CHAPTER 1

Elements of spectral theory in Banach algebras

1. Banach algebras, spectrum and spectral radius
Definition 1.1. A Banach algebra over C is a Banach space A equipped with a multiplication
Ax A>3 (a,b) — ab e A,

which satisfies a(Ab) = (Aa)b = A(ab), a(be) = (adb)c, a(b+c) = ab+ac and (b+c)a = ba+ca for all a, b, c € A
and )\ € C. Furthermore, the multiplication is required to be compatible with the norm in the sense that

(1.1) labl| < Cl|all ||| (in what follows, we will assume C = 1).
Remark 1.2. (i) By induction, the submultiplicativity of the norm gives, for a;, as, ..., a, € A,
laraz ... anl| < llax] lazll. . [lanll, — n>1.

(if) We will always assume that a Banach algebra is unital, i.e., it has an identity element e satisfying ||| = 1.
In general, A need not have an identity, but one can adjoin an identity by passing to the slightly larger unital
algebra A @ C, with multiplication (a + A1)(b+ pl) = ab+ Ab + pa + Al and norm |la + A1]| = |lal| + |A|.

Example 1.3. (i) If K is a non-empty compact set, then the space C(K) of continuous, complex valued
functions on K, with the pointwise multiplication and the supremum norm, is a Banach algebra.
(i) For a given integer n, the complex space L!(R™) with the multiplication given by the convolution

[rg(z)= - fWg(x—y)dy, zeR",

forms a Banach algebra.
(iii) Another example is the space B(X) of all bounded linear operators from a Banach space X into
itself, with the multiplication given by the composition

(S,T) — ST,

and the norm equal to the usual operator norm

Tv
ITls00 = sup [ To] = sup 1220
o] <1 vz0 V]|

(iv) An important special case of (iii) is A = B(H), where H is a Hilbert space. In this case, B(H)
carries an additional structure in the form of the adjoint operation T —— T defined by

(Tv,w) = (v, T"w),  v,we H.
The adjoint satisfies
(S+T) =5"+T7, (aT)* =aT™, (ST)* =T*S5™, (T*)*=T.

Moreover, we have ||T*T| = ||T||?>. Any complex Banach algebra which admits the adjoint operation enjoying
the above conditions is called a C*-algebra.

Definition 1.4. An element a € A is called invertible, if there exists b € A such that ab = ba = e. The set
of all invertible elements forms a group under multiplication (in particular, the inverse element is unique).

Lemma 1.5. Let A be a Banach algebra. Then the set of invertible elements is open in A. More precisely,
for every invertible a € A and any b € A with ||b]| < |la= |71, the element a — b is invertible and

(a—b)t=at Z(ba‘l)k.
k=0
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2 1. ELEMENTS OF SPECTRAL THEORY IN BANACH ALGEBRAS

Proof. If ||b| < [la™||7!, then [ba™'|] < |jb][la™!|] < 1 and hence the series > - (ba™')¥ converges
absolutely in A. It remains to note that

N N
(a —b)a™? Z(bail)k =e— (ba H)NH Nz, o a”! Z(bail)k(a —b)=e— (a D)V T! BN
k= k=0
which implies that a=! Y37 /(ba!)* is the left and right inverse of a — b, thus equals (a — b)~!. O

Corollary 1.6. The map a — a~' is continuous on the set of invertible elements.

Proof. Suppose that (a,),>1 is a sequence of invertible elements of A which converges to an invertible a.
Then ||a, — al| < ||a=!||~! for sufficiently large n, and hence, by the previous lemma,

—1

[ee]
=(a—(a—an))” 712 a—ap)a” )k =a71—|—2((a—an)a71)k.
k=1

a

This implies

= = = la — an|l la” ]|
layt =™t = > ((a - an)a <> e =an)a ' F < la = an|*la”F = >
k=1 k=1 =1 1—la—apll la=]]
and hence a,, 15l O

Definition 1.7. Let A be a unital Banach algebra. The spectrum of z € A is the set
o(z) = {X € C: Xe — x is not invertible in A} .
For A € C\ o(z), the element R(\) = (Ae — )1 is called the resolvent of x at .
To study some basic properties of o(z), we need a concept of a Banach-space-valued holomorphic function.

Definition 1.8. Let X be a complex Banach space and let 2 be an open subset of C. A continuous function
f:Q — X is called analytic, if for any functional ¢ € X* the composition p o f :  — C is analytic.

Theorem 1.9. A continuous function f : Q — X is analytic if and only if for any z € Q the limit
lim,o(f(z+ h) — f(2))/h ezists and is finite.

Proof. Left as an exercise. U

Theorem 1.10. Let A be a complex unital Banach algebra. Then for any x € A, the spectrum o(x) is a
non-empty compact subset of C.

