set d = D2
1D2...Dn−1 and ri = rkEi. If d = 0 then

∑
riµi = d

implies that E = E1 and the assertion follows immediately from the assumption.
So we can assume that d > 0. Then we have

c2(E)D2...Dn−1 =
(

1
2
c21(E) +

∑ ∆(Ei)− c21(Ei)
2ri

)
D2...Dn−1 ≥

1
2

(
c21(E)−

∑ c21(Ei)
ri

)
D2...Dn−1.

By the Hodge index theorem

c21(Ei)D2...Dn−1 · d ≤ (c1(Ei)D1D2...Dn−1)2 = (riµi)2.

Since µi ≤
∑
riµi = d, we have

c2(E)D2...Dn−1 ≥
d

2

(
1−

∑
ri

(µi
d

)2
)
≥ d

2

(
1−

∑
ri
µi
d

)
= 0.

We can use the above lemma to generalize [26, Theorem 6.1] to positive
characteristic. We do it in a few different ways.

Theorem 9.2. Assume that D1 = c1(E) is nef, the 1-cycle D1...Dn−1 is nu-
merically non-trivial and E is generically (D1, ..., Dn−1)-semipositive. Then

c2(E)D2...Dn−1 ≥ 0.

Proof. By [17, Theorem 2.7] there exists m such that quotients Ei in the Harder
Narasimhan filtration of (FmX )∗E are strongly (D1, ..., Dn−1)-semistable. In
this case ∆(Ei)D2...Dn−1 ≥ 0 by [17, Theorem 3.2]. Since c1((FmX )∗E) =
pmc1(E), c1((FmX )∗E) is nef and µmin((FmX )∗E) = pmLmin(E) ≥ 0. Hence
(FmX )∗E satisfies the assumptions of Lemma 9.1 and we have

c2((FmX )∗E)D2...Dn−1 = p2mc2(E)D2...Dn−1 ≥ 0.

A special case of the above theorem, when E is the tangent bundle on a
Calabi–Yau variety was proven using a similar method by Y. Takayama [38,
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Theorem 3]. Note that in this case the statement trivially follows from [17,
Theorem 3.2] and does not need the above proof.

Note that the assumption that the 1-cycle D1...Dn−1 is numerically non-
trivial is really necessary. For example, if E = L ⊕ L−1 for some ample line
bundle L on a smooth projective surface X, then c2E = −L2 < 0 although
c1(E) = D1 = 0 is nef and E is generically D1-semipositive. Our assumptions
are slightly different to that of Miyaoka (see [26, Theorem 6.1]) who allows
D1 = 0 but has strong assumptions on positivity of E. We deal with such cases
in the following theorem:

Theorem 9.3. Assume that D1 = c1(E) is nef, the 1-cycle D1...Dn−1 is nu-
merically trivial and E is generically (H,D2, ..., Dn−1)-semipositive for some
ample divisor H. Then

c2(E)D2...Dn−1 ≥ 0.

Proof. We can assume that D2...Dn−1 is numerically non-trivial as otherwise
the inequality is obvious. Let us consider the Q-vector bundle E(tH) for small
positive t. Then the assumptions of the above theorem are satisfied and we have

c2(E(tH))D2...Dn−1 = (c2E + t(r− 1)HD1...Dn−1) + t2
(
r

2

)
H2D2...Dn−1 ≥ 0.

Passing with t to 0 we get the required inequality. Formally, we should use
Kawamata’s covering trick and then de Jong’s alterations to find a generically
finite map f : Y → X from a smooth projective variety Y such that for fixed
rational t, the pull-back of f∗(tH) becomes a Cartier divisor and use Theorem
9.2 to f∗(E(tH)). Note that this works due to our use of Lmax in definition of
generic semipositivity.

Note that in all theorems of this type it is important to consider multi-
polarizations (as in [26]) and not only (multiples of) one ample line bundle.
There are many papers or books with wrong statements and proofs of this
theorem (see, e.g., [27, Theorem 3.1]).

Theorem 9.4. Let us assume that X can be lifted to the ring W2(k) of Witt
vectors of length 2. Let (E, θ) be a torsion free Higgs sheaf of rank r ≤ char k =
p. Assume that c1(E) = D1, the 1-cycle D1...Dn−1 is numerically non-trivial
and µmin(E, θ) ≥ 0. Then

c2(E)D2...Dn−1 ≥ 0.

Proof. The assertion follows by applying Lemma 9.1 to the Harder–Narasimhan
filtration of (E, θ) and using [21, Theorem 8] to check that discriminants of the
quotients of this filtration are non-negative.

The analogous theorem holds also in characteristic zero, where it generalizes
[26, Theorem 6.1] to the case of Higgs sheaves.
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[37] Lucien Szpiro (ed.), Séminaire sur les Pinceaux de Courbes de Genre au Moins Deux,
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