
Stochastic Processes � Additional Problems, list IV

1. Let n be a �xed dimension and let B be the Brownian motion in Rn, started at
the origin. Compute the expected amount of time spent by B in the unit ball of Rn.

2. Let u be a nonnegative function of class C2 de�ned on the strip (0, T ) × R,
where 0 < T ≤ ∞. Suppose that u satis�es the requirements
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= 0 on (0, T )× R,

lim(t,y)→(0,x) u(t, y) = 0 for x ∈ R.

Show that u = 0 on (0, T )× R.

3. Consider the one-dimensional Itô di�usion

dXt = b(Xt) dt+ σ(Xt) dBt, X0 = x,

where b, σ : R → R are bounded continuous functions satisfying b(x) → b0 > 0 as
x → ∞ and inf σ > 0. Suppose that limt→∞ Xt = ∞ almost surely for any starting
point. Show that

lim
t→∞
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t
= b0 Px-almost surely.

4. Consider the stochastic di�erential equation

dXt = |Xt|αdBt, X0 = 0.

(a) Prove that if α ≥ 1/2, then this equation has a unique strong solution.

(b) Prove that for α ∈ (0, 1/2) the equation has a non-zero weak solution, and
hence there is no uniqueness in law or in path.

Hint for (b): Let V be a Brownian motion and let Mt =
∫ t

0
|Vs|−αdVs. If τt =

inf{t ≥ 0 : ⟨M⟩s > t}, then Wt = Mτt is a Brownian motion, use it to construct the
weak solution.