Proof. By Lemma 1.5, if |A| > ||z||, then Ae — z is invertible; thus o(z) C B(0,||z||). Next, for |A| > 2|z,

Z/\

To show that o(x) is closed, note that if A ¢ o(x), then Ae — x is invertible. But the set of invertible elements
in A is open, so pue — x is invertible for p sufficiently close to A.
Finally, suppose that o(z) = (). Then the resolvent function R(\) = (Ae—x2)~! : C — A is differentiable:

RA+h) =R _ (A+he—z)"t—(e—x)!
h a h
(A+h)e —2) ' e = 2)he — )"t = (A+h)e —2) " (A +h)e — ) (Ao — )~
h
—((A+ h)e— :17)71()\6 — 1;)*1 h__>0_> _ [()\e _ z)—l]Q.

Furthermore, by (1.2), the resolvent R is bounded outside B(0,2||z||) (and hence bounded globally, by
continuity). Consequently, for any ¢ € A*, the complex-valued function A — ¢(R(\)) is bounded and
analytic on C, and hence it is constant, in the light of Liouville’s theorem. But by (1.2) again, we have
R(M\) — 0 as A — oo. Combining this with the preceding observations, we obtain that ¢(R(\)) = 0 for all
p € A* and hence R(\) =0 for all A € C, a contradiction. O

(1.2) (e = 2)7Hl = A7

=T
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It is natural to ask whether the spectra of two elements x, y € A are close, in some suitably defined
sense, if x and y are close to each other. The next theorem, left as an exercise, gives a very simple answer.

Theorem 1.11. Suppose A is a Banach algebra, x € A, Q is an open set in C, and o(x) C Q. Then there
exists 6 > 0 such that o(x +y) C Q for every y € A satisfying |ly|| < 6.

Definition 1.12. The spectral radius of x € A is defined by r(x) = sup {\)\| CAE a(x)}.

Theorem 1.13. Let x € A. Then r(z) = lim,, o ||2"||}/™ = inf, > |2 |}/™.
In the proof, we will need the following auxiliary observation.

Lemma 1.14. Let z € A. Then the sequence (||z"||*/™) is convergent and

n>1

lim ||z = inf ||z
n—00 n>1
Proof. If ™ = 0 for some n > 1, then ™ = 0 for all m > n and the claim holds. Thus, assume that ™ # 0
for every n > 1 and set u, = log||z"|. We have |z"*?|| < ||z"| ||z?| and hence u,+, < u, + u, for all

n, p > 1. Now fix p > 1 and, for every n > 1, write
n=gqp+r, g=0, 0<r<p.

By the repeated application of the preceding inequality for (up)n>1, we get u, < qup, + u, and therefore
Un _Up | U
n P n

. . . . u U
Since r < p and p is fixed, the second term tends to zero as n — oo and we obtain limsup — < —2. But
n—oo N

u u u U u

p was arbitrary, so we get limsup — < inf -2 < liminf —. Thus the limit exists and lim — = inf —.
n—soo N p=>1 p n—oo N n—oo N n>1l n

Exponentiating gives the claim. U

Proof of Theorem 1.13. We may and do assume that « # 0. Pick an arbitrary A € o(z). For any integer
n we have

Ne—z" = (Xe—z)(Ae)" L+ (Ne)" 2z 4 ...+ 2" =(Ne)" P+ (Ne)" 2 4.+ 2" ) (Ne — ).
Therefore A" € o(z™): indeed, if A™ ¢ o(2™), then the double inequality above implies the existence of the
left and right inverse to Ae — = (as one easily shows, then Ae — x is invertible). Thus |[A"| < ||z"|| and hence
r(z) < inf,>; [|2™||'/", since A and n were chosen arbitrarily.

It remains to prove the reverse inequality. By the calculation from the proof of Theorem 1.10, the
resolvent
RN =e—z) ' =21 " (Ala)"
n=0

is analytic on the set {A € C : |A| > r(x)} and vanishes at infinity. Consequently, the function

oo 0 if A =0,

FA) =AY Qa) =
n=0 R(1/X) if 0 < Al < (r(z))~?

is holomorphic on the ball B(0,7(x)~1). But the radius of convergence of the above power series equals
(limsup,,_, ||x”|\1/”)_1; thus 7(z)~* < (limsup,,_, ||a:"||1/")_1, which is the desired reverse bound. [

2. Holomorphic functional calculus

Suppose that x is an element of a Banach algebra A, and f : C — C is a given function. Can we
meaningfully define the element f(x) € A7 For some choices of f this is clear: for instance, if f(\) =
a9+ a1 A+ -+ a, A" is a polynomial, the only reasonable choice seems to be

f(x) =ape + a1z + - - - + apz™.

