
Stochastic Processes � Problems for Quiz 4

1. Suppose that X is a strong solution to the di�erential equation

dXt = (2−Xt) dt+
√
Xt dBt, X0 = x > 0.

(a) Find the drift and di�usion coe�cients of X, and compute the generator of the process.

(b) Using Itô's formula, write the SDE for the process Yt = X2
t .

(c) Check whether the process Mt = et(Xt − 2), t ≥ 0, is a martingale.

(d) Write the backward and forward equations for the transition density of X.

2. (Dynkin's formula). Let f ∈ C2
c (Rn) and let X be a di�usion process. Let τ be a stopping time,

which is integrable with respect to Px for some x ∈ Rn. Prove that Exf(Xτ ) = f(x)+Ex

∫ τ

0

Af(Xs)ds.

3. For a φ ∈ C2
0 (Rn), write down (in terms of Brownian motion) a bounded solution u of

∂u(t, x)

∂t
− 1

2
∆xu(t, x) = 0, for t > 0, x ∈ Rn,

with the initial condition u(0, x) = φ(x) (from general theory, it is known that the solution is unique).

4. Let D = R× (0,∞). Find the explicit formula for the bounded solution of the problem
∂2u

∂x2
+

∂u

∂y
= 0 on D,

u(x, 0) = cosx.

5. Write down the Kolmogorov forward and backward equations for the one-dimensional Brownian
motion with a constant drift µ, and verify that the transition density satis�es these equations.

6. Let V : R → R be a bounded and continuous function. Using the Feynmann-Kac formula, solve

ut(t, x) =
1

2
uxx(t, x)− V (x)u(t, x), t > 0, x ∈ R,

with the initial condition u(0, x) = f(x) (f is a given continuous function on R).
7. Let (Xt)t≥0 satisfy the stochastic di�erential equation dXt = −βXt dt+ σ dBt, where β, σ > 0.

For a > 0, de�ne τa = inf{t ≥ 0 : Xt = a}. Using the Feynman-Kac formula, compute u(x) =
Ex

[
e−λτa

]
for x ≤ a and λ > 0.

8. Suppose that the stock price process S satis�es the stochastic di�erential equation

dSt = rSt dt+ σSt dBt (r > 0 is the interest rate and σ > 0 is the volatility).

Use the Feynman�Kac formula to show that the solution of the partial di�erential equation

∂u

∂t
+

1

2
σ2x2 ∂

2u

∂x2
+ rx

∂u

∂x
− ru = 0,

for 0 ≤ t < T , with terminal condition u(T, x) = Φ(x), is given by u(t, x) = Ex

[
e−r(T−t)Φ(ST )

]
.

9. Let D ⊂ Rd be a given bounded open set let g : D → R, f : ∂D → R be bounded continuous
functions. Assume that u : D → R is continuous, of class C2(D), and solves the Poisson equation

1

2
∆u = −g in D,

subject to the boundary condition u = f on ∂D. Prove that u(x) = Ex

[
f(BτD ) +

∫ τD

0

g(Bt) dt

]
for

x ∈ D, where τD = inf{t ≥ 0 : Bt ∈ ∂D}. In particular, the expected exit time from a ball equals

ExτB(0,r) =
r2 − ∥x∥2

d
, x ∈ B(0, r).

10. For �xed α, r, K > 0, consider the equation

dXt = rXt(K −Xt) dt+ αXt(K −Xt) dBt, X0 = x ≥ 0.

(a) Prove that a unique strong solution exists by proceeding as follows: for n = 1, 2, . . . de�ne

bn(y) =

{
ry(K − y), 0 ≤ y ≤ n,

rn(K − n), y > n,
σn(y) =

{
αy(K − y), 0 ≤ y ≤ n,

αn(K − n), y > n.

Let X(n) be the unique solution of dX
(n)
t = bn(X

(n)
t ) dt+σn(X

(n)
t ) dBt, X

(n)
0 = x. De�ne the stopping

time τn = inf{t > 0 : X
(n)
t = n} and show that X

(n)
t = X

(n+1)
t for all t < τn. Use this to �nd a unique

strong solution X for t < τ∞ := limn→∞ τn.
(b) Prove that τ∞ = ∞ almost surely.
(c) Prove that if 0 < X0 < K, then 0 < Xt < K for all t.