Below, we will answer the above question in the case when f is a holomorphic function on an open subset
Q C C containing o(z). We will exploit the integration of vector-valued functions.
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Definition 1.15. Let X be a Banach space and let f : [a,b] — X be a continuous function. We define
fab f(t)dt as the Riemann integral.

Suppose K is a compact subset of an open set Q2 C C, and T is a collection of finitely many oriented line
intervals 71, ¥, - ..,7yn in C, none of which intersects K. It is well known that I' can be chosen so that

1 d¢ 1, zeK,
Id = =
ndr() 2Wi/1~sz {o, 2 Q.

In such a case, we will say that a contour I" surrounds K in . Our starting point is the following fact.

Lemma 1.16. Suppose A is a Banach algebra, x € A, A\ ¢ o(z) and T’ surrounds o(x) in C\ {\}. Then

1
— [ (A=0O"(Ce—z)"td¢ = (Ne—2)" forn € Z.
211 T
Proof. Denote the integral by a,. If ( ¢ o(z), we have ((e—x)"' = Ae—2) 1+ (A=) (Ae—x2) " (Ce—2)7!
and therefore a,, is the sum of

1 1
—,()\e—a:)*l/(/\—C)”dQ:O and (Ae—x)*lf,/(x—g)nﬂ(ge—x)*ldg
211 T 211 T
(the first integral vanishes, since Indp(A\) = 0). This implies (Ae — x)a,, = an4+1 and hence it is enough to
establish the case n =0, i.e.,

1

1.3 —

(Ce —x)~td¢ =e.

Let T'; be a positively oriented circle centered at 0 and radius r» > ||z|. On I'y, we have ((e —x)~! =
S ey ¢ 12% and the term-wise integration of this series gives (1.3), with T'; in place of I'. Since the
integrand in (1.3) is a holomorphic function in the complement of o(x) (see the proof of Theorem 1.10) and
Indr, (2) = 1 = Indr(z) for every z € o(x), the integral (1.3) is unaffected if I is replaced by T';. O

Corollary 1.17. Let R(A) = P(A\) + 32, 1 @m k(A — em)~F be a rational function with poles at the points c,,

(here P is a polynomial, and the sum has only finitely many terms). If x € A and o(x) contains no pole of
R, define

(1.4) R(x) = P(x) + Z Am (T — cme) ™",
m,k
If Q is an open set in C that contains o(x) and in which R is holomorphic, and T surrounds o(x) in Q, then
_ 1 -1
(15) R@) = 5 [ RO =) dc

Note that (1.4) is certainly the most natural definition of a rational function of z € A. The conclusion
(1.5) shows that the Cauchy formula gives the same result. This motivates the following definition.

Definition 1.18. Suppose A is a Banach algebra, € is an open set in C, and let H(f2) denote the (commuta-
tive) algebra of all complex-valued holomorphic functions on Q. By Theorem 1.11, Aqg = {z € A: o(x) C Q}
is an open subset of A. We define H(Aq) to be the set of all A-valued functions f with domain Aq that arise
from a function f € H(Q) by the formula

1 -1
f@) = 55 [ 10 =) ac
where T is any contour that surrounds o(z) in .

Theorem 1.19. The space H(Aq) is a complex algebra and the mapping f — f is an algebra isomorphism
of H(Q) onto H(Aq) which is continuous in the following sense: if f1, fa, ... € H(Q) and f,, — f uniformly
on compact subsets of 2, then

fu(z) — f(x) (x € Aq).
Finally, if u(A) = X and v(A) =1 in Q, then @(x) = x and 0(z) = e for every x € Aq.
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Proof. The last assertion follows from Corollary 1.17. The linearity of the mapping f — f is evident. If
f =0, then we pick X\ € 2, note that x = Ae € Aq and hence f(A)e = f(z) = 0; thus f = 0 and hence f — f
is one-to-one. To show continuity, note that ||(Ce — z)~!|| is bounded on T' and hence

1 Fa(z) = F@)]| < supli(¢e — =)~ / [£2(©) = QI == 0.
cer T

It remains to prove that f — f is multiplicative: if f,g € H(Q) and h = fg, we must show that iNL(x) =
f(2)g(z) for 2 € Aq. Now if f and g are rational functions without poles in €, then this follows directly
from Corollary 1.17. In the general case, we apply Runge’s theorem, which allows us to approximate f and g
by rational functions f,, and g¢,, uniformly on compact subsets of Q2. Then f,g,, — h uniformly on compact
subsets of 2, and then assertion follows from the continuity of the mapping f — f. O

Theorem 1.20. Suppose x € Aq and f € H(Q2). Then
(i) the element f(x) is invertible in A if and only if f(X) # 0 for every A € o(z);
(ii) (the spectral mapping theorem) we have o(f(z)) = f(o(x)).

Proof. (i) If f has no zero on o(x), then g = % is holomorphic in an open set §; such that o(z) C Q1 C Q.
Since fg =1 in 4, the previous theorem (with Q; in place of Q) shows that
fwyta) = e
and thus f(z) is invertible. Conversely, if f(a) = 0 for some « € o(x), then there exists h € H(Q) such that
(A —a)h(N) = f(A) for A € Q. By the previous theorem,
(¢ — ae)h(z) = f(z) = h(z)(z - ae).
Since x — ae is not invertible in A, neither is f(z).

(ii) Fix 8 € C. By definition, 8 € o(f(x)) if and only if f(z) — Be is not invertible in A. By part (i),
applied to f — B in place of f, this happens if and only if f — 3 has a zero in o(x). That is, f(\) = S for
some A € o(z), which is equivalent to 8 € f(o(z)). Therefore, o(f(x)) = f(o(z)). O

The spectral mapping theorem makes it possible to include composition of functions among the operations
of the symbolic calculus.
Theorem 1.21. Suppose x € Aq, f € H(Q), Qi is an open set containing f(o(x)), g € H({h), and
h(A) =g(f(N) in Qo ={Ae€Q: f(\) € Q}. Then f(x) € Aq, and h(x) = g(f(z)). That is,
h=gof if h=gof.
Proof. By part (ii) of the previous theorem, o(f(x)) C €1, and therefore §(f(z)) is well-defined. Fix a
contour I'; that surrounds f(o(x)) in €;. There is an open set W such that o(z) C W C Qp, small enough

so that Indp, (f(A\)) = 1 for A € W. Next, fix a contour I'g that surrounds o(z) in W. If ¢ € I'y, then
#f € H(W). Hence Theorem 1.19, with W in place of €, shows that

(Ce— f(z) = (< FO)) (e — )"t dA.

2mi

Since I'y surrounds o( f (2)) in 4, the definition of the functional calculus gives

@)= gr [ a0 Fontac= o [ a0 [ [ €= ronoe o a]ac

271

5 o ], 2 e e o

By the Cauchy integral formula and the equality Indp, (f(A)) = 1 for A € W, we see that the integral in the
square brackets is g(f(\)). Consequently,

9(f(x)) = . /Fg(f()\))(/\e—x)_ld)\:

L [ hOe—2)tar=h(z). O

2mi 2mi Jr,
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3. Exercises

In all exercises below, A denotes a unital Banach algebra.

1. Let a, b € A. Use the identity (ab)” = a(ba)"~'b to prove that ab and ba always have the same
spectral radius.

2. Let 2, y € A.

(i) Prove that e — yx is invertible in A if e — zy is invertible.

(ii) If A € C\ {0} and A € o(xy), prove that A € o(yz). Thus o(zy) U {0} = o(yz) U {0}.
(iii) Show, however, that in general o(xy) is not always equal to o(yz).

3. Prove that there are no z,y € A satisfying xy — yx = e.

4. Let A = M(R) be the Banach algebra of complex finite regular Borel measures on R, equipped with
the total variation norm and convolution as multiplication (the identity element is d¢). For u € M(R), define
its Fourier—Stieltjes transform by

a(t) = / e M du(x), teR.
R

(i) Show that for every ¢t € R, the map ¢, (u) = fi(t) is a character of the Banach algebra M(R).

(ii) Prove that {i(t) : t € R} C o(u).

(iii) Compute the spectrum of d,, a € R.

(

iv) Let p be an invertible positive measure. Show that its inverse is not positive, unless p is concentrated
at a single point.

5. (i) Let T denote the unit circle on the complex plane. Let A be the closed subalgebra of C(T),
generated by 1 and z. Prove that z is not invertible in A. Compute the spectral radius of z (in A).

(i) Show that if A is a closed subalgebra of B and z € A, then og(z) C o.4(x) and in general equality
does not hold.

(iii) Under the notation of (ii), prove that if V' is the unbounded connected component of C\ og(x), then
opCC \ V.

6. Let z € A be such that o(x) = K; U K5, where K7, Ky are disjoint compact subsets of C. Assume

further that I" is a positively oriented contour which surrounds K; but does not surround Ks. Define
1
P=— [ (he—xz)"td\
2’/TZ r

Prove that P? = P, Px = xP and determine the spectra of z restricted to the subspaces PA and (e — P).A.

7. Under the assumptions of the previous exercise, prove that the spectra of z1 = Px, z2 = (e — P)x
satisfy o(x1) C K7 U{0} and o(x2) C K2 U {0}.

8. Let z € A, let Q be an open set in C, and o(z) C Q. Prove that there exists § > 0 such that
o(z +y) C Q for every y € A satisfying |ly|| < 0.

9. Let 2 € A and let f be holomorphic in a neighbourhood of o(x). Prove that if f(\)?2 = f()) for every
A € o(z), then f(z)? = f(z).

10. Let X be a Banach space and let 2 C C be an open set. Show that a continuous function f: Q — X
is analytic if and only if for any z €  the limit lim,_,o(f(z + h) — f(2))/h exists and is finite.



CHAPTER 2

Spectral theorem for compact operators

1. Compact operators and Fredholmn operators

Definition 2.1. Let X and Y be Banach spaces and let T: X — Y be a linear operator. The operator T is
called compact if it maps bounded subsets of X into relatively compact subsets of Y (i.e., for any bounded
set B C X, the closure of T'(B) in Y is compact). Let (X,Y") = {the class of all compact T : X — Y'}.

We will use the following well-known properties of compact operators.

Remark 2.2. (i) Any compact operator is bounded.

(i) The operator T : X — Y is compact if and only if T'(Bx ), the image of the unit ball in X, is relatively
compact.

(iii) The operator T : X — Y is compact if and only if for any bounded sequence (z,),>1 C X, the
image (T'x,)n>1 C Y contains a convergent subsequence.

(iv) The operator T': X — Y is compact if T'(Bx) is totally bounded in Y (i.e., for any ¢ > 0, T'(Bx)
can be covered by a finite number of balls B(y;,¢), with y; € V).

(v) K(X,Y) is a closed subspace of B(X,Y).

(Vi) T e K(X,Y)and Se€ B(Y,Z),U € B(V,X), then TU : V — Y and ST : X — Z are compact. In
particular, compact operators form a two-sided ideal in B(X).

(vii) An operator T : X — Y is compact if and only if 7% : Y* — X* is compact.

Example 2.3. Let K be a compact metric space and let u be a finite Borel measure on K. For a fixed
continuous k : K x K — C, define the integral operator T : C(K) — C(K) by

Tf(x) = /K o) f@)dpy), oK.

Then T is compact.

Proof. Since k is continuous on the compact space K x K, it is bounded and uniformly continuous. Let
M = ||kljoo < 0. For f € C(K) with ||f|lcc < 1, we have

Tf(z)] < /K k() f @) du(y) < Mu(4),  ze K,

and hence T'(B¢(k)) is bounded. Moreover, for z,2" € K and f € Be(k),

ITf(z) —=Tf(z')] < /K |k(z,y) — k(z',y)| du(y) < p(K) sup |k(z,y) — k(z',y)|-

Since k is uniformly continuous on K x K, the above inequality implies that the image T'(B¢ (k) is equicon-
tinuous. Thus, by the Arzeld—Ascoli theorem, we deduce the compactness of T'(B¢ (k) in C(K). O

Example 2.4. Suppose that L*(X) = L?(X, u) and let k = k(z,y) € L*(X x X, u® u). Define the operator
T:L*X)— L*(X) by

Tf(z) = /X k(. ) (y) duly).

Then T is compact.
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Proof. By the Cauchy—Schwarz inequality we have

) < ( [ 1P duto) ) (/ ) duly) ) —f||2(/Xlk(%y)lzdu(y))m-

This implies | Tf||3 < ||f|I3]|k]|3 < oo and hence T is bounded: ||T|| < ||k||2- To show the compactness, let
o5 18 an orthonormal basis of L?(X x X), so

/2

(ga)a be an orthonormal basis of L?(X). Then (ga(z)gs(y))
= Z aa,ﬂga(x)gﬁ(y)y
a,p

where the coefficients a, g satisfy » 3 laa.5]? < oo. In particular, there are at most countably many nonzero
terms under the sum, so after relabeling the nonzero coefficients we may write

z.y) = Y ai;gi(x)g;(y)

ij=1

Define the truncated kernel &, ( Z a;;gi(z ) and let T,, f(x) := / kn(z,y)f(y) du(y). Then
X

1,j=1

D=3 aygia) /X 0;(0) 1 () du(y).

ij=1

has finite rank and is therefore compact. Moreover, by the previous calculation and Parseval’s identity,

IT=Tol® <lk—kalz = D> layl® ==0.
max{i,j}>n
Therefore T is a limit of compact operators, and hence it is also compact. O

Definition 2.5. Let X, Y be Banach spaces. Then T : X — Y is a Fredholm operator, if it is bounded,
dimKerT < oo and codimT(X) < co. The space of all Fredholm operators from X to Y is denoted by
Fred(X,Y).

As is readily seen, every isomorphism 7' : X — Y is Fredholm. Roughly speaking, a general Fredholm
operator behaves much like an isomorphism, except for finite-dimensional defects.

Proposition 2.6. Let T : X — Y be a bounded operator with codimT(X) < co. Then T(X) is closed.

Proof. Let Xg = X/KerT and let T : Xy — Y be the injective operator induced by T’ in particular, we
have T(X) = T(X). Since the codimension of T'(X) is finite, there exist y1, y2, ..., yn € Y such that each
y can be written uniquely in the form y = yo + a1y1 + asys + ... + @nyn, where a; € C and yg € T(X).
Consider the auxiliary operator

S: Xg®R" =Y, S(x,(al,ag,...,an)):Tx—i—Zakyk.
k=1
This operator is obviously bijective, so its inverse is bounded by the Open Mapping Theorem, and thus S is
an isomorphism. Hence T'(X) = S(Xo @ {0}) is a closed set. O

The next result provides a rich source of examples of Fredholm operators.
Theorem 2.7. If the operator T : X — X is compact, then S =1 —T is a Fredholm operator.

Proof. (i) The kernel Ker(/ —T) = {x € X : Tx = x} is finite-dimensional, otherwise T'|ker(;—7) = 1 would
not be compact.

(if) The image S(X) is closed. To see this, note that the quotient space Xy = X/ Ker S is closed and the
induced map S : Xy — X is injective. If S(X) = S(X,) were not closed, then S would not be an isomorphism

onto its image. Then there is a sequence (Zy)n>1 C Xo with [|Z, | =1 for all n and [|S%,|| =22 0 (indeed,
otherwise S~! : S(X) — X, would be bounded and hence S would be an isomorphism). By the definition
of a quotient space, this implies the existence of a sequence (x,),>1 such that [z,] = x, + Ker S = Z,,

1 < ||#,|| < 2 and Sz, = S&, — 0. The latter convergence is equivalent to (I — T)z,, = x, — Tz, — 0.



2. SPECTRAL THEOREM FOR COMPACT OPERATORS 9

Using the compactness of T', we may pick a subsequence (x,, )r>1 such that Tz,, converges to some Z. By
the previous observation, we obtain z,, — Z; but S is bounded, so we get S(Z) = lim,_, o0 S(zp,) = 0 and
hence z € Ker S. This gives a contradiction: we have Z,, — [Z] = 0 and ||2,|| = 1.

(iii) The image S(X) has a finite codimension. Indeed, otherwise we have S(X)=Hy C Hy C H C ...,
where (H,),>1 is a sequence of closed subspaces of X with dim (H,41/H,) = 1. By Riesz’ lemma, for each
n > 1 we can find h,, € H, satisfying ||h,|| = 1 and dist(h,,, H,—1) > 1/2. Consequently, for any n > m we
may write

HThn - Thm” = ”hn — Shy — by, + ShmH > 1/27

since —Sh,, — hy, + Shy, € H,_1. Therefore, there is no subsequence of (h,),>1 satisfying the Cauchy
condition; thus 7" cannot be a compact operator. O

Definition 2.8. We define the index of a Fredholm operator S : X — Y by ind S = dim Ker S — codim S(X).

Theorem 2.9. Let X, Y be Banach spaces. Then the set Fred(X,Y) is open in B(X,Y) and the index
ind : Fred(X,Y) — Z is continuous.

Proof. (i) The set {T: X — Y is an isomorphism} is open in B(X,Y). Indeed, if T is an isomorphism and
S : X — Y is a bounded operator such that |7 — S| < |77, then | = T~1S|| = |T~1(T - 9)|| < 1 and
hence 7718 is invertible; it remains to note that S[(T~1S)"1T1] = [(T~1S)"'T~1]S = I, so S is invertible.

(ii) The set Fred(X,Y) is open in B(X,Y). To see this, assume that S € Fred(X,Y) and let N = Ker S.
Since N is finite-dimensional, it is complemented in X: there is a closed subspace G C X such that X = N&G.
Furthermore, by the proof of Proposition 2.6, we have Y = S(X) @ H for some finite dimensional subspace
H C Y. Consider the map ps: GE&H — Y by pg(g,h) = S(g) + h. Since S|¢ is injective and S(G) = S(X),
s is an isomorphism; let us record that codim S(G) = dim H. Let T': X — Y be a bounded operator and
let o7 : G® H — Y be given as previously, by or(g,h) = T(g) + h. Then if T is sufficiently close to S,
then @r is close to pg and hence it is an isomorphism. This in particular means that T'|g is injective, so
dimKerT < dim N = dimKerS < co. Furthermore, since or(G @ H) = Y and H is finite-dimensional,
we get that T(G) = o7 (G @ {0}) has finite codimension (equal to dim H), and hence T'(X) also has this
property. Thus T is a Fredholm operator.

(iii) The index is continuous. Under the notation in (ii), we have proved that S|g : G — S(X) is an
isomorphism and hence there is ¢ > 0 such that ||Sg|| > ¢||g|| for all g € G. Now, if T' € Fred(X,Y") satisfies
|T—S|| < ¢/2, then || Tg|| > §||g|| and hence T'| is injective. The subspace Ker T'® G has finite codimension,
so it is complemented (see the proof of Proposition 2.6): there is a finite-dimensional subspace M such that
X =KerT® G M and T|ggn is an isomorphism onto T'(X) = T(G) & T(M). However, we have proved
in (ii) that codim S(G) = dim H = codim S(G); this yields

ind S = dim Ker S — codim S(X) = dim Ker S — codim S(G)
and ind 7' = dim Ker T — codim T'(X) = (dimKer S — dim M) — (codim T(G) — dim M) = ind S. O
Corollary 2.10. (i) For a compact operator T : X — X we have ind(I —T') = 0.
(ii) For a compact operator T : X — X, the operator I — T is injective if and only if it is invertible.

Proof. (i) The mapping A — I — AT is continuous from [0, 1] to Fred(X, X) and satisfies ind I = 0.
(ii) By the definition of the index, I — T is injective if and only if codim(I —T') = 0, so I — T is surjective.
Thus the claim follows from the Open Mapping Theorem. g

2. Spectral theorem for compact operators

Definition 2.11. A complex number « is an eigenvalue of a linear operator T' : X — X if there exists a
nonzero vector x € X such that Tz = az.

Lemma 2.12. If T : X — X is compact and o € o(T) \ {0}, then « is an eigenvalue of T

Proof. If a € o(T) \ {0}, then ol — T, and hence also I — a~'T, is not invertible. By Corollary 2.10, the
operator I — a~'T is not injective: this is precisely the claim. O

Lemma 2.13. If T : X — X is compact and X is infinite-dimensional, then 0 € o(T).
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Proof. If 0 ¢ o(T), then T would be invertible and hence, by Remark 2.2 (vi), I = T~'T would be compact.
But the latter fact holds true for finite-dimensional X only. O

One easily finds examples showing that in general, 0 need not be an eigenvalue of a compact operator.

Proposition 2.14. Let T : X — X be a compact operator and o € o(T) \ {0}. Then there ezists a positive
integer r such that Ker(T — alI)" = Ker(T — al)™ for n > r. Furthermore, the space Ker(T — al)" is
finite-dimensional.

Proof. (i) Observe that for any operator S : X — X the kernel Ker S™ either strictly increases, or stabilizes
after a finite number of steps. Indeed, suppose that Ker S"*! = Ker S” and Ker S"*! C Ker S"*2. Then
there exists © € Ker S"*2\ Ker S"*!. The requirement x ¢ Ker S"*! implies that 2 ¢ Ker S™ and hence the
nonzero vector z = Sz must belong to Ker S"T! = Ker S™. Thus S"(Sz) = S""1x = 0, a contradiction.

(ii) Suppose that the assertion does not hold: by the previous step, Ker(T — al) C Ker(T — al)? C ....
By Riesz’ lemma, there exists a sequence (z,),>1 C X such that ||z,|| = 1, z, € Ker(T — al)™ and
dist(z, Ker(T — aI)"~') > 1/2. Then for m < n we have

Tz, — Taw| = Hamn + ((T —alz, — azy — (T — a[)xm) H

and the vector in the parentheses lies in Ker(T — )", since so do (T — al)x,, ax,, and (T — al)x,,. This
yields ||T@,, — Tx,,|| > %|a| and hence (T'2,),>1 does not contain a convergent subsequence. This contradicts
the compactness of T.

(iii) Finally, to show that dim Ker(T — al)" < oo, simply note that (T — «I)" is a Fredholm operator:

(T —al)" =(—a)"I + Z (Z) (—a)" " *T* = (—a)"I + a compact operator. O
k=1

Definition 2.15. Under the notation of the above proposition, the smallest admissible value of r = r(«) is
called the multiplicity of a.

Definition 2.16. Let S : X — X be a linear operator. A subspace Y C X is invariant with respect to S, if
SY)CY.

Theorem 2.17. Let T : X — X be a compact operator and let o be a nonzero eigenvalue of T, with
multiplicity r = r(«). Then we have the decomposition

X =Ker(T—al)"® (T — al)"(X).

Each of the subspaces Ker(T —al)", (T — ol)"(X) is invariant with respect to T. If 8 # « is another nonzero
eigenvalue of T, or multiplicity s, then Ker(T — BI)* C (T — ol)"(X).

Proof. To show that Ker(T—al)" is invariant, pick a vector a from this subspace and note that (T—al)" Tz =
T(T — al)"x = 0. One checks similarly that (T — af)"(X) is invariant. Next, in order to establish the
decomposition, it is enough to prove that Ker(T — oI)" N (T — aI)"(X) = {0}. To this end, pick a vector z
from the intersection: we have (T'—al)"z = 0 and x = (T —al)"y for some y € X, and hence (T —al)*"y = 0.
Thus, by the very definition of the multiplicity, we have (T'— al)"y = 0 and therefore x = 0.

Finally, pick a nonzero eigenvalue 8 # « and set S = (T'— al)", @ = (S — I)®. The operators @, S
commute, which implies Q(Ker S) C Ker S, Q(S(X)) C S(X). Therefore, if we fix « € Ker Q and write down
the unique decomposition x = y + z for y € Ker S and z € S(X), then we have 0 = Qz = Qy + Qz and
Qy € Ker S, Qz € S(X). Since Ker SN S(X) = {0}, as we have shown above, this gives Qy = 0. Recall that
we also have Sy = 0; now we will prove that y = 0, which will give the claim. To this end, we write

I=a(T—al)+b(T - BI) for a = b=

If we pick a sufficiently large integer N, then

n

N
I1=1Y = [o(T — al) + b(T — B1)] " = > (k)akbN_k(T —al)k(T — pr)N-Fk
k=0
can be rewritten as AQ + BS for some operators A and B. This gives y = AQy + BSy = 0, as desired. O

We summarize the above discussion in the following.
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Theorem 2.18. Let X be a Banach space and let T: X — X be a compact operator. Then
(i) 0 € o(T) whenever X is infinite-dimensional.
(ii) Every nonzero point of the spectrum is an eigenvalue.
(iii) Every nonzero eigenvalue has finite algebraic multiplicity: dimker(T — AI) < oo for A # 0.
(iv) The set of nonzero eigenvalues is at most countable, and its only possible accumulation point is 0.
(v) If A1, Ao, ..., A\ are distinct nonzero eigenvalues, then the corresponding generalized eigenspaces
Ey, = Ker(T — /\jI)’"()‘J’) are finite-dimensional and linearly independent.

Proof. We only need to establish (iv): for any € > 0 there is a finite number of eigenvalues o of T' with |A| > «.
Indeed, if v, oo, ... are distinct eigenvalues of 7" with |o;| > €, we let wi, wo, ... be the corresponding
normalized eigenvectors. By the previous theorem, {w;};>1 are linearly independent. Let Hy = {0} and
H, = lin(wy,ws,...,wy,) for n > 1. Then Hy C H; C Hy C ... and by Riesz’ lemma, we can find a
sequence (2, ),>1 of vectors satisfying x,, € H,, ||z,| = 1 and dist(z,, H,—1) > 1/2. If we write the unique
decomposition z,, = w1 + Bows + ... + Brwy, then Siwy + Bows + ... + Bp_1wn_1 € Hy_1 and therefore

[Bnwnll = llzn — (Brwr + fowz + ... + Borwn—1)[| > 1/2,
so that |5,| > 1/2. It remains to note that for m < n,

n m
v
”Txn - Tme = Z akﬁ](cn)wk - Zakﬂl(gm)wk = ‘ anﬁq(mn)wn - WH = ‘anﬁfln” Wy, — —
k=1 k=1 o fn
for some vector v € H,,_1. Thus |Tz,—Tz,| > €/2, which implies that (T'z,,),>1 does not have a convergent
subsequence, thus contradicting the compactness of T'. O

3. Exercises

1. For a fixed f € L1(R) and a fixed 1 < p < oo, we consider the operator T : L,(R) — L,(R) given by
Tyg = f * g. Prove that T is compact.

2. Let T: X — Y be a Fredholm operator. Prove that 7 : Y* — X* is also a Fredholm operator and
indT* = —indT.

3. Let K be a compact set. For a fixed f € C(K), we consider the operator Ty : C(K) — C(K), given
by T¢g = f - g. Prove that T is a Fredholm operator if and only if f~!(0) C K is finite, open and closed.

4. Prove that the composition of two Fredholm operators S, T is again a Fredholm operator and that
ind(ST) = ind(S) + ind(7T).

5. Let 1 <p < co. Let D be a unit disc in C, equipped with the Lebesgue measure and let B,(ID) be the
space of all analytic functions f on D such that || f]l, = (/f; |f(z)|pdz)1/p < oo (with obvious modification
for p = 00).

(i) Prove that B,(D) is a Banach space.

(ii) For a bounded analytic function f : D — C, we consider the operator T : B,(D) — B,(ID) given by
Tyg = f-g. Prove that if T is compact, then T} = 0.

(iii) Prove that T is a Fredholm operator if and only if there are § > 0 and 0 < r < 1 such that |f(z)| > ¢
for all z € D with |z| > 7.

6. A bounded linear operator T' : X — X has the property that 7" : X — X is compact for some
n=1,2,...

(i) Does this imply that T is compact?

(i) Prove that T — AI, A # 0, is a Fredholm operator of index 0.

(iii) Show that o(T') is at most countable and if A € o(T") \ {0}, then X is an eigenvalue of T.

7. Prove that if T': X — Y is a Fredholm operator and S : X — Y is a compact operator, then S + T
is Fredholm and ind(S +T) = indT.
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